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We present a consistent way of coupling three-dimensional Maxwell-Chern-Simons gravity theory with
massless spin-5

2
gauge fields. We first introduce the simplest hyper-Maxwell-Chern-Simons gravity

generically containing two massless spin-2 fields coupled with a massless Majorana fermion of spin 5
2

whose novel underlying superalgebra is explicitly constructed. We then present three alternative
hypersymmetric extensions of the Maxwell algebra which are shown to emerge from the Inönü-Wigner
contraction procedure of precise combinations of the ospð1j4Þ and the spð4Þ algebras. This allows us to
construct distinct types of hyper-Maxwell-Chern-Simons theories that extend to include generically
interacting nonpropagating spin-4 fields accompanied by one or two spin-5

2
gauge fields.

DOI: 10.1103/PhysRevD.104.064011

I. INTRODUCTION

Hypergravity was an early alternative to supergravity
theory [1,2] proposed by Aragone and Deser [3] that deems
a spin-5=2 field as the superpartner of the graviton.
Although this proposal initially attracted some attention
[3–6], it was promptly discarded due to the incompatibility
of the minimal coupling between gravity (spin 2) and the
spin-5=2 field with higher-spin (HS) gauge invariance. This
obstruction relies on the fact that the HS gauge variation of
the Einstein-Hilbert action is proportional to the Ricci
tensor so that it cannot be canceled by means of the
minimally coupled spin-5=2 field, which is instead propor-
tional to the full Riemann tensor. Nonetheless, owing to the
particular relationship between the Riemann tensor and the
Ricci tensor in three spacetime dimensions, Aragone and

Deser managed to formulate the first consistent interacting
and nonpropagating HS theory [7].
In 2þ 1 dimensions, anti–de Sitter hypergravity theory

was studied in [8–10]. The theory is constructed in terms of
a Chern-Simons (CS) action for two copies of the ospð4j1Þ
superalgebra1 and contains a spin-2 field, a spin-4 field, and
a spin-5=2 field. The asymptotic structure analysis of this
model was performed in [10], where it was shown that its
asymptotic symmetry algebra is given by two copies of the
hypersymmetric extension of the Wð2; 4Þ algebra, known
as the WB2 superalgebra [20] and the Wð2; 5=2; 4Þ super-
algebra [21]. Furthermore, this study also revealed the
existence of hypersymmetry bounds involving a nonlinear
function of the mass, angular momentum, and bosonic
higher-spin charges, as well as an interesting class of HS
solutions including solitons and extremal HS black holes
with unbroken hypersymmetries [10,22]. In the vanishing
cosmological constant limit it was verified that the spin-4
field decouples, thus reproducing the hypergravity theory
studied in [23,24].
These results were explored more recently by means

of an explicit extension of the Poincaré algebra with
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1Along these lines, (super)conformal gravity formulated as a
CS gauge theory for [ospð1j4Þ] spð4Þ (super)algebra was done in
[11–15], while the corresponding asymptotic structure was
studied in [16–19].
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half-integer spin generators in any dimension that allowed
one to reformulate the hypergravity theory of Aragone and
Deser as a genuine gauge theory using standard fiber
bundle structure in terms of CS actions [25] in three and
five spacetime dimensions [23,24,26].2 Indeed, the asymp-
totic structure analysis in 2þ 1 dimensions led to a
nonlinear hypersymmetric extension of the bms3 algebra,
along with nonlinear bounds for the energy. Moreover,
despite the fact that this theory involves HS fields, the
absence of bosonic HS fields allows one to describe the
theory in the standard Riemann-Cartan geometry. A natural
question that then arises is whether it is possible to
construct consistent extensions of the hypergravity theories
based on extensions of the hyper-Poincaré algebra. It
should be mentioned that, in order to improve the like-
lihood of this possibility, it is mandatory to have full control
of the building blocks—namely, a consistent algebra with a
nondegenerate invariant tensor. In what follows we address
this question by considering a nontrivial extension of the
Poincaré algebra that has long been known as the Maxwell
algebra [28,29], which is associated with the symmetry
group of the Dirac (Klein-Gordon) equation minimally
coupled to a constant electromagnetic field in Minkowski
space in 3þ 1 dimensions [30]. In any dimension, this
algebra is characterized by the commutator

½Pa; Pb� ¼ Zab; ð1:1Þ

modifying in this way the commutator of the momentum
generators, which vanishes for the Poincaré algebra. The
study of different aspects of the Maxwell algebra in four or
more dimensions, including its derivation as an S expansion
on the anti–de Sitter (AdS) algebra, can be found in [31,32].
The Maxwell group symmetries and its generalizations
have been useful for extending standard general relativity
through CS and Born-Infeld gravity theories in odd
and even spacetime dimensions, respectively [33–36].
Deformations of this algebra and their dynamics through
nonlinear realizations have been investigated [37–39], as
have other interesting applications; see, e.g., [40–45].
In three spacetime dimensions, Maxwell-CS gravity

appears to be a very appealing alternative theory of gravity
in vacuum introduced in [46–48]3 and subsequently studied
in [54–56]. The asymptotic structure of the Maxwell-CS
theory was investigated in [55] by imposing a set of suitable
boundary conditions resulting in an asymptotic symmetry
algebra given by a deformation of the bms3 algebra, known
to emerge from the asymptotic symmetry analysis of

general relativity at null infinity [57–61], which goes in
line with the result obtained in [62] by expanding the
Virasoro algebra (see also [63,64]). Interestingly, the
presence of the gravitational Maxwell gauge field modifies
not only the asymptotic symmetry but also the vacuum of
the theory [55]. Physical implications of the gravitational
Maxwell gauge field have also been explored in the context
of spin-3 gravity [65], nonrelativistic gravity [66–69], and
supergravity [70,71]. It is worth noting that in three
dimensions the extension of Poincaré algebra found by
Hietarinta [27] becomes isomorphic to three-dimensional
Maxwell algebra that amounts to a simple interchanging of
roles between the translation generators Pa and Za in the
Maxwell algebra [72–74]. Indeed, CS gravity theories
based on both the Hietarinta and Maxwell algebras were
explored in [72,75], showing in particular that, upon
spontaneous breaking of a local symmetry, they lead
precisely to the topologically massive gravity theory [76]
and the minimal massive gravity [77].
One of the main advantages of working in three

spacetime dimensions is that the Maxwell algebra can
alternatively be recovered as an Inönü-Wigner (IW) con-
traction of three copies of the soð2; 1Þ algebra which also
provides a nontrivial invariant form that is imperative for
the construction of extensions of Maxwell-CS gauge
theories [78]. In particular, the spin-3 Maxwell algebra
as well as its corresponding invariant bilinear form can be
derived by contracting three copies of the slð3;RÞ sym-
metry [65].4 One may then ask whether a hypersymmetric
extension of the Maxwell algebra with fermionic spin-5

2

generators, which transform in a spin-3
2
irreducible repre-

sentation of the Lorentz group, can be obtained by con-
tracting diverse combinations of the ospð1j4Þ and the spð4Þ
algebras. In this work, we show that not one but three distinct
hypersymmetric extensions of the Maxwell algebra, includ-
ing their invariant bilinear forms, can be effectively derived
through the IW procedure. The obtained hyper-Maxwell
algebras indeed require the presence of spin-4 generators and
allow us to construct CS hypersymmetric gravity theories.
Furthermore, we also show that a remarkable hyper-
Maxwell-CS gravity theory without spin-4 gauge fields
can be constructed, and whose underlying superalgebra
results in a sub-superalgebra of one of the hyper-Maxwell
algebras that include spin-4 generators, which transform in
an spin-3 irreducible representation of the Lorentz group.
The paper is organized as follows: In Sec. II, we briefly

review the Maxwell-CS gravity theory defined on three
spacetime dimensions. Sections III–V contain our main
results. In Sec. III, we present the simplest CS hypergravity
theory invariant under a hypersymmetric extension of the

2Fermionic HS generalizations of the Poincaré superalgebra
were previously studied in [27] for any dimension. See [23] for
further studies on these extensions of the hyper-Poincaré algebra in
gauge theories beyond general relativity in odd dimensions [25].

3A CS gravity theory based on Maxwell algebra in 2þ 1 was
initially considered in [46,47] as a prominent model leading to the
two-dimensional linear gravities referred to in [49–53] as a
dimensional reduction.

4In [79–82] following suitable IW contractions allowed the
authors to formulate the three-dimensional higher-spin gravity
with vanishing cosmological constant as a CS gauge theory
similar to their well-known counterparts in AdS3 [79,83–86].
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Maxwell algebra. In Sec. IV, we introduce three alternative
hyper-Maxwell algebras including spin-4 generators by
considering the IW contraction procedure. Section V is
devoted to the construction of CS hypersymmetric gravity
theories based on the aforementioned hyper-Maxwell
symmetries. Section VI concludes our work with some
discussions about future developments.

II. THREE-DIMENSIONAL MAXWELL-CHERN-
SIMONS GRAVITY THEORY

In this section, we briefly review the three-dimensional
Maxwell-CS gravity theory [46–48] (see also [54,55,70]).
This alternative theory of gravity is based on the so-called
Maxwell algebra, which can be seen as an extension and
deformation of the Poincaré algebra isoð2; 1Þ, which turns
out to be a non-semisimple group. In addition to the usual
local rotations Ja and local translation generators Pa, the
Maxwell symmetry is characterized by the presence of three
additional Abelian generators Za. In particular, the Maxwell
generators satisfy the following nonvanishing commutation
relations:

½Ja; Jb� ¼ ϵcabJc; ½Ja; Pb� ¼ ϵcabPc;

½Ja; Zb� ¼ ϵcabZc; ½Pa; Pb� ¼ ϵcabZc; ð2:1Þ

wherea, b, c ¼ 0, 1, 2 are Lorentz indiceswhich are lowered
and raised with the Minkowski metric ηab ¼ ð−1; 1; 1Þ and
ϵabc is the three-dimensional Levi-Civita tensor which
satisfies ϵ012 ¼ −ϵ012 ¼ 1.
The most general quadratic Casimir invariant for the

Maxwell algebra is [46–48]

C ¼ α0JaJa þ α1PaJa þ α2ðPaPa þ JaZaÞ; ð2:2Þ

where α0, α1, and α2 are arbitrary constants. The Maxwell
algebra then admits the following nonvanishing compo-
nents of the invariant tensor:

hJaJbi ¼ α0ηab; hJaPbi ¼ α1ηab;

hJaZbi ¼ α2ηab; hPaPbi ¼ α2ηab: ð2:3Þ

The gauge connection one-form A can be conveniently
chosen as follows5:

A ¼ ωaJa þ eaPa þ kaZa; ð2:4Þ

where ωa is the (dualized) spin connection, ea denotes the
dreibein and ka is the so-called gravitational Maxwell gauge
field. The corresponding curvature two-form is given by

F ¼ RaJa þ TaPa þ FaZa; ð2:5Þ

where

Ra ¼ dωa þ 1

2
ϵabcω

bωc;

Ta ¼ dea þ ϵabcω
bec;

Fa ¼ dka þ ϵabcω
bkc þ 1

2
ϵabcebec: ð2:6Þ

Considering the gauge connection (2.4) and the invariant
tensor (2.3), the corresponding action for the Maxwell
algebra can then be described in terms of the three-
dimensional CS action,

ICS ¼
k
4π

Z �
AdAþ 2

3
A3

�
; ð2:7Þ

with k ¼ 1
4G being the CS level of the theory related to the

gravitational constant G. Indeed, the action reads [46–48]
(see also [54,55,70])

IMaxwell ¼
k
4π

Z
2α1Raea þ α2ðeaTa þ 2RakaÞ þ α0LðωÞ;

ð2:8Þ

where

LðωÞ ¼
�
dωa þ 1

3
ϵabcω

bωc

�
ωa ð2:9Þ

is the Lorentz-Chern-Simons form.
The Maxwell-CS action contains three independent

sectors proportional to α0, α1, and α2. The parity-odd term
given by the Lorentz-CS three-form [87,88] appears along
the α0 constant while the Einstein-Hilbert term is related to
the α1 constant. On the other hand, the additional gauge
field ka contributes only to the α2 sector.
In particular, the equations of motion are given by

δωa∶ α0Ra þ α1Ta þ α2Fa ¼ 0;

δka∶ α2Ra ¼ 0;

δea∶ α1Ra þ α1Ta ¼ 0: ð2:10Þ

It follows that when α2 ≠ 0, the previous equations can be
equivalently written as the vanishing of the curvature two-
forms (2.6). It is worth mentioning that the suitable choice
of the gauge field in Eq. (2.4) allows one to generically
describe the theory in Riemannian geometry (torsionless).
The standard (2þ 1)-dimensional gravity in vacuum is then
recovered for the case α0 ¼ α2 ¼ 0, which is the well-
known CS theory for isoð2; 1Þ [87,88].
In this work, we will “hypersymmetrize” the three-

dimensional Maxwell gravity. As we will see, some

5More general choices of the gauge field can be considered
leading to a more general Maxwell-CS theory that includes a
nonvanishing torsion term.
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hypersymmetric extensions will also require the presence
of spin-4 gauge fields. The construction of the simplest
hypersymmetric extension of the Maxwell-CS gravity is
discussed in the next section.

III. HYPER-MAXWELL-CHERN-SIMONS
GRAVITY THEORY

Here we present the simplest hypersymmetric
extension of the Maxwell-CS gravity theory. To this end,
we construct a hyper-Maxwell algebra by introducing
fermionic generators which transform into an spin-3

2
irre-

ducible representation of the Lorentz group. Therefore,
the hyper-Maxwell algebra is spanned by the set
fJa; Pa; Za;Qαag, whose generators satisfy the following
nonvanishing (anti)commutation relations:

½Ja; Jb� ¼ ϵmabJm; ½Ja; Pb� ¼ ϵmabPm;

½Ja; Zb� ¼ ϵmabZm; ½Pa; Pb� ¼ ϵmabZm;

½Ja;Qαb� ¼
1

2
ðΓaÞβαQβb þ ϵabcQ c

β ;

fQαa; Qβbg ¼ −
4

3
ηabZcðCΓcÞαβ þ

5

3
ϵabcCαβZc

þ 2

3
ZðajðCΓjbÞÞαβ; ð3:1Þ

where Qαa are Γ-traceless vector-spinor generators that
fulfill ðΓaÞβαQaβ ¼ ΓaQa ¼ 0. Here C is the charge con-
jugation matrix

Cαβ ¼
�
0 −1
1 0

�
; ð3:2Þ

which satisfies CT ¼ −C and CΓa ¼ ðCΓaÞT , with Γa

being the Dirac matrices in three spacetime dimensions.

We shall denote this algebra as chm, which, like the hyper-
Poincaré algebra [23], requires neither an enlargement of
the Lorentz group nor the introduction of bosonic HS
generators to satisfy the Jacobi identities. One can notice

that the algebra chm has a structure similar to the so-called
nonstandard Maxwell superalgebra [89,90], in which the
translational generators Pa are not expressed as bilinear
expressions of fermionic generators. Nonetheless, since the
sub-superalgebra spanned by the generators Ja, Za, and
Qαa is indeed the hyper-Poincaré algebra, as mentioned
before, a simple interchanging of roles between the trans-
lation generators Pa and Za relates the superalgebra in
Eq. (3.1) to its Hietarinta form in [27]. Therefore, one
naturally expects gauge theories based on the hyper-
Maxwell or Hietarinta version of the algebra to certainly
be endowed with quite different physical implications; see,
e.g., [72–74]. In the present work, we will not consider this
last reinterpretation of the theory since our purpose is to

study the coupling of three-dimensional Maxwell gravity
with massless spin-5

2
fields.

Let us now consider a hypersymmetric Maxwell-CS
action that is invariant under the hyper-Maxwell algebrachm (3.1). The CS action can be constructed from the
gauge field

A ¼ eaPa þ ωaJa þ kaZa þ ψ̄aQa; ð3:3Þ

whose components are the dreibein, the (dualized) spin
connection, the gravitational Maxwell field and a Majorana
spin-5

2
field. In particular, the Majorana conjugate reads

ψ̄aα ¼ ψβ
aCβα. The corresponding curvature two-form F ¼

dAþ 1
2
½A; A� is given by

F bhm ¼ TaPa þ RaJa þ F̃aZa þDψ̄aQa; ð3:4Þ

with

F̃a ¼ Fa −
3

2
iψ̄bΓaψb;

Dψa ¼ dψa þ 3

2
ωbΓbψ

a − ωbΓaψb; ð3:5Þ

where Ta, Ra, and Fa are as defined in Eq. (2.6). The
fermionic fields are assumed to be Γ traceless, i.e,
Γaψa ¼ 0. On the other hand, one can easily check to
see that, in addition to C0 ¼ JaJa and C1 ¼ PaJa, the

hyper-Maxwell algebra chm admits another quadratic
Casimir invariant given by

C2 ¼ PaPa þ JaZa þQa
αCαβQβa: ð3:6Þ

Hence, the chm algebra admits the following nonvanishing
components of an invariant tensor:

hJaJbi ¼ α0ηab; hJaPbi ¼ α1ηab;

hJaZbi ¼ α2ηab; hPaPbi ¼ α2ηab;

hQαaQβbi ¼ 2α2

�
2

3
Cαβηab −

1

3
ϵabcðCΓcÞαβ

�
; ð3:7Þ

where α0, α1, and α2 are arbitrary constants. The invari-
ance of such a bilinear form under the action of the hyper-
Maxwell algebra requires that hJaZbi, hPaPbi, and
hQαaQβbi have the same global coefficient. When one
uses the gauge connection one-form (3.3) and the invari-
ant bilinear form (3.7) in the general form of a three-
dimensional CS action (2.7), it then reduces, up to
boundary terms, to
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I bhm ¼ k
4π

Z
2α1Raea þ α2ð2Raka þ Taea þ 2iψ̄aDψaÞ

þ α0LðωÞ: ð3:8Þ

The previous CS action is invariant under the chm
algebra, extending the Maxwell gravity theory with a
massless spin-5

2
gauge field. Note that the terms along

the arbitrary constants α0 and α1 are not affected by the
extension and coincide with the terms appearing in the
bosonic action (2.8). The spin-5

2
field only appears in

the term proportional to the α2 constant. The action can
then be seen as an “exotic” hypersymmetric gravity theory
which does not require the presence of spin-4 gauge fields,
which turns out to be as the natural Maxwellian extension
of hypergravity given by Aragone and Deser in [7] but
formulated as a genuine gauge theory. As we shall see later,
there are other hypersymmetric extensions of the Maxwell
gravity, but they require the presence of spin-4 gauge fields.
For completeness, we provide the equations of motion,

which are given as

δωa∶ α0Ra þ α1Ta þ α2F̃a ¼ 0;

δka∶ α2Ra ¼ 0;

δea∶ α1Ra þ α1Ta ¼ 0;

δψ̄a∶ α2Dψa ¼ 0: ð3:9Þ

When α2 ≠ 0, the previous equations can be equivalently
written as the vanishing of the curvature two-forms (3.5).
By construction, the CS action (3.8) is invariant under the
local hypersymmetry transformation laws given by

δea ¼ 0; δωa ¼ 0; δka ¼ 3iϵ̄bΓaψb;

δψa ¼ dϵa þ 3

2
ωbΓbϵ

a − ωbΓaϵb; ð3:10Þ

where ϵa is the fermionic gauge parameter.
The CS action (3.8) is the simplest hypersymmetric

extension of the Maxwell gravity without spin-4 gauge
fields. As will be discussed, the previous hypersymmetric
extension of the Maxwell algebra is not unique. However,
to our knowledge, it seems that the hyper-Maxwellchm is the only consistent way to accommodate spin-5

2

generators to the Maxwell algebra without including
spin-4 generators.
A different analysis can be done if we choose for the

vierbein ea to accompany the Za generator (or, equiva-
lently, by performing Za ↔ Pa). The analysis will lead to a
hypersymmetrization of the “Hietarinta gravity” [75]
which, although interesting, is beyond the scope of this
work.
The extension of the hyper-Maxwell gravity theory in

Eq. (3.8) can then be extended to include fermionic fields of
spin ðnþ 3=2Þ which become suitably described by a

completely symmetric and (triple) Γ-traceless one-form
ψ̄a1���an so that the action reads

I bhm¼ k
4π

Z
2α1Raeaþα2ð2RakaþTaeaþ2iψ̄a1���anDψa1���anÞ

þα0LðωÞ; ð3:11Þ

with

Dψa1���an ¼ dψa1���an þ
�
nþ 1

2

�
ωbΓbψa1���an

− ωbΓða1ψa2���anÞb;

and, being left invariant by the local hypersymmetry
transformations, is given by

δea ¼ 0; ð3:12Þ

δωa ¼ 0; ð3:13Þ

δka ¼ 2

�
nþ 1

2

�
iϵ̄a1���anΓ

aψa1���an ; ð3:14Þ

δψa1���an ¼ Dϵa1���an : ð3:15Þ

Thus, the latter action naturally extends the hypergravity
theory in [7] to include the Maxwell-CS gravity dynamics
that amounts to describing two interacting nonpropagating
gravitons and a spin-ðnþ 3=2Þ gauge field.

IV. ON THE EXTENSION OF THE MAXWELL
ALGEBRA WITH SPIN-52 AND SPIN-4

GENERATORS

In this section, we present three alternative hypersym-
metric extensions of the Maxwell algebra, which are
obtained through the IW contraction procedure [91]. As
we shall see, such hyper-Maxwell algebras require the
presence of spin-4 generators and appear upon the con-
traction of diverse combinations of ospð1j4Þ and spð4Þ
algebras. Interestingly, we show that the hyper-Maxwell
algebra (3.1) without spin-4 generators (transforming in a
spin-3 irreducible representation of the Lorentz group)
appears as a subalgebra of one of the alternative hyper-
Maxwell algebras.
To start with, and in order to fix our notation, we will

briefly review the ospð1j4Þ superalgebra.

A. The ospð1j4Þ superalgebra
The ospð1j4Þ superalgebra with slð2jRÞ principal

embedded in spð4Þ is spanned by the set of generators
fTa; Tabc;Gαag, which satisfy the following nonvanishing
(anti)commutation relations:
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½Ta; Tb� ¼ ϵmabTm;

½Ta; Tbcd� ¼ 3ϵmaðbTcdÞm;

½Ta;Gαb� ¼
1

2
ðΓaÞβαGβb þ ϵabcG c

β ;

½Tabc; Tmnk� ¼ −6ðηðabϵlcÞðm ηnkÞ þ 5ϵlðmjða δ
d
bηcÞjnηkÞdÞTl

þ 2ð5ϵlðmjða δ
d
bTcÞljnηkÞd − ϵlðmjða ηbcÞT jnkÞl

− ϵlðmðajTbcÞlηjnkÞÞ;
½Tabc;Gαd� ¼ ðδkdηðabj − 5ηdða δkbjÞðΓjcÞÞβαGβk

þ ηðabjðΓdÞβαGβjcÞ;

fGαa;Gβbg ¼
�
Tabc −

4

3
ηabTc

�
ðCΓcÞαβ þ

5

3
ϵabcCαβTc

þ 2

3
TðajðCΓjbÞÞαβ; ð4:1Þ

where a; b;… ¼ 0, 1, 2 are Lorentz indices lowered
and raised with the off-diagonal Minkowski metric ηab
and ϵmbc is the three-dimensional Levi-Civita tensor.
Here Ta span the slð2; RÞ subalgebra and stand for the
spin-2 generators, while Tabc and the fermionic Gαa gen-
erators yield, respectively, to spin-4 and spin-5

2
fields in the

Chern-Simons theory. Let us note that Tabc are traceless and
totally symmetric generators satisfying ηabTabc ¼ 0, while

Gαa are Γ-traceless vector-spinor generators satisfying
ðΓaÞβαGβa ¼ ΓaGa ¼ 0. In particular, the subalgebra
spanned by the set fTa; Tabcg defines a spð4Þ algebra.
The ospð1j4Þ superalgebra has the following nonvanish-

ing components of the invariant tensor

hTaTbi ¼
1

2
ηab;

hTabcTmnki ¼ 5ηmðaηbjnηjcÞk − 3ηðabηjcÞðmηnkÞ;

hGαaGβbi ¼
2

3
Cαβηab −

1

3
ϵabcðCΓcÞαβ: ð4:2Þ

Let us note that the hyper-Poincaré algebra with and
without spin-4 generators can be obtained by considering
different IW contractions of the ospð1j4Þ ⊗ spð4Þ super-
algebra [24]. Here we shall see that three alternative
hyper-Maxwell algebras appear when we consider the
IW contractions of the ospð1j4Þ ⊗ ospð1j4Þ ⊗ spð4Þ
and ospð1j4Þ ⊗ spð4Þ ⊗ spð4Þ superalgebras.

B. Hyper-Maxwell algebra with spin-4 generators

Let us first consider the ospð1j4Þ ⊗ ospð1j4Þ ⊗ spð4Þ
superalgebra. One can then show that the IW contraction of
such a structure allows us to obtain a hyper-Maxwell
algebra with spin-4 generators. To this end, let us consider
the following redefinition of the generators:

Ja¼TaþTþ
a þT−

a ; Pa ¼
1

l
ðTþ

a −T−
a Þ; Za ¼

1

l2
ðTþ

a þT−
a Þ;

Jabc¼TabcþTþ
abcþT−

abc; Pabc¼
1

l
ðTþ

abc−T−
abcÞ; Zabc¼

1

l2
ðTþ

abcþT−
abcÞ;

Qαa¼
1ffiffiffi
l

p ðGþ
αa− iG−

αaÞ; Σαa ¼
1ffiffiffiffiffi
l3

p ðGþ
αaþ iG−

αaÞ; ð4:3Þ

where fTþ
a ; T

þ
abc;G

þ
αag and fT−

a ; T−
abc;G

−
αag each span an ospð1j4Þ superalgebra, while fTa; Tabcg are spð4Þ generators. On

the other hand, l is a length parameter related to the cosmological constant through Λ ∝ � 1
l2. It is simple to verify that the

set of generators fJa; Pa; Za; Jabc; Pabc; Zabc; Qαa;Σαag satisfies a hypersymmetric version of the so-called AdS-Lorentz
algebra [92–96]. It is then straightforward to show that the algebra obtained after the vanishing cosmological constant limit
l → ∞ leads to the following hypersymmetric algebra:

½Ja; Jb� ¼ ϵmabJm; ½Ja; Pb� ¼ ϵmabPm;

½Ja; Zb� ¼ ϵmabZm; ½Pa; Pb� ¼ ϵmabZm;

½Ja; Jbcd� ¼ 3ϵmaðbJcdÞm; ½Ja; Pbcd� ¼ 3ϵmaðbPcdÞm;

½Pa; Jbcd� ¼ 3ϵmaðbPcdÞm; ½Ja; Zbcd� ¼ 3ϵmaðbZcdÞm;

½Za; Jbcd� ¼ 3ϵmaðbZcdÞm; ½Pa; Pbcd� ¼ 3ϵmaðbZcdÞm;

½Ja;Qαb� ¼
1

2
ðΓaÞβαQβb þ ϵabcQ c

β ;

½Ja;Σαb� ¼
1

2
ðΓaÞβαΣβb þ ϵabcΣ c

β ;

½Pa;Qαb� ¼
1

2
ðΓaÞβαΣβb þ ϵabcΣ c

β ; ð4:4Þ
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½Jabc; Jmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞJl
þ 2ð5ϵlðmjðaδdbJcÞljnηkÞd − ϵlðmjðaηbcÞJjnkÞl − ϵlðmðajJbcÞlηjnkÞÞ;

½Jabc; Pmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞPl

þ 2ð5ϵlðmjðaδdbPcÞljnηkÞd − ϵlðmjðaηbcÞPjnkÞl − ϵlðmðajPbcÞlηjnkÞÞ;
½Jabc; Zmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl

þ 2ð5ϵlðmjðaδdbZcÞljnηkÞd − ϵlðmjðaηbcÞZjnkÞl − ϵlðmðajZbcÞlηjnkÞÞ;
½Pabc; Pmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl

þ 2ð5ϵlðmjðaδdbZcÞljnηkÞd − ϵlðmjðaηbcÞZjnkÞl − ϵlðmðajZbcÞlηjnkÞÞ; ð4:5Þ

½Jabc; Qαd� ¼ ðδkdηðabj − 5ηdðaδkbjÞðΓjcÞÞβαQβk þ ηðabjðΓdÞβαQβjcÞ;

½Jabc;Σαd� ¼ ðδkdηðabj − 5ηdðaδkbjÞðΓjcÞÞβαΣβk þ ηðabjðΓdÞβαΣβjcÞ;

½Pabc; Qαd� ¼ ðδkdηðabj − 5ηdðaδkbjÞðΓjcÞÞβαΣβk þ ηðabjðΓdÞβαΣβjcÞ;

fQαa; Qβbg ¼
�
Pabc −

4

3
ηabPc

�
ðCΓcÞαβ þ

5

3
ϵabcCαβPc þ 2

3
PðajðCΓjbÞÞαβ;

fQαa;Σβbg ¼
�
Zabc −

4

3
ηabZc

�
ðCΓcÞαβ þ

5

3
ϵabcCαβZc þ 2

3
ZðajðCΓjbÞÞαβ: ð4:6Þ

The newly obtained algebra, which we shall denote as
hmð4Þ, corresponds to a hyper-Maxwell algebra in the
presence of the spin-4 generators fJabc; Pabc; Zabcg.
This hypersymmetric extension of the Maxwell algebra
is characterized by two fermionic generators Qαa
and Σαa. The presence of a second spinorial charge
is not arbitrary but is required to satisfy the Jacobi
identities. Let us note that the presence of a second
fermionic charge has already been discussed in the
context of D ¼ 11 supergravity [97] and superstring
theory [98]. Subsequently, it was also studied in
the context of the supersymmetric extension of the

Maxwell algebra in [99–106]. As we will see in the
next section, this novel algebra will allow us to
construct a different Maxwell hypergravity theory in
three spacetime dimensions.

C. Nonstandard hyper-Maxwell algebra
with spin-4 generators

A different hyper-Maxwell algebra with one vector-
spinor generator can be recovered from the ospð1j4Þ ⊗
spð4Þ ⊗ spð4Þ superalgebra. Let us first consider the
following redefinition of the generators:

Ja ¼ Ta þ Tþ
a þ T−

a ; Pa ¼
1

l
ðTþ

a − T−
a Þ; Za ¼

1

l2
ðTþ

a þ T−
a Þ;

Jabc ¼ Tabc þ Tþ
abc þ T−

abc; Pabc ¼
1

l
ðTþ

abc − T−
abcÞ; Zabc ¼

1

l2
ðTþ

abc þ T−
abcÞ;

Qαa ¼
ffiffiffi
2

p

l
Gαa; ð4:7Þ

where the subset fTþ
a ; T

þ
abc;Gαag satisfies an ospð1j4Þ superalgebra, while fT−

a ; T−
abcg and fTa; Tabcg each span

an spð4Þ algebra. After considering the above redefinition, the set of generators fJa; Pa; Za; Jabc; Pabc; Zabc;Qαag
satisfies an alternative hypersymmetric version of the AdS-Lorentz algebra [92–96] whose flat limit leads to the
following algebra:
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½Ja; Jb� ¼ ϵmabJm; ½Ja; Pb� ¼ ϵmabPm;

½Ja; Zb� ¼ ϵmabZm; ½Pa; Pb� ¼ ϵmabZm;

½Ja; Jbcd� ¼ 3ϵmaðbJcdÞm; ½Ja; Pbcd� ¼ 3ϵmaðbPcdÞm;

½Pa; Jbcd� ¼ 3ϵmaðbPcdÞm; ½Ja; Zbcd� ¼ 3ϵmaðbZcdÞm;

½Za; Jbcd� ¼ 3ϵmaðbZcdÞm; ½Pa; Pbcd� ¼ 3ϵmaðbZcdÞm;

½Ja;Qαb� ¼
1

2
ðΓaÞβαQβb þ ϵabcQ c

β ; ð4:8Þ

½Jabc; Jmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞJl
þ 2ð5ϵlðmjðaδdbJcÞljnηkÞd − ϵlðmjðaηbcÞJjnkÞl − ϵlðmjðaJbcÞlηjnkÞÞ;

½Jabc; Pmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞPl

þ 2ð5ϵlðmjðaδdbPcÞljnηkÞd − ϵlðmjðaηbcÞPjnkÞl − ϵlðmjðaPbcÞlηjnkÞÞ;
½Jabc; Zmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl

þ 2ð5ϵlðmjðaδdbZcÞljnηkÞd − ϵlðmjðaηbcÞZjnkÞl − ϵlðmjðaZbcÞlηjnkÞÞ;
½Pabc; Pmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl

þ 2ð5ϵlðmjðaδdbZcÞljnηkÞd − ϵlðmjðaηbcÞZjnkÞl − ϵlðmjðaZbcÞlηjnkÞÞ; ð4:9Þ

½Jabc; Qαd� ¼ ðδkdηðabj − 5ηdðaδkbjÞðΓjcÞÞβαQβk þ ηðabjðΓdÞβαQβjcÞ;

fQαa; Qβbg ¼
�
Zabc −

4

3
ηabZc

�
ðCΓcÞαβ þ

5

3
ϵabcCαβZc þ 2

3
ZðajðCΓjbÞÞαβ: ð4:10Þ

This algebra, which we will denote as fhmð4Þ, corre-
sponds to a nonstandard hyper-Maxwell algebra
where Pabc and Jabc transform into a spin-3 irreducible
representation of the Lorentz group. We refer to this
algebra as nonstandard since the translational
generators Pa are not expressed as bilinear expressions
of fermionic generators Qαa. As we will see in the next
section, this feature will imply that the hypersymmetric
CS action based on this algebra will describe an

exotic hypersymmetric action. This is analogous to
what happens in the case of the nonstandard
Maxwell superalgebra introduced in [89] and to the
simplest hyper-Maxwell algebra obtained in the pre-
vious section.
An alternative nonstandard hyper-Maxwell algebra can

also be obtained from the ospð1j4Þ ⊗ spð4Þ ⊗ spð4Þ
superalgebra by considering a different redefinition of
the ospð1j4Þ and spð4Þ generators:

Ja ¼ Ta þ Tþ
a þ T−

a ; Pa ¼
1

l
ðTþ

a − T−
a Þ; Za ¼

1

l2
ðTþ

a þ T−
a Þ;

Jabc ¼
1

l
ðTabc þ Tþ

abc þ T−
abcÞ; Pabc ¼

1

l
ðTþ

abc − T−
abcÞ; Zabc ¼

1

l
ðTþ

abc þ T−
abcÞ;

Qαa ¼
ffiffiffi
2

p

l
Gαa: ð4:11Þ

Such a redefinition differs from the previous one [Eq. (4.7)] at the level of the length parameter l. The set of
generators fJa; Pa; Za; Jabc; Pabc; Zabc; Qαag satisfies a different hypersymmetric version of the AdS-Lorentz algebra. In
this case, the flat limit l → ∞ reproduces a different nonstandard hyper-Maxwell algebra whose nonvanishing (anti)-
commutators read
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½Ja; Jb� ¼ ϵmabJm; ½Ja; Pb� ¼ ϵmabPm;

½Ja; Zb� ¼ ϵmabZm; ½Pa; Pb� ¼ ϵmabZm;

½Ja; Jbcd� ¼ 3ϵmaðbJcdÞm; ½Ja; Pbcd� ¼ 3ϵmaðbPcdÞm;

½Ja; Zbcd� ¼ 3ϵmaðbZcdÞm;

½Ja;Qαb� ¼
1

2
ðΓaÞβαQβb þ ϵabcQ c

β ;

½Jabc; Zmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl;

½Pabc; Pmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl;

½Zabc; Zmnk� ¼ −6ðηðabϵlcÞðmηnkÞ þ 5ϵlðmjðaδdbηcÞjnηkÞdÞZl;

fQαa;Qβbg ¼ −
4

3
ηabZcðCΓcÞαβ þ

5

3
ϵabcCαβZc

þ 2

3
ZðajðCΓjbÞÞαβ: ð4:12Þ

Interestingly, one can see that the subset fJa; Pa;
Za;Qαag defines a hyper-Maxwell subalgebra without
spin-4 generators which coincides with the simplest hyper-

Maxwell algebra chm obtained previously [Eq. (3.1)].

V. HYPERSYMMETRIC EXTENSION OF
THE MAXWELL GRAVITY THEORY

WITH SPIN-4 GAUGE FIELDS

In this section, we construct corresponding three-
dimensional CS theories that are invariant under the

hyper-Maxwell algebra hmð4Þ with spin-4 generators.
As we shall see, we shall require not only the
presence of spin-4 gauge fields but also the inclusion
of a second Majorana spin-5

2
gauge field. For

completeness, we also present the construction of a
nonstandard hyper-Maxwell-CS gravity based on thefhmð4Þ hyperalgebra.

A. hmð4Þ Chern-Simons hypergravity

Let us first consider the CS hypergravity theory
that is invariant under the hyper-Maxwell algebra
hmð4Þ [Eqs. (4.4)–(4.6)], which is spanned by the set
fPa; Ja; Za; Pabc; Jabc; Zabc; Qa

α;Σa
αg. The CS action can

be constructed from the gauge field

A ¼ eaPa þ ωaJa þ kaZa þ eabcPabc þ ωabcJabc

þ kabcZabc þ ψ̄aQa þ ξ̄aΣa; ð5:1Þ

whose components are the dreibein, the (dualized) spin
connection, the gravitational Maxwell field, three spin-4
gauge fields, and two Majorana spin-5

2
gauge fields. The

corresponding curvature two-form reads

Fhmð4Þ ¼ T̂ aPa þRaJa þ F a
ðξÞZa þ T̂ abcPabc þRabcJabc þ F abc

ðξÞ Zabc þ D̂ψ̄aQa þDξ̄aΣa; ð5:2Þ

where

T̂ a ¼ Ta þ 30ϵabcω
bmnecmn −

3

2
iψ̄bΓaψb;

Ra ¼ Ra þ 15ϵabcω
bmnωc

mn;

F a
ðξÞ ¼ Fa þ 30ϵabcω

bmnkcmn þ 15ϵabcebmnecmn − 3iψ̄bΓaξb;

T̂ abc ¼ deabc − 10ϵðamnω
mkjbecÞnk þ 3ϵðamnemωnjbcÞ þ 3ϵðamnω

menjbcÞ þ i
2
ψ̄ ðaΓjbψcÞ;

Rabc ¼ dωabc − 5ϵðamnω
mkjbωcÞn

k þ 3ϵðamnω
mωnjbcÞ;

F abc
ðξÞ ¼ dkabc − 10ϵðamnω

mkjbkcÞnk − 5ϵðamnemkjbecÞnk þ 3ϵðamnω
mknjbcÞ þ 3ϵðamnkmωnjbcÞ

þ 3ϵðamnemenjbcÞ þ iψ̄ ðaΓjbξcÞ;

D̂ψa ¼ dψa þ 3

2
ωbΓbψ

a − ωbΓaψb − 5ωbcaΓbψc;

Dξa ¼ dξa þ 3

2
ωbΓbξ

a − ωbΓaξb − 5ωbcaΓbξc þ
3

2
ebΓbψ

a − ebΓaψb − 5ebcaΓbψc: ð5:3Þ

The fermionic fields and generators are assumed to be Γ traceless, i.e, Γaψa ¼ Γaξa ¼ 0 andQaΓa ¼ ΣaΓa ¼ 0. The hmð4Þ
hyperalgebra admits the following nonvanishing components of an invariant bilinear form:
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hJaJbi ¼ α0ηab; hJaPbi ¼ α1ηab;

hPaPbi ¼ α2ηab; hJaZbi ¼ α2ηab;

hJabcJmnki ¼ 2α0ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;
hJabcPmnki ¼ 2α1ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;
hJabcZmnki ¼ 2α2ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;
hPabcPmnki ¼ 2α2ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;

hQαaQβbi ¼
2α1
3

ð2Cαβηab − ϵabcðCΓcÞαβÞ;

hQαaΣβbi ¼
2α2
3

ð2Cαβηab − ϵabcðCΓcÞαβÞ: ð5:4Þ

Here α0, α1, and α2 are arbitrary constants which are related
to the ospð1j4Þ and spð4Þ constants given by ðν; ρÞ and μ,
respectively. Indeed, the invariant tensor (5.4) can be
obtained from the invariant tensor of the ospð1j4Þ ⊗
ospð1j4Þ ⊗ spð4Þ superalgebra by considering the redefi-
nition (4.3) along with

α0¼
μþνþρ

2
; α1¼

ν−ρ

2l
; α2¼

νþρ

2l2
; ð5:5Þ

and the flat limit l → ∞.
If one replaces the gauge connection one-form (5.1) and

the invariant tensor (5.4) in the general expression for a CS
action (2.7), it then reduces, up to a surface term, to

Ihmð4Þ ¼
k
4π

Z
α1ð2Raea þ 20Rabceabc þ 2iψ̄aD̂ψaÞ

þ α2ð2Raka þ eaT a þ 20Rabckabc þ 10eabcT abc

þ 2iψ̄aDξa þ 2iξ̄aD̂ψaÞ þ α0LðΩÞ; ð5:6Þ
where T a and T abc are given by

T a ¼ Ta þ 30ϵabcω
bmnecmn;

T abc ¼ deabc − 10ϵðamnω
mkjbecÞnk þ 3ϵðamnemωnjbcÞ

þ 3ϵðamnω
menjbcÞ; ð5:7Þ

and

LðΩÞ ¼ LðωÞ þ 10

�
dωabc −

10

3
ϵamnω

mkbωcn
k

þ 3ϵamnω
mωnbc

�
ωabc; ð5:8Þ

with LðωÞ being the Lorentz-CS form (2.9).
The CS action (5.6) is invariant under the hmð4Þ hyper-

algebra and is split into three independent sectors propor-
tional to the three arbitrary constants. The piece along α0
contains the parity-odd Lorentz-CS term [87,88] together
with its spin-4 version. Along the α1 constant appears the
Einstein-Hilbert term, contributions of the spin-4 fields,
and a fermionic term. The term along α2 extends the
Maxwell gravity with fermionic terms and also has spin-4
field contributions. It is straightforward to see that the
previous CS action reduces to the Maxwell-CS gravity
(2.8) when the spin-4 and spin-5

2
fields are switched off. Let

us note that, unlike with hyper-Poincaré gravity [23], the
presence of a second spinor gauge field ξa is required to
ensure the proper extension of the Maxwell gravity with
spin-5

2
and spin-4 gauge fields.

The field equations for α2 ≠ 0 are given by the vanishing
of the curvature two-form in Eq. (5.2), i.e., Fhmð4Þ ¼ 0,
whose components transform covariantly with respect to
the hypersymmetry transformation laws

δea ¼ 3iϵ̄bΓaψb; δωa ¼ 0; δka ¼ 3iϵ̄bΓaξb þ 3iϱ̄bΓaψb;

δeabc ¼ −iϵ̄aΓbψc; δωabc ¼ 0; δkabc ¼ −iϱ̄aΓbψc − iϵ̄aΓbξc;

δψa ¼ dϵa þ 3

2
ωbΓbϵ

a − ωbΓaϵb − 5ωbcaΓbϵc;

δξa ¼ dϱa þ 3

2
ωbΓbϱ

a − ωbΓaϱb − 5ωbcaΓbϱc þ
3

2
ebΓbϵ

a − ebΓaϵb − 5ebcaΓbϵc; ð5:9Þ

where ϵa and ϱa are the fermionic gauge parameters related
to the respective Qa and Σa generators.
The novel hypergravity theory can be seen as a

Maxwellian generalization of the hyper-Poincaré gravity
in the presence of spin-4 gauge fields. In particular, the
hyper-Poincaré-CS action coupled to spin-4 gauge fields
and its exotic counterpart appear as particular subcases along
the α1 and α0 constants, respectively. Let us note that, in the
absence of spin-4 gauge fields, the term along α1 constant
corresponds to the usual hypergravity introduced in [7,23].

Although the hmð4Þ hyperalgebra can be seen as an
enlargement and deformation of the hyper-Poincaré sym-
metry, the present hypergravity theory does not contain a
cosmological constant term.

B. Nonstandard hypersymmetric
Maxwell-Chern-Simons action

Now we shall construct the CS action that is invariant
under the nonstandard hyper-Maxwell algebra in the
presence of spin-4 generators given by Eqs. (4.8)–(4.10),
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which is spanned by fPa; Ja; Za; Jabc; Pabc; Zabc; Qa
αg.

The gauge field one-form is given by

A ¼ eaPa þ ωaJa þ kaZa þ eabcPabc þ ωabcJabc

þ kabcZabc þ ψ̄aQa; ð5:10Þ

whose components are the dreibein, the (dualized) spin
connection, the gravitational Maxwell field, three spin-4
gauge fields, and one Majorana spin-5=2 field. The
curvature two-form is given in this case by

F ehmð4Þ
¼ T aPa þRaJa þ F a

ðψÞZa þ T abcPabc

þRabcJabc þ F abc
ðψÞZabc þ D̂ψ̄aQa; ð5:11Þ

where T a, T abc are defined in Eq. (5.7), while Ra, Rabc,
D̂ψa can be found in Eq. (5.3), and

F a
ðψÞ ¼Faþ30ϵabcω

bmnkcmn

þ15ϵabcebmnecmn−
3

2
iψ̄bΓaψb;

F abc
ðψÞ ¼ dkabc−10ϵðamnω

mkjbkcÞnk−5ϵðamnemkjbecÞnk

þ3ϵðamnω
mknjbcÞ þ3ϵðamnkmωnjbcÞ

þ3ϵðamnemenjbcÞ þ
i
2
ψ̄ ðaΓjbψcÞ: ð5:12Þ

The algebra fhmð4Þ admits the following nonvanishing
components of an invariant bilinear form:

hJaJbi ¼ α0ηab; hJaPbi ¼ α1ηab;

hPaPbi ¼ α2ηab; hJaZbi ¼ α2ηab;

hJabcJmnki ¼ 2α0ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;
hJabcPmnki ¼ 2α1ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;
hJabcZmnki ¼ 2α2ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;
hPabcPmnki ¼ 2α2ð5ηmðaηbjnηjcÞk − 3ηðabjηjcÞðmjηjnkÞÞ;

hQαaQβbi ¼ 2α2

�
2

3
Cαβηab −

1

3
ϵabcðCΓcÞαβ

�
: ð5:13Þ

Here α0, α1, and α2 are arbitrary constants which are related
to the ospð1j4Þ and spð4Þ constants given by ν and ðμ; ρÞ,
respectively. Indeed, the invariant tensor (5.13) can be
obtained from the invariant tensor of the ospð1j4Þ ⊗
spð4Þ ⊗ spð4Þ superalgebra by considering the redefini-
tion (4.7) along with Eq. (5.5) and the flat limit l → ∞.

The CS action is then given, up to boundary terms, by

I ehmð4Þ
¼ k

4π

Z
α1ð2Raea þ 20RabceabcÞ

þ α2ð2Raka þ eaT a þ 20Rabckabc

þ 10eabcT abc þ 2iψ̄aD̂ψaÞ þ α0LðΩÞ: ð5:14Þ

The CS action based on the fhmð4Þ hyperalgebra describes
an exotic hypersymmetric gravity theory. One can see that
the spin-5

2
gauge fields do not contribute to the Einstein-

Hilbert sector. This is due mainly to the structure of thefhmð4Þ hyperalgebra (4.8)–(4.10), in which fQ;Qg≁P. Let
us note that the same behavior appears in the simplest
hyper-Maxwell gravity (3.8) and in the nonstandard super-
symmetric extension of the Maxwell gravity [90]. It would
be worth studying the Hietarinta version [72–74] of the
nonstandard hyper-Maxwell-CS action (5.14)—in which
the role of the dreibein and the gravitational Maxwell gauge
field are interchanged—and its physical implications.
The field equations for α2 ≠ 0 are given by the vanishing
of the curvature two-form in Eq. (5.11), i.e., F ehmð4Þ

¼ 0. In

the present case, the curvatures transform covariantly under
the hypersymmetry transformation laws as follows:

δea ¼ 0; δωa ¼ 0; δka ¼ 3iϵ̄bΓaψb;

δeabc ¼ 0; δωabc ¼ 0; δkabc ¼ −iϵ̄aΓbψc;

δψa ¼ dϵa þ 3

2
ωbΓbϵ

a − ωbΓaϵb − 5ωbcaΓbϵc; ð5:15Þ

where ϵa is the fermionic gauge parameter related to Qa.

VI. CONCLUDING REMARKS

In this work, we have presented a consistent way of
coupling three-dimensional Maxwell-CS gravity theory
with a spin-5

2
gauge field. To this end, we have constructed

the simplest hypersymmetric extension of the Maxwell
algebra, which was carried out with a consistent insertion of
new fermionic generators into the three-dimensional
Maxwell group which transforms into a spin-3

2
irreducible

representation of the Lorentz group. The respective CS
theory that is invariant under the aforementioned hyper-
Maxwell algebra was then introduced and can be seen as an
exotic hypersymmetric gravity theory that extends the
hypergravity of Aragone and Deser [7] that has allowed
us to write its corresponding extension to include massless
gauge fields of spin ðnþ 3=2Þ. Interestingly, it has also
been shown that the hypersymmetric extension of the
Maxwell algebra is not unique but can be further extended
to include spin-4 generators that are accompanied by
additional fermionic spin-3

2
ones. Indeed, it has been shown

explicitly that three different hyper-Maxwell algebras can
be derived by considering the IW contraction of diverse
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combinations of the ospð1j4Þ and the spð4Þ algebras. The
first of these superalgebras obtained here [Eqs. (4.4)–(4.6)]
has allowed us to construct a consistent CS hypergravity
theory that amounts to endowing Maxwell gravity with
interacting massless spin-4 fields and two independent
fermionic gauge fields of spin 5

2
. A second alternative

hypersymmetric algebra [Eqs. (4.8)–(4.10)], named here
as a nonstandard algebra, has allowed us to construct the
nonstandard hypersymmetric Maxwell-CS action, which is
characterized as having just one spin-5

2
fermionic gauge field.

Notably, in the third case (4.12) the spin-4 gauge fields can be
consistently truncated, which is consistent with the fact that
the set of spin-4 generators indeed form a subalgebra, so the
simplest hyper-Maxwell gravity theory that includes a single
massless spin-5

2
gauge field is effectively recovered.

Note that for our simplest hyper-Maxwell-Chern-Simons
gravity, as in the case of the Poincaré hypergravity [23], the
inclusion of additional HS generators of half-integer spin
into theMaxwell algebra does not affect the causal structure
underlyingMaxwell-CS gravity theory, which distinguishes
it from the more familiar infinite-dimensional higher-spin
algebras, which require one to extend the Lorentz group in
order to include generators of higher spins s > 2.
The results obtained here could serve as a starting point

for various further studies. In particular, one could explore
the possibility of including a cosmological constant in
our theory. Indeed, with regard to the bosonic sector of the
theory, it is encouraging to know that the Maxwell gravity
theory can alternatively be recovered as a vanishing
cosmological constant limit of the so-called AdS-Lorentz
gravity [70,78,94] and the Poincaré-Lorentz gravity theory
[56]. A cosmological constant could then be incorporated
in the hyper-Maxwell gravity theory by constructing a CS
hypergravity theory based on a hyper-AdS-Lorentz or a
hyper-Poincaré-Lorentz symmetry. Although they probably
should appear as deformations of the hyper-Maxwell
algebras presented here, one could expect different under-
lying geometries. Indeed, unlike the AdS-Lorentz gravity
theory, the inclusion of a cosmological constant through the
Poincaré-Lorentz symmetry implies the presence of a
nonvanishing torsion [56]. It would be worth exploring
the physical implications of considering a nonvanishing
torsion in a hypergravity theory.
It is worth stressing that the study of suitable asymptotic

symmetries for the extensions of hyper-Maxwell theories
found here become crucial due to their inherent topological
character, which is pointed out by the absence of local bulk
degrees of freedom [86]. Thus, one can expect that suitable
asymptotic conditions could be performed in each case
along the lines of [85,86], giving rise to adequate asymp-
totic symmetries being canonically realized by deforma-
tions of the hyper-bms3 asymptotic algebra. One might
then wonder whether interesting hypersymmetry bounds
could be derived from these asymptotic algebras, thereby
implying prominent properties for solutions such as

solitonlike ones, as well as those with a sensible thermody-
namics; see, e.g., [22,23]. Indeed, since the hyper-Maxwell
algebra appears as the IW contraction of diverse combina-
tions of the ospð1j4Þ and the spð4Þ algebras, it seems natural
to expect that the respective asymptotic algebras could
alternatively be recovered as a precise combination of the
Wð2;5

2
;4Þ and Wð2;4Þ algebras (this is a work in progress).

Another interesting aspect that deserves exploration is
the derivation of the hyper-Maxwell algebras introduced
here by considering the S-expansion method. In three
spacetime dimensions, the Maxwell algebra and its super-
symmetric extension can be obtained by expanding the
soð2; 1Þ and ospð2; 1Þ algebras, respectively [70]. One
could extend the S-expansion procedure at the hypersym-
metric level by studying the S expansion of the ospð1j4Þ
superalgebra considering different semigroups. It would be
interesting to recover not only known algebras (such as the
hyper-Poincaré algebra and the ones presented here) but
also novel algebras that are the hypersymmetric extensions
of known (or unknown) bosonic algebras. A particular
advantage of considering the S-expansion approach is that
it provides us not only with the expanded (anti)commuta-
tion relations but also with the nonvanishing components of
the invariant tensor of the expanded algebra, which are
essentials in the construction of a CS action.
It is well known that three-dimensional CS actions

possess higher-dimensional generalizations. Following
[26], it would be worthwhile to extend our construction
to five or more odd spacetime dimensions. As a concluding
remark, let us mention that the N extension of our results
can be done by considering an appropriate IW contraction
of diverse combinations of the ospðMj4Þ and spð4Þ
algebras. In particular, one would expect that an N ¼
ðM;NÞ extended version of the simplest hyper-Maxwell
algebra presented here could be derived from the
ospðMj4Þ × ospðNj4Þ × spð4Þ superalgebra. Let us note
that the ospðMj4Þ × ospðNj4Þ superalgebra corresponds to
the N -extended hyper-AdS algebra studied in [22].
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