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HYPERBOLIC LIMIT OF THE JIN-XIN RELAXATION MODEL

STEFANO BIANCHINI

ABSTRACT. We consider the special Jin-Xin relaxation model
(0.1) ut + A(u)uz = e(upz — Utt),
We assume that the initial data (ug, euo,¢) are sufficiently smooth and close to (@,0) in L° and have
small total variation. Then we prove that there exists a solution (u€(t),euf(t)) with uniformly small
total variation for all ¢ > 0, and this solution depends Lipschitz continuously in the L' norm w.r.t. the
initial data and time.

We then take the limit € — 0, and show that u¢(t) tends to a unique Lipschitz continuous semigroup
S on a domain D containing the functions with small total variation and close to @. The semigroup S
defines a semigroup of relazation limiting solutions to the quasilinear non conservative system
(0.2) ut + A(u)ug = 0.

Moreover this semigroup coincides with the trajectory of a Riemann Semigroup, which is determined by
the unique Riemann solver compatible with (0.1).
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2 STEFANO BIANCHINI

1. INTRODUCTION
Consider the n x n hyperbolic system of conservation laws
(1.1) u + F(u)y =0, u € R"™.

Under the assumptions that the matrix A(u) = DF(u) is strict hyperbolicity and its eigenvalues are
genuinely non linear or linearly degenerate, the global existence of a solution u : [0, +00) — R™ for small
BV initial data has first been proved in [17].

The uniqueness of solutions and their Lipschitz dependence in L' w.r.t. the initial data has been
established in a series of papers [8, 10, 11, 12, 13, 14]. See [9, 16] for a general introduction to the theory
of hyperbolic systems in one space dimension.

In the two papers [5, 3|, a different approach has been used. Instead of constructing approximate
solutions of the hyperbolic system (1.1) and studying their properties, the authors consider two approxi-
mations:

e vanishing viscosity approximation,
(1.2) up + F(u) = €ugy;

e semidiscrete upwind approximation,
1
(1.3) wi(t,@) + = (Flu(t,2)) = Flult.z = e))) = 0.

The idea behind these schemes is that for € > 0 the solution is clearly well defined, since both equations,
when linearized, generate a continuous semigroup. Aim of the two papers [5, 3] is instead to prove that
the solution of the two schemes (1.2), (1.3) satisfies some estimates which are independent on e. More
precisely:
(1) the solution has uniformly bounded total variation for all ¢ > 0, and its BV norm depends only
on the BV norm of the initial data;
(2) the solution depends Lipschitz continuously on the initial data in L' and t.

It is easy to verify that both properties 1), 2) are invariant for the hyperbolic rescaling (t,z) — (t/¢,z/¢€),
and this rescaling allows us to put ¢ = 1 in (1.2), (1.3). As an example of some non scaling invariant
property, note that the L' norm of a solution tend to 0 as € — 0: thus to obtain non trivial hyperbolic
limits one has to assume u € L°°, for example.

The advantage of this approach is that only the strictly hyperbolicity assumption on A(u) is needed:
as an example, the analysis of stability for a wave front tracking or Glimm scheme solution becomes quite
complex without some assumptions on the structure of the solution, hence on the monotonicity of the
eigenvalues. It is an open problem whether the results on hyperbolic systems obtained in [5, 3] can be
proved directly at the hyperbolic level (1.1). We note also that in [1] it is shown how a similar approach
cannot easily been extended to fully discrete schemes, e.g. Lax-Friedrichs or upwind Godunov scheme.

In the literature, there are other schemes used to approximate (1.1): the relazation schemes. The
easiest example is the scheme

Ut + Vg = 0
(1.4) Lo, 2 tee-u

€

The above system is a special case of a class of relaxation systems introduced in [19], but we will refer to
it as the Jin-Xin relazation system from the name of the authors. For a general introduction and survey
to relaxation schemes see [22].

At a formal level, one see that as e — 0

v = F(u), up + F(u), = 0.

As in the previous cases, the linearized version of (1.4) around @ defines a continuous semigroup if A(a)
is hyperbolic and its eigenvalues \;(u) satisfy

(1.5) —l+c< A(a)<1—eg c>0.

The transformation © — z/A, v — Av allows us to set A =1 in (1.4), and with the hyperbolic rescaling
(t,z) — (t/e,z/€) we can take e = 1 in (1.4).
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We should thus look for properties of the solution (u,v) which are invariant under the hyperbolic
rescaling.

By differentiating the second equation of (1.4) w.r.t. = and using the first one obtains the nonlinear
wave equation

(1.6) up + A(u)uy = Uy — U,

with A(u) = DF(u). The above equation is meaningful also in the case A(u) is not a Jacobian matrix,
so that one cannot write a conservative form like (1.4).

In this paper we consider the wave equation (1.6), with A(u) strictly hyperbolic but not necessarily a
Jacobian of some vector function F(u). Our first main result is the following theorem:

Theorem 1.1. Consider the nonlinear wave equation (1.6), with A(u) strictly hyperbolic and satisfying
the stability conditions (1.5) (with A =1). Assume that the initial data (ug,uoy) are sufficiently smooth
and with total variation less than d7:

(L7 uollze, luollize <01, fluollzr, ol < 01, [105uollzr, [05uo.el s < C'61, k= 2,3,

for some constant C'.

If 61 < C~ 160, with C sufficiently large, then there exists a global solution (u,u;), defined for allt >0,
and with the L' norm of uz, u less than 46.

Moreover this solution depends continuously w.r.t. the initial data and time: for some constant L

u(®) + e to. = (@ls) + e o) | |+ || welt) = € o) = (e(s) — e i)

Ll
(1.8) < L(|t—s\ + H(uomo,t) — (g + o.4)

|+ oo = o all o + 0,000 = g0l 22 ).

We note here that by means of the techniques used in this paper, one can avoid the assumption of
smooth initial data: however to prove this result we need more technicalities, so will not consider this
case here. Observe moreover that we can replace the first inequality of (1.7) by

luo — @[ zoe, [Juo.t||Le < 61,

and assume A(u) strictly hyperbolic in a neighborhood of 4.

It is important to observe that the initial data are not assumed to have ug; € L', which on the other
hand is a natural condition for the initial data of (1.4), since v, = —u;. As we will show in the analysis,
a part from exponentially decaying terms, u; becomes immediately in L'. More precisely we will show
that u; — e_tuo,t is integrable and has L' norm of the order of 4d.

Another observation is that since ug; ¢ L', the assumption that A(u) is conservative does not simplify
too much the analysis. In fact in any case the second equation of (1.4) is meaningless. This is why we
choose to state Theorem 1.1 in a non conservative setting.

Finally, notice that the Lipschitz dependence is w.r.t. the sum of uy+ug ;. This is clearly more precise
that the dependence w.r.t. ug and ug; separately. Moreover this dependence becomes meaningful in the
hyperbolic limit € — 0, see (1.12) below.

The second result is the analysis of the limit ¢ — 0. Denote by u*(¢) the solution of the rescaled system

(1.9) ur + Au)uy = €(Ugy — Ugt),

and assume that the initial data are given by (uo,uo,/€), wWith ug, ug, fixed. This assumption on the
form of us(t = 0) is needed in order to make the sum u(t = 0) + eus(t = 0) to converge. We then prove
the following theorem:

Theorem 1.2. Consider the nonlinear wave equation (1.9), with A(u) strictly hyperbolic and satisfying
the stability conditions (1.5) (with A =1). Assume that the initial data (uo, €uo,) are sufficiently smooth
and with total variation less that 0 :

(1.10) [fuollz=; l[uo,ellre < &1s Nuollzr, lewoealler < 61, € [|05uollrr, [ O5uo el < C'61, k =2,3.

for some constant C’.
Then the solution uf(t) to (1.9) converges in Li

e @S € — 0 to a unique limit u(t).
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1

loc W-T-t.

The BV functions u(t), t > 0, generates a Lipschitz continuous semigroup u(t) = Syu(0) in L
time and the initial data: fort,s > 71 >0

(1.11) () = as)llzs < L(1t = 5] + lu(r) = (7)1 11 )
Moreover, we have the estimate
(1.12) lu(t) — (uo + o)l < Lt,

so that the correct initial data for u(t) is given by ug + uz0.

This semigroup is defined on a domain D containing all the function with sufficiently small total
variation, and can be uniquely identified by a relaxation limiting Riemann Solver, i.e. the unique Riemann
solver compatible with (1.6).

We can thus say that the semigroup S defines a relazation limiting solution to the quasilinear hyperbolic
system

(1.13) w4+ Au)uy, = 0.

We repeat again that as a consequence of the above theorem, the right initial data for the limiting
solution u(t) is the sum of up+ ug¢. Thus u(t) may have a jump at ¢t = 0, while for ¢ > 0 u(¢t) is Lipschitz
continuous w.r.t. t. For an easy example of why this happens, see Remark 2.2.

The paper is organized as follows.

In Section 2 we precise our assumptions on (1.6) to prove Theorem 1.1. In that section we also
reformulate the equation for several variables: wu,, u;, and the perturbation h and its effective flux ¢. This
reformulation (Section 2.1) is important because the L' stability can be proved in kinetic coordinates,
which roughly speaking are given by the couples (u, + u¢, v, — ug) and (h + ¢, h — ). The system these
variables satisfy is of the form

- = — I+ A, — I-A(u) + —
(1.14) {wt e I+AGR) . t—A(i) Wt ()
7(4‘}__
2

wi +w = —wt + +sf(t,x)

i.e. we diagonalize the left hand side of (1.4).

The main problem is that u; is not in L', so that w® ¢ L'. We thus make the change of variable
a(t,z) = u(t,z) + e tug (), recovering the estimates @, i; € L' (hence w®(t = 0) € L'). A similar
substitution (while more complicated) is done also for h and ¢. The result of these computations is that
by adding an exponential decaying in time term s> (or a slightly more general source term), we recover
a 2n x 2n kinetic system with initial data in L.

In Section 3 we prove some regularity estimates. These are needed to obtain the stability for u; in
(1.8). The main result of this section is that if one assume that the initial data of a system of the form
(1.14) is smooth and in L', then the solution can be constructed for a small forward interval of time
and it has bounded L' norm; moreover also its derivatives are in L' in this interval of time, and can be
estimated in terms of the L' norm of the solution (a part an exponential decaying term). The application
of these results is that once we a priori assume the existence of an L' solution to (1.14) in the time interval
[0,T7], then we have estimates on the L' norm of the derivatives. To conclude the section (Section 3.2),
we show a refinement of the results on the Green kernel for general relaxations systems proved in [7, 23].

In Section 4 we extend the analysis of center manifold of travelling profiles to our relaxations case. It is
not difficult to find n center manifolds for (1.6), together with the conditions u; + ou, =0, 0, = oy = 0,
and o close to one eigenvalue \;, i = 1,...,n, of the matrix A(u). The important point of this section
(Section 4.2) is that we have 2 kinetic coordinate systems to identify the same travelling profile. Roughly
speaking, both kinetic variables u, + u; and u, —u; can be used to describe every travelling profile. This
gives us more freedom when decomposing a solution in travelling profiles.

In Section 5 we decompose our solution as a some of travelling profiles, and study the source terms.
Using the fact that we have two sets of variable for every travelling profiles, i.e. we have 2n possibilities, we
decompose the solution (u, u,,ut) as the sum of 2n travelling profiles. The idea behind this decomposition
can be more easily understood if we consider the variables (u,v) of (1.4). In this conservative setting
one can introduce the (primitive of the) kinetic variable 2F* = u + v. Then one tries to find for each
F* n travelling profiles which fit both F*, Fti. Clearly the decomposition for F'~ is independent on
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the decomposition for F'*, a part from the fact that we assume all travelling profiles to pass through
u= F~ + F7, since the nonlinearity depends only on u.

Using this decomposition also in our non conservative setting, we thus obtain the travelling profiles
for (ug,u;) and (h,¢). At this point one should write the equations for all these variables. We notice
however that the structure of the kinetic systems is very similar, only some source term changes (due to
the non conservative setting). We thus study just a prototype, i.e. the equations for the decomposition
of the couple (h,t) (Section 5.2), and write only which would be the equations for (u,,u:) (Section 5.3).

We follow two approaches: one is just to substitute the decomposition in travelling profiles into the
kinetic system and obtain the source terms. This is done in Appendix A. In the paper we prefer to
follow a different approach, by showing that the form of the source terms follows by only knowing that
our decomposition is exact (i.e. no source terms) on a single travelling profile. An important fact is that
we are able to replace the differential condition on the speed o, = oy = 0 with an algebraic condition:
the speed of the travelling profile obtained from the decomposition of the kinetic variable u, + wu; is the
same speed of the travelling profile for the decomposition of u, — u;.

We then conclude the section by rewriting the source term into a simplified form, which is more easily
estimated. In Section 5.4 we also describe how we prove Theorem 1.1: we assume that in some interval
[0, T] the source terms are bounded by 2§ in L'([0,T] x R), so that the solution (h,:) (or (u,u;)) has
LY(R) less than 46p; T > 0 because of the assumption on the initial data and the results of Section 3.
We then try to show that the L!([0,7] x R) norm of source terms depends quadratically on the L!(R)
norm of (h,t). As a consequence if g < 1 the source is strictly less than 2d¢, hence the solution (h,¢)
never reaches 49g: we thus have T = co.

In Section 6 we prove that the source is bounded and quadratic. As in [3, 5], the source terms are
divided into 4 categories:

(1) the scalar components of the travelling wave decomposition have opposite sign;

(2) interactions of waves of different families of travelling profiles;

(3) interactions of waves of the same family of travelling profiles;

(4) the speed of the travelling profiles of the i-th family is very different from the i-th eigenvalue
Ai(w).

To each type of source term we associate a decreasing functional. The first two are already known: point

1) corresponds to the standard L! decay for 2 x 2 systems (Section 6.1, or [21]). Point 2) is the Relaxation

Glimm functional introduced in [2]: in Section 6.2 we recall it and show how it is used to estimate the

terms of point 2).

To estimates the term of point 3), in Section 6.3 we introduce a new functional, which formally
corresponds to the Glimm interaction functional for waves of the same family for the Jin-Xin relaxation
scheme. This functional is based on a new interpretation of the shortening curve functional of [6], see the
beginning of Section 6.3.1. Point 4) correspond to the standard linear energy estimate extended to our
non linear settings. We also show in Section 6.3.2 that an energy type estimate holds around travelling
profiles.

In Section 7 we used all the results established so far to prove Theorem 1.1, following the proof outlined
before.

In Section 8 we prove Theorem 1.2. Theorem 1.1 rewritten under the hyperbolic rescaling yields as
e — 0 a semigroup satisfying Theorem 1.2 a part from uniqueness. To prove uniqueness, we use the
machinery of Viscosity Solutions and Riemann semigroup [8].

We thus recall that in [4, 5] it is proved that if BV estimates, Lipschitz dependence and finite speed
of propagation are proved, then as ¢ — 0 the solution u¢ to (1.9) with initial data

u- <0
1.15 = =0
( ) Uo(llf) {U+ >0 Uo,t

converges to a unique self similar solution u(t). We can say that there is a unique Riemann Solver
compatible with (1.9). In Section 8.0.3 we recall how this Riemann Solver is constructed. The final part
of this section (Section 8.1) is the proof that u is a Viscosity Solution of the quasilinear hyperbolic system
(1.13).

The paper is quite long, so we suggest here the most important results for a fast reading, avoiding
possibly all technicalities, at least at first.
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Clearly, by assuming the system in conservation form and ug; € L' (so that we have the variables
2F* = u £ ), we can set s = 0 in (1.14), and replace w* with f* = F* ¢* = F* to obtain
the equations for the kinetic components of (ug,u;). The only statements in Section 2 are thus the
assumptions of strict hyperbolicity, non degeneracy and smoothness of the initial data.

While one can just believe in the classic regularity results on semigroups of Section 3, the computations
in the center manifold of travelling profiles of Section 4 are important, over all the changes of coordinates
of Section 4.2. All the rest of the paper is in fact based upon them.

Of Section 5, it is important to see the decomposition in travelling profiles and the relations among the
various kinetic components, Section 5.1. Moreover, the first part of Section 5.2 gives the main ideas on the
form of the source terms: we believe this is one of the most important part. The effective computations
are just a technical stuff, one can jump to (5.24).

The results contained in Section 6 are important, since several nonlinear functionals are introduced.
The new ones are in Section 6.3: we believe these computations important too, and in particular Example
6.2 should be illuminating.

The remaining results (uniqueness of the hyperbolic limit) is in some sense the relaxation version of

results already knows for vanishing viscosity and semidiscrete schemes. A longer analysis can be find in
[3, 5]

2. SETTINGS

Consider the n x n hyperbolic system

(2.1) up + A(u)uy = Ugy — Uy,
with w,v € R", A(u) : R® — R"*" gufficiently smooth function. Denote with 7;(u), I;(u), X\;i(u),
it =1,...,n, the right, left eigenvectors, eigenvalues of A(u), normalized such that

1 j=i
(2.2) A(u)ri(u) = Ni(u)ri(u),  Jriw)| =1, (), ri(u)) = .

0 j#i
For stability of the model near the equilibrium point @ = 0, we require that there is a ¢ > 0 so that
(2.3) “14+3¢<A(0),  A(0)<1—3c,  Aiy1(0) —N(0) =3¢, i=1,....,n—1.

As we observe in the introduction, a particular case is when the system (2.1) is in conservation form,
ie. A(u) = DF(u), with F : R™ — R™: by defining v, = —u; (and assuming the last in L') we recover
the relaxation model (1.4) with A =e=1,

(2.4) { :Z——il——;}z = Flu)—w
The above system can be rewritten in kinetic form as
(2.5) { ?tjr “F = Mo(w - F
T4+ FEF = Mt(u)-F
where
(2.6) u=F"+F, v=F"—-F", M_(u):u%]:(u), M"'(u)z%}—(u)

The function M~ (u), M T (u) are called Maxwellians, and by assumptions (2.3) we have that
(2.7) M~ (u)+MT(u) =u, M (u)— M (u) =F(u), DM~ (u), DM™(u) >0, wu€ B(0,55),

where dg is a sufficiently small constant.
The initial data ug, ugs of the system (2.1) takes values in a neighborhood of (0,0) and have small
total variation,

(2.8) lluoll Lo, ||wo,e]| e < d1, Tot. Var.(ug), Tot.Var.(ug+) < 6.
To simplify the analysis and have more concise statements, we require some regularity on ug, 1o ¢, namely

(29) ||U0,m:c||L17 ||U0,t3:9c||L1a Huo,xxx”le ”uO,taca:xHLl < 0/517

for some constant C”.
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From (2.3) it follows that for u € B(0,5dp)
(2.10) min A;41(u) — A;(v) > 2¢ >0, min A;(u) > —1+2¢, max\,(u) > —1+ 2c.

Remark 2.1. These regularity assumption can be relaxed requiring only ug, up+ € BV, but the analysis
of more general initial data add some technicalities, which are not essential to our problem. In fact, by
means of the result on the Green kernel I" of the linearized problem around u = 0, see Section 3, one can
split the solution into two parts:

e an exponential time decaying part which collects the "non smooth” initial data. This part has a
finite BV norm;

e the smooth part, which can be studied as we do in what follows for smooth initial data. The only
difference is that there will be a source term proportional to the non smooth part, exponentially
decaying in time.

However such a general initial data is in some sense artificial: the idea behind these schemes is to recover
the non smooth solution of the limiting hyperbolic system

ur + A(u)uy, =0
as the limit of smooth to (2.1) using the hyperbolic rescaling (¢, x) — (t/e,2/€). We just add these remark
to underline which can be the most general setting of to have BV solutions.

Aim of the next part is to find a convenient formulation for (2.1). This formulation is essentially the
coordinates where one can prove L' contraction for the 2 x 2 case. We call it kinetic formulation.

2.1. Kinetic formulation. To prove BV bounds and Lipschitz stability, we need to consider several

variables:

(1) the derivatives uy, ug;
(2) the perturbations h and its effective flux ¢.

Along with these variables we will consider also their kinetic counterparts, obtained with a procedure
similar to the one leading from (2.1) to (2.5). However, since the system is not in conservation form, and
u; ¢ L', the kinetic variables (which in the conservative case are just the x derivatives of F'*)

fﬂE = ;(ux :i:ut>

are in general not in L'. One can observe however that the non integrable part in u; decays exponentially
in time, so that we recover the case f* € L', i.e. u; € L'. Define in fact

(2.11) a(t,z) = u(t,z) + e ug ().
Then we have that (2.1) becomes
Uy + AT — e tug ¢ )iy = Ugy — Uy + 7" (A(ﬂ — e ug ¢)uo e — uO,tww)7

with initial data
Up = Uy + Uo,¢, g, = 0.

The last term, by means of (2.8), (2.9), is in L'(R* x R) and has norm C’(||A||ze +1)d;. A more refined
decomposition is given by

(2.12) a(t, ) = u(t,z) + e " {1;(0), up e (x — Xi(0)2))r:(0) = u(t, x) + e ‘ugit(x — \i(0)t),
(essentially we are following the waves with speed A;) to which it corresponds the equation
(2.13) i+ A(w)ity = s — i+ ¢~ (A(u) = A0) Jugir — € (1 = N2(0)) oo

with initial data given by

(2.14) Up = up + Uo,¢, U0t = —Ai(0)uos -

The source term in the right hand side is of order C'dpd;, with C depending only on the size of the
neighborhood B(0,5d). Observe that now g, € L' (R).
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To keep the computations as easy as possible, we will use the simpler decomposition (2.11). This will
(in some sense) give weight of order Cd; to the (z derivatives of the) initial data ug ., but for our purpose
(small initial data §; < C~14y) this decomposition will be sufficient.

Before writing the equations for the kinetic components, we observe that a source term in the equation

(2.15) wi + (A(u)w)y = Wy — wig + 81,2(¢, ) + s2,4(8, ) + s2(t, ),

can be represented in kinetic coordinates

w=w +twh, / (we(t,y) — s2(t,y))dy =w™ —w™

as
(2.16) wy, —w; = —H‘%(“)w_ + I_’%(“)w‘*‘ — 3s1(t,x) + 3s2(t, @)
wi twf = %")w_ - %“)w“' + 1s1(t,2) + 1sa(t, 2)

In other words, if T'(t,z; s,y) = (I'1,I'2) is the Green kernel of the perturbed wave equation (2.15) with
initial data (w,w;), then we can write (see Section 3 for more details on I

w(t,x) = /R(I‘l(tx;o,y)w(Qy)+I‘2(t,x;0,y)wt(0,y)>dy

(2.17) +AtA<F1(t,x;s,y)52(s,y) —Fg(t,x;s,y)st(s,y))dy.

This means that —s; , is interpreted as an initial data for the time derivative w;, and s is the initial
data for w. Since all the estimates we are going to consider (in particular the conservation of L! norm)
are written in terms of the kinetic components, we will always try to decompose the source terms as in
(2.16). Note that by writing

(2.18) SQ(t,x):/O e ts(r, x)dr,

we have s34 4+ s2 = s, so that by convolution in time with an integrable kernel we can write any source
term in the form s, ¢ + s2. Depending on the form of the source terms sy, sp, we will choose the most
convenient way.

2.1.1. Equations for f~, fT. We look for the equations for the kinetic variables
Uy + Uy

(2.19) fm= R = 7

which (after noticing that the source term is the x derivative s1 ,, with the notation (2.15)) are

(2.20) et P s By ol AR CE)
fhfr = PR - s

with initial data

1 1
(221) f_(oa Z‘) = 5 (u(),a: + uO,tw)v f+ (Oa .13) = 5 (UO,I + uO,ta:) )

and source term

€7t

(2.22) sp(t,x) = -5 (A(U)Uo,tx - uO,tmx)~

The initial data are now in L' and the source is bounded in L' by

(2.23) / 15/ (t,2)|dz < Coye, / I8 7.0 (t,2)|dx < Core.
R R
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2.1.2. Equation for g, g*. To decompose f~, fT in travelling waves, we have to study the equations for
the their effective fluxes. In the conservative case, i.e. when (F'~, F'") are well defined, so that f~ = F,
fT = F, we would study the equations for g~ = F,, g* = F;".

In our general non conservative case, 4, is well defined and at ¢+ = 0 is in L', and we use the same
procedure for u, to replace the initial data ffoo Uy dy € L with an integrable function.

Differentiating (2.13) w.r.t. ¢ we obtain that the equation for @, is
(W) + (A(w)y) e = (Ag)ze — (Ug)er + DA(ug X Gy — ug X @g) + (eft(A(u)uo,m — U07t1$))t
= (U)ea — (Ur)ee + DA(Tp X Uy — Uy X Uy )
)
)

—e 'DA(u (Uo,tw X Ut + Uot X Ugy) + (eft(A(u)uojm — uO,tm)>t

(2.24) = (t)zw — (Ut)er + sa,(t, )
with initial data
(225) at((), 1‘) =0, ’&;tt(o, .Z‘) = Ugtt T Uo,t = UQ,za — A(Uo)UQ,aE.

Note that @ (0) is in L, but not its integral in z.
We associate to (2.24) the kinetic model

pet(W)e = Alwu —p
with p obtained by integrating the first equation in x (in the language of (2.17), we associate the source
sa, to @y). Note that p is well defined in L>, since both i, that the source sz, are in L' (at least for small
t). A major problem here is that the initial data for p is only in L> (at least the part [ A(ug)uo,»dy),
so that the kinetic variables g* = (i; + p)/2 are not in L!.
We replace now p with p given by

x

plt,2) = f(t, z) + e~ / Auo(y))uo 2 (v)dy,

— 00

so that we obtain the Jin-Xin scheme

(2.27) { (G¢)i +Pr = —e “Alug)ugq(z) + f(f e~ sy, (r,2)dr

pr+ (Ut)e = A(u)iy — p
with initial data
(2.28) 4 (0,2) =0, P(0,x) = —ug 5.
Now both the initial data are in L', so that kinetic model for @; = ¢g* + ¢, p = g+ — g~ takes the form

- — I+A(u) — I—A(u
(2.29) 9 ~ 9= = 12( lg + Az( Lot + sy(t, @)
gf +of = Mg — 5t st a)
with initial data
_ U,z U,z

(230) g (O,JZ‘) = ;7 ’ g+(0,$) = - 02 )
and source

et 1/t

sy(t0) = = - Alwo)uas(@) + 5 [0, (s
0
et 1/t
= 5 ((Aw) ~ Alw)uoss — Aluwo)uo) + 5 [ e DA x 0~ 10 x ) ()
0

et [t et [t

(2.31) - DA(u)(ug 1z X U + ot X Ug)dT — - (A(w)ug 1p — U0,z )dT.
0 0

This source term can be divided into 3 parts:
(1) exponentially decaying terms of order C'dy,
—t —t
e

5 ((A(u) — A(ug))uo 1o (z) — A(uo)uo,w(x)) -5 /0 (A(u)uo 12 — Uo 122 )dT;
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(2) exponentially decaying terms of order sup, ¢ ¢ (||t (7)[[22 + | (7) || 1 )dre /2,

e - .
—— DA(u)(uo 2 X Ut + uot X Ug)dT;
0
(3) a non local in time interaction term
1

t
3 / " 'DA(liy X @y — Uy X Ug)(T)dT.
0

We conclude that if we the solution exists in the time interval [0, T

llsg(@)llLr < 0(1 + sup ([Jag][zr + ||ﬂt||L1))f516_t/2 +C sup ([|tee (7)1 |6 (7)]L1),

T€[0,t] T€[0,t]
(2.32)
[$g,2()llLr < C(1+ Sl[lop](”at,x(T)”Ll+||ﬂt,z(7)||L1)>516_t/2+C 81[101>](||ﬁm(7)|\uIIﬂm(T)IILl).
T€(0,t T7€(0,t

Observe that by contruction we have
(2.33) =g "+g =f - f".
This is an important relation among the two couples of variables (f~, f*) and (g7, g™), which will be

used in Section 5.1.

2.1.3. Equations for h=, h™ and ¢=, «*. The computations for h are very similar to the ones for g. By
taking an infinitesimal perturbation of (2.1) we obtain the equation

(2.34) he + (A(u)h)g = haw — et + DA®)(ug x h — h x ug)

Here the initial data are assumed to be hq, ho in L*(R) small, i.e. satisfying (2.8), (2.9), replacing u,
with A,

(2-35) HhO,w ‘L17 ||h0,tw||L1a HhO,MHLla HhO,tww”Ll < 0/51-

Clearly since the equation for h is linear this is not a restriction.
We first replace h with h = h+ e 'ho (as before this is not the smartest substitution), obtaining the
equation

(2.36) hi 4+ (A(u)h) e = B — ot + € (AW ho 1o — hotee) + DAW) (ug X b — b X uy).
with initial data
(2.37) h(0,2) = ho + hoy,  h(0,2) = 0.
By defining ¢ by the Jin-Xin system
(2.38) hit (—D)e = e tff ((A(u)ho,m — hotas) + € DA®W)(ug X b — h x ux))dT

(D¢ +he = A(u)h — (=0
we obtain the kinetic model for h = h~ + h*, i=h~ — ht:

- 3= I4+Au); - I—A(u) g+
(2.39) h:. hﬁ 1Al h, +17A2(u) }i ol 7)
hy +hf = 5—h™ — —5=hT +sp(t, x)
with initial data h~ = ht = (hg + ho,)/2 and source term
et [! -
(2.40) slta) = / (Ao tx — B ee) + € DA (s X Fo— h x ) ),
0

l[sn(®)llLr < C(l + St[lt}ot](llﬂas(T)llL1 + ||fL(T)||L1)>51€_t/2 +C Sl[lopt](||ﬂm(7)||uHB(T)HLI),
T€|0, 7€l0,

(2.41) [[sn2(8) 1 < 0(1 + St{l(?t](llﬁm(ﬂ\lu + ||Bz(7)||L1)>5le—f/2 +C Sl{lg)t](llﬂm(ﬂl\uIIBz(T)IILI)
T€l0, T€0,

We have used (2.35).
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We finally compute the equations satisfied by 7 (which are the most complicated ones, as one may
expect). By the first equation of system (2.38) we have that

(2.42) iz = hy — 28, (t, ),
and the substitution of this relation into the time derivative of the second yields
0=i¢+ it — hea + (A(u)h),
(2.43) =0+ it — lww + (A(W)D)n — 28n.0 + DA(u) (s X b — uy x 1) + 2A(u)sp.
The initial data are
(2.44) (0,2) =0,  7(0,2) = hy(0) = A(uo)h(0) = (ho.u + ho,iz) — Aluo)(ho + ho.r)-
As before, writing the Jin-Xin model we have
(2.45) { h+pe = — fg et (DA(u)(ut X h—uy XD)+ 2A(u)sh)d7
Prt+ily = A(u)l — p — 2sp,

and replacing p with p = p — e™? ffoc(A(UO)fzo — ho,z), defining 7 = ¢~ + ", p =t — 1~ we obtain the
kinetic scheme

x
o+ = I+‘3(“) P 17‘3(") P+ sp(t,x) + s,(t x)

x

(2.46)

{ oy = A AWt g) + s, (1, 7)

with initial data ¢~ (0) = ¢*(0) = 0 and source term
—t ~

(2.47) s.(t,x) = f%(A(uo)ho — ho) + % /O et (DA(u)(ut X h—up X T) + A(u)25h>dT

s < €1+ sup (s ()l -+ ()l + 1)+ o) Jore
T7€[0,t

+C sup ((Ilﬂm(f)llu + | ()| o) (1 (7)1 + ||Z(T)||L1))v
T€[0,t]

sl < €1+ s (ol + s+ Wil + 1)) )™

(2.48) 40 s ((iaa(Dllas + a0 W ()l + 7))
T7€|0,

It is important to notice here that, as a consequence of the regularity estimates of the next section,
all these equations have initial data in L! and source terms which have L*(R) norm of order e~'8; + 63,
at least in a time time interval [0,7]. The interaction terms we put in evidence in sg4, sp, s, have to
be studied carefully, because a priori we only know that their L!([0,7] x R) norm is of order T§3, i.e.
arbitrarily large. Observe also that if the x derivatives of w,, s, h, 7 is bounded in L! by C§2, we can
obtain similar L' estimates for s,, sp, s,.

Notice that by construction i =+ + ¢~ = h~™ — h*, which is the perturbation counter part of (2.33).

Remark 2.2. We want to put in evidence that with our decomposition of u the function ug,; can be
considered as an initial data for .

As we said, this is important in the hyperbolic rescaling, because the correct rescaled initial data is
up + euy. In particular, if eu; ¢ L', then in general for € — 0 there is a jump at t = 0. For example one
can consider the simple model

U = €(Ugy — Ugt)-
with initial data u(0) = 0, u;(0) = e~'. Then the solution is clearly 1—e~*/¢, which converges to u(t) = 1,
t > 0. Thus the hyperbolic limit should have the initial data u(0) = 1.

In the next section we study regularity estimates on the solutions of these schemes assuming that the
initial data and its derivatives have small L' norm. We prove uniform estimates on the solution on a
small time interval. As a consequence the above schemes have solutions bounded in L' at least for small
t. Note that this is a priori not clear for ¢, since in the definition (2.42) one may believe that ¢ is only in
L.
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Remark 2.3. The introduction of the variables (g—, g%), (+7,¢") is due to the following two facts:

(1) for the equation (2.1) with u € R, the coordinates for which one has L' decay are the kinetic

variables
Uy + Ut Uy — Ug

- _ +_
== I'="3
Note hoverer that the initial data of the derivative of (2.1) is us, us;. This means that we have
to find some integrated variable for which we can write the kinetic model. For the perturbation
h, ¢, this is particularly complicated;
(2) the wave structure of (2.1) needs to know the effective flux for f~, f*. This is why we introduce
g, and gT. A similar situation for h leads to the introduction of .

If the system were in conservation form, the variables g* have a clear interpretation as the time derivatives
of F*.

Note moreover that if g7 + ¢~ is @, no clear meaning can be given to ¢. Also for g we know that
g~ +gt = f~ — fT, so the kinetic g, g separately do not have a clear meaning. Nevertheless, the
functionals we introduce depends essentially on points 1),2) above.

3. EXISTENCE AND REGULARITY OF THE SOLUTION

Our aim here is to use the a priori assumption on smallness of the L' norm of (f~, f) in some time
interval [0, T] to obtain estimates on (f, , f.;) in L! and L°°. Similar estimates can be done for (g7, g"),
(h=,h*) and (v=,:7).

When we consider an infinitesimal perturbation h of (2.1) (i.e. the solution to (2.34)) and its effective
flux ¢, as a general rule we can just replace

(3.1) Uy < h, U L
a part from a source due to the non conservative form.

We show that the estimates derive from the following theorem:
Theorem 3.1. Consider the relaxation model

(3.2) me+n, = s1(t,x)
’ ng+m, = A(t,x)m —n+ so(t, x)

where ||A — A||p1, |0.A] 1 < CSo and source terms sy, sy satisfying

[ sat.a)l + sa(t))de < o2+ Core™ "+ €5 sup (Ipmr)les + ).

T€[0,t]

83) [ Gsvalt )|+l 2} < O™+ Coe™/2 4 O8) s (el + el ).
R T7€[0,t

Then if the initial data mq, ng satisfy

(3.4) /R |mo(x) + no(x)| + [mo(x) — no(z)|dz < 24y, /]R |mo.z ()] + o (x)|de < K,

we have the estimates

(3.5) /R|m(t,x) Tt @)+ [m(t, ) — n(t, z)|dz < 4, /R ma(t, 2)| + na(t, 2)|d < 326C62,

fort=t= (059)72. The constant k < oo depends only on the Green kernel for the linear problem (3.2)
with A(t,z) = A and s; = s3 = 0.

First of all it is clear that we can repeat the estimate at any time interval [¢, ¢+ ], obtaining regularity
estimates in [t,T + ], once we prove that m(t), n(t) satisfy (3.4) for all ¢t € [0,T] (actually, due to (3.5)
we need only the L! norm estimate and the regularity assumptions on the initial data). The L! norm
we used in the above theorem (L' norm of the kinetic variables) is clearly equivalent to the standard L*
norm.

Second, the equation for @, are of the form (3.2), so that we obtain the L' norm estimates for i, iz,
Ut,. The estimates on @, can be used to study the equation for u;, because they appears in the source
term s,, Sy, (note that this justify the C? in (3.3)): this yields estimates on the L' norm of p, p,.
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A similar analysis can be applied also to h, i, obtaining estimates for hy, 7, iz, itz (with 7 used in s,).
In particular, using the second estimate of (3.5), it follows that we estimate @, in L', hence we conclude
uy € LY. Similarly, for the perturbation h, we have that h; € L.

In terms of the kinetic components (f~, f1), (¢7,9™), (¢7,97), (g7, g"), this means that if the initial
data are in L', they remains in L' for small time and their = derivatives are bounded. Thus the kinetic
formulations of Section 2.1 have smooth solution with bounded L' norm, ate least in the small time
interval [0, 7.

Remark 3.2. As we said before, while clearly u, € L' for small ¢, it is not (at least for the author)
sufficiently clear that after all the transformations of Section 2.1 we obtain local in time L' solutions.

3.0.4. Proof of Theorem 3.1. For shortness define
[(m(t), n(t)l| L+ = / Im(t, x) + n(t, x)| + |m(t, z) — n(t, z)|dz.
R

Denote the left, right eigenvalues and eigenvectors of A by l;, 7; and \;, respectively. The norm in R” is
o] = sup; [(li, v)].
The first intergal estimate follows easily by noticing that in kinetic variables

m=> (mf+m ), n=> (mf—m)m
3

we have the estimate

d, _ 1+ Xtz _ _
Sl O+t @l = [ 2D gz 2
R
1= Al e) A;(t’x) (sen(z)z" — |2H|)da
+€80 37 sup (o (Ol + lm (7)) +Cle™01+ 63)
i TE 0,t
(3.6) <Gy 3 sup (Jm (7)] +lmi (1)) + Cle™'01 +83).
T€[0,t

i

Integrating in ¢ and assuming ¢ < (4Cndy) ™!, the result follows if 6; < dg/(4C).
The proof of the second estimate (3.5) relies on estimates on the Green kernel I'(¢,z) for the linear
system

my+ng = 0
ng + my Am —n

Since A =", \i(l; x 7;), clearly
(3.7) L(t,z) = ZFi(t,x)(Zi X 7)),

where I';(¢, z) are the Green kernels of the 2 x 2 system

me+n, = 0
(3.8) { ng + my Xim —n
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Using the results of [7, 18, 23], we have that each I'; satisfies the estimates

1 - —
T (1 7) = a’;( ! e—(z2_/\it)2/(4(1—>\?)(1+t))) ( (1) 8 )x{lxl <)
2\/(1 =271 +1)

L=A)(1+1)

1 (22— )2 52 0 1
8I;+1< ( o~ (@ =Xit)? /(41 m(m))) ( . )x{lxl <t
2

-1
0 0
0 1

5§+2< 1 e(mﬂit>2/<4<u$>(1+t>>> ) N—
24/ (1= A3 (1+1)
Y /2 —1/2 Y 1/2 1/2
(14X:)t/2 qk (1=Xi)t/2 9k _
+e 8z6(x+t)<1/2 1/2 )—i—e 9y6(x t)(l/g 1/2
) ) o) _ow
(3.9) + 0 (w 0 /<4<“i>““”> ( oy U4 )x{m <t}
a7 ({102
It follows that
1) (0,0l < Do) < s + 0L et o),
bler |, Molls
10,(0(0) * (o)) or < w Al kB ey )

luller - lvellz: [[o]] 2

SV A e E(1+t)3/2

where we used also the conservation estimate (3.6), valid for the special system (3.8).
Write the solution to (3.2) as

(3.11) ( " ) —T(t) * ( ZL(((()))) > +/0tF(t—T) . ( A 7%%27) b ) )dT.

By using formula (3.10) and estimates (3.3) we obtain for ¢ = ¢/dy, ¢ small

1(m(0), n(0))]|r + e~ (ma(0), 10 (0)) | 11

! 1 [m(7)]| 2
+ C/ (6 (D)2 + 6 >d
b iti=-n olfma()lle + 0033777 )47
S1e 2% 4+ (5164/2 + C83) sup(||m| pr + ||n||L1))d7'

¢ 1
inc (
0o 1+ ({t—1) [0,7]

t
+C / e (Sollma(P)llgs + dre™2 4 (G172 + CoF) sup(lma s + Inallzs) ) ds
0

0,7]

(3.10) = + e (ug,ve)|| 11,

K

NiE:

[[(ma(£), na ()| 11 <

< 4k(d0 + Cdy)
B VvV1i+t
+ 8kC63 + 4kC?63v/1 + t.

We used the assumption dg sufficiently small.
Set now d; < dg/C. By Gronwall estimate it follows that we have the bound

31%050
VIi+t

In particular we see that if dy is sufficiently small (so that 4Ke~* < kC62), we recover (3.5).

In the following we will thus consider the various kinetic schemes with L' data and a priori assumption
that the L' norm of the solution is bounded by 2dy in the time interval [0,7]. As we saw, this is correct,
since small L! initial data give rise to small local in times L' solution.

Mg (7), e (7)]| L1
1+ (t—7)

t
+(Co + K)e ™ + 2n050/ I
0

(3.12) [[(my (), ne ()] 2 < +4Ke ", t €[0,(Cd) 2.
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3.1. Lipschitz dependence w.r.t. t. The analysis on the linear Green kernel yields the Lipschitz
dependence w.r.t. time. In fact we can write

’l]t + A(O)&x = am — att + (A(O) — A(u))ﬂx + 6_t(A(U,)UO7tI — uO,tww)a

so that we obtain the relaxation system

G s = oo ((AW) ~ A0 + e (Ao — o) )dr
Y, A0)a — o
with

xT

o(t,x) = [ e (Alu) — A(0))ay + e (A(u)uo te — o ) )dT — U (t,y)dy € L= (R).
0 —00

— 00

We thus have by Duhamel formula

a(t) \ _ u(s)
(56 ) =re-o( 55
. /Ot Tt 1) ( fOT s ((A(u) — A(0))ay —;e—<(A(u)u0’m — Uo,tm))Ck ) i

The last integral is of order C3(t — s) + Cdre~t in LY, since |||ult,| 1 < C62 and (2.9), and a simple
computation show that

(55 ) -re=- (26

if the derivatives ,, U, are bounded in L* by some constant.

Thus the assumption on boundedness of the L! norm of (i, 7,) and the regularity estimates yield the
L' Lipschitz dependence w.r.t. time. A similar Lipschitz dependence w.r.t. ¢ holds for the 2 derivatives
Uz, Uz, hence for @;. A simple computation shows that the same Lipschitz dependence is thus valid for
Uy Ut,

(3.13) [ut) = uls)l[Lr + [lue(t) — u(s)llr < CJt = s].

< C(t—s), s <t,
Ll

3.2. Remarks about the structure of the Green kernel. If we consider a general linear relaxation
system

(3.14) { up + Ajiug + Agvy = 0

ve + Aoy + Aov, = —Bv

with u € R”, v € RF, B : R* - R* positive definite and

A A
A =
{ Az Az } ’

symmetric with no eigenvectors in (R™,0) (Kawashima condition), then in [7] it is proved that the Green
function I' has the special structure

Fn(t,x) axFlg(t,m)
6xF21(t,I) 6%F22(t,f£)

where all I';; behave like the heat kernel G.

Following the approach used to recover L! initial data for f*, we can prove that the part of the Green
kernel I' corresponding to the initial data in v are actually a derivative of some functions. This estimate
is a refinement of (3.15), because it says that also some higher order term is a derivative.

Since in this paper we only consider the Jin-Xin relaxation model, we write this new form of the kernel
for the 2 x 2 Jin-Xin model with average speed A,

Ut +Vy = 0
Vit U, = Au—v

(3.15) T(t,z) = } + exponentially decaying terms + higher order terms,
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We recall that we have the estimates

Lyi(t,z) = ! e~ (@A /(4(1=2*)(1+))
2 /- )1+ 1)

+ % (e—(1+>\)t/26(x + t) + 6_(1_>\)t/25($ _ t))

(3.16) + 40(1)e—(x2—At)2/(4(1—x2)<1+t>>7
1+t
Tt z) = — 8( L e—(l'Z—)\t)z/(4(1—)\2)(1+t)))
O \2/(1 = 22)(1+1)

i ;(_e—(l—&-)\)t/Q&(x Ft) e N 25, t))

This is how the initial data (6(z),0) evolves in time in the coordinates (u,v).
For the initial data (0, H(z)), where H is the Heaviside function, then the substitution v = 9+e " H(z)
transforms the Jin-Xin system into

U+ 0, = —e t(x)
Vg +u, = Au—170

whose solution can be written as

u(t, ) bt —s,x) s T1o(t, )
( v(t,x) —e tH(t — ) ) - _/0 ( Ta(t — s,2) ) e "ds = ( Dy — e tH(z — Xt) )
By studying the heat equation with source
w4 Mg — (1 = Mg, = —e16(z),
one sees that the principal part is again a heat kernel travelling with speed A, i.e.

o= — L o~ (@*=X0%/(1(1-A) (1+)
2,/(1-22)(1+1)

1 —(1=A)|z|/2—(t—|x — x|/2—(t—|x
75(6 A=Dlal/2=t=lely o () + e~ (N Il/2= (] \)X[O’t](z))
+ higher order terms,
= 3( L e<z2w/<4<u2)(1+t))>
0x \24/(1 — X2)(1 +1¢)
1

-5 (e—“—”'f‘/2—“—‘96');([4,0] () + e~ (HNIal/2=C=lzy o (x))

— e "H(x) + higher order terms.

4. CENTER MANIFOLD OF TRAVELLING PROFILES FOR RELAXATION

In this section we extend the decomposition in travelling profile used in [3], [5], to the Jin-Xin relaxation
model. The fundamental feature of this relaxation system is that, due to the linear stability condition
(2.3), it is possible to identify an exact travelling wave ¢ by means of only one kinetic component f~ or
fT. More precisely, if the solution u is an exact travelling profile ¢;(x — ot) of the i-th passing through
u with speed o, then to identify exactly the profile it suffices to know either the i-th component f;~ of
f~ or the i-th component f;" of f7.

For a real solution, this suggests that by looking at different scalar components f;”, ¢ = 1,...,n, of
the vector valued function f~ we obtain n different travelling profiles ¢;, ¢ = 1,...,n. Similarly, by
looking to the scalar components fi+ ,i=1...,n, of the function f*, one obtain n different travelling
profiles qﬁ;r, 1 =1,...,n. It is thus natural to expect a decomposition into 2n travelling waves, each one
interacting with the other waves.
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We divide this section into two parts: in the first part we show the existence of a center manifold of
travelling profiles for each family ¢ = 1,...,n, in the second one we write the center manifold in terms
of the kinetic components f~ and f*. For our Jin-Xin model this is particularly simple, but it is a of
fundamental importance when proving BV bounds.

The decomposition of u (or k) into 2n travelling profiles is done in the next section.

4.1. Center manifold of travelling profiles. This part is the relaxation analog of the analysis of the
center manifold of travelling profiles done in [5].

We consider the equation for a travelling profile of speed o, i.e. u; + ou, = 0 and o, = o3 = O:
equation (2.1) becomes the ODE

(4.1) (A(u) — oDugy = (1 — 0%z,

We can write (4.1) as a first order system

Uy = p
(4.2) 1-0*)p, = (A(U)(; ol)p

Linearizing the system in the equilibrium (0,0, A;(0)), we obtain that the matrix

0 I 0
0 (A(0) = M(O)D)/(1 = Xi(0)?) 0
0 0 0

has a (generalized) null space of dimension n + 2, namely
N; = {(u,p = sr;(0),0), u € R", s,0 € R},

Thus there exists a center manifold of dimension n + 2, defined in a neighborhood of 0 of radius 563,
which can be written by

pj = ¢ji(u,pi,0),
where p; = (l;,p) is the j component of the vector p, and ¢;; are smooth function. Since for p = 0 we
are on the equilibria (u,0,0), and these equilibria must belong to the center manifold, it follows that

pi=0 = ¢ji(u,0,0) =0,
so that we can write ¢;;(u, p;,0) = piéﬁ(u,pi, o) for some new smooth function (5]1 Using the fact that

the center manifold is tangent to N;, so that cz;jlv((), 0,;(0)) = d;;, one can show that the map

Pi v =p;

0+ 3 35m50)

J#i
is invertible in the neighborhood of (0,0, A;(0)). Thus we parameterize the center manifold by (u, v;, o),
and we can write

(43) p= /Uif’i(u'a Vi, 0')3 |7:Z(u)| = 17

for some vector function 7;. We call the function 7; the generalized eigenvector.

This happens for any family i, ¢ = 1,...,n, so that we have n generalized eigenvectors 7;(u,v;,0;),
j=1,...,n, defined in a neighborhood of radius 542 of (0,0, \;(0)), with 5 sufficiently small. We can
assume also that [A;(0)] + 502 < 1 — ¢. Since d2 is a constant which depends only on the non linearity
A(u), we can assume also that §y < Js.

We can now find the reduced ODE on the center manifolds, and the relations among the derivatives
of 7;. Subsituting (4.3) into (4.2) one obtains

Uy = VT
(4.4) (1—0?)(viefi +virie) = (A(u) —ol)v7;
O = 0
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and taking the scalar product of the second equation with 7; (by the second of (4.3) it follows (r;, 7; 5,) = 0),
we obtain the reduced system

Uy = VT
(4.5) (1-0v, = (N(u,v,0)—0)v;
O = 0

where we define the generalized eigenvalue \; as

(4.6) Xi(w,v5,0) = (ri(u,v;,0), A(u)Fi(u,vi, 0)).

Multiplying the above equation for 7; and subtracting it to the second equation in (4.4) we conclude that
4.7 (1 = o®)v; DFi7i(u, v;, 0) + (5\z(u7 V5, 0) — 00T (U, v;,0) = (A(u) - S\Z(u, v;, U)I)Fi(u, Vi, 0).

As a consequence we obtain that when v; = 0, 7;(u,0,0) = r;(u), i.e. we have the estimates

(4.8) 7i(u, v, 0) = ri(u) + O(1)v,, Ai(u,v5,0) = Mi(u) + O(1)w;,

where in the last equation we used the fact that the vectors r;, 7; have length 1.

4.2. Tangent vectors for travelling profiles in kinetic variables. We now show how it is possible
to use the kinetic components f~, fT to parameterize the center manifold. We construct in fact new
tangent vectors 7, , fj which depend on f~, fT, respectively, instead of u,. On a travelling profile with
speed o one has

(4.9) u+ou, =0 = (I—-o)ft =0+o0)f".
It follows that
— ()= =
T2 T 1l1-0 T 140
Since on the center manifold is given by u, = v;7;, we obtain that

=0 -o0)vFi(u,v,0) = f[ﬁ(u, [/ —0),0)=fi7 (u,f,0),

fr.

(4.10) fr=0+o)iri(u,vi,0) = firi(u, £ /(1 +0),0) = 77 (u, ff, o).
where we define f¥ = (7, f*), i.e. v; = f/(1 + ¢). Thus the vectors 7 are defined by the formulas
(411) fz_(u7 i_’g)ifi(u7fi_/(lio')7g)7 fz (u’fj_’(f):fl(u7fz+/(1+(7)’0')

We can thus rewrite the formula (4.7) for these new generalized eigenvectors, obtaining

s f,0) = i /(1% 0),0),
and
(L+0)f; DFy 7y (u, £, 0) + (A7 = o) f 7 (u, £, 0) = (A(u) = AT T)7; (u, f7,0)
(4.12) (1= o) ;" DFFif(u, £, 0) + (N = o) 7 (u, £, 0) = (A(w) = N I)7f (u, £, o).

Note that also for 7 the estimate (4.8) holds:
+

@13) ) = P £ (£ 0).0) (0 £ /(1 £ ). ) = O
Finally, we can recover f* from f; or f~ from f:r by just using (4.9),
=t w0, = g o).

1+

Remark 4.1. We observe here that the vectors f—, f+ are parallel if u is a travelling profile. This is a
special feature of the Jin-Xin scheme considered in this paper, which simplifies the computations: it does
not hold for general BGK models.

Moreover, since the non linearity A(u) depends only on the macroscopic state u, then it is natural to
decompose f~, fT in travelling profiles passing through w.
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5. DECOMPOSITION AND SOURCE TERMS

Aim of this section is to decompose the couple of 2n dimensional variables (f~, f*), (¢, ¢") and
(h=,h*), (:7,1T) as the sum of 2n travelling profiles. The decomposition for the perturbations h, ¢ is
the natural extension of the decomposition for f, g.

Let us explain what we are going to do. We consider each couple (f~,¢7), (f,9") as the sum of n
travelling profile, passing through the same point u but with a relative strength f;, fi+ and a speed o, ,
o different for each family + and —. We say relative strength because the real strength of the wave is
u, = [ /(L=07), uf, = f7/(1+0). The speed of each family is naturally assumed to be g; /f;,
g /1

In some sense, each kinetic variable has a decomposition which is independent on the other. However,
when the speeds are the same and there is only the i-th component for f, g (i.e. only the components 5
f;‘ are different from 0), and the speeds are the same, i.e. o; = 0’;_ , then we are on the center manifold.
This shows that the decomposition identify exact travelling profiles, and that we actually replace the
+

condition o, = o; = 0 with o; =o0;.

5.1. Decomposition in travelling profiles. We define

(5.1) { == 2iti i (wfior) o7 =Xi(0) + 6 (gi_>,

g = (g =NV (u, fi00) ! Ii

592 iJi T Vi i o :>\20 +9 g ,
(52) A = A R OR] S
and similarly for h

‘ = 0 = MO (u, [, o)
with o defined in (5.1), (5.2).

The functions 6 is a cutoff functions,

x |z] < 269
6(x) = { smooth connection 2d5 < |z| < 302 0] < 3d5.

Note that the center manifold is defined in a neighborhood of radius 5d2, so that fzi (u, fii, Jii) is mean-

ingful for all values of f, g. Observe moreover that as a consequence of (4.13) the generalized eigenvectors
fli(u, 1, cfii) are at least Lipschitz continuous.

Using the implicit mapping theorem as in [5], one can show that the maps (5.1), (5.2), (5.3) are
invertible in a neighborhood of (0,0). By regularity estimates we have that in a time interval [0,T] the
functions f*, g*, h*, 1* are bounded in L*> by O(1)§2. By choosing dy sufficiently small, we can thus
assume that the decomposition in travelling profiles is well defined in [0, 7] x R.

For shortness, we will use the notation

FE = £ 0F),  0(—gF/fE) = 0F.

7 AR
Since the variables u,, f, g and h, ¢ are not completely independent, we obtain some relations among
the fii7 gii and h, ;F. The most easy ones are of course

RIS *

(5.4) U= fH 4+ =S+ 1), h=ht T =Y (WEE b )

J J

and from (2.33)

(5:5) == u(0) =) (g5 = MO Y (g = MO =D (57— £,
and similarly for z,

= Z(Lj— — X (0)h; )7y + Z(Lj = X (ORN)F =Y (b i — hiE).

J
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One estimate which will be used in the following is the difference among 7" — 7; :

R foo A - (ot
r 7 =0(1) 1—0f 1to- +O) (I [+ 1£7D(o; o;)

= O)(J7 = £ +oF S+ 07 I7) + O I + 1 Do = o7)
= 0() (g7 + 97 = (L4 M) + (1= M)fT) + O (g7 +6; )
(5.6) +O()(g + 07 7) + O ST+ 1 Dot = 7).
By using (5.6) in (5.5) we obtain the relation among the ¢ and the f:

0= (g, = N(0)f )iy + (g7 = Ni(0) 1) — Zf‘f{ - [t

[

Z (L+ X)) +Zgz (0) £
Z(gz +g! = (1+ X0 >>f;+<1—Ai<o>>fi+)<f;+0<1>5o>
O (1 1+ 165+ lai +01) (loi + 05 457+ Lt + 0 £71)

O I ( 14151+ lar + 0 ) (57| + 1A Dlos = o)

K2

which can be rewritten as

g7+ = L+ NO)F = (1= NO)f
+ O Y71+ 1D (lgy +0F £71+of + 05 £71)

J

(5.7) + U1+ 15D ey —of .
J

Here and in the following we substitute O(1)dy for quantities depending on the L', L° norm of the
variables. Coming back to (5.6) it follows that

(5.8) =T =0)(g; +0; f;7) +OW)(g + 07 ) +O(f I+ I£DOF - 67).
Similarly, from 7 = ¢~ + ¢+ = h~ — h" one has that
v+ = 1+ X(0)h; — (1= X (0)hF

+ o) >0y 1+ 1) (195 + 67 871+ g + 9% 1)

J
(5.9) +O) Y (b |+ B DS 1+ 1£7D16; = 67

J
5.2. Source terms of the components of the perturbation h. We can now write the source terms
for the components (h; sz) The idea is that, once we have written the these equations, by substituting
h* with f*, g%, +* and replacing the source terms sf(t, x) for h* with those for f, g, ¢, one obtains the
equations satisfied by (f;”, f;), (g;,9;), (¢t; ,¢)-

Since Fji depends on fji, g]i during the computations we need clearly to assume to have the equations
for f]i, g]i written: we thus suppose that each component f; + satisfies

_ 1Ay
fio=tiw = i + ; £ +sp,t2)
1+A z
th + JJrr = : 2 - fj+ + gf,j(t’x)

(5.10)

and similarly for gji. The form of the source term gf is computed by using the form of the source term
for h*, and replacing h]i with f * (or with gjj-[ if computing ggi). This assumption will be validated when

we obtain that the equations for (b ,hj ) are of the form (5.10).
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Instead of computing explicitly the source terms ¢, , cf[ (this is done in Appendix A), we show how
their form can be deduced by using the following ideas:

(1) if there is only one component of f, g, let us say the i-th component fg.i, gg.i, and
(5.11) g7 +0; f7 =gr+05 =0, 07 =07,

then we are locally on a travelling profile of the i-th family;
(2) on a travelling profile of the i-th family with speed close to \;(0) the decomposition is exact, in
the sense that the components (f;, f:¥), (g5, g;") satisfy the scalar conservative 2 x 2 system

- 1+>\ 1— ,\ +
(5 12) { zt fz;c - f + f
’ + 1+/\ - +
i, = S-S
- R L P e Ve
(5 13) { g@tigg,z - 2 97 + 2 g;
' + S C OSSR CO C s
e T 9., = 3 % 29

with \; = ;\;i = X;(u, f£/(1 £+ 0),0) computed by (4.6);

(3) if the perturbations h, ¢ have only the i-th component and are proportional to f, g, then they
satisfy the same equations (5.12), (5.13);

(4) a part from two terms involving derivatives of 7 w.r.t. f and o, the source term we need to
compute is quadratic and Lipschitz continuous.

We prove now these statements.

Proof. From (5.7), (5.8) we obtain immediately that r;” = 7";, ug+ou, = 0. Since fji are unitary vectors,
by direct substitution in the equations (2.20), (2.29) for f, g (neglecting the additional source term due
to the initial data, which at this level can be chosen arbitrarily) one concludes that f;.i, gzi satisty (5.12),
(5.13) of point 2), because of (4.6).

Thus the only point is that the derivatives of ¢ are 0, because one may suspect that it is possible for
the speed to vary, even if the assumptions of point 1) are satisfied. However, by using the equations for
f, g it follows (0(x) = z under point 1))
gft_gz,m g fzt fzx

)

Ot — O0gp = — — —
f; ok
L+Xi(g g i\ 1=X(g g T _1+Nf (9 9\ _
ow =S RR) e PEE ) -EG R

and similarly o; + 0, = 0. It thus follows that o, = 0, = 0, so that we conclude that u satisfy the
travelling wave equations. This proves point 1), 2).

Point 3) is straightforward, while point 4) follows once we observe that the functions in (5.3) are
Lipschitz continuous as soon as we do not differentiate them w.r.t. f, o, i.e. the terms containing the
vectors ff’[f, ffa g

The rest of this section is dedicated to the computation of the form of the source terms.
Since the decomposition (5.3) is only Lipschitz continuous, we study carefully the right hand side of
(2.39). We have

hy —hy = Z((h;t =y )T g (i = f)(  + 05,75 ,) +hy (g5, — gjjw)ojjgfj—’g)
J
+ Y hy DFy (il — i) + Y hy e DF (uo.e + to i),
i j
Wi +hi = Z((hiﬁhf, ) RS (B £ Gy 05 5750) + (giﬁgﬁ)ejfgf;a)
J

+ Y R DiEF (g + i) + Y b e DS (ug s — uo.4a),

J J
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where we have used @ = u + e ‘ug+. We thus write the equations for h as

I VI o

Z(hj’t—hj,ﬁ 5 hy ==k ) 7

J
B 1+A—

+Zh < « T f jf+)(1f+01f10)

1+ A7 1- X7
] —
+Zh (gjt 95+ 5 9T T gj>ojgr10

=5, (t Zh e D7‘ (wo,t + uo,ta) + Su(t, x),
J

1+ A7 -t
+ + J p- it At
Z(hj’t+hj’w— 5 h + 5 h ) 7

J

1+ A7 1-
+( + J - A +
+Zhj<j,t+ e S e f; >( ;05
J

1+ A7 1-AF
+ + i i+ gt At
T Z h; <9j,t T95e= "5 9t 5 Y > G950
= EZ Z hle tDr (uo,t — uo,ta) + sn(t, x),

J

The terms §,f (which have a quite complicated form, see Appendix A for details) are quadratic w.r.t. h,
f, g and linear w.r.t. h: this means that

55 =0(1) Z(|h;\ + |h;r|)(|fk |+ £+ lgn |+ gt \) + exponentially decaying terms.

Jik

They contain the source terms sy, g4 for f, g

To simplify their form, first we observe that the terms <y, ¢; can be neglected: in fact, once we prove
that without these terms the source terms for h is bounded in L!([0,7] x R) by Cdol|lh|/z1, then the
perturbation due to ¢y, ¢4 is of order

C(lissllea o + lss s o.m1xm) ) IRl = CaglAl L < C3,

i.e. of higher order w.r.t. ¢, which will be proved to be O(1)d2.
Next, we study separately the terms which can be discontinuous, i.e.

(1) the derivative of Fj-[ w.r.t. f only in the regions where either | 7 | < lor | \ < 1, i.e. taking
into account that at equilibrium (1 + A;(0))f;” = (1 — A;(0 ))fJr and (1 + )\ ( ))/(1—X;(0) €
[c/4,4/d],

(5.15) hi 15775 XA fT 1 = 4/l £ B F T oAl = A/l £571)

The above terms arise When we are far from equilibrium. Note that for a travelling wave one has
(1+o)f; =01- o) fi ., and by construction o is close to some A;(0) so that we are certainly
far from any travelling profiles. In the remaining regions f;‘ ~ f;, and the terms containing fji,f
are again Lipschitz;

(2) with a similar computation to the one in (5.14), the derivative of F]i w.r.t. o yields

(5.16)

3+ - 5 ~+ + <+
1A ho fgi_ng 07 ),7”]0 LA f— g7 (9+)/7’JJ.
2 J J fjf J f77 2 f+ 9; J f;r

These terms are bounded, but may have jumps when gj , fjﬂE ~ 0.
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The remaining terms in §f are quadratic, Lipschitz continuous w.r.t. f, g and linear w.r.t. h. Moreover
we know from the discussion at the beginning of this section that these terms are 0 when the following
conditions hold for any j fixed:

- + - +
, g g Tk
(5.17) fo=gi=hy =0 k#j 5= €[-20,,28)], ffi:ffg
J J J J
It is easy to check that the only terms which do not satisfy the first condition are those deriving from
h DF (i + i), Le.
(5.18) 1o (r S ) R el (/o S P R

We will here consider the more general terms
(U5 1+ D (1 + g+ 15+ 19 1)-

Following [5], we call them transversal terms.
We write the distance from the hypersurface defined by the second condition of (5.17) as

lg; + 05 f7 1+ g + 07 1+ (ST + 17 Dley — o7l
By multiplying this distance by h, we have clearly the terms in §f corresponding to the second condition

of (5.17), namely

(5.19) (U5 |+ 1) (lgy + 67 571+ g+ 0F £+ (1 + 15 DIey = 651).

These are the non transversal terms.
We can write for the two terms of (5.16)

(f+J€ g;) — OV £1(6; — 85+ O 17 IS /7] ¢ [e/4, 4/}
+O0Why (g5 + 05 £;7) +OWh; (g + 07 1),

hj(fjf;—gj)— OWRE 7 (87 — 0F) + OIS AIEF /17| ¢ e/44/e]}

+OMWh (g7 + 05 f7)+OMh (g7 + 0] ).

Thus these terms have the same form of (5.19) and (5.15).
If we were studying the equations for f, g we would have done. In fact the last condition of (5.17) is

trivially satisfied if hi ji, and if hi = gj»[ then it reduces to the second condition. In our case we just
add the term
(5.20) |hj I =hif; B

which accounts for the third condition of (5.17).
To write the final estimate on the source terms for h, we need to study also

t
/ DA, x b - hxuﬁ>dr<02/ m(h3 )+ DS+ |
0 J#k

+OZ/ a5 1+ ) (lay +07 071+ g + 07 £71)ar
(5.21)

+02/ (4 1 D155 |41 DI6 65l

In the above computation we actually did not use the fact that we are in the conservative variables u,, h,
since in a next section we are able to estimate all the terms appearing in (5.21). A more refined analysis
can show that some terms in (5.21) do not appear in the source sj,.
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If we denote with ch . the total source term of hi", we thus have that the components h satisfy

(5.22)

{ h;t o h;x _ 1+>\ h + 1— )\L h+ + §};7(t7$)
1+,\ _
h;ft + hix : 3 al hj + g}ti(t )

and by means of (2.40), (5.21) we have the estimate

iy (L) Iy (6 ) < © SRy |+ D (1 + Lo |+ 11+ 193 1)
i#k

+ O (ng [+ I (a7 + 05 55 |+ laf + 0 £71)

+ O (AT + I DO |+ 155Dl =05

+ CXJ: By f = 7B+ Core™

FODIAI+ I DU+ L5 DS 1716 (/4 4/

+cz/ {5 |+ IRED(F ]+ 17

Jj#k
+OZ/ iy 1+ 1031 (g5 + 07 8571+ g + 67 £ )dr
(5.23) +OX [ 4 D+ 155Dief 6

We have used again (5.8) when projecting along 7.
Before entering into the computations to estimates the above terms, we observe that

/ // (1, 8)drdzdt = / / (1,) / " tdtdxdr = /OT/R(I — " ) s(r, x)dzdr.

Thus, the source terms we need to estimate are the reduced one
[Sha (8, 2) IG5, )| < O (Ihy |+ Ihfl)(lfﬂ +log [+ 1T+ g )
ik
+ O (5 |+ D (lgy + 67 71+ lgf +0F 1)
J

+C Y _(hy |+ R DUFT 1+ 1£ D1ef — 65
J

+CY b = £ R+ Core
J

(5.24) + CZ(IhJI 0T DA T+ 1 DA /17| ¢ le/4,4/cl}-

The constant C' depends only on &y and the L' norm of f, g, h, so that it can be chosen uniformly in the
time interval [0, T]. In the following it could be proportional to d5 ! but this constant is independent on
the initial data.

Remark 5.1. For ¢, one may check that the non local-in-time source term contains also

t
g / eTft|fj+hj_ —hj'fj_|d7'.
~Jo
J

Clearly this term does not create any problem if we are able to estimate all the terms in (5.24).



HYPERBOLIC LIMIT OF RELAXATION MODEL 25

5.3. Equations satisfied by f, g. A particular and important case are the equations satisfied by
(f; fj+), (95 5 g;r) For completeness we write them explicitly: by replacing h with f and ¢ with g we
conclude that the source terms qﬁ of (5.10) can be estimated as

Srab IsFal < O (U 1+ DS + 1681+ 16 + gk D)
Jj#k

O 1+ 1D lgy + 65 571+ g + 67 1)
J

+CY (7115702167 — 65|+ Core™
i

(5.25) OS5 ¢ le/4 4/}
J
Similarly one has
(5.26) {gi,t—gm = —12'79[+1; gi + gt )
ghorgt, = g - SMgh it
with
gt @) Isyos (L) < €3 (g |+ g DAL + 1o |+ 171+ 19z )
J#k
+ CZ<|g;| +g5 ) (lgy + 05 1771+ g + 6 £1)
+C Y gy |+ g DS+ 15 Dlef =67
J
+CZ|g] [ =191+ Coe™t
+cZ (g7 1+ 197 DA T+ 15 DAL /67 # Te/4,4/el}
+OZ/ (a7 |+ Loy DS |+ 1+ Loy |+ 1o e
j#k
+cz/ a7 1+ 197 ) (log + 05 15 1+ laj +0; ;) dr
(5.27) +c/ ‘(g5 1+ g DS T+ 15 Do — 65 ldr.

5.4. Simplification of the source terms. We now describe the line of the proof of Theorem 1.1.

We assume that in the time interval [0,7T] the various components of the source terms for f, g, h, ¢
are bounded by &y. By the results of Section 3 this is correct if T is sufficiently small. Since by the L!
contraction of 2 x 2 Jin-Xin model we have

t
(5.28) [lhy ()]l + 18 (Bl < 185 (Ol + [[27(0)]] 2 +/ (13, (T) + |5, (7))dr < 281 + 280 < 400,
0

the L' norm of the components is bounded uniformly in [0,7]. We can assume that T is the first time
where the L! norm of some component reaches 48y. If we can prove that from ||h;t Il < 46¢ Vj it follows
that the source remains uniformly small and less than dg, then from (5.28) at time 7' the components
of h should have a L' norm less than 44y, so that the solution can be prolonged for a small 6t with L'
norm still less than 45y: we thus have a contradiction. As a consequence 7" = oco: the solution exists for
all t > 0 and has uniform L' norm (BV norm for u).

While the source terms of (5.24) have been already been simplified, in this section we put in evidence
which are the basic terms to be estimated. The idea is similar to (5.15), where a particular source term
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appears only in some region where the components satisfy some inequality. To be precise, the various
situations we consider are the following

(1) regions where the speed gji / fji is greater than 20s;

(2) regions where the two components hj_, h;’ have different sign;

(3) regions where the ratio h;/hj+ is much different from (1 — X;(0))/(1 + X;(0)).

The first simplification is thus the observation that in the regions where g;° + 6, f; # 0 we have the
simple estimate

g7 + 607 f7] < C657 g7 | < Clog |-
Similarly for g;-r + H;T fj+,
lgf + 07 171 < Co5 gl < Clgfl.
As we noted before, d; does not depend on dy, so that é5 ! can be included in the constant C'.

The second observation is that if the sign of the components +— of f, g, h is different, we can reduce
the source terms containing them as

C22|f; — ff1,  C*&|h; —htl,  C?&|h; —hll.

We have used the L' estimate of the derivative of the components, Theorem 3.1.
The transversal terms do not need any transformation, since we can estimate them as they are. Also
the terms

\hy f7 = f7 RSl Coe™,

will be estimated directly (the last one is trivial, of course).
Next we observe that from (5.7) (now g; and g;r have the same sign), when g; + 0, f; # 0 or

g;' + Hff;' # 0 we have that

‘2%20%2?

(5.29) ' /i 1

1—-X,;(0) 14 ;(0)

Thus, in the regions where g; + 6 ;7 # 0 or g;-r + G;Fff # 0, we can write

(hf +h)gf +97) < ((hy + )% + (g7 + gj*)Q)x{ (Zi - Hi Eg;) ¢ [562/47562/4}}
(Ih I+ |h+f+ {( Lti > c 552/4,552/4]}
< ((h; +h)? + (g5 +97)? X{(Zi ii %) ¢ [—552/4,552/4”

)
+C(|h+f—_h f+ {(;‘5 ii ;>e[—552/4,552/4]}.

In the last inequality we notice that in the region

{(;g - m> |—502/4,502/4], (g M) ¢ [—352/2,352/2}}

one has

T
_ 1
h

J

1)
(5.30) h £ =Wl f | = |k f; \ > 2|5 £,

and similarly for h;r f;r . The constant d, 1is collected in C' as before.
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For the non transversal terms (h; + h;r)(fj_ + f;“)(ﬁj_ — 0;?), we have
[y 15705 = 07)] < C|h5 (45 /1)af = 5 a5 |
= C|(7 117 g by = hEgp)| + ClF (7 /55) = 1) |
= C|U7 NG by = WEgr)| + oy LT 1D WE £ = £707),

W 8505 = 60| < ClRI (85 1D)gf = hia |
= |5 /50m; =h7)gt| + ClFgr = gy |
= C(af 15 R =y |+ Clvt gy = gt h )

and similarly

\h;f;(eg - aj)\ < Cllg; /1) h = h;ff)\ +Clhf gy — g7 by,

k70 = 07)| < | gy = WD)+ Cltaf N1 = 1)

Thus if | £/ ;| |£;7/f]71 19y /f;7 ] 1gf/ f;| are bounded, then we obtain

by + 115+ £l — 671 < C(hF 5 — Frho |+ g — gl
If [g;/f;| < 1or |g /f+| < 1 (only one case can occur), then by (5.7) we have \f;r/fj_| > 1 or
|/~ /fj+| > 1. In this case, if |hj/hj | ~ 1, then as in (5.30) we obtain that

g 14— _

so that we obtain again for |hj+ /h; |~ 1 that

— I 4 T at - + ot gt

‘hj + h; ||f] + f; ||0j —0; | SC(|hj J; |+|hj I; ) <Clf~h™ —=h™ fT].
The ultimate case is thus when \fj*/fj_|, |h;‘/hj_| > 1 (or < 1), in this case we have
Iy + RIS+ 506F = 071 < O((hy + B2+ (7 + 1)) < C((hF + 0D+ (g7 +67)%),

where in the last inequality we use again (5.7).
The form of the source terms f,jf can be thus rewritten as

Grst )L 5 o)l < O S ng L+ D (I + g+ 1|+ o)
J#k

+CY I L = [+ C YT gr = gy L+ C Y gy S = £ o]
J J J

+CZ|h +hEPx {(Zf 1: Eog) ¢ [552/4,552/4”

7 14000
O (u7 + a7+ oI (7 - T ) # [Fsoraonil )
+CO D Iy = b Ix{hy by < O} +Coj > 17 = £ Ay £ < 0}
(5.31)

+C83 > 19y — g5 Ix{gy 9 < 0} + Cére.
J

In the following we will replace A;” with A}, because their difference is of order of é'hi, ; and can be included
into it.
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6. INTERACTION ESTIMATES

In this section we prove that under the assumptions of regularity and ||h|| 1 < 469, then the various
terms appearing in (5.31) are of order C43.

We divide these computations in 4 parts. Each type of source term correspond to a different functional
we have to use. The terms are:

transversal terms: these are the terms
(U5 1+ D (17 1+ 15+ g |+ i ]).

These terms correspond to the interaction among waves of different families;
non transversal terms: these term correspond to interaction of waves of the same family. They
are

by £ =17 hye =g bl ey £ = £ ek
energy terms: these terms appear when one wave in the decomposition has a speed too much

different w.r.t. A(0), or equivalently fj*/f;r 2 1 and similarly for gjj-[, hjj-[. We just write the term
for h, the other being similar:

h; + hj+|2x{ Gg - M) ¢ [f552/4,552/4} };

opposite sign terms: these terms correspond to the fact that if h;, h;" have different sign, then
their L' norm is decaying, and for h they have the form

\h; —hlIx{h;h] <0}

We now analyze the different types, starting with the last one, which is the easiest.

6.1. Opposite sign terms. We just need to repeat the computations of (3.6). We consider the model
scheme

- — 14a(t,x) — 1—a(t,x _
(6.1) 2 T 2 B + 2( )2 +1 2( Lot 4 57 (t,x)
Zt+ _ z;— _ +a2(t,x)z— _ —az(t,x) o+ S+(t7 z)

with the assumption |a(t,z)] < 1 — ¢, |[s¥||L1(o,7]xr) < do. Then, by a slight variation of (3.6) one
obtains

d, _
G0+ ) < =

z—2t<0

|27 (t,z) — 2T (t, 2)] —|—/ |s~(t,z)| + |sT (¢, 2)|dz,
R
so that integrating in time and assuming ||2% (¢t = 0) 11 < &g, one has

T
(6.2) / / 2= (1, 2)] + | (1, 2) [da < 260 + 20 < 4.
0 z=21T<0

In particular we obtain the estimates

T T T
) - _pt - _pt T _ht <4
(6.3) /0 /h;h'+ e — |da:,/0 /h;h;+ he — 1 \dm,/o /M'+ I — W \de < 46,

so that the last three terms of (5.31) are of order C'§3.

6.2. Transversal terms. These terms are estimated by means of an interaction functional, which is the
extension of the Glimm interaction functional for transversal families to the Jin-Xin relaxation model.
The method to find this functional is by using complex analysis, and it is developed in [2], showing that
these terms are essential linear terms. For a probabilistic approach, see [15].

Here we write only the final form of the functional, and check that it is decreasing and bounds the
term of (5.18). Next, by a simple argument, we prove how to estimate all the transversal terms appearing
in (5.31).
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Given two constant ai, az, with —1 + ¢ < a; < ag < 1 — ¢, define the two 4 x 4 tensors Pi;ke(a:),
Pi}_ké(m)7 iaj7kla£ = _7+a HARS Ra by

B o e . 1 l+a  _ L—a
P 1 % 2 = T
[”(x)<vii_> <U;_ >} az — ay (2+a1+a2v1+2ala2vl)

14+ax _ l—apy |

(2+a1+a202 +2—a1—a2v2

L[ (2-a;—a2)? 4— (a1 + az)? 2(ay — as)
SRR E e e )

(6.4)

(6.5)
mrw (o )< (03 )] = aavr e sy [ Grali e Greaia) |

Define finally the weight function P;;xe(x) by

)P () <0
(6.6) P 'kg(x) = ikt -
! P;j'u(z) x>0

and the interaction functional Q(z) on the two vector valued functions 21, zo : R — R? by
(6.7) Q((z;zf) 23, 2) / (Pra(z —y) + Por(z — y)) ( |Z£(x)| ) X ( Izi(y)\ )dxdy.
R |21 ()] 23 ()]

Remark 6.1. As was observed in [2], the meaning of the weight function P;jx¢(x) is the following. Consider
two schemes (6.1) for z1, zo, with source term equal to 0 and constant average speed a1, as satisfying the
above assumptions. Then if the initial data are

220, 2) = 6(z — x0), 25(0,z) = §(x), 9 # 0,

and the other two components are 0, we have that the following equality holds

+oo )
(6.8) / / 2t @) (b 2)dadt = Pye(wo).
0 R

Thus in (6.7) we are just computing all the interaction among the +— components, with initial data z;,
zZ9.

To show how this functional works, we consider two systems of the form

(6 9) Zit N Z;z _ 71+a12(t,x) Zl_ + 1— al(t z) + + 51 (t J?)
’ 2, = 1+“12(t’””) 2 — = al(t 2) + + 57 (t, )
(6.10) Gy — 2, = —iteate),. | lete) 4+ 82_(t )
. Z;:t + Z;:z _ 1+a22(t,x) 22_ 11— a22(t ,T) + + s3 (t LE)

with the assumptions

t
(611) Jaa(t,2)] Jaalt, ) S 1-c, min fas(s,2) — n(t,9)} 2 e >0, / /|sf|+|s§|dmdt§260.
808, 0o Jr

Define
(6.12) a1 = maxA\i, as = min Ao,

and consider the functional @ of (6.7) computed with ay, as.
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Essentially we need to analyze the behavior of the functional constructed by means of the projectors

co(1)+(3)-

2(ay—ag)
4—(a;+az)? 4 - _
(a14a2) ( 1+a; 0] l—a; 'U1+> ( 14as vy l—asg v;)e I— (a3 fag)? zo <0

(613) 2(az—a1) 2+ai1+as 2—ai—as 24ai+as 2—a;—as
1— = oY (= ot
50as ary (U1 Fv1 ) (vg +v3) z>0

Denote for simplicity

_14a 1—a; _ 1+4ao 1—as -1 O 1 1
- 2 2 - 2 2 - —
Al - |: 1+2a1 _1l-a :| ’ A2 - |: 1+2a2 _172a2 :| ) A= |: 0 1 :| ’ R = |: -1 -1 :l ;

L1=( 1+aq 1—a ), L2:< 1+ as 1—as )7 o= 2(&1—&2)

2+a1—|—a2’2—a1—a2 2+a1+a2’2—a1—a2 4—(0,14-0/2)2.
By direct differentiation of the reduced functional

// e (o) ) (gl ) e
14

(a1 + a2) —a(o— —aia
=12 // (L1, |21 (2)[) (L2, |z2(y)|)e ( y)da:dy+ 2 // |21 ()|[22(y) |dzdy,
<y

(6.

ag—al a — ai

one obtains by the L! contraction

o [ (Al A @) - @00 )R] @) ¢ 220 ey
+ [ B =@ x (<Ml + Aalz2()] = ((t.9) — a) Rlza(w)] + lsa(0)] ) dod

We have the following equalities (which can be used to define Ly, Ls and «, w):

L1<—11>:43(&_+a2)f L2<—11>ZM’

a3 — a3
Li(—aA + Ay) =@l Lo(aA + Ay) = —wl =71 "2
1(—aA+ A)) =wly, Ly(aA+ Ay)=—-wls, @ T (@ 1ot

so that it follows that
[ @-alal + Aia @) - (@@ - a)Ria@)) L ) e dody
<y

< / / (—aLiA + Ay |z ) (Lo, [22(y) e~V dady — / (LA, |22 ]) (Lo, |22])dy
<y R

- / / (Lo, |21 ]) (L, [22() e @ dady — / (LA, 21 )L, |22 )y,
<y R

and similarly

// (L1, |21(2)]) (L2, —=Alz2ly + Az|z2(y)| — (a2(t,y) — a2)Rlz2(y)|)e “* ¥ dady
<y

_ / / w(Ly, | ]) (L, |22(y) e 2@V ddy + / Ly, | ) (L2A, |22y dy.
<y R

We adding the integrals, only the boundary terms survives, which can be written as
(1—a1)(1+a2) 1+a1)( as), _. 4
6.15 - = — |27 |25 | | d=.
( ) /]R(4 (a+a)2|1||2| (a1+a2)2|1”2|
For the part with > y one obtains by the integration by parts that only the boundary terms remain,
ie.

(6.16) / 271125 | — o125 |de.
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Adding the two above results, and taking into account the coefficients in front of the intergals of (6.14),
we obtain
dQ _

(6.17) <

/ 27112 | + 1o 2y e + C50/ 51 + [s]dz.

By means of (6.11) we thus conclude that

T
(6.18) / / (o5 ()25 (1, 0)| + |2 (6, 2) 25 (1 2) | dee < C62,
0 R

if 8y is sufficiently small. The constant C collects some ¢!, where c is the separation of speeds.
We now estimate also the terms |2] 2, |, |27 25 |. We only consider the first term, since the second one
is similar. We have

_ _ 1+a1 1-—
(e e — (o 25 D < (

i1+ S5 e+ s 1) 51

_ 1+as, _ 1-—
152 1+ T2 s )

so that by means of (6.11)

d - - _ _ - _
%/'Zl 25 |dm§—c/\zl 25 |dl‘—|—/|2’1 25| + |2 23 |d$+058/|81|—|—|52 |dx.
R R R R

This gives the estimates

27 (t)z5 T e(1—1) z1 z > (7)|dx
/R|1<t>2<t>|d s/ /| D+ |2 (7)= (7)d
o / ee(r=0/2 / Is7(7)| + |53 (7)lde,

which integrated in time and using (6.18) yields

T
(6.19) /0 /R 20 ()25 (8)|da < C82.

Repeating the computations for |z; 2, | we obtain also

(6.20) / / 21 ()25 (t)|dz < CB2.

With the estimates (6.18), (6.19), (6.20) we have computed the transversal terms appearing in the
source term,

(6.21) 3 / / 0|+ DS+ ]+ o]+ oi dadt < C2,
Jj#k

with C sufficiently large.

6.3. Interaction terms of the same family. The terms due to interactions of waves of the same family
are divided into 2 categories: non transversal terms, to which it corresponds a Glimm type functional,
and energy type terms. The Glimm type interaction functional is the kinetic analog of the functional
introduced in [6] to analyze the interaction terms of the same family. However in this case its construction
is slightly more complicated.

The energy terms appears only due to the fact that the cut off function 6 is acting, and the speed of
a perturbation and the travelling wave are very different. We have seen that this also implies the ratio
f;/f; to be far from 1.
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6.3.1. Glimm functional. Before constructing the Glimm type functional for relaxation, we recall its
construction for a scalar nonlinear parabolic equation
up + M)y = Ugy-
One can in fact introduce the vector valued function P = (u, f(u) — u;), which satisfies the equation
Py + MNu)Py = Py

For the above equation one can show that the functional

1
(6:22) a0 =5 [[ 1Pt n Pty oy
2 <y
is decreasing: precisely
(6.23) % < —/ Pyt 2) A Pyt 2)|da = —/ P (t, 2) A Po(t, 2)|da.
R R

The last equation can be thought as the instantaneous are swept by the curve P(t, ).
It is possible to give another interpretation of the previous functional. In fact one can consider the
variable

Pt w,y) = Pe(t,z) A Pe(t,y) = ue(t, 2)us(t, y) — us(t, y)us(t, ),
which satisfies

(6.24) B+ div((Au(t, 2)), Mu(t,9))5) = O,

Due to the symmetry p(¢, z,y) + p(t,y,2) = 0, the above scalar 2-d equation can be considered in the
half plane 2 < y with boundary data p(t,x,z) = 0. The functional @ is now half of the L' norm of p,
and its time derivative is the flux of p across the boundary {z = y}.

While the first interpretation as a shortening curve is difficult to extend to relaxation, the last inter-
pretation is more suitable: we will thus associate a 4 x 4 2-d kinetic system to a 2 x 2 scheme (or more
precisely to 2 2 x 2 schemes) and study the flux across a boundary.

We thus consider two couple of variables (27, 21"), (25, 23 ), which satisfy the same 2 x 2 kinetic scheme,
with some source term, i.e.

- - _  _ltaltw) —  l-a(tm) + | -
(6.25) Zit " Rip = . a%( 2z +1 GWELF 4 sy (¢, ) i—1.9
: @) — _ 1-a(t, =bL4
Z:tJrZi_‘,—w = +a2( z)zi - a2( m)’z;—+8;‘_(t’x)
with the standard non degeneracy assumptions
t
(6.26) la(t,z)] <1—¢, ¢ >0, / / |sT| + |s5|dadt < 26.
0o Jr
We then consider the vector valued variables P~ = (27,25 ), PT = (21, 25), which satisfy the same
equation as z:li but vector valued:
- - I4a(t,e) p— , l—alt, -
(6.27) P -pP, = B a%( =) p —|—1 a%( D N (X))
Pr+Pf = +a2( 2) p— _ 7‘12( :2) P+ st(t,x)

with source terms
cea=(508) rea= (D)
In the vanishing viscosity case we have only one scalar variable defined on R?, while now we need to
consider 4 variables,
P (t,z,y) = P~ (t,x) AP (t,y), P T(t,x,y) =P (t,x) AN Pt (t,y),
(6.28) Pt (t,z,y) = P (t,x) AP (t,y), Pt (t,x,y) =P (t,z) AP (t,y),
with the relations

(6.29) P~ (t,y,z) = —P ~(t,x,y), P (t,y,x)=—-P ¥ (t,x,y), P F(t,y,x)+ Pt (t,x,y) =0,
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The kinetic scheme these variables satisfy is clearly (for shortness denote a(t, z) by a(x))

PPy —pPym = @ pio g lablpot (74 c@Fe®)) pom g g (0, y)
(6.30) Pt —prt4pyt = Mpo— g 1d@piet (74 @ @) pvt g gt (t 0, y)
P+ P~ —pf~ = H@p--y loabiptt (7 s@e)) pr- gt (1,2, y)
Pty pit +Pt = H%(y)erf + H%(r)p7+ _ (1= a(z);a(y) Pt 4+ st (t, 2, y)

where the source terms are
508 — ( (@) ) A PP(y) + P*(2) A ( s(v) ) /T/ 159 (4, 2, ) |dadydt < CO2
Sa(l') Yy Sﬂ(y) ) o Jre y L, Y Y — 0

As we notice for the viscosity case, due to the symmetries (6.29) we can consider the above system in the
half plane = > y, with boundary data given by

(6.31) P (t,z,x) = PT*(t,z,2) = 0, P T (t,z,x) + PT (t,z,x) =0,

We can describe the above boundary conditions by saying that a particle with speed (—1,1) hits the
boundary and bounce back with the opposite sign, or equivalently that the ”conservative” variable P~~ +
P~t 4+ Pt~ 4 Pt is 0 at the boundary {z = y}.

Our goal is to estimate the flux of u through the boundary, more precisely the number of particle
which hit the line x = y,

/OT/R [P (¢, @, 2)lde = /OT/]R |21 (t, @)z (t, ) — 2 (t, %)z (t, 2)|dzdt.

By setting s = 0 for t > T, we can extend the solution to all ¢ and thus estimate the integral in [0, c0).
The main problem in this estimate is that we cannot suppose the solution to be positive: the boundary
condition (6.31) in fact changes the sign of the solution.

We thus construct the solution P to (6.30) as a sum of various part. It the boundary were no present,
then we just obtain functions whose sum is of the order of the initial L' norm, due to conservation (easy
to check in R?) and neglecting the source terms s*°. The presence of the boundary generates a step in
this process in which some fraction of the initial L' mass disappears.

To understand better the construction and the final estimate, we consider here the following 1-d
example.

Ezxample 6.2. We consider the simple model

2y —z; = 7,&5{
6.32 z _
( ) Z;‘— +Zx+ — z ;z*

in x > 0 with boundary data f~(¢,0) + f*(¢,0) = 0. Our goal is to estimate

+oo
(6.33) /0 == (£, 0)dt.

To have a better control of the solution, we first notice that if the boundary data is 27 (¢,0) = 0, then
clearly by L' contraction

d

dt Jp+
so that the integral (6.33) is bounded by the initial L' norm of z. The above estimate just tells that
the number of particle which cross the boundary (and disappears) is bounded by the total number of
particles in z > 0.

We thus have only to consider the case of an initial § function in f* located at x = 0. We now

decompose the solution to (6.32) with initial data 27 (0,2) = 0, 2+ (0,2) = §(z) as the sum of functions
25t §=0,1,..., each one satisfying

—i+1 —itl 24t —,i+1
Zy — 2 = T —Z

+it1 ; ittt :
2 + Z;_’H_l — z J2rz _ Z+,1+1

27 (8, )] + |7 (8, 2)lde < —[=7(¢,0)],

(6.34)
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with 2571 =0, 270 = 0, 27° = §(z), and null initial data for i = 1,2,.... Roughly speaking, we
can imagine that each function 2% describes a generation of particles, moving with speed +1, and with
average decay time of 1. When 2 particles of the i generation decays, then 2 particles of the i + 1
generation are created, with speed —1 and +1.

It is simple to construct the first solutions: in fact,

270t z) =0, 20t ) = et (x — t),

—t —t t
2t x) = %X{O <z <t} 2Pt x) = —%X{O <z <tl+ §e_t5(m — ).

At this point we can observe that at the next step the total source 27! + 21 has become 1/2, while the
total flux of these solutions across the boundary is 1/2. We thus have proved the following: after 1+ 1/2
crossing (1 is due to the initial absorbing boundary), we have that 1/2 of the initial L' norm disappear.
It is thus clear that the total crossing is bounded by

1+1/2

1—1/2_3'

We thus conclude with the estimate
+o0
(6.35) / = (£, 0)|dt < 3/ 127 (0, 2)] + |2+ (0, 2)|da
0 R+

In the following computations we just extend the analysis of the example to our 2-d case. Clearly also
in this case we have only to study the initial data

(6.36) Pt= =§(z,y), P =P t=ptt=n.

We have just to remember that the total mass flowing with absorbing boundary conditions is now

T
Z// |P“B(0,x,y)|dxdy+2/ // |58 (t, z,y)|dedydt = C52.
ap >y aB 0 x>y

Here and in the following for shortness we use the indexes o, 3 = —, +. Let @ be a constant and assume
that
(6.37) la(t,x) —a| < Cdp.

This condition is satisfied if we replace a(t,z), a with A;, A;(0).
In the 2-d case we need to consider 4 functions. We define the P; as the solution of

Py} + (. 0) - VPP = —PP7,
i.e.
P~ =e'(z—t,y+1t), Pft=pP T=P ~ =0.

In this case the boundary conditions do not enter in the computation.
The function Py is defined by

{ Py —(1,1)- VP~ = ;%fbe*fd(m—t,wt) —(1+a)Py ~
P2—~:t++(1’1)'vp2++ = #€_t6(£—t,y+t)—(1—a)P;+,
Also in this case the boundary data does not enter in the solution. The solution is thus

{ Py = AgRe (RO By ()3(y + 1)
Pt = %6_(t_y)/2_(l_a)(t+y)/25($—t)X[_t’t](y)

Its total mass (i.e. its integral in R* x {z > y}) is (1 +a?)/(1 — a?).
The functions P37+, P3+ ~ are given by solving the system

Py + (-1 VB™ = i 4 gt P Bt
P;t_+(17—1)VP§'_ = H?aPQ__“‘l;JP;-F—P;_
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where the boundary conditions are Py~ + P; ™ = 0. The solution is

1—-a* _, .,
P3—+ — 7ae*t+a(z+y)/2x{l’ S [*t,t],y € [7ta t],(E +y < 0}

16
o 1-@ i ya(ein)2
P3 — 71766 X{IL’G [*t;t]aye [7t7t]7x+y§0}
1-a? —(z+t)/2—(1+a)(t—=)/2
+ T (t+x)e X[t (2)0(y + 1)
1—a? —(t—y)/2—(1=a) (t+y) /2
+ (t—ye Yy VIZ6(x — )X [—t,4(y)-

16

Note that the total mass entering into P; * is now 1/2. The flux of P; T across the boundary is 1/8.
The mass of the sum P§+ + P§+ is due to the last singular part, and its value is 1/2.
Finally the function P, satisfies (6.30) with source terms the errors we have neglected, which are

Pyt+Pem, (a—a)(|PIT 1+ [P+ BT+ [P 4 [P
Clearly these errors are of order 1+ CJdg, because of cancellations in the sum P3_+ + P3+ ~, the exponential

decay of P* and (6.37).
As in Example 6.2, we have thus that the total crossing is for the special initial data is

1+ flux of the our approximate solutions 1+1/8 <3014 C8) <
1 — mass disappearing 11— (1/2-Cd) ~ 0
if &g is sufficiently small, and hence we have the estimate
T T
(6.38) / / |P~t(t, 2, x)|dzdt = / / |27 (t, )28 (t,2) — 27 (t,2) 25 (t,2)|dedt < CH2.
o JR 0o JR
The above estimate can be used for all the terms
-+ + - -7+ +1— -+ + - - +
(6.39) ‘fj 9; — I 9; ls ‘fj hi —f; hj|7 |hjg_j —hjy; E |h] —hj; i |

yielding the desired estimates < Cdg. It can be used also for | f;~ L;_ - ;_L]— s lg; L]- —9; Lj_|7 but we will
not need them (they are needed when studying ¢, however).

6.3.2. Energy estimates around a solution. We are left with the estimates of the terms hj + hj in the

regions where they are far from the equilibrium (1 — 5\_, 1+ 5\;) In this regions, the non linearity can
be controlled, and thus we have only to estimate the energy for a linear equation. What is interesting
is that we will also obtain an energy type functional around travelling profiles, which in practice tells us
that the equilibrium is given by ( fi fj+) ~ (1 — 0,1+ o), where o is the speed of the local travelling
wave. This in some sense extends the energy estimate also to the non linear travelling profiles.

Consider as before the two systems (6.25), with a(t,z) — a = O(1)dp, and introduce the functional

E= /(1 +a)(zp)* (2 Jo) + (1= a) (2 )*e(= /23)
R

(6.40) = [r oG+ a-aeEnt,
R
where 9 is a cut off function of the form
0 |z < d2/2
1(x) = ¢ smooth connection /2 < |z| < b2 6] < 1.

Differentiating w.r.t. ¢ we have
dE
= = (0@ —a-aster) (+ s -1 -s)
(6.41) w2 [ (@) -0 =a@h) G - =t2)+ 08 [ 15+ 15l

The last term is only the interactions of waves of the same family we studied at the previous section.
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We now make the following additional assumptions: z and 2 are tied with the same relation among
¢ and h, i.e.

(6.42) zy + 25 = (1+a)z; — (1 —a)z +¢(t,2),

where ¢ is assumed to be integrable and of order 24.
As we did in studying the source terms, we simplify the first integral by considering the various
situations can occur:

1) if z; 2" < 0, then we can bound the right hand side of (6.41) by the decrease of the total variation,
141
i.e. we have

dr
<Cq [ lal+latdo+ OB [ |5+ 153 da.
dt zfzfr<0 R

(2) if |25 /2| > 02/2, then we obtain that by similar computations as the one used in Section 5.4
and using (5.9)
(I+a)z —(1—a)zf = (1 +a)zy —(1-a)z +(a—a)(zy +2))

2y +zy +(a—a)(z +2) +s(tx)

(1 +(a— &)zf/z;)z{ + (1 +(a— &)zf/zg')z;' +¢(t, x).

Substituting the above equation into the first term of the right hand side of (6.41) we have thus

[(A+ a0 — -0z v) (1 + @z - (1 -a)2)]

> eminfe”, 6* Hzg + 1| (14 (- @)z /2 )z + (1+ (- @)= /2 ) o

If z; 25 < 0, then we can again use the L' norm decay of z2i Otherwise, we obtain a term of
the form

— Clzy + 2 [s(t, ).

—cmin{y ", ¥} (25 + 25)? + O83s(t, ).
‘We thus have that
dE
— < —c/mln{l/J W Hzg +23)? +052/ N 27| + |2 |da
zy 27 <0

+ C/ |27 25 — 27 25 |dx + C’ég/(|31i| + [sE| + |s|)dz
R R

from which we conclude, using (6.38) that

(6.43) / / (25 +25)2 < C8%.
\>62/2

To obtain the estimate for zf, observe that similarly to the cases studied in Section 5.4 one has

(23 + 23 )x{lz3 /21| = 62/2} = C 7' (21 + =),

so that we have also the estimates for zi. Finally observe that when |25 /2| > 82/2, then

(le - ”“) # [~50/4,50,/4], (’Z"i = Ha) # [~502/4,56,/4).

z] 1+a 25 1+a

With this we have estimated the energy terms appearing in the source (5.31), i.e

O (U7 + 177+ 7 + 4P [ O ¢ [ o)}

+ CZ T + hj|2x{ (,}Z - m> ¢ [—552/4,552/4] }

Note that for the estimate of h we have supposed to have written the equations for + and estimated the
source terms.
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To conclude the section, we extend the energy estimate to travelling profiles: to determine the equi-
librium, we can use the speed o instead of A;(0). It is in fact straightforward that on a travelling wave
of the j-th family

- i — (1+o)f; =1 —o)f.
l1—-0 140 J J

One has

RN R T N R V2 RS N S v

dt2/1—aj_+l+a;'rdx /<1—‘7;‘_1+0*>( > T fj)der/S(t’z)dx
(trohU-o)( 17 I\

_/ 5 (1_0'_—14_0;) dx—|—/3(t,x)da:

J

_/w1+g>u ><1fij_1ii;)3x+/;@xmm

(9; +0; f; +g +0]f)da

2

__/ 1
B 2(1+0)1—0;)
+ O (114147 Dlay +05 £ +gf + 0] fldo+ [ st

where we have used the relations among f and g, and for shortness we collect all the source terms we
know to estimate in the function s(t, z).
Integrating in ¢ we obtain that g; + o, f; + g;-r + O’;-r f;r — 0, so that using again (5.7) is follows that

o; - o;-r —0and (1+05)f; —(1- Uj)f-+ — 0. Moreover we have the estimate

(6.44) / / L+ oH) 7 — (10 )f+) dwdt < C32.
This inequality can also be obtained by
(L+07) 7 = (=) =C(lgy + 05 71+ 1gf +0F £ 1+ (1 + 17 Dloy = 671)

and using the results of Section 6.
The above estimate is the nonlinear counterpart of the standard estimate

T 2
/ /((1 FAT (1= ) dwdt = /(1 N+ (1= ) (fF)2de
o JR R
for linear 2 x 2 systems with average speed .

7. CONCLUSION OF THE PROOF OF THEOREM 1.1

Since we have proved that the L1([0,T] x R) norm of the source term is quadratic w.r.t. the L! norm
of the solution, using the argument outlined in Section 5.4 we have that all the couple of kinetic variables
(f=,f5), (97,9%), (h=,h"), (t:7,¢") have bounded L' norm uniformly in time. If we observe that the
initial data enters in the computation multiplied by a constant C, then we can assume §; < C~1;.

Of all these variables, only (f~, f7), (h=,h™") are meaningful: the first ones are related with (ug,us),
the second with the perturbation h of u. The other variables are used in the travelling wave decomposition.
If the system where in conservation form, also (¢, ¢") and (:7,¢) can be described as derivatives and
perturbations of the variables (F~, F'T).

We can reassume the results of the above section in the following proposition:

Proposition 7.1. Let the initial data (ug,uo ) and (ho, hot) be smooth and satisfy (2.8), (2.9), substi-
tuting u, with h. Then the variable u(t,z) = u(t,x) + e turo(z) satisfies

(7.1) [ (8) |1, (|2 (8) ][ 1 < Cdo.
In a similar way, the variable h(t,x) = h(t,z) + e *hyo(z) satisfies
(72 1Rz s (®)le < LIl + hrollzs + Cllosellz + Iho.sas121))-

for some constant L.
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Proof. We have only to show how the regularity estimates yield ||k (t)][z: < Cdo. In fact h satisfies a
linear equation, so that the dy can be replaced with C||h| 1.

From the results of Theorem 3.1 in Section 3 we obtain a uniform estimate for ., and the result follows
by using the first equation of (2.38). O

In the above proposition we estimate h; because ¢ has no direct relation with « if the system is not
conservative and the initial data in u; are not in L', while h; can be clearly interpreted as the perturbation
of /ELt.

The final computation is the estimate on the Lipschitz dependence, and this follows by a homotopy
argument. One consider two initial data (ug, o), (G0, Go.¢), With

luo — tollLrs (G0t — GoellLr < 61
and consider the path (uf,uf,), € [0,1], connecting (uo, ug¢) to (fo, @ig,:) defined by
(7.3) (uby ) = (1= B)uo + B, (1 — O)uo,, + B, ).
Clearly, each (ug,uﬁo) has uniform bounded total variation, so that it can be considered as a starting
point of the flow S; of (2.1), and one has

(u(8) 0(6)) = (0(8) (1)) = Su(w w01) = S 0s) = [ T84 ).

Since dS;(u?, v?)/dt is the evolution of the linearized equation along the solution (u(t), uf (t)) = S¢(uf, uf ;)

with initial data (ug — o, uo,t — Go,¢), we can apply (7.2) of Proposition 7.1 to obtain the estimate

Jutt) = at) + e (o = t0.)|| | + [Jue(®) = et) = e (o — o) |

< L/OlH(u(O) + o) = (@(0) + o) d8

1

(74) —+ LC/ (HUth — 'lAL(),tx”Ll =+ ||'U;0,txx — ’lAl/07txx||L1)d0.
0

We thus have proved (1.8), and this concludes the proof of Theorem 1.1.

8. THE HYPERBOLIC LIMIT € — 0
We first rewrite Theorem 1.1 after the hyperbolic rescaling (¢, x) — (et, ex):
Theorem 8.1. Consider the equation
(8.1) ur + Au)uy = €(Ugpy — Ugt),

with A(u) strictly hyperbolic and with eigenvalues in [—1 + ¢,1 — ¢|, ¢ > 0. Assume that the initial data
(uo,wo,t) satisfy

[wolzoe ;s [levo il Lo, luo,all Lt ll€wo ra |l < 61

62UO,LEII”L17 Hegu(],txa:m”Ll < C’(51

(82) ||€u0,xx||L17 Hezu(l,txa:HLh |

If 61 < C16g, with C sufficiently large, then there exists a solution (u,u;) defined for all t > 0, and
with uniformly bounded L' norm in both u,, €uy,, and depending continuously w.r.t. the initial data: for
some constant L independent on €

t)+ ee_t/euo’t — (a(s) + ee_s/edo,t)

| [ ®) = e o) = (ns) et

Ll

o
(8.3)
< L<|t —s|+ H(Uo + eug ) — (o + €fto,t)HLl + €||uo,tz — o ezl L1 + € ||Uo e — ﬂo,thLl)-

Since we are considering the hyperbolic limit € — 0, we have to assume the convergence of the initial
data: fixed two functions wg, ug ¢, we assume that the initial data for the case € # 0 are

1
up(e) = uo(@), by, = uoaa).
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Passing to the limit € — 0, recalling (8.2) and taking a subsequence ¢; such that u¢ converges to some
u on a dense countable set {¢;};cn of times, we have for all ¢, s > 0 that u satisfies

o)

u(7) + eug (1) = u(7) + et (1) + e_t/eumo(r) — (1)

(8.4 Jut) = a(s)llzr < L(1t = sl + (o +o.) = (o + )

Since for 7 > 0 we have that

as € — 0, then we have also for 0 < 7 <t,s
(8.5) () = @)l < L1t = sl + u(r) = a()llzs )-

The Lipschitz dependence w.r.t. ¢ implies the convergence for all ¢t € RT. Moreover we have that as
t — 0 the limiting function u(t) tends to the initial data ug + 0.

Note that we have a Lipschitz dependence on the initial data, and the domain of functions satisfying
(8.2) becomes dense in the set

(8.6) D= {u, ug : Tot. Var.(u), Tot. Var.(u;) < 51},

as € — 0. Thus we can extend by continuity the Lipschitz flow S; to all the initial data ug + u¢ in D.

By defining D to be the evolution of D under the flow S;, then we obtain a Lipschitz continuous
semigroup. In principle this semigroup may depend on the limiting sequence considered: the final result
of this section is to prove that it is independent on the limiting sequence, hence the whole sequence u€(t)
converges to Sy(ug + ug¢) for € — 0.

Remark 8.2. Clearly, up to subsequences, one has also
uy — (Se(uo +uoe))e,  uy — (Se(uo + o)),

weakly in measure. One can also define the non conservative product A(u)u, in terms of —uy, i.e. for
a.e. t, to each jump (u~,u™") in Z there corresponds a shock wave with speed o and

Au)uy = —o(u™ —u™)o(z — 7).
These results however do not yield additional information on &;. See the regularity results of [9].

8.0.3. Solution to a Riemann problem. A particular solution of the limiting semigroup is the trajectory
of & with initial data

u- <0
8.7 u(0,z) = -
®.7) u0,2) {qu x>0

with u™, u™ close to 0, [u~ — u™| small. For this special initial data there is a general technique to
determine which is the limiting solution by studying the evolution equation on the center manifold (4.5).
In [4, 5] it is shown that, under the assumptions of uniform BV estimates, finite speed of propagation
and L! stability, this limit does not depend on the approximating sequence, and in the conservative case
it coincides with the Riemann Solver constructed by the vanishing viscosity limit. The results of the
previous sections show that our system satisfies all the needed hypotheses.

More precisely, if 7;, \; are the functions defined in (4.3), (4.6) respectively, then consider the system
in R*+2,

u(t) = u- + /OT T (u(q),vi(q),ai(g))dc
(88) Ui(T) = (fl (T;u7vi70i) - ConV[O,s]fi (T;u,’l)i,O'i))/(l - Ui(T)Q)
d
oi(t) = ECOHV[O,s]fi (T; U, Vs, Ui)

where we define the “reduced” flux f; by

(8.9) fi(T3u,v4,00) = /OT Ai (u(s),vi(s), (<)) ds,

and convyg 4 fi denotes the convex envelope of f; in [0, s].
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In [4] it is shown that for all u~ close to 0 and s sufficiently small, there exists a curve ; : [0, s] +— R" 2,
solution of the above system starting from w~ and taking values near (u—,0,\;(uv")). Moreover by
construction the speed o; is increasing, so that we can define the (piecewise constant) function u(§) as

(8.10) ui(€) = u(o~ 1 (€)).

Recall that the above two functions are the components of the curve v;, i.e. v;(s) = (u(s),v;(s), 0i(s)).
Define the reduced curve 7;(s,u~) as the end point of (y(s))y, and consider the composed map

(811) (517 cee Sn) — T, <5n7/7n—1 <5n—17/Tn—2 (Sn—27 .- ,Tl(slvu))))

In [4] it is shown that the above map is invertible if u™, (s1,...,s,) are close to 0. Fixed thus u™, u™,
we can find the n curves 7; connecting u~ to u™.

The solution to the Riemann (8.7) is then given by piecing together the functions w;(£) defined by
(8.10) for each curve -; obtained by inverting (8.11). Since the speed o; are close to A;(0), by the strict

hyperbolicity these functions do not overlap.

8.0.4. Viscosity solutions of us + A(u)u, = 0. We recall that a Viscosity Solution of a quasilinear hyper-
bolic system

(8.12) up + A(u)u, =0

is defined as follows.
Let u(t,z) be a BV function w.r.t. z. Given a point (7,&), denote by Ut

. the solution to the
_ (w;T,€)
Riemann problem

lim w(r,y) = <¢
(8.13) u(r,z) = Ve
lim u(r,y) =>¢
y—E&+
This solution is obtained by the Riemann solver defined in [4], i.e., it is the unique limit of u¢(¢) with the
special initial data (8.13).
We denote by U(bu;T,g) the solution to the linear system

(8.14) uy + Au(r,€))uy =0,

with initial data u(7, x).
A Viscosity Solution to (8.12) is now a function u(t, ) satisfying the integral estimates:

(i) At every point (7,§), for some 5’ > 0

1 [Eths

(8.15) ]u(T +hyz)— U’

(u;T,€) (T + h, x)‘dw =0.

im —
h—o0+ h £—hp
(ii) There are constant C, 8 < ' such that for every a < £ < b

o qbhs b )
(8.16) Jim /a+w ‘U(T +hx) = Ul (7 + . x)‘dm < OV (us]a, b)),

8.1. Uniqueness of the limiting semigroup. The last step in proving uniqueness is to thus to show
that any limit of a convergent subsequence is a Viscosity Solution to

us + A(u)u, =0

in the sense of [8]. In fact it follows that any trajectory is a trajectory of the semigroup S, i.e., the limit
does not depend on the subsequence.
Using the same technique of [5], one can prove the following Lemma:

Lemma 8.3. Let S : [0,00[XD — D be a semigroup of solutions, constructed as the limit of a sequence
uSi of the wave equation (8.1) and defined on a domain D C Li.. of functions with small total variation.
Let uw: [0, T] — D be Lipschitz continuous w.r.t. time, i.e.

(8.17) lu(t) = u(s)l 2 < LIt —sf
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for some constant L and all s,t € [0,T]. Then
(8.18) u(t) = Spu(0) Vt € [0,T]

if and only if u is a viscosity solution of (8.12).

Proof. The first result follows by L' stability and the results of Section 8.0.3. In fact, we can consider
two initial data wug, 4o, where wug is u(7) restricted to [ — 2h, & + 2h] and @ the exact Riemann problem
(8.13). Then we have

1 [ETRB §+2h
L b < U e < 2 [ o) ~ alw)ldy = ofh)
h Je—np ” h Je—on
because ug is BV and because of (8.13).
To prove (8.16), we have directly that for ¢ > 0
(5.19) w+ Alu(r, )tz = (A(u(r, ) — Alu))us + e(tins — ur),

and by regularity estimates, neglecting the exponentially decaying term,
€l|trae — el L1, [|[(A(u(T, €)) — A(w))ug|| 1 < CTot.Var.(u)?.

The result thus follows by using the finite speed of propagation for (8.1) and the following lemma on
Lipschitz semigroups [8]:

Lemma 8.4. If S:[0,T] x D — D is a Lipschitz semigroup on a domain D C E, E Banach space, and
satisfying

(8.20) |Stuw — Ssv|lg < L(|t — 8| + |lu — v||g), Yu,v € D,

and w : [0,T] — D is Lipschitz continuous, then we have the estimate

dt.

T
(8.21) lw(T) — Suw(0)]| < L / im inf 10E+7) = Srw(®)lle

7—0 T

In fact, the linear equation on the left hand side of (8.19) is clearly a Lipschitz semigroup, the L!
norm of the right hand side is the infinitesimal time error, so that we have

b—h h
/ ’u(T +h,x) — UFu;T’E)(T + h, x)‘dx < L/ Tot.Var. (u; ]a, b[)2 < LhTot.Var.(u;]a, bDQ.
at+h 0

O

In particular S;u is a viscosity solution to (8.12). This concludes the proof of uniqueness of the limit,
and Theorem 1.2 is proved.

APPENDIX A. EXPLICIT COMPUTATIONS OF THE SOURCE TERMS FOR THE PERTURBATION h

Here we compute the source terms for the equations of the components of the perturbation h. We
have for the right hand side of (2.39)

hy —hy = Z((hj,t —hy )Ty (= 1)+ 05575 0) + hy (g5, — gj,z)ej,gfj,g)

J

+ Y by (gp = (L+ () f ) D7 + Y by (gt — (14 M (0)) £ D7yt
Jjk jk

+ Z h;e_th;ut(O),

J
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7,9 ]a

h?—+h’i = Z((hxthxl)fj—+hj(fft f+ )(~+f+0]f ]o’)+h (g]t gj .I,)0+ i )
J

DR (g (L= N )DL+ R (g + (L= X () f)DF 7
jk jk
+ Y hfe " Difuy(0),
J

Using now
DAFf = N5 + (N = o)y + (1 F o) [ D7
~1 ]- j:
T = l+to irzv(uf /(1ig ), 0. )7
we can compute
I+DAw) _, . . 14X A—o; fi 1+ o; o
— o) = ot T fDJ i
T+ ot +
IT=DAW oy gty 2 2PN e N 07 7 e 170 s
9 g\t 09 9 i 9 1+o + Tjw Ay

We thus obtain that the system for (b=, h") can be rewritten as

1+ A7 1—AF
- - J - J p+
> (hj,t “hiet 5y -5y ) "

J

1+ 1- XS
b0 (e Gt S = A )l ) 47
J

VN T VR .
+Zhj<9j7t_9j,x+ 59~ gj>9]gTJU_Sh(t’x)’

+)\‘ — AT
+ + it st
Z(hj’t +ht, - = hy 5 h )rj
J
+)\’ 1 —\F N
(A B S )0 o) 07
J

147 1- X7
o T i - gt ot it — 5
+Zhj<9j,t+9j,x_ 5 9t )9]9]0_8h(t7x)’
j

where the source terms are

§ ()= = hi(gy — fi)Diyig + > by (gt — fiH)DFy it
Jj#k J#k

o 1—|—U o _ . 1-— ~
- E h [ )\‘)fj )Drjrj J f Dr; (j—(l—i—)\j)f;') 7 7’+ J f+D + +
1-AF 1+/\‘ X— - t_of fF
— o+ J - i T 9 Jsv + J J J o ~t
+;hj< 2 J f 2 f )1—0 +Zh -I-U;-rrj’v

JrZhj_( 5 J > {g;' fcj_f+]( )'N_ /f +e” hO,t(m)*/O ef(th)DA(ux X h — h X ug)dr,
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5 (tx) = Zh (9, + fr )Dr Y +Zh+ gk—l—fk)Dr i
J#k J#k
+ L/ B + TR Sk I
_Zh { 1+)\)f )Dr] T+ 5 ———f; Dty + (g7 — (L+ N\ ;) Dij 7] _Tfj Dijr

1—AF 1+)F AT — it XS -0 fr
+ i+ J— J J+ 3 -7 J T~

1-XF N _ b
e (S5 ) o - f+f |77/ 4 hoste) - / e DA, x h— b xu,)dr,
X 0
J

Using now (5.7), (5.6) it follows that we have the estimates

- B B o 1+ o _ . 1—0'+ -
(67 = (4 M IDF T+ — 5 - DIy + (af = L+ A)EID; i = 5 £ Dif ]

2
+0)(g; +0; f7) +O0W) (g +0] £7)+ O f; | +1f Do) = o))
O(W)(g; +0; f;7)+0)(g) +07 1)+ OWIf; [+ If o] —a7),

- T\ £\ aE— 1+Uj - + Sy LTl N
= ((g] —(1+)\])f] )DT’J ’f’j +Tf] —|—(gj —(1+A])fj )—7]0] )D’I‘J Tj

; \N) [ )DFFFy 1+ % +\ Dt 1=0) it
(9; — L+ X)f;7)Di 7y + f Diy iy +(gf = L+ X)F)DFf ) = —2ff Difr
(9

A

07 +07.7)+ OXMaF + 6717+ O +117 o — ),
Mopr_ 1+A;_ A oy > T N =0 5

i (s - g ) e et

- <><|h*|+\h+\>(|gj 05 1 1+ g+ 0T 171+ U7 T+ U Do = o771) + Oy £ = b 1),

>

5 + I

i+ - 1+ A+ - - -
(1= o 1+)\] i A o) £ ) N
J 2 l+o; J 2 1-0; 7"

:0<1><|h—|+\h+\>(|gj 0TS+ g+ O £+ (S 1+ 1 Dl = o7 1) + OBy £ = bt 7).

We thus recover the estimates (5.23).
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