J. DIFFERENTIAL GEOMETRY
34 (1991) 347-388

HYPERBOLIZATION OF POLYHEDRA

MICHAEL W. DAVIS & TADEUSZ JANUSZKIEWICZ

Introduction

Hyperbolization is a process for converting a simplicial complex into a
metric space with “nonpositive curvature” in the sense of Gromov. Several
such processes are described in [19, §3.4]. One of the purposes of this
paper is to elaborate this idea of Gromov. Another purpose is to use it to
construct the three examples described below.

Our approach to hyperbolization is based on the following construction
of Williams [32]. Suppose that X is a space and that f: X — ¢" isa map
onto the standard n-simplex. Suppose, also, that K is an »n-dimensional
simplicial complex. To these data Williams associates a space XAK , con-
structed by replacing each n-simplex in the barycentric subdivision of K
by a copy of X . The pair (X, f) is a “hyperbolized n-simplex” if X"
is a nonpositively curved manifold with boundary and f has appropri-
ate properties. (It is proved in §4 that hyperbolized simplices exist.) If
(X, f) is a hyperbolized n-simplex, then XAK is nonpositively curved;
it is called a “hyperbolization of K.”

In all three examples we begin with a polyhedral homology manifold
having a desired feature; a hyperbolization then has the added feature
of nonpositive curvature. The first example is a closed aspherical four-
manifold which cannot be triangulated. Taking the product of this exam-
ple with a n-torus, we obtain an aspherical manifold of any dimension
> 4 which is not homotopy equivalent to a PL manifold. The second
example is a closed smooth manifold of dimension n > 5 which carries
a topological metric of nonpositive curvature, while its universal cover,
though contractible, is not homeomorphic to a Euclidean n-space R”.
As we shall see, such a manifold cannot carry a PL or smooth metric of
nonpositive curvature. The third example is a further refinement: M"
carries a topological metric of strict negative curvature and its universal
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cover M" is homeomorphic to R”, yet M" cannot carry a PL or smooth
metric of strict negative curvature. The invariant in this case is the “ideal
boundary” of the universal cover.

The construction in the first example goes as follows. Let K * be a tri-
angulation of the “E; homology four-manifold.” (By this we mean the
polyhedral homology four-manifold formed by taking the smooth, simply
connected, four-manifold with boundary with the E; form as its intersec-
tion form and then attaching the cone on the boundary.) A neighborhood
of the cone point in X 4 is isomorphic to the cone on Poincaré’s homol-
ogy three-sphere 3. For suitably chosen hyperbolized four-simplex X,
we will have that (i) XAK is an orientable polyhedral homology four-
manifold with vanishing second Stiefel-Whitney class, (ii) XAK has one
singular point, a neighborhood of which is isomorphic to the cone on 33 ,
and (iii) the signature of XAK is 8. Since XAK is nonpositively curved,
it is aspherical, i.e., XAK isa K(m, 1). Properties (i) and (iii) imply that
XAK is not homotopy equivalent to a closed PL manifold (by Rohlin’s
Theorem). On the other hand, XAK is homotopy equivalent to a closed
topological manifold, namely, the manifold N* formed by replacing a
neighborhood of the singular point by a contractible manifold bounded by
. (This uses [16].) It follows from recent work of Casson that N* is
not homeomorphic to a simplicial complex, i.e., it cannot be triangulated.

Before describing the remaining two examples we need to discuss some
properties of universal covers of nonpositively curved polyhedral homol-
ogy manifolds which are piecewise flat or piecewise hyperbolic (our exam-
ples are of this type). In the PL setting we reprove the following version
of the Cartan-Hadamard Theorem (Theorem 3b.2), the first part of which
is a result of David Stone [31].

Theorem. Let M" be a simply connected, nonpositively curved, piece-
wise flat (or piecewise hyperbolic), PL manifold.

(i) (Stone) M" is homeomorphic to R" .
(ii) The ideal boundary of M" is homeomorphic to the (n — 1)-sphere
s"t
This result is false for polyhedral homology manifolds which are not PL
manifolds; for example, the universal cover of the hyperbolization of the
E; homology manifold is not simply connected at infinity and its ideal
boundary is not S’ (it is not even an ANR). (It follows that the universal
cover of our example of a nontriangulable aspherical four-manifold N s
not homeomorphic to R* J)
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The fact that polyhedral homology manifolds which are not PL mani-
folds have something to do with exotic universal covers was first recognized
in [11], through the use of reflection groups. In the recent Ph.D. thesis of
G. Moussong [24], it is shown that some of the results of [11] on reflec-
tion groups can be recovered using nonpositive curvature. In particular,
Moussong proves that the natural contractible simplicial complex on which
a Coxeter group W acts properly with compact quotient can be given a
piecewise flat structure with nonpositive curvature. Sometimes this sim-
plicial complex is a polyhedral homology manifold and one can use the
results of §3 to see that its “fundamental group at infinity” can be nontriv-
ial. We should mention, in this regard, that Ancel and Siebenmann have
announced some related results concerning the ideal boundary of these re-
flection group examples; in particular, they have pointed out that the ideal
boundary need not be a sphere (or even an ANR).

It has been known since 1975 that polyhedral homology manifolds
which are not PL manifolds can unexpectedly and miraculously be topo-
logical manifolds; for example, the double suspension of any homology
n-sphere is homeomorphic to S™? . The definitive result is Edwards’
Characterization Theorem (cf. [13]): A polyhedral homology manifold of
dimension > 5 is a topological manifold if and only if the link of each
vertex is simply connected.

In our second example we hyperbolize a certain non-PL triangulation
of S*, n > 5. By Edwards’ Theorem the resulting nonpositively curved
space Q" is a topological manifold. We show that the universal cover é”
is not simply connected at infinity.

In our third example we are concerned with the ideal boundary. When
the curvature is strictly negative the ideal boundary is a quasi-isometry
invariant. Hence, there is an obstruction for a manifold which admits
a topological metric of strict negative curvature to have a PL metric of
strict negative curvature: the ideal boundary of its universal cover must
be homeomorphic to a sphere (by the previously stated version of the
Cartan-Hadamard Theorem). As we shall see, the ideal boundary of the
universal cover is a finer invariant than its fundamental group at infinity.
We apply a “strict” hyperbolization procedure to the double suspension of
3. (“Strict” means that the curvature is strictly negative.) The result is a
negatively curved topological five-manifold N 5. The universal cover N’
is simply connected at infinity, hence, by a theorem of Stallings [30], it is
homeomorphic to R’ . However, its ideal boundary is not homeomorphic
to S*.
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The hyperbolization process is conceptually as simple as the reflection
group techniques of [11]; however, it is a more potent source of examples.
One reason is that hyperbolization provides more flexibility with charac-
teristic classes and characteristic numbers, while reflection group construc-
tions generally yield stably parallelizable manifolds. Thus, one cannot use
reflection groups to produce a four-manifold of nonzero signature as in
the first example. Another drawback of the reflection group techniques
is that it is impossible to use them to produce examples of manifolds of
strict negative curvature in dimensions > 30. (This follows from results
of Vinberg [33], as has been pointed out to us by Gabor Moussong.) Thus,
it would seem to be very difficult to find something like our third example
by means of reflection groups. On the other hand, an analog of the second
example can be produced using reflection groups.

A hyperbolization procedure is interesting as a purely topological pro-
cess. In this context it makes more sense to call it “asphericalization.”
The first such asphericalization procedure is due to Kan and Thurston
[20]. They associate to each simplicial complex K a space a(K) and a
map f.: a(K) — K with the following properties.

(1) a(K) is aspherical.

(2) fx induces an isomorphism on homology (with local coefficients).

As pointed out in [21], if K is n-dimensional, then one can find such an
asphericalization of the form a(K) = XAK for an n-complex X which
is suitably acyclic and aspherical. A basic problem with this type of as-
phericalization is that property (2) prevents such a procedure from taking
manifolds to manifolds; for example, no two-manifold asphericalization
of the two-sphere can satisfy (2). Suppose, however, that we weaken (2)
as follows.

(2") fy: H,(a(K)) — H,(K) is into.

Then one can produce hyperbolizations satisfying (1), (2) and the fol-
lowing additional properties.

(3) If K is an n-manifold, then so is a(X).

(4) If K is a manifold, then its stable tangent bundle pulls back (via
fx) to the stable tangent bundle of a(K).

In the terminology of surgery theory (cf. [7]), properties (2'), (3), and
(4) mean that f; is a “degree one normal map.” These hyperbolization
procedures also have the following property.

(5) If K isa manifold, then the normal map f: a(K) — K is normally
bordant to the identity.

Property (5) has the following interesting consequence.
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Theorem A. Let Q_ be any bordism theory of smooth or PL manifolds.
Then each element of Q can be represented by an aspherical manifold.

For example, Q, could be PL or smooth, unoriented, oriented, or
framed bordism, etc. Properties (2') and (4) have the following conse-
quence.

Theorem B. If K is a closed n-manifold, then f,: a(K) — K induces
a surjection on any generalized homology theory.

The authors thank all of the referees for their thoughtful suggestions.

1. The Williams functor

The standard n-simplex is denoted by ¢”. A space over " is a pair
(X, f), where X is a topological space and f: X — ¢" is a continuous
map. Suppose that K is an n-dimensional simplicial complex and that
(X, f) is a space over ¢". From these data Williams [32] constructs a
space XAK together with a map XAK — K.

Part (a) of this section consists of some preliminary material concern-
ing simplicial complexes. In part (b) we explain Williams’ construction
and its naturality properties. In part (c) we list various conditions on
(X, f). In parts (d), (e), and (f) and we impose these conditions on
(X, f) and consider the effect on XAK . We are primarily interested in
the case where X is an oriented »n-manifold with 8X = f _1(66") and
with f: (X,8X) — (¢", 8¢") a map of degree one (and with a similar
condition for each face of ¢"). In part (g) we discuss a relative version
of Williams’ construction. Using this, we find that (when K is a mani-
fold) XAK and K are bordant. Finally, in part (h) we show that XAK is
aspherical provided that X satisfies appropriate conditions of asphericity.

(1a) Simplicial complexes over ¢”. A simplicial map is nondegenerate
if its restriction to each simplex is injective (i.e., if no edge is collapsed to
a vertex).

(1a.1) Definitions. A simplicial complex over " is a pair (L, n),
where L is an abstract simplicial complex and n: L — ¢" is a nonde-
generate simplicial map. (This implies that dimL < n.) If (L, )
and (L,, m,) are simplicial complexes over ¢”, then a nondegenerate
simplicial map g: L, — L, is a map over o" if the following diagram
commutes:
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Let Z(c") denote the category with simplicial complexes over " as
objects and with the maps over ¢” as morphisms.

(1a.2) Example. Let K be an abstract simplicial complex of dimen-
sion <n and let K’ be its derived complex. Let d: K — {0, 1,--- , n}
be the function which assigns to each simplex its dimension. As an abstract
simplicial complex, ¢" can be identified with the poset of nonempty sub-
setsof {0, 1, ---, n}. The function d defines a simplicial map K’ — ¢” .
Hence, the derived complex of any n-dimensional simplicial complex is
naturally a complex over ¢”. Moreover, if g: K — L is any nondegen-
erate simplicial map of n-dimensional complexes, then g': K’ — L' isa
map over ¢ .

(1b) The construction. Suppose that (X, f) is a space over ¢” and
that (L, =) is a simplicial complex over ¢" . The fiber product of X and
|L| over ¢”" will be denoted by X AL. (|L| denotes the geometric realiza-
tion of L.) In other words, X. AL is the subspace of X x |L| consisting of
all pairs (x, y) with f(x) = n(y). The natural projections are denoted
by f: XAL — |L| and p: XAL — X :

XAL . 1

Pl ln
X — "

(1b.1) Examples. Suppose that L is a boundary complex of an oc-
tahedron (so that L is a triangulation of the two-sphere). There is a
natural simplicial projection #: L — o>. We will consider three dif-
ferent examples where X is an orientable two-manifold with boundary,
f_l(c’)az) =0X,and f|@X istransverse to da?; it will then follow from
Corollary 1f.2, below, that X AL is a closed orientable two-manifold.

(i) X isasurface of genus g with one hole and the map f|0.X — 8a°
is a homeomorphism. Obviously, X AL is then an octahedron with each
two-simplex replaced by a genus g surface, i.e., X AL is a surface of genus
8g.

(ii) X is a hexagon and the map f: X — o is a two-fold branched
cover (branched at the center of 02). A pair of adjacent two-simplices in
L corresponds to a pair of hexagons in X AL which intersect in two edges
(opposite edges on each hexagon). The Euler characteristic y of X AL is
givenby y =12-24+8=-4;5s0 XAL is a closed surface of genus 3.

(iii) X is do” x I and the map f restricts to the identity on each
component of X . The Euler characteristic of X AL is easily computed
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to be —12; hence, X AL is a closed surface of genus 7,

If K is any n-dimensional simplicial complex, then put
XAK = XAK',

where K’ is a complex over ¢” as in Example 1a.2.

Notation. If J is any subset of the standard simplex ¢”, then put
X, =f'(J).

In particular, if o is a closed face of ¢", then X, is called a face of
X.

(1b.2) Definition. Suppose that (X, /) and (Y, g) are spaces over
o". Amap ¢: X — Y is face-preserving if (X ) C Y, for all faces a of

n
g .
If (L,, n,) and (L,, x,) are simplicial complexes over o" and h: L -
L, is amap over ¢”, then the restriction of id, x|h|: X x |L,| — X x |L,|
to XAL, is denoted by 1Ah: XAL, — XAL, . Similarly, if k: K, — K,
is any nondegenerate map, then put 1Ak = 1Ak’. If p: X - Y isa
map such that gog = f: X — 0", then ¢ xid; 1 X x |L| - Y x |L|
restricts to a map q)Zl: XAL — YAL. Even if ¢ is only required to be
face-preserving, then one can still define, for any simplicial complex K,
amap @Al: XAK — YAK as in [32, p. 320]. It is then easy to see that
Williams’ fiber product construction is functorial in both X and L. We
state this as the following lemma. 5

(1b.3) Lemma. (i) There is a functor (L, n) ~ XAL from % (¢")
(the category of simplicial complexes over 6" ) to the category of topological
spaces.

(ii) The construction is also functorial in the first variable. Thus, (X, f)
~ XAL defines a functor from the category of spaces over ¢" and face-
preserving maps to the category of topological spaces.

The following result is also obvious.

(1b.4) Lemma. Let (X, f) be a space over ¢" . For any simplicial
complex (L, n) over ¢" let f,: XAL — |L| be the natural projection.
Thus, to each object (L, n) in & (¢") we have associated a continuous map
(= morphism of spaces) f,: X AL — |L|. This is a natural transformation
from the functor XA() to the geometric realization functor | |.

(1c) Conditions on (X, /). NP(C0) X is path connected and for each
codimension-one face a of ¢", the face X, is nonempty.

(C1) X isacompact n-dimensional PL manifold with boundary. More-
over, for each k-dimensional face a of ¢”, X, is a k-dimensional PL
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submanifold of 8X and (X)) = X,,. The map f: X — ¢" is also
required to be piecewise linear.

A smooth n-dimensional manifold with corners X is a manifold with
boundary which is locally differentiability modelled on R_'L (=10, 00)").
If p: U — R: , U C X, is some coordinate chart, and x € U, then the
number of zeros in the vector (¢,(x), --- , ¢,(x)) is denoted by d(x); it
is independent of ¢ . A k-dimensional stratum of X is the closure of a
component of {x € X|d(x) =k}. Let f: X - Y be a smooth map be-
tween n-dimensional manifolds with corners such that the inverse image
of each k-dimensional stratum F of Y is a union of k-dimensional strata
of X. The map f is transverseto F if foreach x € f 'I(F ) the differen-
tial Df, induces a linear isomorphism T, X/T, f _I(F ) = Ty Y/ Tr F .

The smooth version of (C1) is the following.

(Cl') X is a compact smooth n-dimensional manifold with corners.
Moreover, for each k-dimensional face a of ¢”, X, is a union of k-
dimensional strata. The map f: X — ¢” is required to be smooth and
transverse to each proper face of ¢” .

(C2) X satisfies (C1) (or (C1')) and, in addition, the map f: (X, 8.X)
— (¢"80) is degree one mod 2.

(C2') X satisfies (C1) and, in addition, X is oriented and the map
fi(X,8X)— (", dc") is degree one.

Notation. If X is a smooth or PL manifold, then let 7, denotes its
stable tangent bundle. (In the smooth case, 7, is the Whitney sum of the
tangent vector bundle with a trivial vector bundle. In the PL case, 7, is
the “stable PL tangent block bundie” (cf. [27]). It can be regarded as a
stabilized regular neighborhood of the diagonal in X x X .)

(C3) X satisfies (C1) or (C1’) and T, is trivial. (Note that (C3)
implies that X is orientable.)

We suppose that (L, ) is a connected corjlplex over ¢” and consider
the effect of imposing our conditions on XAL. The proof of the next
lemma is left to the reader.

(1c.1) Lemma. Suppose that (X, f) satisfies (CO). Then

(i) XAL is path connected. B
(i) The homomorphism (f,),: n,(XAL) — n,(L) is surjective.
(1d) Homological surjectivity. Suppose that (X, f) satisfies (C2').
Let o be an oriented k-face of ¢”. Since f is transverse to «, the orien-
tation on o induces one on X, and the map f|, : (X, 9X,) — (a, da)

is of degree one. Let (X,) denote the orientation cycle in C (X , 8X)
((X,) is the sum of oriented k-simplices in X in some triangulation
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of X in which X is a subcomplex.) Let y be an oriented k-simplex
in L projecting to ain c". Let (XZy) be the corresponding orien-
tation chain (XAy can be identified with X ). Define a chain map
J:C (L) - C (X ZL) by sending an oriented k-simplex » to the k-
chain (XZy) € Ck(XZy) C Ck(XZL). Obviously, the map j splits the
chain map (f;),: C,(X ZL) — C,(L). Under the weaker assumption that
(X, f) satisfies (C2), similar remarks hold with Z/2 coefficients. We have
therefore, proved the following result.

(1d.1) Lemma [W, p. 323]. (i) If (X, f) satisfies (C2), then the map
f,.: H(XAL;Z/2) — H,(L; Z/2) is onto.

(i) If (X, f) satisfies (C2'), then f,,: H,(XAL; F; ) — H (L; A) is
onto, where A is any local coefficient system on |L|.

(1e) Local structure of XAK . In this subsection we suppose that (X, f)
is a space over ¢ satisfying condition (C1) or (C1’). Let a be a
k-face of ¢" and let & denote its relative interior. Then & has an
open neighborhood in ¢” which is homeomorphic to a product bun-
dle of the form & x R'fk. Identifying the (n — k)-simplex ¢" % with
{Oegs s x,4) € Ri’k| >.X; < &} we have a smaller product bundle
neighborhood of the form & x " * c & x Ri_k (analogous to a closed
disk bundle neighborhood of a submanifold). Since X is an n-manifold
with corners, it has a similar local structure to ¢”, i.e.,

(1) X. has a product bundle open neighborhood in X of the form
X, xR}

The transversality condition in (C1’) implies that the differential of
f: X — ¢" induces a bundle map Xe x ]Ri"k —ax Ri_k which covers

f |X8: Xo — o and is a linear isomorphism on each fiber. Similarly, if
(C1) holds, then the fact that f is a PL map implies that it induces a
bundle map as above. Thus, if either (C1) or (C1’) holds we may assume,
after possibly altering f by an isotopy, that the following holds:

(2) The map f takes X, x R'* to & x R"™* by a bundle map of the
form g x id, where g =f|X3.

Our goal in this subsection is to show (cf. Lemma le.l, below) that
statements (1) and (2) imply that for any simplicial complex K, the spaces
XAK and K have similar local structures, i.e., “they have isomorphic
links.”

Before stating this lemma we recall some basic notions from PL topol-
ogy. Suppose that « isa k-simplex in a simplicial complex K. The link of



356 MICHAEL W. DAVIS & TADEUSZ JANUSZKIEWICZ

a in K, denoted by Link(a, K) is the abstract simplicial complex consist-
ing of all simplices # in K suchthat a < 8. (If # inan n-simplex in K
and a < B, then Link(a, f) is isomorphic to an n—k —1 simplex; thus,
the n-simplex B becomes an (n—k—1)-simplex in Link(a, K). The dual
coneof a in K, denoted by Dual(a, K), is the cone on Link(w, K). The
open dual cone, denoted by Dual’(a, K) is the complement of Link(a, K)
in Dual(a, K). For example, if a is a k-face of an n-simplex ¢”", then
Dual(a, ") & 6"~ while Dual’(a, 6") & Ri’k . From this it follows
that if o is any k-simplex in a simplicial complex K, then & has an
open product bundle neighborhood of the form a x Dual’(a, K).

(le.1) Lemma. Suppose that (X, f) is a space over a" satisfying
(C1) or (C1'), that L is a simplicial complex over ¢", and that o is a
k-simplex in L. 5

(1) The manifold X& has a product bundle open neighborhood in XAL
of the form X, x Dual’(a, L).

(2) The map f,: XAL — L induces a bundle map
X, x Dual’(a, L) — a x Dual(a, L)

from a neighborhood of X& in XAL toa neighborhood of & in L. More-
over, this map has the form g x id, where g: X& Sa s fLIXZ'

In other words the “link of a face in XAL” is equal to the link of the
corresponding face of L.

Proof. Statements (1) and (2) in the lemma follow immediately from
the corresponding statements preceding the lemma.

(1f) Tangential properties of XYAK .

(1f.1) Definition. Let K be an n-dimensional simplicial complex.
Then K is a PL n-manifold if the dual cone of each k simplex isan (n—
k)-cell, i.e., for each k-simplex § € K, Link(#, K) is PL homeomorphic
to the standard (n — k — 1)-sphere. The complex K is a homology n-
manifold if for each k simplex B € K, the homology of Link(f, K) is
isomorphic to that of S" %!,

By an abuse of language we will say that K is a smooth n-manifold if
there is a smooth n-manifold M”" and a smooth triangulation ¢: [K| —
M.

From Lemma le.1 we deduce the following.

(1f.2) Corollary. Suppose X satisfies (C1) or (C1').

(i) If L is a homology n-manifold, then so is X AL.
(ii) If L is a PL n-manifold, then so is XAL.
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Part (ii) of this corollary can also be proved by a transversality argument.
This argument also yields a smooth version of (1f.2). The argument runs as
follows. Let P" denote the image of ¢" x¢” under the map ¢”" x¢” — R"
given by (u, v) - u—v. The set P", being the projection of a product
of two simplices, is a convex polyhedron. It obviously contains the origin
in its interior. Recall that XAL is the subset of X x |L| consisting of
all (x,y) such that f(x) = n(y). Let ¢: X x |L| — P" be defined by
¢(x,y) = f(x)—n(y) so that

XAL = ¢7'(0).

As ¢: X x |L| —» P" is piecewise linear and transverse to 0, part (ii) of
the corollary follows. This argument also gives the following result.

(1f.3) Proposition. Suppose that X satisfies (C1) and that L isa PL
n-manifold. Then X AL is an n-dimensional PL submanifold of X x |L|
and the normal bundle of XAL in X x L is trivial.

(1f.4) Corollary. Suppose that X satisfies (C3) (stable tangential triv-
iality) and that L is a PL n-manifold. Then the stable tangent PL block
bundle of X AL is the pullback of the stable tangent PL block bundle of L,
ie.,

Ty = (fL)*TL .
Proof. The restriction 7y, 10 XAL is T, Plus the normal block

bundle of XAL. This normal block bundle is trivial. Hence, 7 AL is
stably equivalent to the restriction of 7, Ll - Since, by (C3), 7, is trivial
and since the following diagram commutes,

XAL < X x|L|
\|L|/

we have that 1 AL is stably equivalent to the pullback of 7, . q.e.d.

There are also following smooth versions of these results.

(1f.5) Proposition. Suppose that X satisfies (C1') and that K is a
smooth n-manifold. Then XAK is a smooth n-dimensional submanifold
of X x |K’| with trivial normal bundle.

Proof. The map d: |[K'| — ¢" takes a top dimensional simplex " in
K , folds it onto a simplex in its barycentric subdivision, and then identifies
that simplex with ¢” . Thus d|y” can be identified with the orbit map of
the symmetric group X, on »" . Since this orbit map can be regarded as
a smooth map, so can d. The map f: X — ¢" is smooth by hypothesis
(C1'y. Hence, ¢ = f—d: X x |[K'| - R” is smooth. If y € |K'| is an
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interior point of a k-simplex 8 of K', then the differential of d: |K'| —
o" at y takes T,8 onto T, d(B). Condition (Cl’) implies that if

xeX Zﬂ, then the differential of f at x is onto the normal space to
d(B) in ¢". Thus, ¢ is transverse to 0 € R".

(1f.6) Corollary. Suppose that X satisfies (C1') and (C3) and that
K is a smooth n-manifold. Then the stable tangent vector bundle of XAK
is the pullback of the stable tangent bundle of K , i.e., Type = (fi) 7 -

Remark. If the stable tangent bundle of X is trivial, then X is ori-
entable. Hence, if K is a orientable n-manifold, then so is XAK . More-
over, if (C2') holds, then the map JSi: XAK — K is of degree one.
Corollaries 1f.4 and 1£.6 assert that f, is covered by a map of stable tan-
gent bundles; hence, in the language of surgery theory, f is a “normal
map.”

Remark. There is no hope that f,: XAK — K can be covered by a
map of unstable tangent bundles which is a fiberwise isomorphism. The
reason is that XAK and K may have different Euler characteristics and
hence, the Euler classes of their tangent bundles may differ.

(1g) A relative construction. Next we discuss a relative version of the
Williams functor K ~ XAK . Suppose, from now on, that X satisfies
(Cl) or (C1y.

Let J be a subcomplex of K. Let R(J, K) denote the standard
derived neighborhood of J in K', R°(J, K) its relative interior, and
OR(J,K)=R(J,K)-R°(J,K).

Let K denote the simplicial complex formed by deleting the interior of
R(J, K) from K' and attaching the cone on dR(J, K), i.e.,

K =(K'-R°(J, K))uCone(dR(J, K)).

Let ¢, denote the cone point. The complex K "~ R°(J,K) is a sim-
plicial complex over ¢” (cf. (1a.2) moreover, under the map d: K —
{0,1,---, n} of (1a.2), no vertex of OR(J, K) is mapped to the vertex
0 in ¢". Hence, the structure on K’ — R°(J, K) as a complex over ¢”
extends to a structure on K by sending ¢, to 0. Consider a point v, in
XAK which maps to ¢, in K. By Lemma le.1, v, has a neighborhood in
XAR of the form Cone(8R(J, K)). Remove the interior of this neigh-
borhood and paste in R(J, K). The result is denoted by XA(K, J) and
called the relative Williams construction on (K, J), i.e.,

XA(K, U) = (XAK -~ Dual’(c,, K)) UR(J, K).
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Remark. Suppose that K is a PL manifold. Then XAK is also a PL
manifold except at ¢,. Since R°(J, K) is a PL manifold, we conclude
that XA(K, J) is always a PL n-manifold (whether or not the subcomplex
J is a submanifold).

(1g.1) Example. Suppose that X is a closed PL n-manifold. Extend
the triangulation to K xI (I =[0,1]). Then XA(K xI,K x 1) is a
PL (n + 1)-manifold with boundary. The boundary has two components
XA(K x0) and K x 1. Thus, XA(K x I, K x 1) is a bordism between
XAK and K.

(1h) Asphericalization. Another condition we can impose on (X, f)
is the following.

(C4) X is an aspherical CW-complex and if P is any subcomplex of
¢” , then each component of X p is aspherical and the inclusion i: X, — X
induces a monomorphism

Iom (Xp, xp) = 7 (X, Xx)

(where the base point x; can be chosen in any component of X).

(1h.1) Proposition. Suppose tﬁat (L, m) is a finite complex over "
and that X satisfies (C4). Then XAL is aspherical. Moreover, if J is any
subcomplex of L over a", then the inclusion induces a monomorphism
n,(XAJ) — n (XAL) (again for any choice of base point).

Before discussing the proof, we recall some well-known results. A graph
of groups consists of a finite graph I with vertex set V' and edge set E
together with groups G, and H, foreach v € V' and e € E. Moreover,
whenever v is an endpoint of e, we should be given a monomorphism
@yt H,— G, . Suppose that (', {G,, H,, 0y 0 H, — G,}) is a graph
of groups. We construct a space Z as follows. Start with a disjoint union
of K(G,,1),veV,and K(H,, 1)x[0, 1], e € E. The homomorphism
¢, . has a geometric realization K(H,, 1) — K(G,,, 1). Use these maps
to paste K(H,, 1) x {0} and K(H,, 1) x 1 to the appropriate K(G,, 1).
The resulting space is Z . For a proof of the following well-known lemma,
see {28, pp. 156-157].

(1h.2) Lemma. Let (T',{G,,H,, ¢, :H, — G,}) be a graph of
groups and let Z be the space constructed above. Then Z is aspherical.

The proof of Proposition 1h.1 follows from Lemma 1h.2 by induction
on the number of simplices in L. If dimL = n, then in the inductive
step we are gluing a copy of X to (XAL) — X along a subspace of the
form XAJ . If the subcomplex J is connected, then we can apply (1h.2)
in the case where the graph is an interval, the vertex groups are z,(X) and
(X AL - X ), and the edge group is 7, (X AJ ). If J is not connected,
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then the graph has two vertices (with vertex groups as before) and one
edge for each component of J. If dim L < n, then the graph has a vertex
for each component of X AL — X, and a vertex for each component of
XAa , where a is a top dimensional simplex of L, and an edge for each
component of XAJ .

In summary, if (X, f) is a space over ¢ satisfying conditions (CO0),
(C1), (C2'), (C3), and (C4), then the Williams functor K ~ XAK is
an asphericalization procedure with properties (1), (2), (3), (4), and (5)
listed in the Introduction. In §4 we construct such a space (X, f).

2. Spaces of nonpositive curvature

The concept of nonpositive curvature can be extended to metric spaces
more general than Riemannian manifolds (for example, see [2], [6], [24],
[31] and, in particular, [17], [19], and [S]). Much of the recent interest
in this area has been sparked by the spectacular collection of ideas in
[19]. Since the original version of this paper was written (in the summer
of 1988) several excellent expositions of parts of [19] have appeared in
preprint form, most notably [5]. In particular, the article by Ballman
(Chapter 10 in [5]) gives simple and clear explanations for the facts we
summarize in subsections (2a) and (2c), below.

In part (2a) we define the notion of “nonpositive curvature” via the
so-called “CAT-inequalities.” In part (2b) we discuss the ideal boundary
(also called the “sphere at infinity” or the “visual sphere”) of the universal
cover of a nonpositively curved space. Interesting examples of nonposi-
tively curved spaces are provided by polyhedra which are “piecewise flat”
or “piecewise hyperbolic.” For the polyhedra, nonpositive curvature is
equivalent to the condition that all “links are large.” These piecewise con-
stant curvature metrics on polyhedra are discussed in part (2c). In part
(2d) we define the important concept of the “infinitesimal shadow” of an
endpoint of a geodesic segment.

(2a) Basic definitions: the CAT-inequalities. A geodesic segment in a
metric space X is an isometric map from an interval into X . A triangle
in X consists of three points (the vertices) together with three geodesic
segments (the edges) connecting them. A metric space X is geodesic if
it is complete and if any two points in it can be connected by a geodesic
segment. A subset Y of a geodesic space X is totally geodesic if, locally,
every geodesic segment in X with endpoints in Y is actually contained
in Y.
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FIGURE 1

For each real number ¢, let M 2(z‘:) be the complete, simply connected,
Riemannian two-manifold of curvature ¢. If T is a triangle in X, thena
comparison triangle in M 2(s) is a triangle T’ with the same edge lengths
as T. Of course, a comparison triangle is unique up to an isometry of
M 2(8). Comparison triangles always exist for any fixed ¢ < 0. If ¢ >0,
then T has a comparison triangle provided 7 has perimeter < 27//€.

Suppose that T is a triangle in X with vertices x,, x,, x, and that
y is a point on the geodesic segment [x,, x,] (see Figure 1). Let T be
a comparison triangle in M7(e) with corresponding vertices x;, X, , X}
and let » be the point in [xi , x;] corresponding to y (ie., d(¥, x;) =
d'(y',x;),i=1,2,where d and d’ denote the distance functions on X
and M* (e) , respectively). The pair (7', y) “satisfies CAT(e)” if d(x,, y)
< d(xy, ). The space X “satisfies CAT(e)” if (T, y) satisfies CAT(e)
for every triangle T in X and point y € T. (If ¢ > 0, then we only
consider triangles of perimeter < 27/\/e).

A smooth Riemannian manifold with sectional curvature < ¢ satisfies
CAT(e) locally; if it is simply connected and complete then it satisfies
CAT(e) globally (cf. [5, Chapter 3, §2]). This motivates the following
definition.

(2a.1) Definition ([19, p. 107]). A geodesic space X has “curvature
< g” if it satisfies CAT(g) locally.

If X has curvature < ¢, then, obviously, any totally geodesic subspace
of X also has curvature <e¢.

A function A: X — R on a geodesic space X is convex if its restriction
to each geodesic segment is a convex function on the interval.

(2a.2) Remark. Suppose X is a simply connected geodesic space of
curvature < 0. Then according to [19], X satisfies CAT(0) globally
(see also [5, Theorem 7, Chapter 10, §1]}. This implies that the distance
function 4: X x X — R is convex. Thus, if f;:[a;,b]— X, i=1,2,is
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a geodesic segment, then the function ¢: [a,, b,] x [a,, b,] = R defined
by ¢(s, t) = d(f,(s), f,(t)) is a convex function in the usual sense (cf.
[19, p. 119]).

The convexity of the distance function implies that X is contractible.
(For X a smooth Riemannian manifold this is the well-known Cartan-
Hadamard Theorem. In our context, Gromov [19, p. 119] attributes this
fact to Cartan, Hadamard, and Alexandrov.) Applying this version of
the Cartan-Hadamard Theorem to the universal cover of a nonpositively
curved space, we have the following result.

(2a.3) Theorem ([19, p. 119] or [5, Theorem 14, Chapter 10, §2]). 4
nonpositively curved geodesic space is aspherical.

(2a.4) Gluing Lemma ([19, p. 124] or [5, Corollary 5, Chapter 10, §1]).
Suppose that either

(a) X is the disjoint union of two geodesic spaces X, and X, and that
Y,CX,, for i=1, 2, is a totally geodesic closed subspace, or

(b) X isageodesic space and Y, and Y, are two disjoint totally geodesic
closed subspaces. R

Let f:Y, — Y, be an isometry and let X be the space formed from
X by identifying Y, with Y, via f. Then X, with the obvious metric,
is a geodesic space. If the curvature of each component of X is < ¢, with
¢ <0, then the same is true for X .

Proof. Only the last sentence of the lemma needs to be proved. Sup-
pose that 7 is a small triangle in X with vertices Xy, X;, X, and that y
is a point in the segment [x,, x,]. We must show that (T, y) satisfies
CAT(e). Let Y denote the image of ¥, (=image?,) in X . The crucial
case is when x; € Y.If Tis sufficiently small, then the segments [x,, X, ]
and [x,, x,] can be identified with geodesic segments in X . The segment
[x, , x,] might intersect Y insome segment [y, , y,], where y; € Y. Con-
struct geodesics from y; to x; and consider the triangles T, 7,, T, with
vertex sets {x,, ¥,, ¥»}, {x5, x> v.}> {x4, X, , y,}, respectively. Let T
and Ti', i =0,1,2, be comparison triangles in M 2(s) for T and T,
(see Figure 2).

The three triangles T,, T, , and T, fit together to give a pentagon S in
M (e), as indicated in Figure 2. It follows from arguments in [2, p. 19]
that the angles at y; and y; are not convex. (An English translation of [2]
by J. Stallings exists in preprint form.) Hence the distance from a point
on a side of S opposite to x(') is smaller than the distance between the
corresponding points of T". Since, by hypothesis, CAT(¢) holds for each
T,,i=0,1, 2, it follows that it holds for T . This proves the lemma.



HYPERBOLIZATION OF POLYHEDRA 363

FIGURE 2

(2b) The ideal boundary. Let us introduce the following notation. For
a point x in a metric space P, denote by B (r) (respectively, Fx(r) or
S.(r)) the open metric ball (respectively, closed metric ball or sphere) of
radius r about x.

Suppose P is a CAT(0) geodesic space. Since the distance function is
convex, any two points can be joined by a unique geodesic. Define a map
c,: P—B (r) = S,(r), called geodesic contraction, by sending a point y
to the point on the geodesic joining x and y of distance r from x. It is
easy to see that for each r € (0, co) the map ¢, is continuous deformation
retraction.

(2b.1) Definition. The visual sphere of P at x is the set of geodesic
rays emanating from x . We denote it by S, (o).

Since every geodesic ray, beginning at x, intersects S, (r) in a unique
point, we have the following tautological identification:

S, (o0) = lim S,,(r),

X

where the maps defining the inverse limit are given by geodesic contraction;
to be precise, if r, > r,, then we have a natural map <, | S, (r): S.(r,) =
S.(r,). This gives a topology on the visual sphere, namely, the natural
topology on the inverse limit.

A notion which is closely related to the visual sphere is that of the “ideal
boundary,” which we shall describe below.

Suppose that P is a CAT(0) geodesic space. Embed P into the
space C(P) of continuous functions on P (with the topology of uniform
convergence on compact sets) by sending x to the function d,_, where
d (y)=d(x,y). The divide C(P) by the linear subspace L of constant
functions. Let P denote the closure of the image of P in C(P)/L. The
ideal boundary of P is P — P. It is easy to show that P is compact (cf.

(6, §3]).
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Functions projecting to the points in P — P are called horofunctions.
To every geodesic ray g(f) emanating from a point x € P, we can
assign a horofunction, A g defined by

hy(y) = im[d(y, g(1) — 1]

and called the ray function of g(¢). In this way, by sending a geodesic
ray to its ray function, we get an injection y: S (c0) — P-P. Itis
proved in [6, pp. 21-32] that y is a homeomorphism whenever P is a
simply connected, nonpositively curved, Riemannian manifold. It seems
likely that y is always a homeomorphism for any CAT(0) geodesic space;
however, we shall only need the following weaker result, the proof of which
is a modification of the argument in [6].

(2b.2) Theorem. Suppose that P is a CAT(0) geodesic space and
that P is a Riemannian manifold on the complement of a set of codimen-
sion 2. Then for any x € P, the natural map y: S (c0) — P-Pisa
homeomorphism.

(2b.3) Remarks. (1) The polyhedral homology manifolds of piece-
wise constant curvature, discussed in §3, are Riemannian manifolds on
the complement of a set of codimension 2.

(2) The theorem implies that the visual sphere S, (co) is independent
of the choice of basepoint x.

The proof is based on Lemmas and Corollaries 2b.4-2b.11, below. In
all of these we only assume that P is a CAT(0) geodesic space.

(2b.4) Lemma. Suppose that X is a closed convex subset of P. Then

(i) For any point p € P, there is a unique point x € X which is closest
top.
(i) Let n: P — X be the map which sends p to the closest point in
X . Then & is distance decreasing.

Proof. (i) Suppose the x,, x, € X are of minimal distance from p.
Let y be the midpoint of the segment from x, to x,. If x; # x,, then
it follows from the CAT(0) inequality that d(y, p) < d(x;; p); hence,
X, = X, . (Compare [6, p. 8].)

(i) To prove the second statement one needs the concept of angle be-
tween two geodesic segments. Suppose that f,, f,: [0, 1] — P are two
geodesic segments with f,(0) = f,(0) = p. Let 6(s, t) be the angle at
the point corresponding to p in a comparison triangle for pf(s)/(z).
Since P is nonpositively curved, it follows from [2] that lim,_,6(s, ¢)
exists; this limit is denoted by 6 and called the angle between f, and
f, at p. Now suppose that p,g € P and let f:[0,a] - P and
g: [0, b] — P be geodesics from zn(p) to p and =m(q) to g, respec-
tively. Put ¢(s, ¢) = d(f(s), g(¢)). We must show ¢(a, b) > ¢(0,0).
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This follows from convexity of ¢ once it is known that ¢(z, ¢) > ¢(0, 0)
for small values of ¢. Consider the quadrilateral f(¢)g(¢)n(g)n(p). Since
n(p) is the closest point to p, the angle at n(p) is > n/2. Similarly, the
angle at n(q) is > /2. By [2] the angles of any triangle in P are < the
corresponding angles in a comparison triangle. It follows that the angles
at f(¢) and g(t) are <m/2. Let x =d(n(p), g(t)). Then, for small ¢,
we have that ¢(¢, t)2 +2>x> v(0, 0)2 +*; hence, o(t,t) > ¢(0,0)
and the lemma follows.

(2b.5) Lemma. Any horofunction h: P — R has the following prop-
erties.

(1) h is convex (i.e., the restriction of h to any geodesic segment is a
convex function).

(2) h(x) = h(y) <d(x, ).

(3) For any x € P and positive real number r, there exist points y,
and y, € S (r) such that h(y,) — h(y,) = 2r.

Proof. These properties are clearly closed conditions and they hold for
distance functions d, .

(2b.6) Lemma. Let h be a horofunction, x € P, and r € (0, ).
There is a unique minimum of h on S (r). If we normalize h so that
h(x) =0, then the minimum value of h on S (r) is —r.

Proof. By (2) and (3) of Lemma 2b.5 the minimum value has to be
—r. A point where such a minimum value is obtained is a point on the
convex set h_l((—oo, —r]) which is closest to x, such a point is unique
by Lemma 2b.4(i).

(2b.7) Lemma. Let h be a horofunction, x € P, and r and R posi-
tive real numbers with r < R. The geodesic segment joining the minimum
of h on Sg(x) to x intersects S,(x) at the minimum of h on S,(x).

Proof. This follows from the triangle inequality and the uniqueness of
the minimum.

(2b.8) Corollary. Let h be a horofunction. Then

(i) For any x € P there is a geodesic ray ¢, [0, o) — P joining
X to the minima of h on the concentric spheres around x . '
(ii) If y isapointon c, ., thentheray ¢, y coincides with a forward
section of ¢, .
(iii) The restriction of h to the image of ¢, . is a linear function (es-
sentially the arc-length parametrization).
Two geodesic rays are asymptotic if they stay a bounded distance apart.

It is obvious that this is an equivalence relation and that two asymptotic
rays define the same ray function (up to a constant).
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FIGURE 3

(2b.9) Lemma. Let h be a horofunction and x,y € P. Then the
rays ¢, . and ¢, , are asymptotic.

Proof. By sliding y along its geodesic ray ¢y, » We can assume h(x) =
h(y) . We then have the quadrilateral pictured in Figure 3, where x’ and »’
are projections onto the convex sets A~ ((—o0, —t]). By Lemma 2b.4(ii),
d(x',y") <d(x,y) and therefore, the distance stays bounded. q.e.d.

The set {c, ,},cp is called the family of asymptotic rays associated to
the horofunction h.

(2b.10) Lemma. Let g, be a geodesic ray beginning at x. For any
y € P, there is a unique geodesic ray 8, beginning at y and asymptotic
to g. .

P;coof Uniqueness follows from CAT(0). If 4 is the ray function of
8, » then obviously ¢, , = g, and, hence, Chy will serve for 8,

(2b.11) Corollary. Let h be a horofunction.

(i) The family of asymptotic geodesic rays associated to h is a single
equivalence class of asymptotic rays.

(ii) Let x € P and let g = c, ,. Then the horofunctions h and h,
define the same family of asymptotic rays.

Proof of Theorem 2b.2. We wish to show that the injection y: S, (o0)
— P — P is a homeomorphism. We show y is onto. Let & be a horo-
function corresponding to a point in the ideal boundary. Let g =c¢, .. It
follows from the above lemmas and their corollaries that the restrictions
of h and h ¢ 10 any ray asymptotic to g differ by a constant (a priori, the
constant depends on the ray). On the smooth part of P the level surfaces
of h and h g are both orthogonal to the family of asymptotic rays. It
follows that 4 and A ¢ are equal up to a constant on the smooth part of P
which is open dense in every path component. Hence the map iy takes the
point in S, (co) corresponding to g to the point in P — P corresponding
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to . Thus, w is onto. It is straightforward to see that it is continuous
and hence, a homeomorphism. q.e.d.

For space satisfying CAT(e), with ¢ < 0, the ideal boundary has a
strong invariance property.

(2b.12) Theorem. Any coarse quasi-isometry between CAT(e) spaces,
€ < 0, extends to a homeomorphism of the ideal boundaries.

According to {17] this is due to Efremovich and Tichomiriva [14]. We
will only use the following significantly weaker fact.

(2b.13) Corollary. If X and Y are compact geodesic spaces of curva-
ture < &, with ¢ < 0, then the lift of any homeomorphism f: X — Y to the
universal coverings extends to a homeomorphism of the ideal boundaries.

(2c) Polyhedra of piecewise constant curvature. Let M"(¢) denote the
complete, simply connected, Riemannian manifold of constant sectional
curvature &. Suppose that K is an n-dimensional, locally finite, abstract
simplicial complex with vertex set V. Suppose further that we have a
function y: V — M"(e) such that if « is any k-simplex in K, then w
maps the vertex set of a to k+ 1 points in M"(¢) spanning a geometric
k-simplex (denoted by w(a)) in M"(¢). The function y gives us a way
of identifying each simplex in K with a geometric simplex in M" ().
This allows us to define arc-length: the length of a curve is the sum of
lengths of its intersection with each simplex. Let P denote the geometric
realization of K. Using arc-length one defines a metric d on the poly-
hedron P: the distance from x to y is the infimum of the lengths of
all curves connected x to y. (This is called the intrinsic metric on P.)
The polyhedron P together with the metric d is called a polyhedron of
Diecewise constant curvature €. We say that P is piecewise spherical, piece-
wise flat, or piecewise hyperbolic as ¢ is +1, 0, or —1, respectively. The
simplicial complex K together with the function y is called a geometric
triangulation of P.

Basic facts about polyhedra of piecewise constant curvature can be
found in [10], [24], [31], and [5, Chapter 10, §3].

Next we want to establish that links in such polyhedra have a natural
piecewise spherical structure.

Suppose that o is a geometric n-simplex in M”(¢) and that v is a ver-
tex of a. The set of unit tangent vectors to geodesic rays, which emanate
from v and enter a, is naturally parametrized by a spherical (n - 1)-
simplex, denoted by Link(v, «). More generally, if f is a k-face of «
and x € B, then the intersection of o with the normal space to § at x
is a geometric (n — k)-simplex, denoted by * . The spherical (n—k—-1)-
simplex Link(x, 8*) will be denoted by Link(8, ).
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Let P be a polyhedron of piecewise constant curvature with geometric
triangulation K and let § be a simplex in K. An (n—k — 1)-simplex in
the abstract simplicial complex Link(f#, K) is an n-simplex a € K with
B < a. In the preceding paragraph we saw how to identify this (n — k —
1)-simplex with a spherical simplex. Hence, Link(#, K) is naturally a
piecewise spherical simplicial complex.

Suppose that g C S* isa spherical k-simplex and y C s isa spher-
ical /-simplex. Regard S* and §' as the unit spheres in the orthogonal
subspaces R**! and R™*! of R**"*2. The orthogonal join of B and 7y is
the spherical (k + + 1)-simplex in S¥*'*! spanned by the vertices of B
and y. The /-fold suspension of B is the orthogonal join of # and SI,
i.e., it is the union of all geodesic segments in S+ from a point in s!
toonein 8.

If o is an n-simplex in M"(g) and x € «, then Link(x, a) is the
convex subset of S”~! defined as the set of unit tangent vectors to geodesic
rays emanating from x and going into «. If x belongs to the relative
interior of a k-face B, then Link(x, a) is the (k — 1)-fold suspension of
the (n — k — 1)-simplex Link(8, a).

Using the above notions it makes sense to define Link(x, P) for any
point x in a polyhedron P of piecewise constant curvature. (One might
call Link(x, P) the “sphere of radius 0” about x and denote it by S (0).)

(2c.1) Definition. A piecewise spherical polyhedron L is large if any
two points x and y in L with d(x, y) < n can be joined by a unique
geodesic segment in L.

For example, if L is homeomorphic to a circle, then L is large if and
only if its circumference is > 27.

(2c.2) Remark. Suppose that L is a piecewise spherical polyhedron.
For a point v in L let B (n) denote of open ball (in L) of radius =
about v. If L is large, then each point w in B (r) is connected to v
by a unique geodesic in L. It follows that B () is contractible.

A piecewise spherical polyhedron L is large if and only if its /-fold
suspension is large. From this, one can deduce the following.

(2¢.3) Lemma. Let P be a piecewise constant curvature polyhedron
and let K be a geometric triangulation of P. Then the following statements
are equivalent:

(1) Link(x, P) is largeforall x € P.
(i) Link(B, K) is large for each simplex B of K.

If either condition of the lemma holds then we say that “P has large
links.”
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(2c.4) Lemma (Gromov [19, p. 120] and Ballman [5, Chapter 10, §3]).
Suppose that P is a polyhedron of piecewise constant curvature ¢ < 0.
Then the curvature of P is <& if and only if P has large links.

(2d) Infinitesimal shadows. Suppose that P is a piecewise constant
curvature polyhedron and that we have a geodesic segment with endpoint
x € P. If Link(x, P) is small, then it may be impossible to extend
the geodesic past x. If Link(x, P) is large then, unlike the case of a
smooth Riemannian manifold, the local extension of the geodesic may not
be unique. In other words, a point can cast a “shadow.” The nonunique-
ness of geodesic extension is measured by a certain subset of Link(x, P),
which we shall define below and call it the “infinitesimal shadow” of x
with respect to the geodesic segment.

Suppose that g: (-d,d) — P is a geodesic with g(0) = x. The
geodesic defines two points in Link(x, P), an incoming direction g’
and an outgoing direction gi (called the “incoming and outgoing unit
tangent vectors”). Let v be a point in Link(x, P). The infinitesimal
shadow of x with respect to v, denoted by Shad(x, v), is the subset of
all w € Link(x, P) such that there is some geodesic g with g =v and
g'+ = w . For example, suppose x is a nonsingular point, i.e., suppose that
Link(x, P) is isometric to the standard sphere SV If v s any point
in $"°! , then Shad(x, v) is the antipodal point. For another example,
suppose that Link(x, P) is a circle of length 27 +6. Then Shad(x, v) is
the circular arc of length 8 centered at —v, i.e., Shad(x, v) is the com-
plement of the open ball of radius 7 centered at v. From this example,
one can deduce the following lemma.

(2d.1) Lemma. Supposethat P is a piecewise constant curvature poly-
hedron, that x € P, and that v € Link(x, P). Then Shad(x, v) is the
complement of B, (n) in Link(x, P) where B (n) denotes the open ball
of radius m centered at v € Link(x, P).

Proof. To each spherical k-cell ¢ c S* and real number & , one
can associate a convex polyhedral cone, well defined up to isometry, in
M k“(a) and denoted by Cone, o . (Recall that M "(¢) denotes the sim-
ply connected Riemannian manifold of constant curvature ¢.) Cone, o
consists of all geodesic rays emanating from a base point and with initial
tangent vector lying in ¢ . (If ¢ > 0, only consider the geodesic segments
of length < n//e.) If L is a piecewise spherical polyhedron, then let
Cone, L be the space of piecewise constant curvature ¢ formed by past-
ing together the Cone,6, o € L. Suppose P has piecewise constant
curvature ¢. The point x € P has a neighborhood N which is isometric
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to a neighborhood of the cone point in Cone, Link(x, P). Suppose I' isa
geodesic segment in Link(x, P) with endpoints v and w. Then Cone, I
is a totally geodesic subspace of N . It follows that if /(T') < m, then there
is no geodesic through x, with incoming direction v and outgoing direc-
tion w, that is to say, Shad(x, v) C Link(x, P) - B (n). If [T) > =,
then there is a geodesic through x in Cone,I" with incoming direction v
and outgoing direction w . Hence, Link(x, P) — B, () C Shad(x, v).

3. Homology manifolds of piecewise constant curvature

The purpose of this section is to discuss the properties of universal
covers of nonpositively curved, piecewise constant curvature, polyhedra
which are PL manifolds or (more generally) homology manifolds. The
basic definitions are given in part (3a); the PL case is discussed in part
(3b), and in part (3¢) we review some material on cell-like maps and prove
Theorem 3b.2. This result states that the universal cover of a nonpositively
curved piecewise constant curvature PL manifold is PL-homeomorphic to
Euclidean space. In part (3d) we discuss the non-PL case.

(3a) Basic definitions. An (n—1)-dimensional piecewise spherical poly-
hedron L is a PL-sphere if it is PL homeomorphic to st

Suppose that P" is a piecewise constant curvature polyhedron and that
it is an n-dimensional homology manifold. A point x € P is metrically
nonsingular if Link(x, P) is isometric to the standard (n — 1)-sphere; it
is a PL nonsingular point if Link(x, P) is a PL (n — 1)-sphere. P is
a PL n-manifold if its PL singular set is empty. For the remainder of
this section Q" will denote a simply connected, homology n-manifold of
piecewise constant curvature ¢ < 0, with large links. In other words, Q"
satisfies CAT(e), with & < 0. We shall be interested in investigating the
topology of metric spheres and balls in @, as well as the topology of the
visual sphere.

(3b) The PL case. First, we consider the case where Q is a PL n-
manifold.

(3b.1) Lemma. Suppose that L is a large piecewise spherical polyhe-
dron which is a PL n-manifold. Then for any v € L and r € (0, n),
B, (r) is homeomorphic to the standard closed n-ball (in Euclidean space).
Consequently, B,(m) is homeomorphic to an open n-ball.

(3b.2) Theorem. Suppose that Q is a PL n-manifold (and that Q is
a simply connected, piecewise flat polyhedron with large links).

(i) (Stone [31]) For each x € Q and r € (0, o), B_(r) is homeo-
morphic to the standard n-ball.
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(ii) (Stone[31]) Q is homeomorphic to R”.
(iii) The visual sphere S (oo) is homeomorphic to st

(3¢) Cell-like maps. Our proof of the above results makes use of a
well-known theorem concerning the approximation of cell-like maps by
homeomorphisms. Before stating the Approximation Theorem, we need
to recall some terminology. (A nice exposition of this material is given in
[13])

A compact metric space C is cell-like if there is an embedding of C
into the Hilbert cube I°° so that for any neighborhood % of C in I*,
the space C is null-homotopicin % . A cell-like subspace of a manifold is
cellular if it has arbitrarily small neighborhoods homeomorphic to a cell. A
compact subset of S™ is pointlike if its complement is homeomorphic to
R™ . A pointlike subset of S™ is cellular in S™. A continuous surjection
@: X = Y is cell-like if each point inverse image is cell-like. The following
theorem is due to Siebenmann [29] for #» > 5, Quinn [25] for n = 4,
Armentrout [4] for » = 3, and R. L. Moore [23] for n =2 (see [13] for
further discussion).

(3c.1) Approximation Theorem. Suppose that ¢: M" — N" is a cell-
like map of topological n-manifolds, if n = 3, further assume that ¢ is
cellular (i.e, each point inverse image is cellular). Then ¢ can be approxi-
mated by a homeomorphism.

Proof of Lemma 3b.1 and Theorem 3b.2. Let (L,) denote the state-
ment of Lemma 3b.1 in dimension 7, and (7)) the statement of part (i)
of Theorem 3b.2 in dimension n. By a theorem of M. Brown [9], part
(i) implies part (ii) of Theorem 3b.2. The proof of part (i) will also show
that geodesic contraction S, (r) — S, (s), r > s, is a cell-like map. By
Theorem 3c¢.1 such a map is approximable by a homeomorphism, i.e., it is
a near homeomorphism. According to another theorem of M. Brown [8],
an inverse limit of near homeomorphisms is a near homeomorphism (see
[3] for a short proof). Hence, the visual sphere S, (c0) is homeomorphic
to the standard sphere, i.e., part (iii) of Theorem 3b.2 will be true.

We shall prove these results according to the inductive scheme (
(L,) and (T,). To simplify terminology we shall only show that (
(T,), the proof of (L,_,) = (L,) being entirely similar. Obviously, (L,)
and (T,) are true.

Suppose, by inductive hypothesis, that (L,_,) is true and that dimQ =
n. Let x € Q. We consider the metric ball Ex(r). We first claim that
this is an n-manifold with boundary (the boundary being S, (r)). This
is obvious except near a point y € S, (r). Since the distance function is

L,_)=
L,_)=

n—1
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convex, Fx(r) is a totally geodesic subspace of Q. Let g(¢) be a geodesic
from y toapoint in _B_x(r) . Let v € Link(y, Q) be the outgoing direction
of the geodesic from y to x,let w € Link(y, Q) be the outgoing direction
of g(t), and let a be the distance from v to w in Link(y, Q). It follows
from the CAT(0) inequality and the law of cosines that r > d(g(?), x) >
(r2 + 12— 2rtcos a)l/ z Therefore, 2rcosa > t and, consequently, a <
n/2. Conversely, if w € Link(y, Q) is of distance < n/2 from v, then
there is a geodesic with outgoing direction w which remains in Fx(r) for
some positive time s(w), where s(w) — 0 as the distance from w to v
goes to m/2. Let B, (n/2) denote the closed ball of radius 7/2 about v
in Link(y, Q). Let X be the subset of B, (n/2) x [0, &) consisting of all
(w, t) such that ¢ < min(e, s(w)). Then X is an interval bundle over
B, (n/2) with the interval collapsed to 0 over S, (n/2). Let X be the result
of collapsing B, (r/2) x 0 to a point. It follows from the above discussion
that there is a small neighborhood of y in Fx(r) homeomorphicto X . By
(L,_1)> B, (n/2) is homeomorphic to a standard (n— 1)-ball; hence, X is
a standard n-ball and, therefore, the metric ball B (r) is an n-manifold
with boundary near y.

The easiest way to understand the remainder of the proof is to consider
the “annular region” between (S, (r) and S, (s), where s > r > 0, de-
fined by 4, = Fx(s) —~ B, (r). Define amap ¢: A4, — S, (r) x[r, s] by
p(y) = (c,(¥), d(y, x)), where ¢,: Q—B_(r) — S,(r) denotes the geodesic
contraction. The point inverse images under ¢ are closely connected to
the nonuniqueness of geodesic continuations. If a geodesic segment is con-
tained in the geometric nonsingular set, then the infinitesimal shadow at
the endpoint is a point. Similarly, if the segment is contained in a stra-
tum of the geometric singular set, then the infinitesimal shadow is again
a singleton (since the link is a spherical suspension). It follows that on
any geodesic ray the set of points with nontrivial infinitesimal shadows is
discrete. Assume that we have chosen s close enough to r so that any
geodesic ray emanating from x has at most one pointin 4, with nontriv-
ial infinitesimal shadow. If z € §_(r) and Z' is a point on a geodesic ray
from x through z with nontrivial shadow, then q;'l(z, t) is a point for
t>d(x, z'), while for ¢ > d(x, z'), 9~ '(z, t) = Shad(z’, v). By (L,_,)
this shadow is cellular; hence, ¢ is cell-like. From this, it follows easily
that B (r) is homeomorphic to the n-disk D" . (For example, by using a
composition of such maps we can find a cell-like map Fx(r) - D")

(3c.2) Corollary. Suppose that M is a piecewise flat PL n-manifold
with large links. Then the universal cover of M is homeomorphic to R".
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(3d) The non-PL case. We return to the general situation where Q is
a polyhedral homology manifold.

A polyhedral n-manifold L is a generalized homology n-sphere if it
has the same homology as does S” .

An inverse sequence of groups {f;: G, — G,_,} is said to satisfy the
Mittag-Leffler condition if, for each i, the descending chain G;D f, (G, )
D fi42(G,,) D -+ satisfies the descending chain condition (i.e., it even-
tually stabilizes). Suppose that a space X can be written as a countable
increasing union of compact subspace, X = |JC,, where C, C C, C

. Then X is one-ended if the inverse limit of the inverse sequence
{my(X — C;)} consists of one element. Suppose that X is one-ended.
Then one can choose the C,; so that each X — C; is path connected. The
space X is semistable at infinity if the inverse sequence {z (X — C})}
satisfies the Mittag-Leffler condition.

(3d.1) Theorem. Suppose that Q is a polyhedral homology n-mani-
fold and that Q is a simply connected, piecewise flat polyhedron with large
links. Then for each x € Q and r € (0, ), Fx(r) is a contractible
homology n-manifold with boundary; its boundary being S, (r). From this
we deduce the following:

(i) S.(r) is a generalized homology (n — 1)-sphere.
(ii) If s > r, then geodesic contraction c,: S, (s) — S (r) is a map of
degree one. Hence, the induced map on fundamental groups is surjective.
(iii) Q is semistable at infinity.
(iv) The “fundamental group at infinity” of Q is the inverse limit

= lim 7 (S,(r)).

Proof. As in the proof of Theorem 3b.2, we prove by induction that,
for each large, piecewise spherical, homology manifold, the ball of ra-
dius r, r < m, is a contractible homology manifold (and therefore, that
each infinitesimal shadow is acyclic). It follows, as before, that Fx(r) is
a contractible homology manifold with boundary. By Poincaré-Lefschetz
duality, S, (r) has the homology of S"!. Consider the geodesic contrac-
tion c,: A,, — S, (r). This is a deformation retraction. Also, the map
9: A, — S,(r) x [r, s] has acyclic point inverse images, hence, its re-
striction to S, (s) (which is c,: S, (s) — S,(r)) induces an isomorphism
in homology. Thus, ¢, is degree one and, therefore, surjective on funda-
mental groups. This proves (ii). The statement that Q is semistable at
oo means that the inverse system {z,(Q — B, (r))} satisfies the Mittag-
Leffler condition. This follows since Q — B (r) and S,(r) are homotopy
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equivalent and, therefore, n,(Q — B, (s)) — n,(Q — B,(r)) is onto by (ii).
Statement (iv) follows, since by definition #;° = }in n,(Q—B.(r).

(3d.2) Corollary. Suppose Q is as above. If there exists a point x € Q
and a real number r such that S (r) is not simply connected, then Q is
not simply connected at oc .

In many cases we can say more about metric spheres in Q.

(3d.3) Proposition. Let Q be as above (Q is a simply connected,
piecewise flat, homology n-manifold with large links). Suppose that the
PL singular set of Q is discrete. Let s, --- , s, denote the PL singular
points in B (r) and suppose that r is such that S, (r) does not contain any
PL singular points. Then S, (r) is homeomorphic to the connected sum

S, (r) = Link(s, , Q)#---#Link(s, , Q).

(Note that each Link(s;, Q) is a PL (n — 1)-manifold with the same
homology as $" ')

Proof. Consider the annular region between S, (r,) and S (r,), r, >
r, . Suppose that we have chosen r, and r, so that the only PL singular
points in the annular region lie on the inner sphere S, (r,). Let x,, ---Xx,
be these singular points. The intersection of a small neighborhood of
x; with Fx(rl) is homeomorphic to the cone on Fv(n/2) , where v €
Link(x;, Q) is the outgoing direction of a geodesic segment from x, to
x and B (n/2) is the ball of radius #/2 in Link(x;, Q). By Lemma
3b.1, B, (n/2) is a standard (n — 1)-ball. The point x; € S,(r,) has a
neighborhood homeomorphic to the cone on S, (n/2). (This cone is an
(n — 1) disk.) Replace this neighborhood by the thickened shadow,

C(x;) = Link(x;, @) — B,(n/2).
The effect on S, (r;) is to take the connected sum with Link(x,, Q),
i=1,---,1. Call the resulting homology sphere X (r,). We can factor
geodesic contraction c,: S, (r,) — S,(r,) as ¢, = foA, where A: S (r,) —
X (r,) is given by

A { ¢,0) ifc, () # %,

v, if ¢, ) =x;,

where v; is the direction of an incoming geodesic segment y to x;. The
map 6: X (r,) — S, (r,) is the natural collapse. As in Theorem 3b.2, the
map 4 is cell-like. Hence, S, (r,) is homeomorphic to X (r,).

(3d.4) Corollary. Suppose that Q is as above; only now assume that
each component of the PL singular set is compact and convex. Let S, --- ,
S, be the components of the singular set in B, (r) and suppose that the
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sphere S, (r) does not intersect the singular set. Let R, be a standard
derived neighborhood of S; contained in B (r). Then S (r) is homeo-
morphic to the following connected sum of homology spheres

S.(r)=0R# --#3R,.

Proof. Collapse each component of the PL singular set to a single
point. The resulting piecewise flat polyhedron Q' satisfies the hypothesis
of the previous proposition. If s; is the collapse of S, , then Link(S,, Q)
=0R,. '

(3dl.5) Remark. The first examples of aspherical manifolds with ex-
otic universal covers were constructed in [11] using reflection groups. These
examples can also be understood via Proposition 3d.3. We recall the con-
struction of [11]. Let (W, S) be a Coxeter system and let Nerve(W , S)
be the abstract simplicial complex with simplices the nonempty subsets T
of S such that the subgroup generated by T is finite. Let K(W, S) de-
note the cone on the derived complex of Nerve(W, S). Asin[11] one can
paste together copies of K(W,S) (one for each element of W) to get a
contractible polyhedron K (W, S) with W-action. If W is a right-angled
Coxeter group, then Gromov [19, §4.6] has shown how to give K (w,S)
the structure of a piecewise flat polyhedron with large links. This result has
been extended to arbitrary Coxeter groups in the Ph.D. thesis of G. Mous-
song [24]. Given an arbitrary simplicial complex J, one can find a Coxeter
system (W, S) with Nerve(W, S) =J' (cf. [11, Lemma 11.3]). Suppose
that Nerve(W, S) is a nonsingular, homology n-sphere, n > 3, and that
it is not simply connected. (“Nonsingular” means that (Nerve(W , S)) is
a PL manifold.) Then K(W, S) is a homology (n+ 1)-manifold with iso-
lated PL singularities at the cone points. It follows from Proposition 3d.3
that K(W, S) is not simply connected at infinity. Let C be a compact
contractible manifold with 8C = |[Nerve(W, S)| and let M be the (n+1)-
manifold formed by pasting together copies of C. The identity map on
|[Nerve(W, S)| extends to a homotopy equivalence C — K(W, S). This
induces a proper homotopy equivalence M — K (W, S§). It follows that
M is also n?t simply connected at infinity; hence, M is not homeomor-

n+

phicto R™" .

4. Hyperbolized simplices

(4a) Basic results and definitions. Suppose that (X, f) is a space over
" . We can impose the following condition.
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(C5) X is a geodesic space of curvature < 0. Moreover, for each
connected subcomplex J of ¢”, the subspace X ; is totally geodesic.

(Notice that condition (C5) implies condition (C4) of §(1h).)

(4a.1) Lemma. Supposethat (L, m) is a finite simplicial complex over
o, that (X, f) is a space over 6", and that (X, f) satisfies (C5). Then
XAL (with the intrinsic metric) is a geodesic space of curvature < 0.
Moreover, if P is any connected subcomplex of L, then XAP is a totally
geodesic subspace of XAL.

Proof. First observe that if L is the union of two subcomplexes L,
and L, over 6", then XAL = (XAL,)U(XAL,) and (XAL)N(XAL,) =
XZ(Ll N L,). Suppose that each piece XZLi , I =1,2, is a geodesic
space of curvature < 0 and that each component of XZ(L1 NnL, is
totally geodesic. Then it follows from the Gluing Lemma 2a.4, that the
union XAL also has curvature < 0. Using this observation one proves
the lemma by induction on the number of simplices in L. The argument
is similar to the proof of Proposition 1h.1. At each stage we glue a copy
of XAw to XAL, along a space of the form XAJ, where w is a simplex
in L, L, is a subcomplex of L,and J =0wnNL,. (If dimw = n, then
XAw = X .) By induction, X ZLI is nonpositively curved. By (C5) each
component of X AJ is totally geodesic; hence, X K(LIUw) is nonpositively
curved and, therefore, so is X AL . The argument also shows that the last
sentence of the lemma is true.

(4a.2) Definition. Suppose that (X, f) is a space over ¢”. Then
(X, f) is called a hyperbolized n-simplex if it satisfies conditions (C1)
(from §(1c)) and (CS). It is strictly hyperbolized if its curvature is strictly
negative.

We shall often want to impose other conditions on a hyperbolized sim-
plex, for example, we shall say that (X, f) is degree one if it satisfies
(C2'), that it is tangentially trivial if (C3) holds, and that it is piecewise
flat if it is a piecewise flat polyhedron.

(4a.3) Theorem. Suppose that (X", f) is a hyperbolized n-simplex
which is degree one and tangentially trivial. For any n-dimensinal simpli-
cial complex K, put a(K) = XAK. Then a(K) is an asphericalization
procedure satisfying (1), (2'), (3), (4), and (5) of the Introduction.

Proof. Properties (1) (2'), (3), (4), and (5) follow from Proposition
1h.1, Lemma 1c.1(ii), Corollary 1f.2, Corollary 1f.4, and Example 1g.1,
respectively.

Remark. The condition of being a hyperbolized simplex is very strong.
Under weaker conditions on (X, f), XAK might still be a hyperboliza-
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tion procedure. For example, if X is a hexagon as in Example 1b.1(ii),
then for any two-complex K, XAK is a piecewise flat, nonpositively
curved polyhedron. The hexagon, however, does not satisfy (C5). This
example works because a regular hexagon has angles 27z/3 and thus all
links are large. It would be interesting to find similar “link conditions™ in
higher dimensions.

The purpose of this section is to show that hyperbolized simplices, as in
Theorem 4a.3, exist in every dimension. We give two constructions. Both
constructions yield a piecewise flat, nonpositively curved, hyperbolized n-
simplex. Both constructions are by induction on n . The first construction,
the simplest, is not degree one. It is described in part (4b). The second
construction, which is due to Gromov [19, §3.4], is degree one. Neither of
the constructions presented is strict.

(4b) Cartesian product with an interval. Suppose, by induction on 7,
that (X", f) is a tangentially trivial, hyperbolized n-simplex. (We can
take X' to be the one-simplex.) Apply the Williams functor to get a
“hyperbolized n-sphere” Y" = X"A(80™"'). Put X"*' = ¥Y" x [0, 1].

We need to define the map f: X"™' — ¢"*'. The restriction of f to
the boundary (= Y" x {0, 1}) is defined to be two copies of the natural
projection Y" — 8¢ . This is then extended arbitrarily to X"*' —
o™t (6™ is contractible). Then (X"*', f) clearly does the job. (In
dimension 2 this construction was described in Example 1b.1(iii).)

(4c) Gromov’s construction. We modify the previous example to be of
degree one. To do this we need the idea of a “reflection” on a space and
using this a “cylinder construction.”

Reflections. Suppose that 4 is a topological space and that B is a
subspace. The double of A along B, denoted by D(A, B), is defined as

D(A4,B)=(Ax{-1,+1})/ ~,

where the equivalence relation ~ is defined by (a,e) ~(d’, &) iff ae B
and a=4', or (a,¢) =(d, ¢'). Denote the equivalence class of (a, &)
by [a, €]. Identify A with the image of A x 1 in D(A4, B). There is
a natural involution on D(A4, B) which sends [a, €] to [a, —¢]. The
subspace 4 is a fundamental domain for the involution (in the strong
sense that it intersects each orbit in exactly one point). The fixed point
set of the involution is B. If A4 is a geodesic space and B is a closed
totally geodesic subspace, then the metric on A induces one on D(A4, B)
(the distance between two points is the infimum of the lengths of curves
connecting them); by the Gluing Lemma (2a.4), D(4, B) is a geodesic
space and the canonical involution is an isometry.
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Suppose that Y is a topological space and that r: ¥ — Y is an invo-
lution. The involution r is a reflection if there are subspaces 4 ¢ Y and
B ¢ A4 such that B is in the fixed point set of r and so that the natural
map g: D(A4, B) —» Y given by

a ife=+1,
8lla, el = { Ha) ife=-1,

is a homeomorphism. We shall say that A4 is a half-space for r on Y . If
Y is a geodesic space, if 4 and B are totally geodesic subspaces, and if
g: D(4, B) — Y is an isometry, then r is an isometric reflection. If Y
is a manifold and A4 is a manifold with boundary B, then r is called a
locally linear reflection.

(4c.1) Lemma. Suppose that A is a manifold with boundary B, that
Y = D(A4, B), and that r is the canonical locally linear reflection on Y .
Then the following statements are equivalent :

(i) The stable tangent bundle of Y is trivial.
(ii) The stable tangent bundle of A is trivial.
(iii) The stable tangent bundle of Y is Z/2-equivariantly trivial.

Moreover, the set of trivializations of t, is naturally bijective with the
set of equivariant trivializations of T .

Proof. Since A is a submanifold of codimension 0 in Y, (i) = (ii).
One way to see that (ii) = (iii) is to notice that Y is a fiber product
according to the diagram

Y —— R

! I

A — [0, )

where ¢(t) = * and g:A4— (0, o0) is any map which is transverse to 0

and has g—l(O) = B. We then have that Y is embedded as a two-sided
submanifold of 4 x R; hence, (ii) = (iii). The implication (iii) = (i) is
obvious as is the last statement of the lemma.

The cylinder construction. Suppose that r is a reflection on a space
Y, that 4 is a half-space, and that B = A N r(A4) is the fixed point
set. Following [19, p. 116], we let Q(Y, A, r) be the space formed from
Y x[-1, 1] by gluing r(4) x (—1) to r(A4) x (+1) (via the identity map
of r(A4)). The image of 4 x {1} in (Y, A4, r) is denoted by 9Q; it
is naturally identified with D(A4, B) and hence, with Y. We list some
properties of this construction in the following proposition.
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(4c.2) Proposition. Suppose that r is a reflection on a space Y and
that A is a half-space for r. Put Q=Q(Y, A, r).

(1) Suppose that Y is an n-dimensional manifold and that the reflection
r is locally linear. Then Q is an (n+ 1)-dimensional manifold with bound-
ary; its boundary is 9Q, which is naturally identified with Y . Suppose fur-
ther that the stable tangent bundle of A is trivial and that y: v, — A xRY

is a trivialization. Then y extends to a trivialization 1o — Qx R™*' (in
particular, the stable tangent bundle of Q is trivial).

(2) Suppose Y is aspherical. Then Q is aspherical. Moreover, n,(Y) —
n,(Q) is an injection.

(3) Suppose that Y is a geodesic space and that r is an isometric reflec-
tion. Then the induced metric on Q (that is, the metric induced from the
product metric on Y x [—1, 1]) makes Q into a geodesic space and 6Q
is a totally geodesic subspace. Suppose further that the curvature of Y is
< 0. Then the curvature of & is nonpositive.

Proof. (1) The only part of (1) which requires proof is the statement
about stable tangent bundles. Another way to describe the construction
of Q is as follows. Take Y x S' and “slit it open” along A x point.
Since 7, is trivial, so is 7, (by Lemma 4c.1). Since 7, o =7y X Tg,
the stable tangent bundle of Y x S’ is trivial, so the stable tangent bundle
remains trivial when we slit it open. If y is a trivialization of 7, then
it extends to an equivariant trivialization of 7, . We can then take the
Cartesian product with some standard trivialization of 7y . Restricting
back to 4 x point, we obviously recover ¥ .

(2) This statement follows from Lemma 1h.2.

(3) This statement follows from the Gluing Lemma 2a.4.

Remark. If A is a piecewise flat polyhedron, then so are Y and Q
(since st s flat).

We now follow the same inductive procedure as in part (b). Assume, by
induction, that (X", f) is a piecewise flat, tangentially trivial, degree one,
hyperbolized n-simplex. We construct X™*'. Put Y" = X"A(80"™™").
The automorphism group of " is Z, ., the symmetric group of degree

n + 2. It acts on the derived complex (80"“)’ through automorphisms

over ¢" and the natural map 7: (80™") — ¢” can be identified with
the orbit map §” — S"/Z,,, = ¢". Also, £, acts on 9c"! as a

group generated by isometric reflections. By functoriality of the Williams
construction, I, , acts on Y" and the natural map Y" — @c™) is

¥, ,,-€quivariant. Suppose r is a transposition in ¥, _,. The complement
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of the fixed set of r on (8¢™*') has two components. It follows that the
same is true for the fixed set of » on Y”, and hence, that r actson Y" (a
smooth manifold by Proposition 1f.5) as a smooth reflection. Let 4" be
a half space for r on Y”". Finally using the cylinder construction defined
above, we put

x =", 4", ).
Extend the natural map X" = Y" = 8¢™! to f: X" = ™' by
choosing a collared neighborhood of 8X™*' in X"*' and then using the
fact that ¢"*! is the cone on 8¢"*'. It follows from Proposition 4c.2
that this gives a hyperbolization procedure with all the right properties.
The hyperbolized simplices constructed above are piecewise flat and have
curvature < 0. For constructions of hyperbolized simplices with curvature
strictly less than zero, see [19, §§3.4B and 4.3A].

5. Applications

In this section we give the details for the three examples discussed in
the Introduction.

(Sa) A nontriangulable aspherical manifold. Our goal is to prove the
following result.

(5a.1) Theorem. Thereis a closed aspherical topological four-manifold

N* with the Jollowing properties.
i) N* is not homotopy equivalent to a PL four-manifold.
(ii) N * s not homeomorphic to a simplicial complex.

(iii) The universal cover N* is not simply connected at infinity (and
hence, N* is not homeomorphic to R4).

We recall some basic facts and examples from four-dimensional topol-
ogy.

Let M 4(Es) denote the smooth, simply connected, four-manifold with
boundary, constructed by plumbing eight copies of the tangent disk bundle
of §? according to the Dynkin diagram E; (see [7, pp. 116-126]). The
boundary of M 4(Eg) , denote by 33 , is Poincaré’s homology three-sphere
(i.e., dodecahedral space). The intersection form on H2(M4(E8); Z) is
then nonsingular over Z, even, and of signature 8. Choose a smooth
triangulation of M 4(Eg) and let K(Eg) denote the four-dimensional sim-
plicial complex formed by attaching the cone on 2 to M 4(Es)- The
complex K(Ej) is a polyhedral homology four-manifold; it has one singu-
lar point (the cone point). Let w,(K(Eg)) denote the ith Stiefel-Whitney
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class of K(E;) (defined via Wu classes as in [22, p. 132]). The homology
four-manifold K(E;) has the following properties:

(a) K(Ey) is orientable.

(b) w,(K(Eg)) =0 (i.e., K(E;) is “spin”).

(c) The signature o(K(Eg)) of the intersection form is 8.

A famous theorem of Rohlin (cf. [26]) asserts that these three properties
imply that K(Ej) is not homotopy equivalent to a PL a four-manifold. On
the other hand, Freedman proved in [16] that =3 does bound a contractible
four-manifold topologically; it follows that K(E;) is homotopy equivalent
to the closed topological four-manifold formed by gluing this contractible
manifold onto M 4(Es) . This topological four-manifold will be denoted
by M 4(Eg) . Recent results of Casson (on his new invariant for homology
three-spheres) imply that any four-manifold satisfying properties (a), (b),
and (c) above cannot be triangulated (see [1, p. (xvi)]). Thus, M 4(E8) is
not homeomorphic to a simplicial complex.

Next we apply our hyperbolization procedure to the simplicial com-
plex K(Eg). Let (X 4, /) be the hyperbolization of the four-simplex con-
structed in §(4b). Put

(5a.2) P = X*AK(E,).

We list some of the properties of P* in the following lemma.
(5a.3) Lemma. Let P* be the polyhedron defined by (5a.2).

(i) P isa Dpiecewise flat, nonpositively curved, polyhedron (and hence,
P* is aspherical).
(ii) P* is a polyhedral homology four-manifold. Moreover, it is a PL
Jfour-manifold except at one singular point X, .
(iii) P* is orientable.
(iv) w,(P*)=0.
v) (P =8.
(vi) The universal cover of P* is not simply connected at infinity.
Proof. Property (i) follows from the fact that X * is a hyperbolized
four-simplex and the Gluing Lemma 2a.4. Property (ii) is the fact that P!
and K(E;) have the same links (cf. Lemma le.1). The point x, is the
“cone point,” i.e, it is the unique point in P* with link £*. The stable
tangent bundle of K(Eg) — x, is trivial; it follows from Corollary 1f.4
that the same is true for P* — X, . Properties (iii) and (iv) follow. Using
the relative version of the construction on K(Eg) x I, we get an oriented
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bordism of homology manifolds from P* to K (Eg) . Hence, o(PY) =
o(K(Eg))=8. Property (vi) follows from Proposition 3d.3. q.e.d.

We are now in a position to construct the topological four-manifold
N* needed to prove Theorem 5a.1. Let N* be the four-manifold formed
from P* by removing a neighborhood of the cone point (i.e., a cone on
23) and replacing it with a contractible four-manifold. Obviously, N 4 is
a closed topological four-manifold homotopy equivalent to P*. Thus, N 4
is aspherical (since Pt is). Moreover, from Lemma 5a.3, we have that

(a') N* is orientable.

(b)) wy (N =0

() o(NH=8.

It follows, as before, from Rohlin’s Theorem that N* is not homotopy
equivalent to a PL four-manifold and from Casson’s results that N is not
homeomorphlc to a simplicial complex. A homotopy equivalence N >
p* 1nduces a proper homotopy equivalence N* = P* of unlversal covers.
Since P* is not simply connected at infinity, neither is N.In particular,
N* is not homeomorphic to R*. This concludes the proof of Theorem
Sa.1.

The following corollary improves results of [12].

(5a.4) Corollary. In every dimension n > 4, there is a closed aspher-
ical n-manifold which is not homotopy equivalent to a PL n-manifold.

Proof. We claim that N* x T* is not homotopy equivalent to a PL
manifold. Suppose, to the contrary, that f: M" — N YT  isa homotopy
equivalence, where M" is a PL n-manifold, k¥ = n—4. First suppose that
k=1.Llet g: M > 5 8! denote a PL approximation of the composition
of f with projection to the second factor, let x, be a regular value for
g, and let Mf = g_l(xo). Then wl(Mf) = wz(Mf) = 0 and a simple
algebraic argument shows a(Ml4 ) = a(N4) = 8, contradicting Rohlin’s
Theorem. If k > 1, then we can use Farrell’s Fibering Theorem [15] to
decompose M”" as M Sx T+ ! , where M 5 is homotopy equivalent to
N* x S! and, hence, again contradict Rohlin’s Theorem.

(Sb) Nonpositively curved topological manifolds which are not covered by
Euclidean space. In [17, p. 187], Gromov asks the following question.

Question. Are there convex geodesic spaces which are topological man-
ifolds different from R"?

Here “convex” means that the distance function is convex (cf. Remark
2a.2). A generalized Cartan-Hadamard Theorem [19, p. 119] asserts that a
simply connected, nonpositively curved, geodesic space is convex. Hence,
the following result supplies an affirmative answer to Gromov’s question.
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(5b.1) Theorem. For each n > S, there is a piecewise flat, nonposi-
tively curved, polyhedron Q" with the following properties:

(1) Q" is a closed topological n-manifold.

(2) The universal cover Q" is not simply connected at oo and, hence,
not homeomorphic to R" .

The manifold Q" will be constructed by applying hyperbolization to
certain non-PL triangulations of S”.

Let A" ! bea compact acyclic smooth manifold with the following two
properties:

(1) 7,(84"") = m,(4""") is onto.

(2) The double of A™! (a homology (n — 1)-sphere) is not simply
connected.

It is fairly easy to construct such A" ! for n-1> 4. For example,
suppose that H "2 is any nonsimply connected homology (n — 2)-sphere,
that C"2 is the complement of an open (n — 2)-ball in H n=2 , and that
A" = "% x I. Since 84""! is then the double of C" 2, it is obvious
that (1) holds. The double of A""! is homeomorphic to the boundary of
A" V% I.Since A" ' xI=C"2xIxI=C"?%xD?, we have that 7,
(double of 4"™') =z, (8(C"* x D*)) = n,(C""?) # 0; hence, (2) holds.

Suppose that 4"~ satisfies (1) and (2). Let D(4, 84) denote the dou-
ble of A""! (0A and D(A, 3A4) are both homology spheres). Choose a
PL triangulation of A" " andlet Z""! be the simplicial complex formed
by attaching the cone on 84 to 4" ". (Thus, Z "lisa homology mani-
fold with the homology of S"~'.) Let ZZ denote the suspension of Z" ™' .
The geometric realization of £Z is homotopy equivalent to S” . The PL
singular set of £Z 1is an interval (the suspension of the cone point in
z"! ). The link of any vertex in XZ is either a PL (n— 1)-sphere, the sus-
pensionof 84 ,0r Z n-t (at the suspension points). Thus, every vertex has
simply connected link. It follows from Edwards Polyhedral-Topological
Manifold Characterization Theorem in (13, p. 119] that [£Z| is a mani-
fold, hence, an n-sphere (n > 5). Let R" be a standard derived neighbor-
hood of the singular interval in £Z . Clearly, 8R" = (4"~ ' x8I)U(8AXI),
i, 9R" =D(A4,0A4).

We continue as in part (5a). Let X" be a hyperbolized n-simplex.
Put Q" = X"AZZ . Then Q" is a piecewise flat, nonpositively curved,
polyhedron. Since Q" and XZ have the same links (Lemma le.1), the
PL singular set of Q" is also an interval; its derived neighborhood can be
identified with R"; and Q" is a topological n-manifold.



384 MICHAEL W. DAVIS & TADEUSZ JANUSZKIEWICZ

Let 0" denote the universal cover of Q". We note that each com-
ponent of the PL singular set is a convex inierval. (It is convex since
the one-skeleton of K" is a totally geodesic subspace of its hyperboliza-
tion, Q".) It follows from Theorem 3d.l and Corollary 3d.4 that Q"
is semistable at infinity and that its fundamental group at infinity is the
“projective free product” of an infinite number of copies z,(D(4, 04)).
This proves Theorem 5b.1.

(5b.2) Remark. Theorem 5b.1 can also be proved using reflection
groups. With notation as in Remark 3d.5, let (W,S) be a Coxeter
system with Nerve(W, S) = Z' (where Z is the generalized homology
(n—1)-sphere constructed above). Then Z is simply connected. As above,
K(W,S) is a topological manifold and is not simply connected at infin-
ity. The quotient of K(W , S) by a torsion-free subgroup of W is another
example which satisfies properties (1) and (2) in Theorem 5b.1.

We note that the above example provides a counterexample to Theorem
16.1 in [11]. There it is claimed that if Nerve(W, S) is a generalized
homology (n — 1)-sphere, then K (W, S) is simply connected at infinity
if and only if Nerve(W, S) is simply connected. However, all that is
proved is that if Nerve(W, S) is not simply connected, then K(W , S)
is not simply connected at infinity. The above construction provides a
counterexample to the stronger claim.

(5¢) A negatively curved topological manifold with no negatively curved
PL metric. The example of part (5b), with its universal cover being non-
simply connected at infinity, does not carry a nonpositively curved PL
metric (although it is homeomorphic to a PL manifold). We shall now
construct another example of this type: a PL manifold manifold carrying
a strictly negatively curved (x < 0) continuous metric, but no PL, ¥k <0,
metric.

Let 3° be a nonsimply connected homology three-sphere, with finite
fundamental group, and with triangulation K 3. Its double suspension (or
equivalently, its join with a circle) is homeomorphic to s’ ; however, the
double suspension of K 3 jsnotaPL triangulation: links of one simplices
in S! (the suspension circle) are not simply connected.

Hyperbolize S '+ K*® with a strictly hyperbolized five-simplex and call
the result N°.

(5¢c.1) Theorem. Let N > be the strictly negatively curved polyhedron
constructed above and N’ its universal cover. Then

(i) N’ is a topological manifold.
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(ii) N° is homeomorphic to a smooth five-manifold.

(iii) N° is homeomorphic to R’.

(iv) The ideal boundary S(co) of N° is not a manifold.

(v) N° does not carry a strictly negatively curved PL metric (i.e., there
is no strictly negatively curved polyhedral metric on N° so that the under-
lying polyhedron is a PL manifold).

Proof. Statement (i) follows from Edwards’ Theorem. Since N° — S°
is covered by a map of stable tangent bundles, the stable tangent bundle of
N’ is trivial. Hence, (ii) follows from smoothing theory. The metric on
N’ has strict negative curvature. The subset S e N (the hyperbolization
of the suspension circle) along which we have PL singularities is totally
geodesic. Thus, in the universal covering N’ , we see unbounded geodesics
of PL singular points and no other smgularmes. An argument similar to
those in §3 shows that the sphere of radius r, Sy(r) , about a nonsingular
point y is homeomorphic to a (nonsingular) connected sum of copies of
the suspension of =*. Hence Sy(r) is simply connected; it follows that

N s simply connected at infinity and, therefore, PL homeomorphic to
5 (cf. [30]). This proves statement (iii).

We note that (iv) implies (v). Indeed, suppose that N > carried a strictly
negatively curved PL metric. By Theorem 3b.2(iii), S(cc) would be home-
omorphic to S* and we would get a contradiction to the Efremovich-
Tichomirova Theorem (Corollary 2b.13).

It remains to prove (iv). By Theorem 3d.1, S(oc) is a simply con-
nected homology four-manifold with the homology of S*. Hence, if S(o0)
were a manifold, then, by the four-dimensional Poincaré Conjecture (cf.
[16]), it would be homeomorphic to S*. We will show that S(o00) is not
homeomorphic to st by finding two points y, and y_ in S(co) so that
S(oc) = {y,,v_} is not simply connected. The points y_ and y_ are
endpoints in S(oc) of a singular geodesic y. Since S(oo) is indepen-
dent of basepoint, choose the basepoint x to lie on a singular geodesic 7.
Then S, (r)—7 is not simply connected (its fundamental group is 7, (23 ).
Let 7, be a noncontractible loop in S, (r) — 7. As preimages of points
under geodesic contraction are connected, we can construct a curve 7
in S(c0) which projects to 7, under geodesic contraction. We claim that
1. is nontrivial in #,(S(o0) — {»,,?_}). Suppose not. Then 7 can
be homotoped to zero in the complement of some open neighborhood of
{r,,7_}. Such an open set is a full preimage of some open set U in
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S, (R) — v, for some large radius R > r. Therefore, we can push the ho-
motopy forward and kill the image of 7 in =, (S, (R) - 7). We try to
push the homotopy forward to S, (r) . Unfortunately the geodesic contrac-
tion ¢,: S (R) — S, (r) does not map S (R)—y to S, (r) —y. However,
we have the following.

(5¢.2) Lemma. Let7 _and 7_ bethepoints where y intersects S, (r).

Both the geodesic contraction c,: S (R)—c, l({7_ 7N =S (n-{r_,7}
and the inclusion i: S (R) —c, 1({7_ ,7_1) = S.(R) -y induce isomor-
phisms on fundamental groups.

Proof. Both S (R) and S (r) are nonsingular connected sums of sev-

eral copies of the suspension of 3. After collapsing extraneous copies
of this suspension to points we see that the restriction of ¢, to S (R) -

¢, 1({7 +»7_}) is cell-like, hence, a homotopy equivalence. This proves
the assertion concerning ¢,. Denote by D, and D_ the sets ¢, 1(7 )

and ¢, 1(7_). Then D, and D_ are acyclic subcomplexes. By exci-
sion, (S, (R) —7,S,(R)— (D, UD_)) is acyclic; hence, the inclusion
i:S.(R)—(D,uD_) —» S (R)—7 induces an isomorphism on homol-
ogy. The range of i, S (R) -y, is homotopy equivalent to =2 x (0, 1).
If i, is not surjective on x,, then it factors through some covering of
S, (R) — 7, contradicting the fact that it induces an isomorphism on H;.
The map i, being a surjection between two isomorphic finite groups, is
therefore an isomorphism. q.e.d.

From the lemma, we see that the image of 7 in =,(S,(R)—(D,UD_))
is nontrivial; hence, #n_, is not contractible, completing the proof of (iv)
and, thereby, Theorem 5c.1.

Remark. Similar considerations apply to a strict hyperbolization of the
double suspension of any smooth homology sphere with nontrivial finite
fundamental group. Thus, Theorem 5c.1 holds in any dimension > 5.
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