") HOKKAIDO UNIVERSITY
Y X7
Title Hypersurfaces in Statistical Manifolds
Author(s) Furuhata, Hitoshi
Citation Hokkaido University Preprint Series in Mathematics, 852, 1-15
Issue Date 2007
DOl 10.14943/84002
Doc URL http://hdl.handle.net/2115/69661
Type bulletin (article)

File Information

pre852.pdf

]

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp

HYPERSURFACES IN STATISTICAL MANIFOLDS

HITOSHI FURUHATA

ABSTRACT. The condition for the curvature of a statistical man-
ifold to admit a kind of standard hypersurface is given as a first
step of the statistical submanifold theory. A complex version of
the notion of statistical structures is also introduced.

1. INTRODUCTION

Geometry of statistical manifolds lies at the confluence of some re-
search areas such as information geometry, affine differential geometry,
and Hessian geometry. In this paper, we study hypersurfaces in sta-
tistical manifolds apart from each peculiar background. After giving
an abstract definition of statistical structures, we will go around such
areas briefly.

Throughout this paper, let M be an n-dimensional manifold, V an
affine connection, and g a Riemannian metric on M. We denote by
['(E) the set of sections of a vector bundle E — M. For example,
[D(TM®9) means the set of tensor fields of type (p,q) on M. The
torsion tensor field of V is denoted by TV € I'(TM®2). All the
objects are assumed to be smooth.

Definition 1.1. A pair (V, g) is called statistical structure on M if (1)
(VXQ)(Y, Z) - (VYQ)(X, Z) = _g(Tv(Xv Y)7 Z) holds for X7 Y7 S
[(TM), and (2) TV = 0.

Let V9 be the Levi-Civita connection of g. By definition, a pair
(V9 ¢g) is a statistical structure, which is called a trivial statistical
structure.

The name of this structure comes from information geometry (See
2]). Let p(-,0) : (X,dx) — (0,00) be a probability density parametrized
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by 0 = (6',...,0") € © C R™. For any constant a € R, we set

9o —Z{/ 810gp z,0 alog.p(:c,ﬁ)p(a:,G)d:c}dﬁidﬁj,

o0 00J
and
8210gp 1 —adlogp dlogp
—_— : 0
(0 / g0 (=9 + = aeél(x’ ) =o8i (©:0)}
0
ae%p(x,e)p(x,e)dm.

It is easy to see that gy is a positive semi-definite quadratic form on

Ty0. If g is a Riemannian metric on ©, then (0, V(¥ g) is a statis-
F(a)

tical manifold, where V(® is an affine connection defined by wk =

0
v(a) — —
9V e 565 29"
Amari’s a-connection with respect to {p(-,0) | § € ©}. These objects
are useful for a geometric understanding of statistical inference.

). In fact, ¢ is known as the Fisher metric and V(@ the

On the other hand, geometry of affine hypersurfaces has been classi-
cally studied. Blaschke finished the first monograph on this subject in
1923. By the Codazzi equation, a pair of an induced connection and an
affine fundamental form, i.e. a second fundamental form in this setting,
gives rise to a statistical structure on a nondegenerate hypersurface. A
statistical structure is called a Codazzi structure as well (See [8], [5]).

We may say that Hessian geometry is developed by Koszul, Shima
and many mathematicians (See [9]). A flat affine manifold with a
Riemannian metric locally expressed as the Hessian matrix of a function
with respect to an affine coordinate system is called a Hessian manifold.
We can consider Hessian manifolds as an important class of statistical
manifolds. The study on regular convex cones is the origin of Hessian
geometry. It is remarked that the tangent bundle of a Hessian manifold
admits a Kahler metric in a natural way, and that Hessian geometry is
closely related to Kéhler geometry.

One of interesting examples of Hessian manifolds is a special Kdahler
manifold, which was introduced by the physicists de Wit and Van
Proeyen in 1984. A number of mathematical researches of special
Kéhler manifolds followed (See [1], [3]). We consider special Kéhler
manifolds as a class of statistical manifolds and define a larger one,
which will be called holomorphic statistical manifolds (Kurose [6], [7],
Definition 2.4).

An isometric immersion preserving attached connections is called a
statistical immersion (Definition 3.1). In this paper, we study such
immersions, in particular, elementary properties of hypersurfaces in
statistical manifolds of constant curvature as a first step. Fundamental
equations for statistical submanifolds were given by Vos [11] in 1989.
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As an application, he gave an interpretation of Bartlett’s correction in
terms of curvatures and other invariant quantities.

Isometric immersions of Kahler manifolds into real space forms have
been studied as the Riemannian submanifold theory (See [10], [4]). We
consider an analogue in the statistical submanifold theoretical setting.
In Section 4, we prove that if a hypersurface in a statistical manifold of
constant curvature carries a holomorphic statistical structure of con-
stant holomorphic curvature, then the hypersurface is a special Kahler
manifold and the ambient space is a Hessian manifold (Theorem 4.1).

In Section 5, when a hypersurface in a Hessian manifold of positive
constant Hessian curvature carries a trivial Hessian structure, we can
determine its shape operator (Theorem 5.1). In particular, a horo-
sphere fo: R*" 2 (y', ... y") — Y(y',...,y", yo) € H can be character-
ized as such a hypersurface, where g, is a positive constant, and H is
the (n + 1)-dimensional upper half Hessian space of constant Hessian
curvature 4 (Corollary 5.6).

The author wishes to express his gratitude to Professor Takashi
Kurose for his useful advice.

2. PRELIMINARIES ON STATISTICAL MANIFOLDS

For an affine connection V and a Riemannian metric g on M, let V*
be the connection defined by

X9V, Z)=g(VxY,Z)+ g(Y,V5Z)

for any X,Y, Z € I'(T'M), which is called the dual connection of V with
respect to g. If (V, g) is a statistical structure on M, so is (V*, g).

Definition 2.1. A statistical structure (V, g) is said to be of constant
curvature k € R if

RY(X,Y)Z = k{g(Y,Z)X - g(X,2)Y}

holds, where RV € I'(TMU3) is the curvature tensor field of V. A
statistical structure (V,g) of constant curvature 0 is called a Hessian
structure.

We can calculate that the curvature tensor filed RY™ of the dual
connection satisfies

g(RV (X, Y)Z, W) = —g(Z, RV (X, Y)W).

Accordingly, if (V,g) is a statistical structure of constant curvature k,
then so is (V*, g). In particular, if (V,g) is Hessian, so is (V*,g).
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For a statistical structure (V, g) we define the difference tensor field
K :=KY9 ¢ (TM®%?) as

K(X,Y):=VxY — V%Y,
and the first Koszul form o := oV9 € T(TM©®V) as
a(X):=—tr{V — K(X,Y)}.

The following formulas are obtained by direct calculation:

(21) KX)Y)=K(Y,X), g(K(X)Y)Z)=gY KX 2)),

RY(X,Y)Z
= RV (X,Y)Z + (VIK)(Y, Z; X) — (VIK)(Z, X;Y)
+K(X7K(KZ)) _K(KK<Z’ ))a

RV(X,Y)Z
(2.2) =RV (X,Y)Z — (VIK)Y,Z; X) + (VIK)(Z, X;Y)
+K(X,K(Y,2)) - K(Y,K(Z, X)),

RY(X,Y)Z

= RY(X,Y)Z — (VK)(Y, Z; X) + (VK)(Z,X;Y)
+K(X,K(Y,Z)) - K(Y,K(Z, X)),

(VE)(Y. Z; X) — (VK)(Z,X:Y)
(2.3) = 2(K(X, K(¥,2)) ~ K(Y, K(Z,X)

+§{RV(X, Y)Z - RV (X,Y)Z}.
Combining (2.2)3 and (2.3), we have
RY'(X,Y)Z = —{K(X,K(Y,Z))-K(,K(Z, X))}
(2.4 = VRV, Z:X) ~ (VE)(Z X:Y)),

if (V,g) is a Hessian structure.

Definition 2.2. A Hessian structure (V,g) is said to be of constant
Hessian curvature ¢ € R if

(VXK ™) (¥, 2) = =5 {9(X.Y)Z + g(X. 2)Y}
for any X,Y, Z € I'(T'M).

We can construct a Kihler metric g” on the tangent bundle of a
Hessian manifold M by the diagonal lifting (or the Sasaki lifting) and
remark that M is of constant Hessian curvature c if and only if (T'M, g7)
is of constant holomorphic sectional curvature —c (See [9]). It is also
remarked that the tangent bundle of a statistical manifold admits an
almost Kéahler metric in the same manner.

By (2.4), if a Hessian structure (V, g) is of constant Hessian curvature
¢, then the Riemannian metric g is of constant curvature —c/4, that is,

(2.5) RV (X,Y)Z = —L{g(Y. 2)X — g(X. 2)Y}.
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Example 2.3. Let (H, g) be the upper half space of constant curvature
—1:

H:={y="y",...,y"™) e R" |y > 0},

1= () S dytdy

We define an affine connection V on H by the following relations:

Y/ 9 _ (,nt1y—1 9 V. 9 _ n+1y—1 9
VWPHW = ) Oynt1’ v%m = 2035(y"") Oynt1’
$. 0 g, O_
o Oyl arE i
where i,7 =1,...,n. Then (H, 6, g) is a Hessian manifold of constant

Hessian curvature 4.

We conjecture that V is the only connection of constant Hessian cur-
vature 4 globally defined on (H,g). Moreover, we remark that (H, V,g)
expresses the statistical model of normal distributions when dim H = 2.
In fact, the normal distribution with mean p and variance o is written
as

N(z,p,0?) = ! exp{—i(x—,uf}, reR, peR, o>0.
2702 20?

Set © := {(0',6%) € R?| 6, > 0}, X := Rand p(x,0) := N(z, V26", (6%)?).

Then the statistical manifold with respect to {p(-,0) | 6 € ©} has a

Riemannian metric g = 2(6%)72 Y df'df" of constant curvature —1/2

and a flat connection V(=Y with

1y 0 0 1y 0 0
D Y 9p2y1 2 -)_Y _ p2y-1_Y
V% 001 (") 062’ Va‘Zza%? (") 062’
- Y _g-n Y _
Vi o~ Vim0t "

Kurose [6] gave the following definition as a complex version of the
notion of statistical structures (cf. [7]).

Definition 2.4. Let M be an almost complex manifold with almost
complex structure J € D(TM®V) and (V, g) a statistical structure on
M. We denote by w the fundamental form with respect to J and g, that
is, w(X,Y) = ¢g(X,JY). The triplet (V,g,J) is called a holomorphic
statistical structure on M if w is a V-parallel 2-form.

Let (M, J) be an almost complex manifold, g a Hermitian metric,
w the fundamental 2-form, and V an affine connection of torsion free.
For § € R, we define ¢/ € T(TM®Y), an affine connection V? and
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dVJ e T(N°T*M @ TM) by

e’ X :=cosHX +sinfJ X,
V&Y ="V (e7Y),
AV J(X,Y) = (VxJ)Y — (Vy J)X.

By direct calculation, we have the following formulas:

(V&Y. Z) = (V99)(X, Z)
= g(TV)(X,Y) = TV)NX,Y), Z),
(V&)Y T Z) = g(Y, (V)5 Z — (V*)% Z)
= g(Y, " (Vi = Vx)e " Z),
TV (X,Y)—TY(X,Y) = —sin0e?’dV J(X,Y),

where V7 := V™2 that is, VY := JVx(J~'Y). Combining the
above relations, we have

Proposition 2.5. Let (M,V,g) be a statistical manifold, and J an
almost complex structure compatible with g. Then the following four
conditions are equivalent:

(1) (V,g,J) is a holomorphic statistical structure.

(2) V*=V".

(3)dV.J = 0.

(4) (V% g,J) is a holomorphic statistical structure for each .
Moreover, these conditions imply that

(5) (g,J) is Kdhlerian.

In fact, the last assertion is obtained as follows. The fundamental

2-form w is closed, because it is V-parallel and V is of torsion free.
Since 2V9 = V + V* = V + V7, we have that J is V9-parallel, and
then J is integrable.

We remark that the statistical structure is trivial if V = V. It is also
easy to show that the first Koszul form « of a holomorphic statistical
manifold (M, V, g, J) vanishes. It follows from
KV'9(X)Y)=-KV9(X,Y),

KVI(X,JY) = -JKV9(X,)Y).

In the same idea to the real case, we put the following

(2.6)

Definition 2.6. Let (M, V, g, J) be a holomorphic statistical manifold.
It is said to be of constant holomorphic curvature k € R if the following
holds:

RY(X.¥)Z = " {g(v. 2)X — g(x. 2)Y
+g(JY, Z2)IX — g(JX, Z)JY +2g(X,JY)JZ}
for any X, Y, Z e I'(TM).
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A holomorphic statistical structure of holomorphic curvature 0 is
nothing but a special Kahler manifold. There are interesting examples
of such manifolds which are realized as improper affine hyperspheres
constructed from holomorphic functions ([3]). By the following remark,
you can also get holomorphic statistical structures, which are not spe-
cial Kahlerian.

Remark 2.7. Let (M,V,g,J) be a holomorphic statistical manifold
with difference tensor field K = K(V:9) and ¢ a function on M. Then
(V¥ :=V+pK,g,J) is also a holomorphic statistical structure on M.
The relation of the curvature tensor fields are given by

RY*(X,Y)Z
= RY(X,Y)Z + ¢"{K(X,K(Y, Z)) - K(Y,K(Z,X))}
—p{(VE)(Y, Z; X) = (VK)(Z, X;Y)}
+dp(Y)K(X, Z) — dp(X)K(Y, Z).

Remark 2.8. Let (M, g, J) be a Kihler manifold, and K € T'(TM*2)
satisfying (2.1) and (2.6)2. Then (V := V9 + K ¢, J) is a holomorphic
statistical structure on M.

3. STATISTICAL HYPERSURFACES

Let (M , %,ﬁ) be a statistical manifold, and f : M — M an immer-
sion. We define g and V on M by

(3.1) 9=17, 9(VxY,Z)=g(Vxt.Y. .2)

for any XY, Z € I'(T M), where the connection induced from v by f
on the induced bundle f* TM — M is denoted by the same symbol V.
Then the pair (V, g) is a statistical structure on M, which is called the
one induced by f from (6,@)

Definition 3.1. Let (M,V,g) and (M,%,@ be two statistical man-

ifolds. An immersion f : M — M is called a statistical immersion if
(V, g) coincides with the induced statistical structure, namely, if (3.1)
holds.

Concerning the theory on statistical submanifolds, we refer the reader
o [11]. Fundamental equations for statistical immersions of general
codimensions are obtained by Vos. This notion seems useful in statis-
tical inference.
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Suppose f : (M,V,g) — (Zf\\/f/,%,ﬁ) be a statistical immersion of
codimension one, and ¢ € I'(f*T M ) a unit normal vector field of f.
We define h, h* € T(TM©®?), A A* € T(TM®V) and 7,7* € T(TM*)
by the following Gauss and Weingarten formulas:

VxfY = £.VxY + h(X,Y)E,

Vxé = — LA X + 7 (X)E,

Vi LY = LVAY + b5 (X, Y)E,

Vi = —fLAX +7(X)E, XY e D(TM),

where V* is the dual connection of V with respect to g. It is easy to
show that the connection induced from V* is the dual connection of V
with respect to g. Besides the following hold for any XY € I'(T'M):

WX,Y) =g(AX,)Y), h*(X,Y)=g(A*X,Y),

B2 X)) +(X) =0

In addition, we define II € T(TM©®?) and S € T(TM®Y) by using
the Riemannian Gauss and Weingarten formulas:

VLY = £VY + (X, Y)E,
ViE=—f.5X.

In a standard way, we have the Gauss, Codazzi and Ricci equations
for a statistical hypersurface in the case that the ambient space is of
constant curvature k:

RY(X,Y)Z = B{g(Y, 2)X — g(X, Z)Y'}

H{h(Y, 2)A*X — h(X, Z)A*Y},
(Vh)(Y, Z) + 7 (X)h(Y, Z)

— (Vyh)(X, 2) + T (Y)h(X, 2),
(Vx A" )Y — 75 (X)A*Y = (Vy A X — 75(V)A*X,
h(X, A*Y) — h(Y, A*X) = dr*(X,Y),

(3.3)

RV (X,Y)Z = k{g(Y, 2)X — g(X, Z)Y}
{1 (Y, Z)AX — h*(X, Z)AY'},
(Vich) (Y. Z) + (X)W (Y, Z)
= (Vh)(X, 2) 4 7(V)I(X, 2),
(VXA — 7(X)AY = (Vi A)X — 7(Y)AX,
B (X, AY) — h*(Y, AX) = dr(X,Y),

(3.4)

RY(X,Y)Z =RV (X,Y)Z
VII(Y, Z)SX — II(X, Z)SY,
(3.5) (V&I(Y, Z) = (VL I)(X, Z),
(V2.S)Y = (V4.9)X
[(X,8Y) - I(Y,SX) =
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Furthermore, we will fix the notation here as follows:

K= K9 ¢ N(TMW), K := K& ¢ D(TM12),
b:=h—II € T(TM©®?),
B:=A-S, B*:=A"—S e(TMMY),
T el(TM) : g(r*, X) = 7(X) for any X € ['(TM),
vi=g(K(¢€),§) € CF(M).
By definition, we can get the following formulas: for any X,Y,Z €
r(TM).
R(£.XLY) = LE(X,Y) +H(X,V)E,
K(&,6) = fur® +v¢,

and

(VxE)(1.Y, [.2)
= {(VxK)(Y, Z) —b(Y, Z) A" X
+h(X,Y)B*Z + h(X,Z)B*Y'}
AT, Z) = T 2)WXY) = T (Y)R(X, Z))E,
(3.6) (VXK)(f*Ya 5)
— FAK(Y, A*X) — 7*(Y)A*X — h(X,Y)r!
—(VxB"Y +7%(X)B*Y}
HA(X Y )y = WX, BY) + (Vx7)(Y) + 0(Y, A" X) ¢,
(VxK)(E,€)
= f{VxT! —VA*X — 2B*A*X — 27%(X)7%}
+H{W(X, %) — v (X) + 277 (A*X) + XV}E.

4. HOLOMORPHIC STATISTICAL MANIFOLDS AS HYPERSURFACES

In this section, we prove the following

Theorem 4.1. Let (M, V. 9) be a (2m+1)-dimensional statistical man-
ifold of constant curvature k with m >2, and (M,V,g,J) a holomor-
phic statistical manifold of constant holomorphic curvature k. If there
exists a statistical immersion f : M — M of codimension 1, then the
curvatures k and k vanish. Moreover, the shape operators satisfy the
following relations for some function u :

A* = pA,

u{g(AY, Z)AX — g(AX,Z)AY } =0,

forany X,Y,Z € T'(TM). In particular, if rank A = 2m, then A* =
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Proof. By (3.2) and the Gauss equation (3.3);, we have

%{g(y, Z)X — g(X, 2)Y + g(JY,Z)JX — g(JX, Z)JY
+2¢(X, JY)JZ}
= k{g(Y, 2)X — g(X, 2)Y} + g(AY, Z)A* X — g(AX, Z)A*Y.

By taking the trace with respect to X, we get

(4.1) AA* — (tr A) A = {(2m — 1)k — %(m + 1)k},
where [ is the identity transformation. Hence,

(4.2) AA* = A" A.

In fact, let {e;} be an orthogonal basis of (T,M, g,) such that Ae; =
Aje; for some \; € R. Setting A*e; = Zaé-el, we have

~ 1
0 = AA%; — (tr A%) Ae; — {(2m — 1)k — é(m + 1)k}e,

. ~ 1
= |Naj+ (tr A7) A —{(2m — 1)k — i(m + 1)]@}} e; + Z )\laz-el,
I#j
from which for | # j, we obtain /\laé» = 0. Accordingly, (AA* —

A*A)e; =0 for all e;.
JFrom (4.2) we can choose an orthogonal basis {e;} such that

Aej = Ajej,  A'e; = Nej,

for some A;, A7 € R. Using this frame at (4.1), we get

0= A\ — (ZAJ 2m—1)k—§(m—i—1)kz}

1
0 = D NN =D A N —2mf( 2m—1)k—§(m+1)k}
~ 1
< =2m{(2m — 1)k — é(m + 1)k}.
We then conclude that
~ 1
(4.3) (2m — 1)k — §(m + 1)k <0,

and that the equality holds if and only if there exists a function p such
that A* = uA.
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In the following step, we shall prove that k£ vanishes when m > 2.
Using the above frame, we write the Gauss equation as

k
0 = Z{g(€2,2>€1—g<€1,Z)€2—|—g(J€2,Z)J€1—g(Jel,Z)Jeg

+2g(er, Jes)JZ} — k{gles, Z)er — gler, Z)es}
—g(AGQ, Z)A*el + g(Ael, Z)A*GQ

ko~ ko~
= {Z —k— )\2)\?}9(62, Z)61 — {Z —k— )\1)\;}g<€1, Z)€2
k
"‘Z{Q(Je% Z)Jer — g(Jer, Z)Jey +2g(e1, Jez) JZ}.
If Z is orthogonal to {ej,es}, then it follows that

kg(Jes, Z) = kg(Jer, Z) = kyg(e1, Jes) = 0.

In the case that g(ey, Jes) # 0, we get k£ = 0. In the other case, setting
7 = Jey, we arrive at the same result.

In the last step, we shall prove that k vanishes. Since k = 0, the
Gauss equation is written as

0=k{g(Y,2)X — g(X, Z)Y} + g(AY, 2)A"X — g(AX, Z)A"Y.
Setting X = Z = ¢, and Y =¢; (j # i), we have
AN =~k jA

If & # 0, then it implies that

AN ==X, = A F0, A==y, =" A#0,
from which A* = A*A71 A, that is, the equality of (4.3) holds. Therefore,
it contradicts the assumption. U

5. TRIVIAL STATISTICAL MANIFOLDS AS HYPERSURFACES

In this section, we prove the following

Theorem 5.1. Let (M, %,’gv) be a Hessian manifold of constant Hes-
sian curvature ¢, and (M,V,g) a trivial Hessian manifold. If there is
a statistical immersion f : M — M of codimension one, then ¢ is non-
negative. Moreover, when ¢ is positive, the Riemannian shape operator

1
S of [ is given by S = :tﬁ\/éf.



12 FURUHATA

Lemma 5.2. Suppose (Zf\\/f/,%,ﬁ) be a Hessian manifold of constant
Hessian curvature ¢ # 0, (M,V,g) a trivial statistical manifold, and

f M — M a statistical immersion of codimension one. Then T*
vanishes.

Proof. By (2.5) and the Gauss equation (3.5);, we have

¢
0 = {9y, 2)X —g(X, 2)Y}
+9(BY, Z)B*X — g(BX, Z)B*Y.

In the same way, a direct calculation shows

(5.1)

(5.2) 0 = (XY, Z) - (Y)b(X, Z),
(5.3) 0 = ™(Y)B*X — m(X)B"Y,
(5.4) 0 = —g([B,B]X,Y).

We remark that B and B* are simultaneously diagonalizable by (5.4).
In the case that B* is of the form A\*I, we have 0 = X*{7*(Y)X —
7(X)Y'} by (5.3). Suppose A* # 0, 7* vanishes. Otherwise, ¢ vanishes
from (5.1).
In the case that B* is not of the form A*I, there are A} # A} so
that B*X; = A\;X; where g(X;, X;) = 05, 1, j = 1,2. Besides there are
A1, A2 so that BX; = A\;X;. The equation (5.1) implies that

C C
—+ A A)g(X2, 2) X, — (Z + A1) g(X1, Z) X,

0= (5

and hence _
Ao = Mo = —2 £ 0.

By (5.3) we have 0 = \57%(X1)Xs — A\j7*(X2) X1, which implies that
7* vanishes. i

The equations (3.6) combined with Definition 2.2 yield that

(X V)7 +9(X, 2)¥)
(5.5) = (VxK)(Y,Z) = b(Y, Z)A* X
+h(X,Y)B*Z + h(X, Z)B*Y,

0=hX,K(Y,Z))+ (Vxb)(Y, 2Z)

>0 +7(X)(Y, Z) — T(Z)h(X,Y) — T*(Y)(X, Z),
(5.7) 0=KY,A*X) -7 (Y)A*X — h(X,Y)7*

' +HVxB*)Y + 7(X)B*Y,
(5.8) —gg(X, Y)=—-h(X,Y)r—h(X,B"Y)

+(Vxm)Y +b(Y, A*X),
(5.9) 0=Vxr!—vA*X —2B*A*X — 27*(X)7¥,
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(5.10) 0=h(X,7%) —vr*(X) + 277 (A*X) + dv(X).
Taking the trace of (5.5) with respect to X, we have
(5.11) —cg(Y,Z) = —tr A"0(Y, Z) + h(B*Z,Y) + h(B*Y, 7).

On the other hand, taking the trace of (5.5) with respect to Y, we get

—5(n+1)g(X, 2)
=" W(A*X, Z) + h(X,B*Z) + tr B*h(X, 7).
This combined with (5.8) shows

(5.12)

(v = tr BYA(X,Y) = S(n+2)g(X,Y) + (Vxr")(¥).
By Lemma 5.2, if ¢ # 0, we have
(5.13) h= g(n+2)(y—trB*)_1g,

and that A is nondegenerate.

Lemma 5.3. Let (M, v, g) be a Hessian manifold of constant Hessian

curvature ¢ # 0, (M, V, g) a trivial Hessian manifold, and f : M — M
a statistical immersion of codimension one. Then the following hold:

1 ~
A* =0, B* = —§y[, h =cv1g,

- 1 -
A=cow I, B= 51/71(2c — A1

Proof. Since V and V are flat, the equation (3.3); implies that 0 =
hY,Z)A*X — h(X,Z)A*Y, and so 0 = h((tr A*I — A*)Y, Z). Since h
is nondegenerate, A* vanishes.

JFrom (5.11) and (5.13), we have

0 = Y, 2)+nY,B*Z)+ hB'Y,Z)
= cg{{(n+2)(v —tr B*)"'B* + I}Y, Z),
and that
(5.14) B*=—(n+2)"Yv—trB)I.
On the other hand, the equation (5.12) implies

0 = g(n+1)g(X,Z)+h(X,B*Z)+trB*h(X,Z)

- gg(X, [(n+2)(v—tr BY) "B+
{(n+1)+(n+2)(v—trB) " tr B*}] 2),

and hence
(5.15) B*=—(n+2)"Y(n+1)v+tr B*}I.
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Comparing (5.14) and (5.15), we have

1
(5.16) tr B* = —5";

1
and conclude that B* = —51/] .
Finally, from (5.13) and (5.16), we get h = cv~'g. We obtain A =
- 1 _
cv I from (3.2), and calculate that B = B* + (A — A*) = §V_1(2c —
). O
Proof of Theorem 5.1 . Assuming ¢ # 0, by (5.1) and Lemma 5.3, we
have
c
+g(BY, Z2)B*X — g(BX,Z)B'Y
1
and thus conclude that ¢ = /2 is positive. As a result, we have that
1 1
S=A"—B* = vl =+-Val.
2 2
U

Example 5.4. Let (H,V,§) be the (n + 1)-dimensional upper half
Hessian space of constant Hessian curvature 4 as in Example 2.3. For
a constant yo > 0, write the following immersion by fj:

R" 'y ") =y v ) € H.

Let (V, g) be the statistical structure on R” induced by f; from (V,g).
We then get that (V,g) is a Hessian structure and K(V9) = 0. In
other words, fo is a statistical immersion of the trivial Hessian manifold
(R™,V,g) into the upper half Hessian space (H,V,q). It is easy to
calculate that

0
5:?JOW7
II=g9, S=1I,

h=2g, h*=0, A*=0, A=2I, 7" =71 =0.

Remark 5.5. We denote by f; the other type expression of horospheres
in the upper half space, that is,

r%(|z —al* +4r*)" Yz —a) + a

fi:R"> 2+ 8r3(|z—a|2+47"2)*1

€ H,
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where r > 0 and a € R". We remark that the image fi(R") is the set
{y e R" ™ | |y — [ i } | =7r}\ {{ 8 }}, which is congruent to fo(R")

in the sense of Riemannian geometry. We can take & = 8r°(|z — a|* +

) 0
4r%) 2 {4r Z(zl — al)a—yi + (4r® — |z — a|2>ayn+1
vector field, and calculate that IT = g, S = I and VY is flat, of course,
but that 7% = —r72(|z—a|*+4r*) 73 (|2 — a|® + 6|z — a|*r? — 32r%) > (2'—
a’)dz' # 0.

as a unit normal

Combining Example 5.4, Remark 5.5 and Theorem 5.1, we conclude
the following

Corollary 5.6. Let (M,V,g) be a connected trivial Hessian manifold
of dimensionn. If f - (M,V,q) — (H,V,q) is a statistical immersion,
then f(M) is an open subset of fo(R™).
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