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ABSTRACT. We define a quarter symmetric non-metric connection in an almost -
paracontact Riemannian manifold and we consider invariant, non-invariant and anti-
invariant hypersurfaces of an almost r-paracontact Riemannian manifold endowed with
a quarter symmetric non-metric connection.

1. Introduction

Let V be a linear connection in an n-dimensional differentiable manifold M.
The torsion tensor T' and the curvature tensor R of V are given respectively by

T(X,Y)=VxY — VyX — [X,Y],
R(X,Y)YZ=VxVyZ — VyVxZ -— Vixy)Z

The connection V is symmetric if its torsion tensor 7' vanishes, otherwise it is non-
symmetric. The connection V is a metric connection if there is a Riemannian metric
g in M such that Vg = 0, otherwise it is non-metric. It is well known that a linear
connection is symmetric and metric if and only if it is the Levi-Civita connection.

In [8], S. Golab introduced the idea of a quarter symmetric linear connection
in a differentiable manifold. A linear connection is said to be a quarter-symmetric
connection if its torsion tensor 7' is of the form

(L1) T(XY)=u(Y)pX — u(X)eY,

where u is a 1-form and ¢ is a (1,1)-tensor field. In [8], [11] some properties of some
kinds of quarter symmetric non-metric connections were studied.
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A. Bucki and A. Miernowski defined an almost r-paracontact structures and
studied some properties of invariant hypersurfaces of an almost r-paracontact struc-
tures in [5] and [6] respectively. A. Bucki also studied almost r-paracontact struc-
tures of P-Sasakian type in [3]. I. Mihai and K. Matsumoto studied submanifolds of
an almost r-paracontact Riemannian manifold of P-Sasakian type in [10]. Hyper-
surfaces of an almost r-paracontact Riemannian manifold endowed with a quarter-
symmetric metric connection were studied by first and third author and J. B. Jun in
[2]. Hypersurfaces of an almost r-paracontact Riemannian manifold endowed with a
semi-symmetric metric connection were studied by J. B. Jun and the first author in
[9]. Hypersurfaces of an almost r-paracontact Riemannian manifold endowed with
a semi-symmetric non-metric connection were studied by first and second author in
[1].

Motivated by the studies of the above authors, in this paper, we study quarter
symmetric non-metric connection in an almost r-paracontact Riemannian manifold.
We consider invariant, non-invariant and anti-invariant hypersurfaces of almost -
paracontact Riemannian manifold endowed with a quarter symmetric non-metric
connection.

The paper is organized as follows: In Section 2, we give a brief introduction
about an almost r-paracontact Riemannian manifold. In Section 3, we show that
the induced connection on a hypersurface of an almost r-paracontact Riemannian
manifold with a quarter symmetric non-metric connection with respect to the unit
normal is also a quarter symmetric non-metric connection. We find the characteris-
tic properties of invariant, non-invariant and anti-invariant hypersurfaces of almost
r-paracontact Riemannian manifold endowed with a quarter symmetric non-metric
connection.

2. Preliminaries

Let M be an n-dimensional Riemannian manifold with a positive definite metric
g. If there exist a tensor field ¢ of type (1,1), r vector fields &;,&a, -+, & (n > 1),
and r 1-forms n*,n?,--- ,n" such that

(2.1) n*(p) =05, a,Be(r)={1,2,3,-- 1},
(2.2) 902(X): —7*(X)éa,

(2.3) n*(X) =9(X,&), ac(r),

(2.4) 9(eX, oY) = g(X,

Y) =D n* (X)),

where X and Y are vector fields on M, then the structure ) = (w,fa,n“,g)ae(r)
is said to be an almost r-paracontact Riemannian structure and M is an almost
r-paracontact Riemannian manifold [5]. From (2.1)-(2.4), we have

(2.5) (€a) =0, ae(r),
(2.6) n“op=0, ac/(r),
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(2.7) V(X Y) Y g(oX,Y) = g(X, 0Y).

For Riemannian connection % on M, the tensor N is given by
N(X,Y) = (ewsﬁ) X = (%MP) oY — (ﬁax@) Y

(25) +(Fre) eX 400 121V 6o

An almost r-paracontact Riemannian manifold M with structure
= (cp,ﬁa,na,g)ae(r) is said to be of para-contact type if

20(X,Y) = (Vxna> Y + (Vyn“) X, forall ae(r).
If all n® are closed, then the last equation reduces to
(2.9) U(X,Y)= <VX770‘) Y, forall e (r)

and M satisfying this condition is called an almost r-paracontact Riemannian man-
ifold of s-paracontact type [3]. An almost r-paracontact Riemannian manifold M
with a structure - = (¢, &0, 1%, 9) ye () i said to be P-Sasakian if it satisfies (2.6)

ag(
and
(%w) (X,Y) = =S |90V, 2) - SV (2)
o B
(2.10) = 0" (Y) |9(X,2) =Y 0’ (VIn’(2)
o ]

for all vector fields X, Y and Z on M [3]. The conditions (2.9) and (2.10) are
equivalent to

(2.11) pX = %Xfa, for all a € (1)

and

(Fre)x - DYEIIE WA

B

(2.12) -

g(X,Y) =Y n*(X)m* (V)| Y &,
o [
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respectively.
We define a quarter symmetric non-metric connection V on M by

(2.13) VY = VxV +7%(Y)eX,

for any o € (r). Using (2.13) we get

(Vy@)X = =) n*X)[Y —5*(YV)&]

(2.14) — g(X,Y) =D (X)) | D &
o B

and

(2.15) V& = 20X.

3. Hypersurfaces of almost r-paracontact Riemannian manifold with a
quarter-symmetric non-metric connection

Let M"+1 be an almost r-paracontact Riemannian manifold with a positive
definite metric g and M™ be a hypersurface immersed in M"*! by immersion f :
M™ — M™ ! If B denote the differential of f then any vector field X € x(M™)

implies BX € y(M"1). We denote the object belonging to M™ by the mark of
hyphen placed over them, e.g, @, X, 7, etc.

Let N be the unit normal field to M™. Then the induced metric g on M" is
defined by
(3.1) g(X,Y) =g(X,Y).
Then we have [7]

(3.2) g(X,N)=0 and g(N,N)=1.
Equation of Gauss with respect to Riemannian connection % is given by
(3.3) VxY =VgY +h(X,Y)N.

If V is the induced connection on hypersurface from V with respect to unit normal
N, then Gauss equation is given by

(3.4) %YY =VxY +h(X,Y)N,
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where, h is second fundamental tensor satisfying
(3.5) MX,Y)=h(Y,X)=g(H(X),Y)

and H is the shape operator of M™ in Mn+1. If ¥ is the induced connection on
hypersurface from the quarter symmetric non-metric connection V with respect to
unit normal N, then we have

where m is a tensor field of type (0, 2) on hypersurface M". From (2.13), using
X =X + b(X)N we obtain

(3.7) VY =VgY +7°(Y) (X + b(X)N).
From equations (3.4), (3.6) and (3.7), we get

V<Y +m(X,Y)N =V5Y + h(X,Y)N +7*(Y)pX + 7*(Y)b(X)N.
By taking tangential and normal parts from both the sides, we obtain

(3.8) VY = VxY +7°(Y)pX
and
(3.9) m(X,Y) =h(X,Y)+7*Y)b(X).

Thus we get the following theorem:

Theorem 3.1. The connection induced on a hypersurface of an almost r-
paracontact Riemannian manifold with a quarter-symmetric non-metric connection
with respect to the unit normal is also a quarter-symmetric non-metric connection.

From (3.6) and (3.9), we have
(3.10) VY = V5Y + h(X,Y)N +7*(Y)b(X),

which is Gauss equation for a quarter symmetric non-metric connection. The equa-

tion of Weingarten with respect to the Riemannian connection V is given by
(3.11) V<N =-HX
for every X in M". From equation (2.13), we have

(3.12) VN = VN + u@X + aab(X)N,
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where

(3.13) W (N) = aq = m(&).
From (3.11) and (3.12), we have

(3.14) VN = —MX,

where MX = HX — a,$X — an,b(X)N, which is Weingarten equation with respect
to quarter symmetric non-metric connection.
Now, suppose that > = (cp,§a7na,g)a€(r) is an almost r-paracontact Rieman-

nian structure on M"+1, then every vector field X on M"+! is decomposed as
(3.15) X =X +U(X)N,

where [ is a 1-form on M"*! and for any vector field X on M™ and normal N, we
have

(3.16) ¢X = 5X + b(X)N,
(3.17) oN =N+ KN,

where @ is a tensor field of type (1,1) on hypersurface M™, b is a 1-form on M™ and
K is a scalar function on M™. For each a € (r), we have

(3.18) fa =&+ aaN,
where ao = m(£,) =n*(N), a € (r). Now, we define 77 by

(3.19) n*(X) =n*(X), aec(r).

Making use of (3.16), (3.17), (3.18) and (3.13), from (2.1)-(2.5), we obtain

(3.20) 7°X +b(X)N = X —1%(X)E,,,
(3.21) b(@X) + Kb(X) = —a,n*(X)
(3.22) PN+ KN =-) aaf,
(3.23) b(N)+K?=1-) (aa)?
(3.24) PE) + N =0,
(3.25) Kag +b(E,) =0,
(3.26) (1 0 P) (X) + b(X)aq =0,
(3.27) 7*(€5) + anap = 63,
(3.28) 7(X) = 9(X, &),
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(3.29) ?(@Y, ¢?) — b(Y)b(?) = g(Y, ?) _ Zﬁa (Y)ﬁa (?)’
and
(3:30) U(X,Y)=39®X,Y) =39(X,9Y) = U(X,Y).

where a, 8 € (r) Using (3.1), (3.2), (3.17), (3.18) and (2.7), we have
9(PX,N) = g(¢X,N) = b(X) = g(X, pN) - b(X) = 0.

Hence we get

(3.31) 9(X,N) = b(X),

(see [4]). Differentiating (3.16) and (3.17) along M™ and making use of (3.10),
(3.29) and (3.1) we get

(Vyo)X = (V¥P)X = h(X,Y)N +7%(@X)b(Y) - b(X) [H(Y) — a.pY
(3.32) + [M@X,Y) + (Vyb) X — Kh(X,Y) + aab(X)b(Y)] N,
and
(Vyp)N = VN +GH(Y) —asY +aai(Y)E, = b(Y) (aaN —7%(N))
+K (aapY —H(Y)) + [R(Y,N) + Y(K) + bH(Y) .
(3.33) —aq (b(Y) = b(®Y))] N.

From (3.18) and (3.13), we have

(3.34) Vita = Vs —aaH(Y)+ (a0)’BY +7%(€,)b(Y)
+ [(aa)?6(Y) + Y (an) + (Y ,E,)| N

and

(335) (VYna) Y = (vvﬁa) Y — h(?, Y)aa.

From identity
(VZ\I/) (Xa Y) = g((vZ(p> X, Y)’

using (3.30), (3.31) and (3.32) we have
(Vz¥0) (X,Y) = (Vz9)(X,Y) - WX, Z)b(Y)
(3.36) —b(X)WZ,Y) + ab(X)V(Y, Z).
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Theorem 3.2. If M" is an invariant hypersurface immersed in an almost -
paracontact Riemannian manifold M™1 endowed with a quarter symmetric non-
metric connection with structure Y, = (p,&q, n“,g)ae(r), then either

(i) All &, are tangent to M™ and M™ admits an almost r-paracontact Riemannian
structure Y, = (7, Ea’ﬁa@)ae(r)’ (n—r>2)or

(ii) One of &4 (say &) is normal to M™ and remaining &, are tangent to M™ and M™
admits an almost (r —1)-paracontact Riemannian structure Y, = (¢,&;,7',7)

(n—r>1).

i€(r)’

Proof. The proof is similar to the proof of Theorem 3.3 in [4]. |

Corollary 3.3. If M™ is a hypersurface immersed in an almost r-paracontact Rie-
mannian manifold M"Y with a structure > = (@, Ea,ﬁa,g)ae(r) endowed with a
quarter symmetric non-metric connection, then the following statements are equiv-
alent.

(i) M™ is invariant,

(ii) The normal field N is an eigenvector of o,

(iil) All &, are tangent to M™ if and only if M™ admits an almost r-paracontact
Riemannian structure Y, or one of & is normal and (r — 1) remaining & are
tangent to M™ if and only if M™ admits an almost (r — 1) paracontact Riemannian
structure ) .

Theorem 3.4. If M™is an invariant hypersurface immersed in an almost r-
paracontact Riemannian manifold M™1 of P-Sasakian type endowed with a quarter
symmetric non-metric connection then the induced almost r-paracontact Rieman-
nian structure Y, or (r — 1) paracontact Riemannian structure ), are also of
P-Sasakian type.

Proof. The computations are similar to the proof of Theorem 3.1 in [4]. O
Lemma 3.5([4]). Vx(tracep) = trace (Vx9p).

Theorem 3.6. Let M™ be a non-invariant hypersurface of an almost r-paracontact
Riemannian manifold M"™*' with a structure Y. = (cp,{a,na,g)ae(r) satisfying
Vo =0 along M™ then M™ is totally geodesic if and only if

(V52) X + b(X)aad? +7° (X) b(T) = 0.
Proof. From (3.32) we have

(3.37) (Vi9) X = h(Y,X)N = b(X) (H(Y) — aapY) =0
and
(3.38) h(@X,Y) + (Vb)) X — Kh(Y,X) + anb(X)b(Y) = 0.

If M™ is totally geodesic, then h =0 and H = 0. So from (3.37), we get
(Vy2) X 4+ b(X)aa@Y +7* (9X) b(Y) = 0.
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Conversely, if (Vy@) X + b(X)aa@Y + 7% (X) b(Y) = 0, then

(3.39) WY, X)N +bX)H(Y) =0.

(3.40) bX)WY,Z)+b(Z)h(X,Z) = 0.

Using (3.39), we get from (3.5)

WX, Z) = b(2Z)h(X, 7).

So from (3.40) and (3.41) we get b(Z)h(X,Y) = 0. This gives us h = 0 since b # 0.
Using A = 0 in (3.40), we get H = 0. Thus, h = 0 and H = 0. Hence M™ is totally
geodesic. This completes the proof of the theorem. O

We have also the following:

Theorem 3.7. Let M" be a non-invariant hypersurface of an almost r-paracontact
Riemannian manifold M™+! with a quarter symmetric non-metric connection and
satisfying Vo = 0 along M™. If tracep = constant, then

(3.41) h(X,N) = 1aaZb(ea)@(ea,Y).

Proof. From (3.37) we have
7 ((Vy9) X, X) =2h(X,Y)b(X) — anb(X)g(X,Y)

and using N = > b(eq)eq
Vxl(tracep) = 2h(X,N) — aa Y _blea)¥(cq, X).

Using Lemma 3.5, we get (3.41), where N = >_b(e,)e,. Thus our theorem is proved.

O

Let M™ be an almost r-paracontact Riemannian manifold of S-paracontact
type, then from (2.11), (3.16) and (3.34), we get

(342) 7K = 3 [Txbu —aaH(X) + (026X + 1" EHX)], e ()
(343)  6(X) =5 [K(aa) + h(EE) + (0)*B(X)], ae )

Making use of (3.43), if M™ is totally geodesic then a,, = 0 and h = 0. Hence b = 0,
that is, M™ is invariant.
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So we have the following Proposition:

Proposition 3.8. If M" is totally geodesic hypersurface of an almost r-paracontact
Riemannian manifold M™ 1 with a quarter symmetric non-metric connection of S-
paracontact type with a structure Y = (¢, €4, 1%, g) ) and all &, are tangent to
M™, then M™ is invariant.

ae(r

Theorem 3.9. If M" is an anti-invariant hypersurface of an almost r-paracontact
Riemannian manifold M"™ " with a quarter symmetric non-metric connection of S-
paracontact type with a structure 3 = (9,€a,M%, 9) 4 () then Vo +b(X) = 0.

Proof. If M™ is anti-invariant then g = 0, a, = 0 and from (3.42), we have
V+éa +b(X) = 0.
This completes the proof of the theorem. O

Now, let M™ be an almost r-paracontact Riemannian manifold of P-Sasakian
type. Then from (2.14) and (3.32), we have

(Vi) X — h(X,Y)N = b(X)H(Y) + aab(X)BY +7*(X)b(Y)

From above equation we have
(344) (Vy2) X = h(X,Y)N = b(X)H(Y) + aub(X)FY +7°(FX)b(Y)

== 7 X) [V -7 (V)E,] - [a(X.7) =) 7 (X)7*(Y)

[0

Theorem 3.10. Let M be an almost r-paracontact Riemannian manifold of
P-Sasakian type with a quarter symmetric non-metric connection with a structure
S =(p,&as no‘,g)ae(r) and let M™ be a hypersurface immersed in M"Y such that
none of &, is tangent to M™. Then M™ is totally geodesic if and only if.

(Vi) X +aab(X)gY = =) 7°(X) [V - 7*(V)E,]

(3.45) 7 @X)B(Y) - |gX.Y) =D "X (Y)Y _&s.
a 8

Proof. 1f (3.45) is satisfied then from (3.45), we get b(Z)h(X,Y) = 0. Since
b # 0 hence h(X,Y) = 0. Conversely, let M™ be totally geodesic, that
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is, W(X,Y) = 0, H = 0, then (3.45) is satisfied. From (3.43), b(X) =
1 [Y(aa) +R(Y,E,) + (aa)Qb(Y)]. If ao = h = 0 then b = 0, which is a con-

tradiction. Hence all £, are not tangent to M™. So we get the result as required.
O
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