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Abstract. Under consideration is the hyperbolic relaxation of a semilinear reaction-
diffusion equation
eug +up — Au+ f(u) =0
on a bounded domain  C R? with € € (0,1] and the prescribed dynamic condition

Optt +u+u; =0

on the boundary I" := 9. We also consider the limit parabolic problem (¢ = 0) with
the same dynamic boundary condition. Each problem is well-posed in a suitable phase
space where the global weak solutions generate a Lipschitz continuous semiflow which
admits a bounded absorbing set. Because of the nature of the boundary condition,
fractional powers of the Laplace operator are not well-defined. The precompactness
property required by the hyperbolic semiflows for the existence of the global attractors
is gained through the approach of Pata and Zelik (2006). In this case, the optimal
regularity for the global attractors is also readily established. In the parabolic setting,
the regularity of the global attractor is necessary for the semicontinuity result. After
fitting both problems into a common framework, a proof of the upper-semicontinuity of
the family of global attractors is given at e = 0. Finally, we also establish the existence
of a family of exponential attractors.
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1. Introduction. Let € be a bounded domain in R? with boundary I' := 99 of class
C?. We consider the hyperbolic relaxation of a semilinear reaction diffusion equation

euy +ur — Au+ f(u) =0 (1.1)
in (0,00) x © where ¢ € [0,1]. The equation is endowed with the dynamic boundary
condition

Onu+u+u =0 (1.2)
on (0,00) x I" and with the initial conditions

u(0,2) = up(x), ue(0,z) = uq(z) in Q. (1.3)

For the nonlinear term f, we assume that f € C?(R) and that there is a constant
£ > 0 such that for all s € R the following growth and sign conditions are satisfied:

1" ()] < L1+ |s]) (1.4)
and
l‘irlninf %S) > =, (1.5)

where A > 0 is the best Sobolev/Poincaré-type constant

A/uzdx§/|Vu|2dx+/u2dS. (1.6)
Q Q r

Finally, assume that there is ¥ > 0 such that for all s € R,
f(s) > —9. (1.7)

Notice that the derivative f = F " of the double-well potential F'(u) = iu‘l —ku®, k>0,
satisfies assumptions (L), (IH), and (7). The first two assumptions made here on
the nonlinear term, ([4]) and (LX), are the same assumptions made on the nonlinear
term in [I6], [41], and [51], for example ([4I] additionally assumes f(0) = 0). The third
assumption (7)) appears in [I4], [23], [27], and [44]; the bound is utilized to obtain
the precompactness property for the semiflow associated with evolution equations when
dynamic boundary conditions present a difficulty (e.g., here, fractional powers of the
Laplace operator subject to ([2)) are undefined). It is worth mentioning that (T3 can
also be replaced by a less general (but still widely used in the literature) condition
liminf f'(5) > A,

|s]—o0
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DYNAMIC BOUNDARY CONDITIONS 95

in which case (7)) is automatically satisfied. Furthermore, assumption ([4) implies
that the growth condition for f is the critical case since  C R3. Such assumptions are
common when one is investigating the existence of a global attractor or the existence of
an exponential attractor for a partial differential equation of evolution.

Of course, when (1) is equipped with Dirichlet, Neumann, or periodic boundary
conditions, (L) simplifies. Moreover, if (L)) is equipped with a Robin boundary condi-
tion, then an estimate like (L6) holds, but A possesses an explicit description as the first
eigenvalue of the Laplacian with respect to the Robin boundary condition. The relation
between the dynamic condition ([L2) with the acoustic boundary condition is discussed
below. The hyperbolic equation (] is a well-known nonlinear wave equation motivated
from (relativistic) quantum mechanics (cf., e.g., [BLI15.36L[49]). However, as mentioned,
most sources study the asymptotic behavior of (II]) with a static boundary condition
such as Dirichlet, Neumann, periodic, or Robin. One of the goals of this paper is to
extend some results concerning the asymptotic behavior of (ILT]), now with the dynamic
boundary condition (I2)). The corresponding linear case for (LI)-(L3) is treated in
[46]. The existence of the global attractor for a linear damped wave equation with a
nonlinear dynamic boundary condition is considered in [63]. More general systems, with
supercritical nonlinear sources on both the interior and the boundary, are considered
in [2l9HI2]). These contributions devote their attention mainly to issues like Hadamard
local wellposedness, global existence, blow-up, and non-existence theorems, as well as
estimates on the uniform energy dissipation rates for the appropriate classes of solutions.
We also refer the reader to [I3] for a unified overview of these results.

Our main goal is to compare the hyperbolic relaxation problem (LI)—(L3) to that of
the limit parabolic equation where, for ¢ = 0, we have the reaction-diffusion equation

ur — Au+ f(u) =0 (1.8)
in (0,00) x Q with the dynamic boundary condition
Onu+u+u =0 (1.9)
on (0,00) x I" and the initial conditions
u(0,x) = up(x) in Q, u(0,z) = vo(z) on T (1.10)

For the sake of simplicity, we shall restrict our attention only to linear boundary con-
ditions of the form (9] even though our framework can easily allow for a complete
treatment of nonlinear dynamic boundary conditions (see Remark BI% cf. also [14], [23],
[27)).

Because of its importance in the physical sciences and the development of mathemat-
ical physics, the reaction-diffusion equation (I8 and its asymptotic behavior are well
known to the literature. Many of the books referenced above contain a treatment on the
parabolic semilinear reaction-diffusion equation ([L8) with static boundary conditions.
In particular, the Chaffee-Infante reaction-diffusion equation with f(u) = u3 —ku, k > 0,
and Dirichlet boundary conditions can be found in [47, Section 11.5]. A discussion on the
structure of the associated global attractor can also be found there. Additionally, the
Chaffee-Infante equation and its hyperbolic relaxation, again with Dirichlet boundary
conditions, are discussed in [40, Chapters 3-5].
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96 C. G. GAL anp J. L. SHOMBERG

Recently there has been a great amount of research taking place in the area of par-
tial differential equations of evolution type, subject to dynamic boundary conditions.
Boundary conditions of the form (3] arise for many known equations of mathemati-
cal physics. This can especially be seen by the many applications given to heat control
problems, phase-transition phenomena, Stefan problems, some models in climatology,
and many others. Without being too exhaustive we refer the reader to [241125]29] for
more details about the system (L8)—(LI0) and a more complete list of references. A ver-
sion of equation (I2)), but with nonlinear dissipation on the boundary, already appears
in the literature; we refer to [I7}[18]. There the authors are able to show the existence of
a global attractor without the presence of the weak interior damping term wu;, by assum-
ing that f is subcritical. One motivation for considering a boundary condition like (I2))
comes from mechanical considerations: there is frictional damping on the boundary T’
that is linearly proportional to the velocity us. In [51], the convergence, as time goes to
infinity, of unique global strong solutions of (LI)—([L3) to a single equilibrium is estab-
lished provided that f is also real analytic. Note that the set of equilibria for (TI)—(T3)
may form a continuum so that, in general, guaranteeing this convergence is a highly
nontrivial matter. The second motivation comes from thermodynamics. Suppose that
we want to consider heat flow in a metal. The standard derivation of the heat equation is
always based on the idea that “heat in equals heat out” over a region 2. But the classical
approach ignores the contribution of heat sources located on the boundary I', by taking
into account only heat sources/sinks which are present inside the region (in our case,
—f (u) is treated as a source within Q). A new derivation of the heat equation in the
presence of heat sources/sinks located at T', assuming the Fourier law of cooling states
(i.e., the heat flux ¢ is directly proportional to the temperature gradient, ¢ = —Vu),
was given in [31], and it has lead to the precise formulation of the system in (L8])—(TI0).
However, the derivation in [31I] suffers from an important drawback which cannot be
ignored: initial perturbations in (L8] propagate with infinite speed. This means that
the presence of a heat source located at I' is instantaneously felt by all observers in €,
no matter how far away from I' they happen to be. This behavior can be traced to the
“parabolic” character of Fourier’s law. Thus, in many relevant phenomena the system
(LR)—(CI0) can become a bad approximation (see, e.g., [1], [35] for many examples). In
order to overcome these problems, a generalization of the standard Fourier law must be
considered, leading to a new formulation for which the heat flux 7 obeys the so-called
Maxwell-Cattaneo heat conduction law:

€0, q + ¢ = -Vu, (1.11)
in (0,00) x Q. Note that the Fourier law is obtained from ([II)) when ¢ = 0. This
expression for the heat flux 7 leads to the hyperbolic equation (1), which entails that
u propagates at finite speed. It is also worth mentioning that one can write (II]) in the
equivalent form of

7 (t,z) = _/000 O (t —s)Vu(s,z)ds, O, (t) := ée_

ol

(1.12)

This points to a situation in which the (past) thermal memory of the material plays a
role, but its relevance goes down quickly as we move to the past. Finally, it may be
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worth mentioning that the form of flux ¢ assumed in (LIZ), in which O, is assumed to
be a generic memory kernel, also yields the following problem:

= /Ooo 0. (t — 5) (Au(s) — f (u(s))) ds. (1.13)

In this case, O (s) =710 (s/e) and O : (0,00) — (0,00) is a given (smooth) summable
and convex (hence decreasing) relaxation kernel. A complete treatment of equation
([L13), endowed with the dynamic boundary condition (9], will be the subject of further
investigation in the future.

It may also be interesting to note that the dynamic boundary condition given in (L2])
can be recovered, in some sense, from the linear acoustic boundary condition,

{m5tt+(5t+5——ut OH(O,T)XF, (114)

Op = 04 on (0,T) x T.

Here the unknown 6 = (¢, x) represents the inward “displacement” of the boundary T
reacting to a pressure described by —u;. The first equation (IL.I4]); describes the spring-
like effect in which I" (and 0) interacts with —u;, and the second equation (LI4); is the
continuity condition: velocity of the boundary displacement § agrees with the normal
derivative of u. Together, (ILI4)) describes T" as a locally reactive surface. The term
m = m(x) represents mass, so in a massless system, the inertial term disappears. In the
case when ¢ can be modeled by u near the boundary (i.e., if § ~ u near I'), we arrive at
the boundary condition described by (2)). In applications, the unknown u may be taken
as a velocity potential of some fluid or gas in 2 that was disturbed from its equilibrium.
The acoustic boundary condition was rigorously described by Beale and Rosencrans in
[6] and [7]. Various recent sources investigate the wave equation equipped with acoustic
boundary conditions, [19,26L42.[50]. However, more recently, it has been introduced as a
dynamic boundary condition for problems that study the asymptotic behavior of weakly
damped wave equations; see [23] and [48].

The aim of this paper is to extend the asymptotic results for dissipative wave equations
([LI) and reaction-diffusion equations (I.)) with the dynamic boundary condition (L2]), in
terms of a perturbation problem, and ultimately discuss the continuity of the attracting
sets generated by these problems. Due to the nature of the boundary condition imposed
for the model problem (IT]), we are unable to prove the existence of global attractors for
the hyperbolic relaxation problem through the compactness argument which is typical
for damped wave equations with static boundary conditions, such as Dirichlet, Neumann,
periodic, or Robin boundary conditions (cf., e.g., [40,49,[52]). The problem arises from
our lack of defining fractional powers of the Laplacian with respect to the boundary
condition ([2)). This situation takes place because of the permanence of the u; term on
T", which in turn means the “Laplacian” is not selfadjoint. Thus, for example, the model
problem does not enjoy an explicit Poincaré inequality found with a Fourier series, nor
the existence of a local weak solution found with a typical Galerkin basis. Local solutions
will be sought with semigroup methods that rely on monotone operator techniques as
in [16]. Then estimates are applied to extend the local solutions to global ones and
the existence of an absorbing set is determined. For the hyperbolic relaxation problem
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98 C. G. GAL anp J. L. SHOMBERG

([CI)—(C3), we obtain the relatively compact part in the decomposition of the solution
by following the approach in [44].
The main novelties of the present paper with respect to previous results on the damped
wave equation ([[LI]) are the following:
e We extend the results on the existence of global attractors {As}se(o,l] for the
damped wave equation (L.I]) with a critical nonlinearity and a “dynamic” bound-
ary condition instead of the usual Dirichlet boundary condition (see, e.g., [33],
[34]). This is achieved through the decomposition method exploited in [44] which
allows us to establish that A, has also optimal regularity (see Theorem B.I8]).

e We show that a certain family {/L} 0.] of compact sets, which is topolog-
e€l0,1

ically conjugated to {"45}66[0,1] in a precise way, is also upper-semicontinuous
as € goes to zero. Roughly speaking, we show that these sets .ZE converge to
the “lifted” global attractor .Zo associated with the parabolic problem. The ar-
gument utilizes the sequential characterization of the global attractor (cf., e.g.,
[40, Proposition 2.15]). The main difficulty comes from the fact that the phase
spaces for the perturbed and unperturbed equations are not the same; indeed,
solutions of the hyperbolic problem are defined for (ug,u1) € H*T! () x H* (Q),
s € {0,1}, while solutions of the parabolic problem make sense only in spaces
like L?(Q) x L2 (T') and H**' (Q) x H5+1/2(T) | respectively (see (ILI0)). Thus,
previous constructions obtained for parabolic equations with Dirichlet boundary
conditions cannot be applied and have to be adapted.

e We prove the existence of a family of exponential attractors {M.}, ¢ € (0,1],
which entails that A, is also finite dimensional even in the critical case. We recall
that the same result was shown in [16] for the wave equation (i.e., (II)) without
any damping in Q) subject to the boundary condition (IL9). Unfortunately, we
are unable to show that this dimension is uniform with respect to € > 0 as ¢ goes
to zero. Some other open questions are formulated at the end of the article.

The article is organized as follows. The limit (¢ = 0) reaction-diffusion problem is
discussed in Section 2l The section is mostly devoted to citing the already known main
results of the parabolic problem: the existence and uniqueness of global solutions in an
appropriate phase space (see Theorem [2.3]), the definition of the (Lipschitz) semiflow, the
existence and regularity of the global attractor (see Theorem 2.0]). Section Bl contains our
treatment of the hyperbolic relaxation problem, for all € € (0, 1]. We discuss the existence
and uniqueness of solutions defined for all positive times in Section B2 (see Theorem [3.0]).
The solutions generate a semiflow on the phase space, and thanks to the continuous
dependence estimate, we know that the semiflow is locally Lipschitz continuous. The
existence of a bounded absorbing set is also shown (see Lemmal[3I0). The global attractor
and its properties are established in Section [3.3] while the upper-semicontinuous result
is established in Section 3.4l The existence of exponential attractors for the hyperbolic
problem is presented in Section 4l The statement of a Gronwall-type inequality, used
frequently in the estimates, is included in the appendix.
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2. The limit parabolic problem. In this short section, we recall some results for
the limit parabolic problem (L8)-(LI0), i.e., (LI)-(C3) with ¢ = 0. Unlike the hy-
perbolic problem, a full general treatment of the limit parabolic problem with dynamic
boundary conditions already appears in the literature (cf., e.g., [24,[25,29.39] and ref-
erences there in); in particular, this section will summarize some of the main results
from [25]. It should be noted for the interest of the reader that all formal calculations
made with the weak solutions of the parabolic problem can be rigorously justified using
the Galerkin discretization scheme that appears, for instance, in [29, Theorem 2.6]. In-
deed, it is through the use of the Galerkin approximations that the existence of weak
solutions for the parabolic problem is shown. The solution operator associated with the
parabolic problem generates a locally Lipschitz continuous semiflow on the appropriate
phase space. We also know that this semiflow admits a connected global attractor that
is bounded in a more regular phase space. It follows that solutions, when restricted to
the global attractor, are in fact strong solutions, exhibiting further regularity that will
become essential when we later consider the continuity properties of the family of global
attractors produced by the hyperbolic relaxation problem (¢ > 0) and the limit parabolic
problem (e = 0).

We need to introduce some notation and definitions. From now on, we denote by
|- | and || - ||x the norms in L2(Q) and H*(£2), respectively. We use the notation (-, -)
and (-,-);, to denote the products on L?(€2) and H*(f2), respectively. For the boundary
terms, || - ||z2(ry and (-, -)2(ry denote the norm and, respectively, product on L?(T). We
will require the norm in H*(T') to be denoted by || - || (1), where k > 1. The LP(Q)
norm, p € (0,00], is denoted by | - |,. The dual pairing between H'(Q2) and its dual
(H'(Q))* is denoted by (u,v). We denote the measure of the domain 2 by |Q2|. In many
calculations, functional notation indicating dependence on the variable ¢ is dropped; for
example, we will write u in place of u(t). Throughout the paper, C' > 0 will denote a
generic constant, while ) : Ry — R, will denote a generic increasing function. All these
quantities, unless explicitly stated, are independent of €. Further dependencies of these
quantities will be specified on occurrence.

The following inequalities are straightforward consequences of the Poincaré-type in-
equality (L8) and assumptions (LH) and (7). From (TH) it follows that, for some
constants p € (0,A] and ¢; = ¢1(f, |Q]) > 0 and for all £ € H(Q),

—A = El* - a (2.1)

(A—n)
=2 (19 + el gy ) — e

(£ (6,8

v

IV

Let F(s) = [, f(o)do. For some constant ¢ = ca(f,[©2]) > 0 and for all £ € H(2),

RGN
Q (2.2)

A—p
)\ €T = co.
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100 C. G. GAL anp J. L. SHOMBERG

See [17, p. 1913] for an explicit proof of ([22)). The proof of (2.1)) is similar. Finally, using
(L) and integration by parts on F(s) = [ f(o)do, we have the upper bound

| P <.+ S lel?
Q (2.3)

0
< (£(€,6) + o5 €l

The natural energy phase space for the limit parabolic problem (L8)—(I0) is the

space
Y = L*(Q) x L*(T),
which is Hilbert when equipped with the norm whose square is given by, for all { =
(u,7) €Y,
SIS == Il + V1122 (-

It is well known that the Dirichlet trace map trp : C* () — C°(I'), defined by
trp (u) = wyr, extends to a linear continuous operator trp : H" (£2) — H"™1/2(T), for
all » > 1/2, which is onto for 1/2 < r < 3/2. This map also possesses a bounded right
inverse tr,' : H"~1/2(I') — H" (Q) such that trp (trp ') = ¢, for any ¢ € H™~Y/2 ().
Identifying each function ¢ € C () with the vector V = (¢, trp (¥)) € C () x C ('),
it follows that C () is a dense subspace of Y = L% (Q) x L*(T') (see, e.g., 43, Lemma
2.1]). Also, we introduce the subspaces of H" (Q) x H"=1/2(T"), for every r > 1/2,

V= () € H (@) x B2 (1) 2y = trp (u) },

and we note that we have the following dense and compact embeddings V™ < V"2, for
any 11 > ro > 1/2. The linear subspace V" is densely and compactly embedded into
Y, for any r > 1/2. We emphasize that V" is not a product space and that, due to the
boundedness of the trace operator trp, the space V" is topologically isomorphic to H” (£2)
in the obvious way. Thus, we can identify each v € H” () with a pair (u,trp (u)) € V".
Finally, note that both spaces H" (2) and V" are normed spaces with equivalent norms.

The following definition of weak solution to problem (L)1) is taken from [29]
(see, e.g., [24] Definition 2.1] for the more general case).

DEFINITION 2.1. Let T > 0 and (ug,7) € Y = L*(2) x L*(T"). The pair ((t) =
(u(t),~(t)) is said to be a (global) weak solution of (LR)—([TI0) on [0,T] if, for almost all
t € (0,71, v(t) = wr(t) and ¢ fulfills

¢ € C([0,1];Y)NnL*(0,T; V"),
a¢ € LA0,T:(V')"), ue Hy ((0,7); L2 (),
Y € H ((0,T];L2(T))
such that the following identity holds: for almost all t € [0, T and for all £ = (yx,v) € V1,
(0:C, &) (ry= 1 + (Vu, V) 4 (F(w), X) + (w,9) 2 (1) = 0. (2.4)
Moreover,
¢(0) = (uo,70) =: (o a.e. in Y.

The map ¢ = (u,7) is a weak solution on [0,00) (i.e., a global weak solution) if it is a
weak solution on [0, 7], for all T' > 0.
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REMARK 2.2. It is important to observe, for the weak solutions of Definition 211
that 7o = u|p (0) need not be the trace of uy = u|q (0) at the boundary, and so in this
context the boundary equation (L.9) is interpreted as an additional parabolic equation,
now acting on the boundary I". However, the weak solution does fulfill v(¢) = trpu(t),
for almost all ¢t > 0.

The existence part of the (global) weak solutions is from [29, Theorem 2.6], and the
continuous dependence with respect to the initial data (p, local Lipschitz continuity on
Y, uniformly in ¢ on compact intervals, and the uniqueness of the weak solutions follow
from [24], Proposition 2.8] (cf. also [29, Lemma 2.7]).

THEOREM 2.3. Assume ([4), (L3, and (L1) hold. For each (o = (ug,70) € Y, there
exists a unique global weak solution in the sense of Definition 2.1l Moreover, the following
estimate holds: for all ¢ > 0,

t+1
IS5 +/t I6()1%rds < CllollFe™ +C, (2.5)

for some positive constants p, C > 0. Furthermore, let ((t) = (u(t),y(t)) and 0(t) =
(x(t),%(t)) denote the corresponding weak solutions with initial data (o = (ug,70) and
6o = (xo0,%0), respectively. Then, for all ¢ > 0,

16 = 0t)lly < Ce*ico — olly (2.6)
where C' = C' (R) > 0 is such that ||{o|ly < R, ||6blly < R.

Proof. Since the proofs in [29], [24], [25] involve quite different assumptions on the
nonlinearity other than the ones in the statement of the theorem, we will sketch a short
proof of (Z3). This is the main estimate on which the proof for the existence of a weak
solution is based (of course, (ZH]) can be rigorously justified using a suitable Galerkin
discretization scheme). To this end, testing (Z4]) with ¢ and appealing to (Z1]), we deduce
the following inequality:

s3I+ (1= 258) (I + i) <€ )
for all ¢ > 0, where we recall that x4 € (0, A]. Exploiting now the continuous embedding
V! — Y, ([Z3) follows from the application of Gronwall’s inequality (see Proposition [5.1]
in the appendix) to (Z7). The claim is proven. |

REMARK 2.4. Theorem [2.3] still holds if we keep (7)) and we drop the assumptions
(C4) and (L3) and replace them by the following:

mlyl" = Cr < f()y <mlyl” +Cy, (2.8)

for some 71, 72 > 0, Cy > 0, and any p > 2. In this case, the same weak formulation (2.4)
must be satisfied a.e. on [0, 7], for all £ = (x,v) € V!, with x € LP (Q) (see, e.g., [24,25]).
Finally, we note that without assumption (L), the uniqueness of weak solutions (given
in Definition [ZT]) is not known in general (see [24]).

COROLLARY 2.5. Let the assumptions of Theorem 2.3 be satisfied. We can define a
strongly continuous semigroup
So(t):Y =Y
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102 C. G. GAL anp J. L. SHOMBERG

by setting, for all £ > 0,
So(t)¢o == ¢ (t)
where ¢ (t) = (u (t) ,ur (t)) is the unique weak solution to problem (L8)-(LI0).

The existence of a bounded absorbing set in V! was shown for the first time in [29]
Theorem 2.8] and the existence of the global attractor for (L8)—(TI0) can be found
in [24125]. The following theorem concerns the existence and regularity of the global
attractor Ay admitted by the semiflow Sy and is taken from [25] Theorem 2.3]. The
proof relies on a uniform estimate which states that problem (L8)—(I0) possesses the
Y — V? smoothing property and exploits (2.5).

THEOREM 2.6. The semiflow Sy possesses a connected global attractor Ag in Y, which is
a bounded subset of V2. The global attractor Ay contains only strong solutions. Finally,
So also admits an exponential attractor Mg which is bounded in V? and compact in Y.

REMARK 2.7. The boundedness of Ay in V2, shown in [25, Theorem 2.3], is essential
for the proof of the continuity property at € = 0 of the global attractors associated with
problem (LI)-(3). The last assertion follows from results in [28, Theorem 4.2], where
(LR)—(LCI0) is a special case of a phase-field system endowed with dynamic boundary
conditions.

3. The hyperbolic relaxation problem. In this section, we study the hyperbolic
relaxation problem ([I))-(3]) with € € (0,1]. Our first goal is to prove the existence of
a global attractor for (II))-(3). As indicated in [5I], semigroup methods are applied to
obtain local mild solutions whereby a suitable estimate is used to extend the solution to a
global one. We will offer a detailed presentation on the well-posedness of the hyperbolic
relaxation problem in this section for the reader’s convenience. The solution operators
define a semiflow on the phase space and because of the continuous dependence estimate
on the solutions, the semiflow is locally Lipschitz continuous, uniformly in ¢ on compact
intervals. Further estimates are used to establish the existence of an absorbing set for the
semiflow. As discussed above, we will follow the decomposition method in [44] to obtain
the existence of the global attractor in H'(Q) x L?(Q) for the corresponding semiflow
Se, for each € € (0,1]. The (optimal) regularity result for the global attractors A, and a
proof of their continuity properties conclude the section.

3.1. The functional framework. Here we consider the functional setup associated with
problem (LI)—(T3]). The finite energy phase space for the hyperbolic relaxation problem
is the space

H. = H'(Q) x L*(Q).

The space H. is Hilbert when endowed with the e-weighted norm whose square is given
by, for ¢ = (u,v) € H. = H(Q) x L*(Q),

By, = Nl +ellel® = (190l + lulZaqry ) +ellel
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As introduced in [51] (cf. also [16]), Ar : L?(Q) — L?*(Q) is the Robin-Laplacian

operator with domain
D(AR) = {u € H*(Q) : Oqu+u =0 on T'}.
Easy calculations show that the operator Apg is selfadjoint and positive. The Robin-
Laplacian is extended to a continuous operator Ag : H*(Q2) — (Hl(Q))*, defined by, for
allv e HY(Q),
(=Agru,v) = (Vu, Vo) + (u,v) 2(r).
Next, [16,/51] also define the Robin map R : H*(I') — H*+*(/2(Q) by
Rp=gqif and only if A¢g=01in Q and d,q+¢=pon T.
The adjoint of the Robin map satisfies, for all v € H!(Q),
R*Agrv=—-vonT.
Define the closed subspace of H?(Q) x H(Q),
D, := {(u,v) € H*(Q) x H*(Q) : Oqu+u = —v on '},

endowed with norm whose square is given by, for all ¢ = (u,v) € D,

e, = llull3 + [l

Let D(A.) = D. (note that e-dependance does not enter through the norm of D, but
rather in the definition of A, below). Define the linear unbounded operator A, : D(A4.) —
H. by

(e o)

° %AR %(ARR tID — 1) ’
where trp denotes the Dirichlet trace operator (i.e., trp(v) = v|r). Notice that if (u,v) €
De, then u + Rtrp(v) € D(AR). By the Lumer-Phillips theorem (cf., e.g., [45, Theorem
1.4.3]) and the Lax-Milgram theorem, it is not hard to see that, for all £ € (0,1], the
operator A., with domain D,., is an infinitesimal generator of a strongly continuous

semigroup of contractions on H., denoted by eA<t.
Define the map F : H. — H. by

70~ (L)
0)

for all ¢ = (u,v) € He. Since f: HY(Q) — L3() is locally Lipschitz continuous [52} cf.,
e.g., Theorem 2.7.13], it follows that the map F : H. — H. is as well.
The hyperbolic relaxation problem (I)—(T3]) may be put into the abstract form in

He, for p(t) = (u(t), us(t))*,
d ug
0 = Acelt) + Fo(0)s 0) = (). (3.1)

Uy

LEMMA 3.1. For each ¢ € (0, 1], the adjoint of A., denoted by A%, is given by

A (0 1
e %AR —%(ARR tI‘D - 1) ’
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with domain
D(AY) == {(x,¥) € H*(Q) x H'(Q) : dux + x = —¢p on T'}.

Proof. The proof is a calculation similar to, e.g., [5, Lemma 3.1]. |

3.2. Well-posedness for the hyperbolic relazation problem. The notion of weak solution
to problem (LI)-(T3) is as follows (see []).

DEFINITION 3.2. A function ¢ = (u,u:) : [0,T] — H. is a weak solution of (Bl
on [0, T] if and only if F(¢(+)) € L*(0,T;H.) and ¢ satisfies the variation of constants
formula, for all ¢ € [0, T7,

t
o(t) = e +/ e =) Fp(s))ds.
0

It can be easily shown that the notion of weak solution given in Definition is also
equivalent to the following notion of a weak solution (see, e.g., [5, Definition 3.1 and
Proposition 3.5]).

DEFINITION 3.3. Let T > 0 and (ug, u1) € He. A map ¢ = (u,u;) € C([0,T); He) is
a weak solution of [B]) on [0,T] if for each 6 = (x, ) € D(A%) the map ¢t — (p(t), 0)n.
is absolutely continuous on [0, 7] and satisfies, for almost all ¢ € [0, 7],

d .
The map ¢ = (u, us) is a weak solution on [0,00) (i.e., a global weak solution) if it is a
weak solution on [0, 7], for all T' > 0.
The above definitions are equivalent to the standard concept of a weak (distributional)

solution to (LI)—(L3).

DEFINITION 3.4. Let ¢ € (0,1]. A function ¢ = (u,us) : [0, T] — H. is a weak solution
of B3I (and thus of (LI)—(T3)) on [0, 7] if
¢ = (u,us) € C([0,T];He), us € L*([0,T] x I)
and, for each ¥ € H' (Q), (u, %) € C*([0,T]) with
d
g (€ue (8),9) + (Vu(t), Vo) + (ug (), 9) + (ue (8) +u (b)) oy = = (F (u(t), ),
(3.3)
for almost all ¢ € [0,77].

Indeed, by [5, Lemma 3.3] we have that f : H* (Q) — L? () is sequentially weakly
continuous and continuous, on account of the assumptions ([4)) and (LE). Moreover,
(¢1,0) € C1([0,T)) for all € D (A?), and [B.2) is satisfied. The assertion in Definition
B4 follows then from the explicit characterization of D (A¥) and from [5, Proposition
3.4].

Finally, the notion of strong solution to problem ()3 is as follows.

DEFINITION 3.5. Let g = (ug,u1) € De, € > 0, i.e., (ug,u1) € H2() x HY(Q) such
that it satisfies the compatibility condition

Onttg +ug +u3 =0onT.
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A function ¢ (t) = (u(t),us (1)) is called a (global) strong solution if it is a weak solution
in the sense of Definition B4l and if it satisfies the following reqularity properties:

p € L*(0,00; D), pr € L>(0, 00; He),

uge € L°°(0,00; L2(Q)), uy € L?(0, 00; L2(T)). (3.4)

Therefore, ¢ (t) = (u(t),us (t)) satisfies the equations (CI)—(3]) almost everywhere;
i.e., it is a strong solution.
We can now state the main theorems of this section.

THEOREM 3.6. Assume (L4) and (L3) hold. For each e € (0,1] and oo = (ug, u1) € He,
there exists a unique global weak solution ¢ = (u, us) € C([0,00); He) to (LI)-T3). In
addition,

Onu € LY ([0,00) x T') and u; € L2 ([0, 00) x T). (3.5)

For each weak solution, the map
tos (Ol +2 | Plu(t)as (36)

is C1([0,00)) and the energy equation

d

G IR, +2 [ Faas] = 21w - @l G
holds (in the sense of distributions) a.e. on [0,00). Furthermore, let ¢(t) = (u(t), us(t))
and 0(t) = (v(t),v:(t)) denote the corresponding weak solution with initial data ¢y =
(ug,u1) € He and Oy = (vo,v1) € He, respectively, such that |l@olly. < R, [[0olly,. < R.
Then there exists a constant v = v1(R) > 0 such that, for all ¢t > 0,

lp(t) — O, + / (e (7) = 00 (F) 2+ e (7) = 00 (7) By ) dr - (3.8)

< e""lgo — boll3,. -

THEOREM 3.7. For each € € (0,1] and (ug,u1) € D., problem (LI)-(L3) possesses a
unique global strong solution in the sense of Definition

REMARK 3.8. The proof of Theorem B.7is outlined in [5I] (cf. also [16]) when € = 1.

Proof of Theorem [B.8. We only give a sketch of the proof.

STEP 1. As discussed in the previous section, for each & € (0, 1], the operator A, with
domain D(A.) = D, is an infinitesimal generator of a strongly continuous semigroup of
contractions on H., and the map F : H. — H. is locally Lipschitz continuous. Therefore,
by [52, Theorem 2.5.4], for any ¢ € (0,1] and for any ¢o = (ug,u1) € He, there is a
T* = T*(||¢olln.) > 0 such that the abstract problem (BII) admits a unique local weak
solution on [0, T*) satisfying

p € C([0,T7); He).

The next step is to show that T%(||¢oll%.) = oo. Since the map [B.0) is absolutely
continuous on [0,7*) (cf., e.g., [, Theorem 3.1]), then integration of the energy equation
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B0) over (0,t) yields, for all t € [0,T%),

o, +2 [ Fu®)e+2 [ fulPdr+2 [ fudlimr -
Q 0 0 3.9

— o2, +2 / F(up)da.

Applying inequality [22) to (39) and applying (Z3) to the integral on the right-hand
side, we find that there is a function Q(||¢ol|7.) > 0 such that, for all ¢ € [0,T*),

o). < Qllolln.)- (3.10)

Since the bound on the right-hand side of (8.10) is independent of ¢t € [0,T™), T (||¢o %, )
can be extended indefinitely, and therefore, for each € € (0, 1], we have that T*(||po||l%.) =
00

We now show the boundary property ([B.3). Applying 2.2]), (Z3)), and (BI0) to identity
B3), we obtain a bound of the form, for all ¢y € H. and ¢ > 0, in which

t
/0 e () 22y dr < Qlvollre,)-

It follows that u; € L _([0,00) x I'). By the trace theorem, u € L>(0,00; H*(Q)) —
L>(0,00; L3(T)), so u € L} ([0,00) x I'). Comparison with (L2) yields that dnu €
L,([0,00) x ).

STEP 2. To show that the continuous dependence estimate (B.8]) holds, consider the
difference z(t) := u(t) — v(t), t > 0. We easily get

d
3@ 20l + 20zl + 20zl fa ) = 2(f(v) = f(w), 2)- (3.11)
Since f: HY(Q) — L?*(Q) is locally Lipschitz continuous,
2|(f(v) = f(w), 2)| < QR)|IIIF + [z, (3.12)

where R > 0 is such that [@oll,,. < R, [|6olly,, < R. Combining B.II) and (B.12)
produces, for almost all ¢ > 0,

d

3@ 20l < QBRI 203, (3.13)
Hence ([B.8)) follows immediately from ([BI3]), using the standard Gronwall lemma. This
completes the proof of the theorem. O

In view of Theorem B.6] the following is immediate.

COROLLARY 3.9. Let the assumptions of Theorem be satisfied. Then, for each ¢ €
(0,1] we can define a strongly continuous semigroup

Se (t) : He = He,
by setting, for all £ > 0,
Se () o = ¢ (1) = (u(t) ,ur (1)),
where ¢ (t) is the unique weak solution to problem (LI)—(T3).
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3.3. The global attractor A. in H.. In this section, we aim to show the existence of
a global attractor and prove some additional regularity properties. We point out that
all the computations we will perform below can be rigorously justified by means of an
approximation procedure which relies upon the result in Theorem B.7l Indeed, we shall
use the usual procedure of approximating weak solutions by strong solutions and then
pass to the limit by using density theorems in the final estimates (see, also, [16]). Thus,
in what follows we can proceed formally.

We begin our analysis with a uniform estimate for the weak solutions of Theorem
The estimate provides the existence of a bounded absorbing set B. C H., for the
semiflow S, for each € € (0,1].

LEMMA 3.10. For all € € (0,1] and ¢ = (ug,u1) € He, there exist a positive function
Q, constants wy > 0, Py > 0, all independent of ¢, such that o(t) satisfies, for all t > 0,

e (0)113,. < Q(llgolla. e " + Po. (3.14)
Consequently, the ball B, in H,,
Be :={p € He : lp|ln. < Po+1}, (3.15)

is a bounded absorbing set in H. for the dynamical system (S. (¢),He) .

Proof. Let € € (0,1] and ¢g = (ug,u1) € He. For a > 0 yet to be chosen, multiply
(T by cu in L*(Q). Adding the result to the energy equation ([B.7) above yields the
differential identity, which holds for almost all t > 0,

i { el + actui) + 2 [ P as

Q
+ (2~ co) fuell? + alur, u) + ajulf? (3.16)
+ 2Hut||2L2(F) + afug, u) p2ry + a(f(u), u) = 0.
For each ¢ € (0, 1], define the functional E. : H. — R by
E-(p (1) = llo () I3, + ce(ue (t) ,u(t)) +2 | F(u(t))da. (3.17)

Q
It is not hard to see that the map t — E.(¢(t)) is C'([0,00)); this essentially follows
from equation ([B3.6]) of Theorem First, we estimate, for all n > 0,

(0%
al(ug, u)p2ry| < amllug|| 72y + E”uH%ﬂ(F)? (3.18)

and with (1), we have,
a(A—p)

of (f(w), u)| = === lulli - aC. (3.19)
Combining (B16) with BI8)) and BI9) gives
d
EEE + (2 — a@)elue||* + a(ug, u) (3.20)
1 A— L
wa (1= 3= 258 Il + - el
< aC.
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Hence, for any n > ﬁ and any 0 < @ < min{2, %}, we have 2 —n > 0 and 2 — an > 0,

=min< 2 — - — —1 >0
:= min
wo a, o P ,

and estimate ([20) becomes, for almost all ¢ > 0,
d
3 e+ woBe + (2 — an)llulZ2ry < Ca- (3.21)

Applying Gronwall’s inequality (see, e.g., [44, Lemma 5]; cf. also Proposition [5.1]in the
appendix) to (32I)) produces, for all ¢ > 0,

E.(p(t) < E:((0) e + C. (3.22)
We now apply [2.2) to (317) to attain the bound
a 5 a
> _ = _ =2 _4—r
Be(e) 2 e (1= 5) bl + (1= 55 = 252 it - (3.23)

After updating the smallness condition on « to 0 < a < rnin{27 o 2u}, we see that for
. @ a  A—p
= 1 _—— 1 _——_———_—
w1 mm{ X o X } >0,
we have, for all ¢ > 0,

E.(p(t)) 2> wille®)|F, - C. (3.24)

On the other hand, by estimating in a similar fashion, using ([2.2)), it follows for all t > 0
that

E-(p(t) < Q(le(®)llne.) - (3.25)

Thus, estimate (3.I4]) follows now from (3.24), [B.23), and ([B.22). The assertion (B:IE)

is an immediate consequence of ([3.I4)). This concludes the proof.
REMARK 3.11. The following bounds are an immediate consequence of estimate (BEZI):

limsup [l¢(t)[|3,, < Po (3.26)
t—o00
and -
| (1 O + e @)1 ) 4 < Q (leal,) - (3.27)

The last bound is found by integrating the energy equation ([B.7)) with respect to ¢ over
(0,00) and estimating the result with (L4, (L3), @2), (Z3), and B26]).

REMARK 3.12. Note that the last assumption (I7) (which is f (s) > —9, for all s € R)
is nowhere needed in the proofs of Theorem B.6] Theorem B.7 (cf. [51, Theorem 1.1 and
Lemma 2.2]), and Lemma B0 It will only become important later (see (B:28])) when
we establish the optimal regularity of the global attractor for the hyperbolic problem
CID-@3).

The semiflow S, admits a bounded absorbing set B, in H.. To obtain a global attrac-
tor, it suffices to prove that the semiflow admits a decomposition into the sum of two
operators, S; = Z. + K., where Z. = (Z:(t))t>0 and K. = (K.(t))i>0 are not necessarily
semiflows, but operators that are uniformly decaying to zero and uniformly compact for
large t, respectively. To obtain the compactness property for the operator K., recall
that, when fractional powers of the Laplacian are well-defined, one usually multiplies the
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PDE by the solution and a suitable fractional power of the Laplacian (i.e., (—A)u for
some s > 0) and then estimates using a stronger norm while keeping in mind the uniform
bound on u and the null initial conditions. However, in our case, the dynamic boundary
condition does not allow us to proceed with the usual argument to obtain the relative
compactness of K.. This is because the Laplacian equipped with the dynamic boundary
condition (2] is not selfadjoint or positive. In turn, we cannot apply the standard
spectral theory to define fractional powers of the Laplacian. So to obtain the relative
compactness of K., we follow the approach in [44]. The main tool is to differentiate the
equations with respect to time and obtain uniform estimates for the new equations. Such
strategies also proved useful when dealing with a damped wave equation with acoustic
boundary conditions [23] or a wave equation with a nonlinear dynamic boundary condi-
tion [16], and hyperbolic relaxation of a Cahn-Hilliard equation with dynamic boundary
conditions [14], [27].
Following an approach similar to the one taken in the above references, first define

¥(s) = f(s) + Bs (3.28)
for some constant 8 > ¥ to be determined later (in this case, ¢'(s) > 0 thanks to
assumption (L7)). Set W(s) := [; ¥ (c)do. Let ¢o = (ug,u1) € He. Then rewrite the
hyperbolic relaxation problem into the system of equations in v and w, where v+ w = u,

evy + v — Av+¢Y(u) —p(w) =0  in (0,00) x Q,
Onv+v+v,=0 on (0,00) x I, (3.29)
v(0) = ug, v(0) =uy + f(0) — fup in Q
and
ewy + wy — Aw + P(w) = fu in (0,00) x £,
Onhw+w+w; =0 on (0,00) x T, (3.30)
w(0) =0, w(0) = —f(0) + Pup in N.
In view of Lemmas [B.13] and below, we define the one-parameter family of maps
K (t): He — He by
Ke(t)po := (w(t), w(t)),
where (w,w;) is a solution of [B30). With such w, we may define a second function
(v,v4) as the solution of [B29)). Through the dependence of v on w and ¢y = (ug, u1),
the solution of (B:29) defines a one-parameter family of maps Z.(¢t) : H. — H. defined
by
Zo(t)p0 1= (0(8), 0(8)).
Notice that if v and w are solutions to (329) and (B30), respectively, then the function
u = v + w is a solution to the original hyperbolic relaxation problem (LI)—(L3).
The first lemma shows that the operators K. are bounded in H., uniformly with
respect to . The result essentially follows from the existence of a bounded absorbing set

B. in H. for S, (recall (320])).

LEMMA 3.13. Assume ([4)), (I3), and ([I7) hold. For each e € (0,1] and po = (ug,u1) €
H., there exists a unique global weak solution (w,w;) € C(]0,00); H.) to problem (B3.30)
satisfying

Oaw € L2 ([0,00) x I') and w; € L% ([0, 00) x T). (3.31)

loc
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Moreover, for all pg € He with [l¢oll;,. < R for all € € (0, 1], it follows for all ¢ > 0 that

[K:(t)polln. < QR). (3.32)
The following result will be useful later on.

LEMMA 3.14. For all € € (0,1] and 7 > 0, there is a function @, (-) ~ ™! such that for
every 0 < s <t and g = (ug,u1) € B,

t
[ )P + ) < 2= 5)+ @ (). (3.33)
where R > 0 is such that [@ol, < R, for all € € (0,1].
Proof. Let € € (0,1] and ¢o = (uo,u1) € He, With [|poll5,. < R. Adding the identity

—2,8%(11,11}) = —20{us, w) — 206 {u, wy)

to equation

d
i { Nl +2 [ w4 21w 4l =28000) 33

produces, for almost all t > 0,
d
G { Nl +2 [ Wyt - 26000} b+ 2l + ke

= —26<Ut, ’LU>

(3.35)

Using ([3:32)), we estimate, for all 5 > 0,

28] (u, w)| < 0+ Qy (R) ||ue*. (3.36)
For each ¢ € (0, 1], define the functional W, : H1(Q) x H}(Q) x L*(Q) — R,

Welt) = ). (), +2 | (0o = 28(u(t) w(0).
Because of (Z3), (I4), (1), B28), B26), and B32), we can easily check that for all

t>0ande € (0,1],
W) < Q(R). (3.37)
We now combine [335]) and 338) together as, for all > 0 and for almost all ¢ > 0,

d
e+ 2wl + el Za ) + 2lluel® < n 4 (Qy (R) +2) fJuel (3.38)
Integrating (B38) over (0,t) and recalling (B37) and (B21) gives the desired estimate in
B33). This proves the claim. O

The next result shows that the operators Z. are uniformly decaying to zero in H..

LEMMA 3.15. Assume ([4)), (I3), and ([I7) hold. For each e € (0,1] and po = (ug,u1) €
H., there exists a unique global weak solution (v,v;) € C(]0,00); He) to problem (3.29)
satisfying

v € L2 ([0,00) x ') and v; € L2, ([0, 00) x T). (3.39)
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Moreover, for all o € D. with [[po. < R for all e € (0,1], there exists w > 0,
independent of ¢, such that, for all t > 0,

1Ze(t)polln. < Q(R)e " (3.40)

Proof. In a similar fashion to the arguments in Section [3.2] the existence of a global
weak solution as well as (8:39) can be found. Because of ([B:26]) and ([3:32]), we know that
the functions (u(t), u¢(t)) and (w(t), w:(t)) are uniformly bounded in H. with respect to
t and e. It remains to show that ([B:40) holds.

Let € € (0,1] and o = (ug,u1) € He, with R > 0 such that [[pol[;,. < R. Observe
that

206(u) (), ) = 2 (20(u) ~ (), ) — (&' (o, )
— 2 () ), ) + (8 (), ).

Multiply the first equation of [B.29) by 2v; + av in L?(2), for a > 0 to be chosen later.
We find that, with (341]),

(3.41)

% {ellvel® + aelve, v) + oll§ +2(e(u) — P(w), v) — (' (w)v,v) }
+(2 = ag)lvel* + alve, v) + allvll§ + 2lvellTa ) + o, v) L2y
+aly(u) = d(w),v) = 2((W' (w) — ¢ (w)we, v) — (V" (w)ur, v*).

For each € € (0, 1], define the functional

(3.42)

Ve HY(Q) x HY(Q) x HY(Q) x L*(Q2) - R
by
Va(t) :=ellon()1* + aelvi (1), o(1)) + [lo(t) |13
+2(y(u(t) — Y(w(t), v(t)) — (@' (w(t)v(t), v(t)).

As with the functional E, above, the map ¢ — V.(¢) is AC(R>0;R>¢). We now will
show that, given that (u,u), (w,w;) € H. are uniformly bounded with respect to ¢ and
g, there are constants C7,Cy > 0 independent of ¢ and e (possibly depending on R > 0)
in which, for all (v,v;) € He,

Cill(v,v0) 13, < Ve < Ca| (v, 00) 7. - (3.43)

We begin by estimating the products in V. that involve ¢; with (L4), (LX), the embedding
HY(Q) — L%(Q), and ([B.26)), it follows that

(" (w)v, v)| < Ca (1 + [[ull}) lvllllv]

1 (3.44)
< Sl + QR o]
From assumption (7)) and the definition of ¥, cf. (325,
20 (u) = (w),v) > 2(8 = I)|vl|*. (3.45)
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Hence, for g sufficiently large, 5 > (C (R) + 299) /2, the combination of [3:44)) and (3.43])
produces

2ia) — p(w), ) — (6 (w)o, ) > 28— D)ol ~ Sl ~ CRo?
Lo
>~ ol

Then we attain the lower bound on V,

o} 1 «
Ve (1-5) elolP + (5 - 55 ) ol

So for 0 < o < min{2, A}, set

then, for all ¢ > 0, we have that
Ve(t) > wall(v(t), ve(£)) |13, - (3.46)

Now by the (local) Lipschitz continuity of f and the uniform bounds on u and w, it is
easy to check that

2((uw) — P(w),v) < 2 () — p()|lv] < QR)IIv]T.
Also, using (I4)), (LH), and the bound ([B:26]), it follows that
(@' (w)v, v)| < Q(R)|v]i- (3.47)
Thus, the assertion in ([3:43) holds. Exploiting the fact that
! a
(w0} 20y | < ey + S Mol

we see that (8:42) becomes

d «
FrACR Che aelv]” 4+ afve, v) + af | Vol* + §|Iv||2Lz(r)

+ (2= 5) el + afub(u) = (w), v) = (&' (o, v) (8.48)
< (' (), v) + 2 (w) = ¥ (w) )y, v) — (B (W, v?).
Recall that 0 < a < min{2, A}, so when we set
Wy 1= min{z —al, %} >0,
we write ([4R) as
SVt sV < (@ o, ) + 2 () — ¢ () ) — (@ ). (349)

Using the uniform bound on » and w (recall assumptions (L), (TH), B26), and B32)),
there is a positive function @,(R) > 0, depending on 7, such that, for all > 0,

() =% ) we,v)| < Ca (0 lully + ol fwd ol (3.50)
< Mol + @y (R) ] V.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



DYNAMIC BOUNDARY CONDITIONS 113

The last inequality in the above estimate follows from ([B.46). In a similar fashion we
estimate using assumption (L4)) and the bound (B.20):

1"

[ (e, %) < Co (L4 |l ] ol (3:51)
< Jl0ll} + Qy (R) el Ve.

Applying (3.44) to (349) and inserting (3.50) and (B.51) into (3:49), we then have

d
g Ve twsVe - nllvlF < Qy (R) (luell® + [[wel|?) Ve (3.52)
There is a sufficiently small 7, precisely 0 < 1 < ws3/2, so that (8.52)) becomes
d
37 Ve Ve < Qu (R) (luall® + ) Ve. (3.53)

At this point, we remind the reader of Lemma [3.J4l Applying a suitable Gronwall-type
inequality (see, e.g., [44, Lemma 5]; cf. also Proposition 5] in the appendix) to (3:53)
yields

Va(t) < Ve(0)e@n(Bgmnt/2, (3.54)
By virtue of 3.43), for all € € (0,1],

V(0) < QR) (v (0),ve (0))]3.
< Q) (Jluol} +¢llur + £ (0) = Buo*)
< Q(R),
for some positive function @ independent of e. Therefore ([B:54]) shows that the operators
Z. are uniformly decaying to zero. ([l

The following lemma establishes the uniform compactness of the operators K..

LEMMA 3.16. For all 99 = (uo,u1) € He such that [lpoll,,. < R for all e € (0,1], the
following estimate holds:

1K (t)pollp. < Q(R),

for all ¢ > 0. Furthermore, the operators K. are uniformly compact in H..

Proof. Let € € (0,1] and let 9o = (uo,u1) € He with R > 0 such that [|poll,,. < R.
Differentiate (B:30) with respect to t and set h = w;. Then h satisfies the equations

ehy + he — Ah + ¢/ (w)h = Buy  in (0,00) x Q,
Onh+h+h =0 on (0,00) x T, (3.55)
h(O) = Wt (0) 5 ht (0) = Wt (0) in Q.

Note that, by the choice of data in [B30), we actually have h(0) = —f (0) + Sup and

ht (0) = 0. Multiply the first equation of ([B53) by 2h; + ah, where o > 0 is yet to be
determined, and integrate over ). Adding the result to the identity
d

200" (w)h, he) = (¥ (w)h, h) = (" (w)wy, h?)
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produces
d
3 {elhll? + as(he, b) + 01T + (4" (w)h, b }
+(2 = ag)|lhe]l* + alhe, ) + a|h]]?

(3.56)
+ 2|72y + e, ) L2y + oy (w)h, h)
= (" (w)w, h?) + 2B (ut, he) + afB{us, we).
For each € € (0,1], define the functional
U, : HY(Q) x HY(Q) x L*(Q) = R
by
Ve (t) = el he(t)]* + ae(he(t), h(t)) + [R(B)IT + (&' (w(t)h(t), b (1)) (3.57)

The map t — U.(t) is AC(R>0;R>¢). Because of the bound given in Lemma B13] we
obtain the estimate similar to (347

al(y'(w)h, h)| < aQ(R)||AfF. (3.58)

Obviously, we have
Qe e
az|(he, h)| < = [I1hell* + o3 IR (3.59)

After combining B.57)-B19), we find
a a
s (1_¢ 2 _ o 2
Ve > (1 2) ellhel|” + (1 ) aQ(R)) 1711

0<a< min{2, (% +Q(R)>l},

«

5,1—% —aQ(R)} > 0;

Hence, when

we have
wy(R) := min {1 -
thus, for all t > 0
Ue(t) > wall(h(8), he() 3. (3.60)
On the other hand, again with ([B55),

W< (14 5) el + (1+ 55 +aQ(R)) I3,

2\
and with
e e
ws(R) = max{l + 5 1+ 2 + aQ(R)} )
an upper bound for V. is given by, for all ¢ > 0,

We(t) < wsl|(h(t), he(t) 13, (3.61)
Using the bounds found in (3:20) and (3.32)), we estimate the following terms from (Z.50]):
for all n > 0,
al{hes Byzam) < omlelaqy + o101 (362)
and

28|(ut, he)| 4+ aBl{us, w)| < Q(R)||hel + Q(R)

3.63
< nllhl? + Qu(R). (3:63)
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Also, similar to ([B.51]), but when we now employ ([3.60), we have that, for all n > 0,
(¥ (w)we, h*) < Q(R)||we]| V. (3.64)

Combine ([B.62)-@B.64) with (B50) and obtain the following estimate (note that when
2—a—n>0,wehave (2—a—n)e<2—ac—n):

d 1

— V. +(2—a— hel? he, b Vh|? 1—— ) ||n|?

Ve o welpl ol eV o (1= LY by

2= )y + e (@), h) < Qu(R) il + Qo (R).

With some % < m < 2 now fixed, then, for

2 1
O<a<min{2—n,1,—} and wg :=1— —,
7 4n
we have 4
g ¥e Twele + (2~ an)[[hel|Zzry < Q (R) lwel| e + Q(R). (3.66)

An immediate consequence of [B:27)) is the bound on the integral

/ T unm)Pdr < Q(R).

Applying a suitable version of the Gronwall inequality (see, e.g., [32, Lemma 2.2]; cf.
also Proposition [l in the appendix) it follows that

U (t) < Q(R) T(0)e "2+ Q(R). (3.67)
Using (B.60) and (B.6T)) and the fact that . (0) < ws||(2(0), h:(0))[3,. < Q (R), we arrive
at the bound
[we (DI + ellwa ()] < Q (R), (3.68)
for all t >0, e € (0,1], and g € He, with R > 0 such that [|¢oll,, < R.

In order to bound ||(w,w;)|p., we need to bound the term |lwl|]s. We have due to
standard elliptic regularity theory (see, e.g., [38, Theorem I1.5.1]) that

lw(®)ll2 < C ([Aw®)]] + 100w (®) | g1/2(ry) - (3.69)

Thus, using the first equation of (330), the bounds B26), (B32), and B8], and also
D), (3, and BIF), we have
1Aw (£) || < Vellwe () | + llwe @) | + 1w @) + Bllu ) | < Q(R). (3.70)

Also, by ([B68), we have that w, € L>® (Rso, H'/(I')). Thus, from the second equation
of (E21),

100w () [ g1r2(ry < llw (&) 72y + [lwe () /2y < QR). (3.71)
Combining (370) and B7I) with (369) together with applying (B8] proves that for
all t > 0,
[(w(t), we(®))llp. < QR).
It follows that the operators K. are uniformly compact (with t. = 0). ]

Next, we will discuss regularity properties of the weak solutions.
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THEOREM 3.17. For each € € (0, 1], there exists a closed and bounded subset C. C D,
such that for every nonempty bounded subset B C H.,

disty, (S:(t)B,C:) < Q(||Blly,, )e™", (3.72)
where @ and w > 0 are independent of e.

Proof. Let e € (0,1]. Define the subset C. of D, by

Co:={peD::|elp. <QRR)},

where Q(R) > 0 is the function from Lemma and R > 0 is such that ||oo|lx. < R.
Now let @9 = (ug,u1) € B. (endowed with the same topology of H.). Then, for all
t > 0 and for all pg € B., Sc(t)po = Z:(t)po + K(t)po, where Z_(t) is uniformly and
exponentially decaying to zero by Lemma BI85 and, by Lemma BTI6] K. (¢) is uniformly
bounded in D.. In particular,

disty, (S=(t)B:,Ce) < Q(R)e "

(Recall that w > 0 is independent of € due to Lemma [B15])
Recall that, by Lemma BI0] we already know that for each ¢ € (0, 1] and for every
nonempty bounded subset B of H,,

disty, (Se(t)B, Be) < Q(R)e™ ot

for all ¢ > 0. In light of these estimates, (8.72) can now be accomplished by appealing
to the transitivity property of the exponential attraction (see, e.g., [22] Theorem 5.1]).
Note that [B72)) entails that C. is a compact attracting set in H. for S:(¢). The proof is
finished. O

By standard arguments of the theory of attractors (see, e.g., [34,49)]), the existence of
a compact global attractor A, C C. for the semigroup S.(t) follows.

THEOREM 3.18. For each € € (0, 1], the semiflow S. generated by the solutions of the
hyperbolic relaxation problem (I)-(3]) admits a unique global attractor

—7.[5
Ao =w(B) =) | S-(t)B

s>t >0

in H.. Moreover, the following hold:
(i) For each t > 0, S:(t)A: = A..
(ii) For every nonempty bounded subset B of H.,

lim disty, (S-(t)B, A.) = 0. (3.73)

(iii) The global attractor A. is bounded in D, and trajectories on A. are strong
solutions.

REMARK 3.19. We can extend all the results in Sections and B3] (with the appro-
priate modifications; see [14L[27]) to the case when the linear boundary condition (2]
is replaced by

Ont+g(u) +u,=0o0n (0,00) xI'
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such that g € C? (R) satisfies
9" ()1 < Cy (141s7), 9" () = =0y, g(s)5 = 5> = C,

for all s € R and some constants C,; > 0, C; > 0.

3.4. The upper-semicontinuity of A. for the singularly perturbed problem. This section
contains one of the main results of the paper, the proof of the upper-semicontinuity of
the family of global attractors given by the model problems for ¢ € [0, 1]. Recall that the
case € = 0, the limit parabolic problem, admits a global attractor Ag that is bounded in
V2. Naturally, we will study the continuity at ¢ = 0. For € € (0, 1], we know that the
hyperbolic relaxation problem admits a global attractor A, in D.. However, the spaces
involved with the parabolic problem invoke the trace of the solution on the boundary
I', whereas the spaces involved with the hyperbolic relaxation problem do not contain
prescribed traces. Before we lift the global attractor Ag for the parabolic problem into
the finite energy phase space for the hyperbolic relaxation problem, we need to make an
extension of H. so that it also includes the information of the traces of u and u;.

To begin, we recall that the natural phase space for the parabolic problem (L.8])—(LI0)
is Y = L?(Q) x L*(T"), while the finite energy phase space for the hyperbolic relaxation
problem (LI)-(L3) is He = H' () x L?(Q). Thus, we need to find a suitable extension of
the phase space for the hyperbolic relaxation problem so that, when we lift the parabolic
problem, both problems will be situated in the same framework. A natural way to make
this extension is to introduce the space

Xy = HY(Q) x L*(T)
and then the eztended phase space for the hyperbolic relaxation problem
X=Xy xY =HY(Q) x L") x L*(Q) x L*(T").

The space A is Hilbert when endowed with the e-weighted norm whose square is given
by, for all { = (u,~v,v,0) € Xz,

ISH, = llullf + V122 ) + ellol® + ellolZar)-

It is then in the space X, that we can lift Ay and estimate the Hausdorff semidistance
between (an extension of) A, and LA (for a proper lifting map £) with the new extended
topology. However, it must be noted that the lifted attractor L£Aq is not necessarily a
global attractor when set in the extended phase space. Finally, the topology that we
will use to show the convergence of the attractors at ¢ = 0 will be defined with the
four-component norm of X.

For both problems, we also recall that trajectories on the attractor are strong solutions
due to the regularity results obtained in Sections 2 and B.3] (see Theorems 2.6 and BI7).
The regularized phase space D, for the hyperbolic relaxation problem is isomorphically
extended to

D. = {(u,7,v,8) € H*(Q) x H>*(T') x H'(Q) x H/?(T') : v = trp(u),
0 =trp(v), Oqu+y=—-6onT} (3.74)
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Of course, 155 C V2 x V! and the injection 55 — X, is compact. Recall that, for each
(ug,u1) € D, problem (LI)-(L3]) generates a dynamical system (S. (t),D.) of strong
solutions (cf. Theorem BT see also [51]). By appealing once more to the continuity of
the trace map trp : H* (Q) — H*"1/2(T), s > 1/2, and exploiting the results in Section
B2 it is not difficult to realize that we can extend the semiflow S (¢) to a strongly
continuous semigroup

S. (t) : D. — D, (3.75)

such that §5 (t) is also Lipschitz continuous in 155, endowed with the metric topology of
V2 x V! (see Lemma 320 below). Recall that, by definition for p,q > 1,

VP x Y1
= {7, 0,8) € H (Q) x HP V2 (D) x HY (@) x HI/2 (T) 5y = trp (w) 8 = trp (v) } 5
see Section [2 (as before, VP x V17 is topologically isomorphic to H? (Q) x H? (Q)).

LEMMA 3.20. Let ¢g,0y € D. be such that lpollp, < R, and ||6o]|5. < R, for every
€ (0,1]. Then the following estimate holds:

Q(R)

8- ®re0 = 5060 5 <= e oo ~ ol (3.76)
where @ (R) > 0 and v; > 0 are independent of ¢ > 0.
Proof. Let
p(t) = (ui(t), urr (t) , Jrun (1), Byuq (1))
and

0(t) = (ua(t), ugr (t) , Opua(t), Opugr(t))
denote the corresponding strong solutions with initial data g and 6y, respectively. Then
the difference w (t) := uy (t) — ug (t) satisfies

—Au(t) = f (u2 (t)) — ' (u1 (1)) —ug (t) — euge (t), a.e. in Ry x Q,
. (3.77)
Onu () +u(t) = —u (t), a.e. in Ry x T,
subject to the initial condition
u(0) = uq1 (0) — ug (0).
Setting v := dyu; — dyua, we have (vg,v) € C1([0,T)]) for every ¢p € H' (Q) (see the
definition of strong solution). Then v solves the identity

(o0 (6),9) + {0 (1), V) + {o0 (),16) + o () + 0 0) ) oy
= (f (0 (0) = (2 () () ) = (" 2 () u (8) ),

for almost all ¢t € [0, T]. Testing with ¢ = v;, we obtain

d
= eIl + 1V + ol o+ el + Doz ey (3.78)
—{f ) = f (uz) ur,ve) — (f (uz) w,0r)

N | =
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We can bound the terms on the right-hand side in a standard way:

(' () = " (uz) s ve) + (f (uz) w, o) < Q (lugloo) [lull” + % loe

(which follows easily on account of the fact that ||(u; (), 9w (t))[|lp, < R, i= 1,2, and
the embedding H? () < C° (€2)). Then we insert them into B.78). By virtue of B.8)
we get

el 7 + (190 O + 1o ()20 ) (3.79)
< QR) e g — bullx, +¢ller ()1 + (llvo — olls, )

for almost all ¢ € [0, 7] . It remains to note that, from 7)), it follows for every ¢ € (0, 1]

that

1

= llon )1 < < (18w O + 1 (uz (0) = £ (us ) + e (O)F)  (3.80)
R
< L o — a0l
Summing up, we obtain from ([B.79) and (3.80) that
R
e o 01 + o )1 < L ety gy (3.81)

We can now bound the term |lu; (£) — uz (¢) ||2. As before, due to standard elliptic
regularity theory, we have in ([B.77), using (B.81)), that

@B < € (2o OF + 1 (w2 () = f (s O + 0 BT (3:82)
Q (R) [lpo — 90”2755 ‘

Finally, (3:81)) and (3:82)) together with the fact that the trace map H® () — H*~/2(T),
s > 1/2, is bounded yields the desired inequality (3.70). O
By Lemma [3.20] the family of global attractors {‘AE}EE(O,I] C D. can be naturally

A

IN

extended to the family of compact sets {VZE} o1’
€€(0,1

A = {(u,’y,v,é) S 55 : (u,v) € AE}, (3.83)

which are bounded in '56 and compact in X.. Note that we do not claim that ;ls is a global
attractor for (gs (t), X.); see Remark B.21] below. Also, it is in the space V2 x Y C X.
where we lift the parabolic problem. Since the global attractor Ay for (L8)—(TI0) is a
bounded subset of the space V2 C C (Q) x C (T') (since Q C R?), the canonical extension

map
EVIoY (3.84)
is well-defined with
(u,ur) = (Au — f(u), =Onu — ujr), (3.85)
and so the corresponding lift map
L:V? 5V xY (3.86)
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is defined by
(u, wr) = (uw, ur, Au — f(u), —Oqu — ur). (3.87)

Let A denote the global attractor of the limit parabolic problem (see Theorem [2.6])
and let A, € € (0,1], be the sets defined in (B.83]). Define the family of compact sets in
Ae by

i (3.88)

A — /TO = E.A() for e = 0,
R for e € (0,1].

REMARK 3.21. The compact set A. is not a global attractor for S. (t) acting on
the phase-space X. since traces of functions in L? (2) are not well-defined in L? (T).
By construction (3:83), A. is only topologically conjugated to the global attractor A.
associated with the dynamical system (S, H.) .

The main result of this section can now be stated as follows.

TuEOREM 3.22. The family {A:} (), defined by (B.88), is upper-semicontinuous at
€ = 0 in the topology of X;. More precisely,
gii%distxl (Ag, Ag) == ;13(1) sup inf |la —bllx, = 0. (3.89)

ac A, beAg
Proof. Our proof essentially follows the classical argument in [33,[34] and also [40,
Theorem 3.31]. Of course, modifications are required to account for the terms on the
boundary. Let ¢ = (u,7,v,0) € A. and ¢ = (4,7, 7,0) € Ag. We need to show that
sup b (fJu—alld + Iy = Ay

WAy A (u,7,0,0)€A
(u,7,0,6)€ A, (8,7,9,0)€A0 (3.90)

2 NP 1/2
Hlo = 32 + 116 = 8]3(ry) 0 ase 0.

Assuming to the contrary that (3:90) did not hold, then there exist 1y > 0 and sequences
(en)nen C (0,1], (Cr)nen = ((UnyYns U, 0n))neny C Ae, such that €, — 0 and for all
n €N,

inf (a0 4 e — 33y + llon = 1 + 150 — 320 28 (3.90)

(@,%,0,0)€ Ao

By Theorem B.I7 the compact sets .,Zen are bounded in the space D; (see B74) with
¢ = 1) and we have the following uniform bound for some positive constant C > 0
independent of n:

lunll3 + v a2y + lonllE + 18nllFs /2y < C-

This means that there is a weakly converging subsequence of ({,,)nen (not relabeled) that
converges to some (u*,vy*, v*,§*) weakly in Dy. By the compactness of the embedding
Dy < A1, the subsequence converges strongly in &;. It now suffices to show that
(u*,~*,v*,6%) € Ay since this is a contradiction to (3:9I)).

With each ¢, = (tn, Yn, Vn,0n) € ./Zen, then, for each n € N, there is a complete orbit

(™ (0), ufe (), up (0), ufip (£))ier = (Se,, (8) (s Yo Vs On) e
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contained in ./Ln and passing through (u,, Yn, vn, 0, ) where

(un(o)v uﬁ" (0), u? (0), U?\F(O)) = (una Tns Un,s 5n)
(cf., e.g., [40, Proposition 2.39]).
In view of the regularity A., C Dy (see ([34])), we obtain the uniform bounds:

enllugy (I + llui OIF + luf Ol 20y + " O + [u” (@)l e 20y < C, - (3.92)
where the constant C' > 0 is independent of ¢ and ¢,. Now, for all T" > 0, the func-
tions u®", ufl’:”, ug™, uflnr, and \/zZ,uf; are, respectively, bounded in L (=T, T; H%(R)),
L>(=T,T; H3*(T)), L®(=T,T; H'(Q)), L>(=T,T; H'/*(')), and L>(~T,T; L*(2)).
Thus, there is a function u and a subsequence (not relabeled) in which

ufr = win L°(=T,T; H*()) (weakly*), (3.93)
ufp = wyp in L(=T,T; H**(T)) (weakly*), (3.94)
ui™ — uy in L®(=T,T; H(Q)) (weakly™*), (3.95)
Uil = wyp in L(=T,T; HY/2(T)) (weakly*), (3.96)
epusp — 0 in L®(=T,T; L*(Q)) (strongly). (3.97)

The above convergence properties yield
ut" — uin O(=T,T; H(Q)) (strongly) (3.98)
due to the embedding
{u€ L®(~T,T; H*(Q)) : us € L= (=T, T; H'(Q))} — C(=T,T; H*"(Q)),  (3.99)

which is compact for every n € (0,1) (see, e.g., [37]). The strong property (398 allows
us to identify the correct limit in the nonlinear term when &,, — 0. Moreover, from (3.93))
and the fact that H? (Q) < C° (©2), it follows that
2 2
sup |f (u™) = f)]” < sup Qu (Ju (8)] o5 [u (b)) [ (8) —u (D)7 (3.100)
te[-T1,T] te[-T,T)
<CQ) sup u (1) —u ()],
te[—T,T)]

for some positive (increasing) function Q. : Ry x Ry — R, independent of n and ¢,.
By virtue of (308 it is then easy to see that

f(us) — f(u) in O(=T,T;L? () (strongly).

It follows that w is a weak solution of the limit parabolic problem on R. In particular,
(U, Vo) = (u”(O),urF(O)) — (u(0),ur(0)) in V1. Hence, we have that (u(0), wr(0)) =
(u*,~*), and therefore (u(0),ur(0)) € V2. As (u,ur) is a complete orbit through
(u*,~v*), it follows that (u*,7*) € Ap. It remains to show that v* = Au* — f(u*)

and 0* = —0,v* — v*, in which case (u*,v*,v*,0%) € Ag.
Now by (B97) and [B:92), it follows that

lenug (0] = venllvenuy (0)] < venC,
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and so £,ul(0) — 0 in L?(Q) as &, — 0. With this at hand,
uy (0) = —enui (0) + Au™(0) — f(u"(0))
= —enugy(0) + Au” — f(u”),

so that
u(0) = Au* — f(u*) in L*(Q) (weakly). (3.101)
Since uj(0) = v™, with (8101 we have that
v* = Au* — f(u¥). (3.102)

Similarly, since
ufip(0) = —=Onu"(0) — ujp(0)

and since uj.(0) = 7" and v (0) = 6%,

0" = =0y — 7. (3.103)
We know (u*,7*) € Ay, so BI0Z) and @I03) imply that (u*,y*,v*,6%) € Ay, in
contradiction to ([3.91]). This proves the assertion and completes the proof. a

4. Exponential attractors. Exponential attractors (sometimes called inertial sets)
are positively invariant sets possessing finite fractal dimension that attract bounded
subsets of the phase space exponentially fast. It can readily be seen that when both a
global attractor A4 and an exponential attractor M exist, then A4 C M, and so the global
attractor is also finite dimensional. The existence of an exponential attractor depends on
certain properties of the semigroup, namely, the smoothing property for the difference
of any two trajectories and the existence of a more regular bounded absorbing set in the
phase space (see, e.g., [20], [21]).

The main result of this section is the following.

THEOREM 4.1. For each ¢ € (0, 1], the dynamical system (S, H.) associated with (LI])—
([3) admits an exponential attractor M, compact in H. and bounded in C.. Moreover,
the following are true:

(i) For each t > 0, S:(t)M. C M..

(ii) The fractal dimension of M. with respect to the metric H, is finite, namely,

dimp (M., H.) < C. < o0,

for some positive constant C. which depends on €.
(iii) There exist ¢ > 0 and a positive nondecreasing function Q. such that, for all
t>0,
disty, (S=(t) B, M:) < Q:=(|| Bln.)e™ ",

for every nonempty bounded subset B of H..

REMARK 4.2. Above,

1 (>8]
dlmF (M€> He) = hm Sup M

< 00,
r—0 —Inr

where p (Z,7) denotes the minimum number of r-balls from H. required to cover
Z C He..
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COROLLARY 4.3. It is true that
dimp (A, He) < dimp (M., He).
As a consequence, A, has finite fractal dimension which depends on € > 0.

REMARK 4.4. Unfortunately, we cannot show that the fractal dimension of M, is
uniform with respect to € > 0 (see the subsequent lemmas).

The proof of Theorem [4.]] follows from the application of an abstract result tailored
specifically to our needs (see, e.g., [21I, Proposition 1], [22], [30]; cf. also Remark EI0l
below).

PROPOSITION 4.5. Let (S:,H.) be a dynamical system for each £ > 0. Assume the
following hypotheses hold:
(C1) There exists a bounded absorbing set B} C D, which is positively invariant for
Se (t) . More precisely, there exists a time ¢; > 0, which depends on ¢ > 0, such
that

S=(t)B: C B
for all ¢ > ¢; where B! is endowed with the topology of H..

(C2) There is t* > t; such that the map S.(t*) admits the decomposition, for each
e € (0,1] and for all ¢, 0y € B,

Se(t")po — Se(t*)0o = L (0, 00) + Re (0, o)
where, for some constants a* € (0, 1) and A* = A*(Q,*) > 0 with A* depending

on € > 0, the following hold:

1Le (@0, 60) 4. < a™llpo = boll. (4.1)
and
1R (0, 00)lIp. < A”lpo — boll2. - (4.2)
(C3) The map
(t,U) = S (t)U : [t*,2t*] x BE — B!
is Lipschitz continuous on B! in the topology of H..

Then (S, H.) possesses an exponential attractor M. in B;.

We now show that the assumptions (C1)—(C3) hold for (S (t),H.). We begin with a
higher-order dissipative estimate in the norm of D..

LEMMA 4.6. Condition (C1) holds for fixed e € (0, 1].

Proof. The proof is very similar to the proof of Lemma Indeed, let ¢ € (0,1],
wo = (ug,u1) € De, and ¢ (t) = S (t) po. In this setting, we differentiate (LI)—(T3])
with respect to ¢t and let h = u;. We set 8 in [B28) to be § = 9 where we recall that
¥ > 0 is due to assumption (7). Then we easily obtain the analogue of the differential
inequality (B.67) except that the size of the initial data now depends on the norm of D,
ie., w9 = (up,u1) € D, (here the initial conditions are not necessarily equal to zero).
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Thus, after applying (B.60]) and (3.61]), there exist a positive and nondecreasing function
@ and a constant C' > 0 such that

1(A(E), he ()32, < QU (A(0), he(0)) 13w, )e ™" + C (R) (4.3)

(Q, we, and C are independent of ) with R > 0 such that ||¢gl|7. < R. Arguing as in
Theorem B.16] by exploiting H?-elliptic regularity theory, we also deduce

le @®)llp, < Q-(lpollp, )™ +C (R), (4.4)

for some new function Q. which depends on € > 0. Indeed, using the equations (LI])—
([C3), it is not difficult to show that || (h(0), ht(0)) ||z, < %H@OHDE, from @4). Con-
sequently, there exists Ry > 0 (independent of time, ¢ > 0, and initial data) such that
S. (t) possesses an absorbing ball B! = Bp_ (R;1) of radius R; centered at 0, which is
bounded in D.. This establishes condition (C1). O

REMARK 4.7. Unfortunately, the bound in the space D, is not uniform as ¢ — 07.
Indeed the function Q. (-) in (&4) blows up as ¢ — 07. Finally, arguing in a standard
way as in Theorem B.I7] B! is in fact exponentially attracting in H..

LEMMA 4.8. Condition (C2) holds for each fixed ¢ € (0, 1].

Proof. Let ¢ € (0,1]. Let ¢g,0y € BL. Define the pair of trajectories, for t > 0,
o(t) = Se(t)po = (u(t),u(t)) and 0(t) = Sc(t)8y = (v(t),v4(t)). For each t > 0,
decompose the difference ((t) := ¢(t) — 0(t) with (o := @o — 0o as follows:

C(t) = @(t) +0(t)
where @(t) = (u(t), u(t)) and 0(t) = (v(t), v
€’U/tt+’ljt—Aﬂ,:0 in (0,00)XQ,

=

t)) are solutions of the problems

Opu+u+u=0 on (0,00) xT, (4.5)
¢(0) = o — o in O
and
ey + 0 — AV = f(v) — f(u) in (0,00) x Q,
On0+0+7,=0 on (0,00) x T, (4.6)
6(0) =0 in Q.

By estimating along the usual lines, multiplying ([@35)); by 2u; + u in L?(2), we easily
obtain the differential inequality, for almost all ¢ > 0,

d
ENE + W7N€ < 07 (47)
for some positive constant wy sufficiently small and independent of ¢ and for
Ne = Ne(@(1) = ellae@)|? + elae(t), at)) + [Va@)|* + [[a)|1 22 r)- (4.8)

Obviously, NV is the square of an equivalent norm on H,; i.e., there is a constant C' > 0,
independent of ¢, such that

CHIBl3, < N=(9) < Cligl... (4.9)
Following (7)) and ([@3]), we have that, for all ¢t > 0,
I3, < Cll@oli3 e (4.10)
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Set t* := max{#1, w% In (4C)}. Then, for all ¢t > t*, (@) holds with L. = ¢(t*) and

.
a* =Ce ¥t < =

5
We now show that ([@2) holds for some A* > 0. First we observe that
d
2(f(v) = f(u),vu) L2(ry = &ﬂf(”) — f(u), v¢) 2 (4.11)

= 2((f"(v) = f'(w))ve, 0) L2(ry + 2(f' (w) 20, 01) 21y
Next we differentiate the second equation of ([£.0]) with respect to ¢, multiply the first

equation of ([AG) by 2(—A)v; in L?(Q), and insert (II) into the result to produce the
differential identity, which holds for almost all t > 0,

d _ _ _ _
el + Il ey + 18017 + 20 (w) = 7)) )
+ 2ol 3 ey + 2003 (12)
=2((f'(v) = () Vv, Voy) — 2(f () V2, Voy)
+2(f(v) = f(u), v¢)p2(r) — 2((f'(v) - f/(u))vt777t>L2(r) + 2(f"(u)z, Vi) L2(T)-
Recall that z := u — v denotes the difference of any two weak solutions of (LIl)—(L3)
and is estimated in (3.8]). Arguing, for instance, as in [23] (6.11)—(6.13)], we estimate the
products on the right-hand side of [@I2]), for all ¢ € (0,¢*), using ([4), Lemma [£.6, and
the embedding H2(Q) — C°(Q), as follows:

2[((f"(w) = f1() Vo, Vo | < C 1+ [lully + [vll) 2l loll2] Vol

nE 2 Lo 1o (4.13)
< Ce(t)1Coll3,, + ZHVWH ,
2(f"(w)Vz, Vor)| < C (1+[lull3) V2l V|
= 12 Loy (4.14)
< Ce(t)IColl3,. + ZHV%H :
2/(f(u) — f(v),0) 2yl < Cllzll )|l L2y
(4.15)

* ~ 1 m
< CGoll. + lIvelZw,
2/((f'(w) = f'(0)ve, 0) 2oy < C (1 + [lullcory + lvlleomy) lzllcomy l[vell o2 oy 1Tl 22y

* -~ 1 _
< NGl + 1y,
(4.16)
and

2/(f' (u)ze, 0) L2y < C <1 + ||u||200(1")> llz¢ll 2 0y 19e ]| 22 1y
R (4.17)
< C)NColl3, + g l1oellzer)-
We emphasize again that by Lemma the constants C' = C.(t*) in estimates ([@LI3])
and (LI4) depend on £ > 0. After combining [@I3)—IT) with the identity {I2), we

arrive at the differential inequality,

d .
= {1+ Wl e ey + 1A + 20 () = F(0), 52y | < C-(t) Gl (418)
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(Recall that by the definition of a strong solution in DefinitionB.5] 9y € L*(0, oo; L3(T)).)
Now by integrating ([{.I8) over (0,¢*) and once again applying the estimate (£15), we
are left with the bound

ellve ()T + 1AD(E)* < C(t*)[1Goll3.. .

By standard H?-elliptic regularity estimates (see (B.70) and ([B.71]) above), we obtain

10(t)lp. < C=(t) ol - (4.19)
Inequality (Z2) now follows with R. = 0(t*) and A* = C.(t*) > 0. This finishes the
proof. O

LEMMA 4.9. Condition (C3) holds.

Proof. We proceed exactly as in the proof of Lemma [£6] differentiating (LI)—(T3)
with respect to ¢t and letting h = u;. This time we obtain the bound

et (D)3 < Qe(R)

for ¢ = (ug, ug) and some function Q. depending on € > 0, where the size of the initial
data now depends on the norm of Bl. Hence, on the compact interval [t*,2¢*], the map
t — S.(t)po is Lipschitz continuous for each fixed ¢y € Bl; i.e., there is a constant
L. = L.(t*) > 0 (which depends on € > 0) such that

1Se(t1)wo — Se(t2)polln, < Le(t™)|ty — tof.

Together with the continuous dependence estimate ([B.8]), (C3) follows. O

REMARK 4.10. According to Proposition 5] the semiflow S. : H. — H. possesses an
exponential attractor M. C B!, which attracts bounded subsets of B! exponentially fast
(in the topology of H.). In order to show that the attraction property in Theorem [£.1J(iii)
also holds, we can appeal once more to the transitivity of the exponential attraction
[22, Theorem 5.1] and the result of Theorem B.I7 (also see Remark F.1).

In contrast to the standard case of Dirichlet boundary conditions, where we have a
complete treatment, due to [22] and [41], the situation with boundary condition (L2))
remains essentially less clear. Important questions remain open about the following:

e higher-order dissipative estimates which are uniform with respect to € > 0,

e finite dimensionality of the exponential attractor M. (and global attractor A.)
which is uniform in £ > 0,

e cxistence of a robust (Holder continuous in € € [0,1]) family of exponential
attractors {M.}.

5. Appendix. To make the paper reasonably self-contained, we include the state-
ment of a frequently used Gronwall-type inequality [44], Lemma 5.

ProrosITION 5.1. Let A : Ry — Ry be an absolutely continuous function satisfying

S A + 20A(1) < HOAW) +F,
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where n > 0, k£ > 0, and f: h(r)dr < n(t —s) +m, for all ¢t > s > 0 and some m > 0.
Then, for all ¢ > 0,
ke™

A(t) < A(0)e™e ™ + ;
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