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We demonstrate how to realize an indefinite media with hyperbolic isofrequency surfaces in
wavevector space by employing two-dimensional metamaterial transmission lines. We classify
different types of such media, and visualize the peculiar character of wave propagation by study
of the cross-like emission pattern of a current source placed in the lattice center. Our results are
supported by a solution of the Kirchhoff equations, an analytical theory, and experimental data.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4758287]

Hyperbolic metamaterial, being a particular class of
indefinite media, is a uniaxial system, where the transverse
& = &y = &1 and longitudinal ¢, = ¢ dielectric constants
have opposite signs.'™ Due to the hyperbolic isofrequency
surfaces in the wavevector space, this medium exhibits a
number of unusual properties. First, the waves at its boundary
may exhibit negative refraction, similarly to the case of
double-negative materials.*® Second, the diverging density
of photonic states promotes ultra-high spontaneous emission
rates.”'" This makes a concept of hyperbolic media very
promising for the broad-band tailoring of light-matter cou-
pling and explains the ongoing intensive attempts to realize
hyperbolic plasmonic metamaterials.'> Back to 1969, Fisher
and Gould were first to demonstrate experimentally the
hyperbolic behavior in magnetized plasma in microwave fre-
quency range.'® Since then, there were studies investigating
resonance cone formation, negative reflection, propagation,
and focusing in a planar wire-grid network loaded with or-
thogonal capacitors and inductors as well as in transmission
line periodic grids."*"”

In this paper, we aim to study the opportunity to mimic
the hyperbolic metamaterials with artificial two-dimensional
transmission lines. The transmission-line approach to synthe-
sis and design of metamaterials has been developed
recently.lx_23 One, two, and three-dimensional transmission-
line metamaterials were introduced exhibiting both negative
and positive effective material parameters. Nevertheless, ar-
tificial metamaterial transmission line with effective material
parameters corresponding to hyperbolic and indefinite meta-
materials have not been presented yet. Here, we extend the
transmission-line approach to design and realize in experi-
ment two-dimensional hyperbolic metamaterials. We find
the relation between the material parameters of the hyper-
bolic medium and the values of admittances and impedances
of the artificial transmission line. We design and fabricate a
prototype of two-dimensional hyperbolic medium using chip
capacitors and inductors mounted on a printed circuit board.
We study the emission of a current source in the artificial
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hyperbolic medium and demonstrate experimentally the pro-
nounced cross-like pattern.

We consider an uniaxial anisotropic hyperbolic me-
dium characterized by the scalar permittivity ¢ and longitu-
dinal and transverse permeabilities p,, and p,,. As it will be
shown below, this medium can be mimicked by artificial
two-dimensional transmission lines shown in Fig. 1. In par-
ticular, the dispersion equation for a TE-polarized wave,
propagating in the x—y plane (magnetic field is oriented
along z axis), reads
R,k

. =1, (1)
w :Ltyyg w HXXS
where k, and k, are the x and y components of the propaga-
tion vector and o is the frequency. As is demonstrated in

1>0; 1, >0
kd

FIG. 1. Unit cells of the artificial transmission line providing elliptical and
hyperbolic isofrequency curves.

© 2012 American Institute of Physics
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Fig. 1, the shape of the isofrequency contour (elliptic or
hyperbolic) depends on the sign of ¢, p,,, and p,.

To mimic the proposed hyperbolic medium, we con-
sider the transmission-line metamaterial composed of the
unit cells schematically shown in Fig. 2(a). For the sake of
generality, the loads are represented as series admittances
Y, and Y, and shunt impedance Z. First, we derive the dis-
persion equation for a two-dimensional structure consisting
of infinite number of the unit cells. It can be done by sum-
ming up all the currents flowing to the node (x, y) and
equating this sum to the ground current (via impedance Z).
The result is

Yx(Ux—l,y + U,v+],y) + Yy(UxA,y—l + Ux7y+1)
22U,y (Y, +Y,) =U,,/Z 2)

In the periodic structure, we can look for a Bloch solu-
tion of the form U,, = Ujexp|j(k.d + kyd)] and transform
Eq. (2) to

Y, sin(k,d/2) + Y, sin®(k,d/2) = —1/(4Z). 3)

At the frequencies where the delays per unit cell are
small (k.d < 1,kyd < 1), the dispersion relation (3) can be
further reduced to

Y. Z(k,d)* — Y, Z(kyd)* = 1. 4)

From comparison of Egs. (1) and (4), one may conclude
that

Yo po
Y, &)
y Y

so the series admittances Y, and Y, should have opposite
signs to provide the hyperbolic shape of the dispersion curve.
This can be realized by choosing admittances Y, as inductan-
ces and Y, as capacitances, or vice versa. The clear corre-
spondence between the dispersion equations for transmission-
line metamaterial and for anisotropic medium, Eqgs. (1) and
(4), is demonstrated by Fig. 1.

Another essential condition to mimic the hyperbolic me-
dium is the possibility to reproduce the interference pattern
of the emitted waves. The characteristic wavelength of the

—7
7
7
7
7
Ry &
,‘,'\\ _ // 1 FIG. 2. (a) Unit cell of the artificial meta-
R 0.8f, material two-dimensional transmission
- Jo |5 line structure. (b) Isofrequency curves
.............. ——1.2f, obtained by numerical solution of the dis-
. / ‘\\ J persion relation (4) for different frequen-
\\ ........ cies. The results are obtained for the
’\\ ''''''' following  parameters: fy = 50 MHz,
~ N Cy=3.2nF,L,=3.2nH, and L=9.5 nH.
N y
N
0 1 2 3
k. d

waves 27/k should be on one hand larger than the unit cell
size d, and on the other hand, smaller than the structure
dimensions Nd, where N is the number of unit cells along an
axis. Estimating typical values of kd from Eq. (4) as
1/+/|YZ|, we find the following requirement for both admit-
tances Y, Y, and the shunt impedance Z:

1=(2n)*|Y||Z|=N>. ©6)

Equations (5) and (6) provide the basis for design of the
artificial hyperbolic medium. We stress that the effective
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FIG. 3. Simulated voltage distribution of the two-dimensional hyperbolic
medium composed of 51 x 51 unit cells. Voltage magnitude (a), (c), and (e)
in logarithmic scale and phase (b), (d), and (f) for frequencies 0.8f, fo, and
1.2fy, respectively.
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FIG. 4. Photograph of the two-dimensional hyperbolic medium prototype.
The structure is composed of 21 x 21 unit cells.

medium condition Eq. (6) has not been satisfied in the previ-
ous studies: in Refs. 14 and 15 Z = oo; in Refs. 16 and 17
kd ~ m (photonic crystal regime).

In our modeling, we use the unit cell depicted in Fig.
1(f). To satisty Eqgs. (5) and (6), the values of lumped ele-
ments are chosen as C, = 3.2nF, L,= 3.2nH, and L =9.5nH
assuming that ¥ = jwC and Z = jowL. The operational fre-
quency is chosen to be fy = 50 MHz to simplify the further
selection of chip capacitors and inductors for fabrication of
the hyperbolic medium prototype. The numerical solution of
the dispersion Eq. (4) for these parameters is shown in
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FIG. 5. Simulated current distribution of the two-dimensional hyperbolic
medium composed of 51 x 51 unit cells. Current magnitude (a), (c), and (e)
in logarithmic scale and phase (b), (d), and (f) for frequencies 0.8fy, fo, and
1.2fy, respectively.
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Fig. 2(b) for different frequencies. The isofrequency curves
have a hyperbolic form and the angle of the cross changes
with frequency.

The peculiar properties of the hyperbolic medium are
most efficiently visualized by the emission pattern of the
point dipole source.>'® The magnitude and phase of voltage
distribution excited in the structure composed of 51 x 51
unit cells is numerically found by diagonalizing Eq. (2). The
results obtained for the frequencies 0.8fy, fo, and 1.2fy are
shown in Fig. 3. The current source is placed in the structure
center between the two neighboring nodes in y direction.
At the edges, the structure is loaded by the resistors with
R = 1Q to provide the boundary matching conditions. The
maximum of the voltage distribution across the medium has
characteristic cross-like shape. The oscillations of the volt-
age phase confirm the propagation of the emitted waves in x
direction and their evanescent character along y direction, in
agreement with the dispersion curves shown in Fig. 2(b). We
also observe a modification of the cross shape when the
operational frequency changes.

The prototype of the proposed hyperbolic medium has
been fabricated. The photograph of the sample composed of
21 x 21 unit cells is presented in Fig. 4. The unit cell dimen-
sion equals to d=9 mm. We used commercially available
chip capacitors and inductors from Murata. Accordingly to the
calculated values, the following chip components were

1
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FIG. 6. Measured distribution of magnetic field: (a), (b)—magnitude and
phase at 31 MHz; (c), (d)—magnitude and phase at 36 MHz; and (e), (f)—
magnitude and phase at 48 MHz.
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FIG. 7. Normalized angular distribution of the magnetic field.

chosen: L, = 3.3nH—inductor model LQW2BHN3N3D;
C, = 3.3nF—capacitor model RM216R71H332K; and
L =10 nH—inductor model LQW2BHNI10NJ. The compo-
nents have been mounted on a FR4 dielectric substrate
(¢, = 4.4) with the help of a soldering robot Everprecision
EP-SR. To provide the matching conditions, 1Q resistors
(model ERJ6BQFIROV) from Panasonic have been
mounted at the edges. The prototype dimensions are
170mm x 170 mm.

During the experimental investigation, we have meas-
ured the near field at 1 mm above the top surface of the pro-
totype by an automatic mechanical near-field scanner. The
structure was excited by a vector network analyzer (Agilent
E8362C PNA) in the center. A magnetic probe>* was used
for measurements, so we can measure only the magnetic
field distribution. To explain the measurement results, we
have calculated the current circulation around each unit cell
and we assume it should be approximately proportional to
the measured magnetic field. The results of the simulated
currents are shown in Fig. 5. Comparing Figs. 5 and 4, we
see that the magnetic field pattern retains the cross-like
shape, but the phase pattern changes as compared to that for
the voltage. The phase jump in the phase portrait is
observed at the vertical line x =25 unit cells [Figs. 5(b) and
5(d)]. This is a specific feature of the magnetic field distri-
bution of a discrete source. Magnetic field itself remains
continuous because its amplitude vanishes at the phase
jumps.

The measured magnetic field is presented in Fig. 6. The
central frequency has been shifted to fy = 36 MHz due to the
influence of the dielectric substrate, which was not taken into
account during the simulation. In accordance with the simu-
lation, we observe the distribution of the measured magnetic
field with the shape of the cross. From the phase pictures,
one can confirm the wave propagation in the y direction. The
cross angle is equal to 45° at the central frequency. With the
frequency decrease the angle of the cross narrows and at the
frequency 31 MHz, it equals to 30°. When the frequency
increases up to 48 MHz, the angle of the cross is 120°.

To analyze the obtained results in more detail, we calcu-
late the angular distribution of the magnetic field in the
“far-field” zone at the distance ~N /2 from the origin, where
N is the number of unit cells along x, y directions. The angular
dependence corresponding to Fig. 5(c) is shown in Fig. 7(a)
by the dashed curve. It is also instructive to compare the
numerically simulated distribution with the effective medium
theory. In this case, the magnetic field is extracted from the an-
alytical Green function of Eq. (1) in the long—wavelength limit

= xo)° - Y0)* . )
Y.Z Y,Z ’

d
A

where x and y, are the source coordinates. Equation (7) can
be obtained by replacing the finite differences in Eq. (1) by
the second-order derivatives and then scaling the result
for the well-known isotropic case® (A + I)H(()l)(w /x2 4 y?) =
4i6(x)6(y) using the transformation x — ix/\/Y.Z,
y —iy/ \/7}7 The derivative over y in Eq. (7) accounts for
the vertical dipole source in Eq. (1): the voltage of different
signs is applied to the two vertically adjacent lattice nodes.
Since the reflection from the edges is weak [Fig. 5], the solu-
tion (7) for the infinite grid reproduces well the calculated
angular distribution for the finite structure, see the solid curve
in Fig. 7(a). The angular distribution of the measured mag-
netic field at the frequency 36 MHz is depicted in Fig. 7(b)
and agrees with Fig. 7(a).

To summarize, we have analyzed theoretically and veri-
fied experimentally the hyperbolic media based on artificial
metamaterial two-dimensional transmission lines. We have
calculated the structure parameters (capacitances, inductan-
ces) and observed the pronounced cross-like emission pattern
of the current source, being the fingerprint of a hyperbolic
medium. We have fabricated the prototype and experimen-
tally confirmed our theoretical results.
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