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ABSTRACT. A representation-theoretic characterization is given for hypoel-
lipticity of homogeneous (with respect to dilations) left-invariant differential
operators P on the Heisenberg group H,; it is the precise analogue for H, of
the statement for R” that a homogeneous constant-coefficient differential
operator is hypoelliptic if and only if it is elliptic. Under these repre-
sentation-theoretic conditions a parametrix is constructed for P by means of
the Plancherel formula. However, these conditions involve all the irreducible
representations of H,, whereas only the generic, infinite-dimensional repre-
sentations occur in the Plancherel formula. A simple class of examples is
discussed, namely P = 37_ X" + Y?", where X, ¥, i=1,...,n,and Z
generate the Lie algebra of H, via the commutation relations [X), Y;] = §;Z,
and where m is a positive integer. In the course of the proof a connection is
made between homogeneous left-invariant operators on H, and a class of
degenerate-elliptic operators on R**! studied by Grusin. This connection is
examined in the context of localization in enveloping algebras.

1. Introduction. The main purpose of this paper is to present a repre-
sentation-theoretic characterization of hypoellipticity for homogeneous (with
respect to dilations) left-invariant differential operators P on the Heisenberg
group H,.

DErINITION 1.1. A differential operator P on a manifold M is hypoelliptic if
and only if for any distribution ¥ € D’(M), ss. u Cs.s. Pu, where s.s.
denotes singular support. That is, if Pu is C* on the open set @ C M, then u
isC®on .

The principal result is the following:

THEOREM 1.2. Let P be.a left-invariant homogeneous differential operator on
the Heisenberg group H,. Then the following are equivalent:
(1.1) P and P, the formal transpose of P, are both hypoelliptic.
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2 CHARLES ROCKLAND

(1.2) For every irreducible unitary representation w of H, (except the 1-
dimensional identity representation), w(P) has a bounded two-sided inverse.
Here n(P) is viewed as an unbounded linear operator in the Hilbert-space H of
@, with domain the space of C ®-vectors of the representation .

(1.3) For every irreducible unitary representation = of H, (except the 1-
dimensional identity representation), w(P)v # 0 and w(P)*v # 0, for every
nonzero C ®-vector v of the representation .

Theorem 1.2 is simply the analogue for G = H, of the following well-
known result for G = R”, the translation group, endowed with the usual
family of dilations: A homogeneous constant-coefficient differential operator
is hypoelliptic if and only if it is elliptic. (For details see §5.) The idea of
focusing attention on homogeneous differential operators is due to Stein [23],
and also, in a different context, to Grusin [9).

Our work relies heavily on the representation theory, in particular, on the
Plancherel formula, for H,, which we examine in the general context of the
Kirillov orbit picture. A basic ingredient in the proof of Theorem 1.2 is the
use of the Planchere! formula to construct a parametrix for P*, the formal
transpose of P, which is C® away from the identity element. However, only
the “generic” representations of H, occur in the Plancherel formula, and if
one tries to use the formula to write down a fundamental solution for P’, a
serious convergence problem arises as the generic representations approach
the hyperplane of “degenerate” representations, i.e., as Planck’s constant
approaches 0. It is the hypothesis that #(P) is invertible for “degenerate” =
which allows us to circumvent this difficulty. Roughly speaking, with this
hypothesis we are able to find W in the center of the enveloping algebra such
that P' + W is elliptic, and to construct u € '(G), with the Plancherel
formula, satisfying P'u = (P' + W)8. Convolving u with a compactly
supported parametrix for P* + W, we obtain a parametrix for P’. In earlier
work relating hypoellipticity with representation theory [7], [21], the inverti-
bility hypothesis for the degenerate representations is satisfied implicitly, and,
consequently, the significance of the “degenerate” representations has been
overlooked. (See [11], however.)

As the reader will see, the methods we use are rather “formal”, in the sense
that they are not crucially tied to H,, but should, with appropriate modi-
fication, go over to more general simply-connected nilpotent Lie groups G
with “dilations”. (Precisely how general is not yet clear. See §8.) Certainly the
Kirillov orbit picture, in particular the use of the center of the enveloping
algebra to parametrize the orbits, is valid in full generality, and the dilations
can be naturally incorporated "into this scheme. We consider the present
paper a first step towards the proof of the general case, and, consequently,
shall keep this general context in view throughout the exposition.
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HYPOELLIPTICITY ON THE HEISENBERG GROUP 3

We proceed to an outline of the paper.

In §2 we sketch some basic results concerning representation theory for
simply-connected nilpotent Lie groups, including the Plancherel theorem.

In §3 we work specifically on H,. We show, under the hypothesis that #(P)
has a bounded left-inverse for every = except the l-dimensional identity
representation, how to construct a parametrix for P’.

In §4, assuming some results from §6, we shall show that, under the
stronger hypothesis (1.2), the parametrix for P‘ constructed in §3 is C* away
from the identity, and hence that P is hypoelliptic. The same argument, but
with P and P’ interchanged, shows that P’ is hypoelliptic. Actually, it seems
very likely that the Jeft-invertibility of #(P) should be sufficient to guarantee
hypoellipticity of P. We return to this point in §6. We should observe also
that if we know that P and P’ are both hypoelliptic, and if we appropriately
restrict the degree of homogeneity, then, by work of Folland [6], we can
deduce much additional information.

In §5 we prove that if P and P’ are both hypoelliptic then (1.3) holds. This,
together with the fact, to be proved in §6, that (1.2) and (1.3) are equivalent,
completes the proof of Theorem 1.2.

There is a very close and natural relationship between operators studied by
Grusin in [9] and homogeneous left-invariant operators on nilpotent Lie
groups. Indeed, there is a very direct link between Theorem 1.2 and the
results of Grusin [9]; in fact it was the discovery of the group-theoretic
interpretation of the results of Grusin which led us to conjecture Theorem 1.2,
and, in particular, directed our attention to the “degenerate” representations.

In §6 we study this relationship. We feel it is of interest in its own right, but
we include it here primarily because some of the consequences are needed in
§§4 and 5.

There is an interesting class of operators P for which it is easy to verify that
(1.3) holds. We examine this class in §7, where we derive a strengthened form
of the following proposition:

PROPOSITION 1.3. Let G be a simply-connected nilpotent Lie group, with Lie
algebrag. Let X, . . . , X, be elements of g whose repeated commutators span g.
Then for any positive integers m, i = 1, . . ., k, all even or all odd, the operator
P = 3k_ X2 satisfies (1.3) (with H, replaced by G).

These operators, with m; = 1, have received a good deal of attention, both
in the group-theoretic context and in the more general “variable-coefficient”
context. (See, for example, [13], [6], [22).)

At least in the case of G = H, we can, by Theorem 1.2, say that such P, if
homogeneous, are hypoelliptic. We thus have

COROLLARY 14. Let X, ..., X,, Y}, ..., Y,, Z be the standard generators
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4 CHARLES ROCKLAND

for the Lie algebra of H,, i.e, [X,, Y] = §,;Z, and [X;, Z] =0, [Y;, Z] = 0.
Then for any positive integer m, the operator P = ="_ (X + Y*™) is hypoel-
liptic.

We conclude in §8 with a discussion of open problems.

2. Preliminaries on nilpotent Lie groups. We assume that the reader has
some familiarity with basic representation theory, and shall review only those
points which will be needed later. As general references we shall use [2] and
[15].

Let G be a simply-connected nilpotent Lie group, with Lie algebra g and
(complexified) universal enveloping algebra AU(g). Since G is simply-connec-
ted the exponential map exp: g — G is a diffeomorphism. In fact [2] G is
unimodular, i.e., left Haar measure equals right Haar measure, and is the
image under exp of Lebesgue measure on g.

We identify g with the left-invariant real vector fields on G by associating
to X € g the vector-field, still denoted X, defined by

@1 (Xo)x) = £ _s(xepx),  9EC(G)

This identification extends uniquely to an isomorphism between the algebra
QAU(g) and the algebra of all left-invariant differential operators on G (with
complex coefficients) (see [12]). Thus, every left-invariant differential operator
on G is of the form
2.2) P= 3> aXiXp---Xp, a,€CX€Eg.

laj<m
If X;, ..., X, form an ordered basis for g then the expansion (2.2) is unique
by the Birkhoff-Poincaré-Witt theorem.

If P is a differential operator on G, then by P’ we mean the formal
transpose of P with respect to Haar measure, and by P* the formal adjoint.
Thus, P* = (P) =(P'), where P is defined by P(¢) =P(_¢'), ~ denoting
complex-conjugation.

Since translation is an isometry with respect to Haar measure it follows
that if X € g then

2.3) Xi=-X.
Thus, if P € AU(g) is given by (2.2),
2.4 P= 3 aXxpXxg.-.Xw,
lal<m
(2.5) P = 2 aa(—XN)uN(—XN—l)aN_I ot (_Xl )a',
jal<m
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HYPOELLIPTICITY ON THE HEISENBERG GROUP 5

(2.6) P* =I ]2 Z(=Xn )™ (= Xy-1)™ e (= X)™
aj<m
Of course, P, P*, P* also lie in U(g).

If 7 is a unitary representation of G on the Hilbert space H, then v € H is
called a C*®-vector for 7 if the map x > #(x)v from G to H is C*®. The
C®-vectors form a vector subspace of H, which we denote by H,. The
representation 7 determines a Lie algebra representation # of g as linear
maps: H,, — H_, defined by

2.7 7(X)v = % w(exptX), X Eg,v€H,.
=0

This extends uniquely to a representation of the algebra QU (g) as linear maps:
H, - H,.({f c € C, n(c) = c.) If = is irreducible then [15] there is a unitar-
equivalence taking H to L%(R") for some n (possibly 0) and taking H, to
S (R"), the Schwartz space.

The summable functions L'(G) form an algebra under convolution,
defined by

(o8 = [ o0 & = [ f0)a(rD) &

where dy denotes Haar measure. If 7 is a unitary representation of G on H,
then 7 determines a representation of the algebra L'(G) as bounded linear
operators on H by

29) (=[SO d, oEH.
To say that = is an algebra representation means, in particular,

(2.9 7(f*g) = 7(f)m(g).

It is clear from (2.8) that, letting || - || denote bounded operator norm,

(2.10) 7O <ALy

Kirillov [15] shows that if # is irreducible, #(f) is a compact operator for
f € LY(G), and if p € C{°(G), then 7(g) is of trace-class. Also, 7(¢p) maps H
into H,, even if # is not irreducible. The space spanned by {7(@)v|p €
C¢°(G), v € H}, called the Garding subspace, is dense in H, and hence, so is
H

0°

LeMMA 2.1. Let ¢ € C°(G) and X € g. Then for any unitary representation
@ of G and any C*-vector v,

(2.11) 7 (Xo)o = n(p)m(—X)v.
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6 CHARLES ROCKLAND

ProoFr.

n(Xp)o = [ (Xo)(x)r(x)o dx = fG 4 ’ 9(x exp X )m(x)o d

=

&la, @

f @(x exp tX)m(x)o dx
t=0 YG

|

. fG @(x)7(x exp — tX)o dx  (by right-translation)
=

SN

1_0 fG P(xX)T(x)m(exp — 1X )v dx
= fG q)(x)ﬂ(X)( ;‘,1; Imoﬂ(exp — X )") dx
- fG p(x)m(x)r(—X)o dx = n(@)r(—=X). [

LeMMA 2.2. For any unitary representation = of G, and for any X € g,
7(—X) = n(X)* (where * denotes formal Hilbert-space adjoint). That is,
{m(X)v, w) = (v, w(— X)W) for every v,w € H .

PROOF. Since 7 is a unitary representation of G, 7 is skew-adjoint on g.
Thus, 7(X)* = — 2(X) =a(—X). O

Since X € g is real it follows from (2.3) that X* = — X. Hence Lemma 2.2
states that #(X*) = #(X)*. A simple argument using (2.6) now shows

(2.12) For any P € U(g), m(P*) = =n(P)*.

Similarly, an argument based on Lemma 2.1 and (2.5) shows

(2.13) For any P € U (g), for any ¢ € C5°(G), and for any C *®-vector v,
7 (Pp)v = w(p)m(P)v.

It follows immediately that

(2.14) a(P'p)v = w(@)n(P)v,
(2.15) 7(P*¢)o = n(p)n(P o,
(2.16) 7(Po)v = m(¢)m(P)*v.

For ¢ € C®(G) we define ¢, ¥ € C®(G) by

(2.17) ¢(x)=o(x7"); o*(x)=9(x7).

LemMma 2.3. For any ¢ € C§°(G) and any unitary representation 7 of G,
m(p*) = n(p)*.
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HYPOELLIPTICITY ON THE HEISENBERG GROUP 7

PROOF.
m(9*) = fG @(x~ ") m(x) dx

= f @(x) m(x~") dx (since Haar measure is unimodular)
G

= [, 7 #(9* ax =[ [ oam(s) x| = w(oy. O

Combining this with (2.9) we see

(2.18) For any ¢ € C2(G), 7(p * (9¥)) = 7(p)7(p)*.

We also derive the following.

(2.19) For any ¢ € C°(G), ¢ * 9¥(&) = |9ll}xq) = “‘P#szﬁ(c)s where e
denotes the identity element of G.

Proor. Using the second definition of convolution we get

pro¥(e)= fG e(Me*(y N = fG () 9(¥) ¥ = ol

Since G is unimodular,
T b = “Nglv-1)
quv(y) o(y) & fcqv(y Ye(y™") @

= fG o* () 9* () & = l9*I3er O

We shall find it necessary when we deal with hypoellipticity questions to be
able to apply unitary representations of G to compactly-supported
distributions on G, denoted &‘(G). To do so it is convenient to introduce a
variant of the notion of C ®-vector.

DEFINITION 2.4. Let 7 be a unitary representation of G on H. We say that
v € H is a weak C *-vector for « if it satisfies the following two conditions:

(2.20) For every w € H the map ¢, ,,: G— C given by x > {(m(x)o, w) is
C*.

(2.21) The map w > @,,, from H to C*(G) is continuous with respect to
the norm topology on H and the usual topology on C*(G) (uniform
convergence on compact subsets of all partial derivatives).

REMARKS. 1. Clearly the weak C*-vectors for # form a linear subspace,
H}, of H.

2. Every C ®-vector is certainly weak C* as well, i.e., H, C H. In fact, at
least when « is irreducible, the two spaces coincide. (See Note 6 following
Proposition 2.6.)

DEFINITION 2.5. Let # be a unitary representation of G on H, and let
u € &'(G). We define 7(u) as a possibly unbounded linear operator on H with
domain HY as follows. For any v € HY, w(u)v is the unique vector in H
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8 CHARLES ROCKLAND

satisfying
(2.22) {m(u)o,w) = (u,¢,,) foreveryw € H.

We check that this definition makes sense. Since ¢,,,, is in C*(G), (4, ¢,,,) is
a well-defined complex number. For fixed ¥ € 6(G) and v € HY the
function w > (u, ¢,,) from H to C is clearly conjugate-linear and, because
of (2.21), continuous. Therefore for fixed u, v there is a unique vector
7(u)vo € H such that (2.22) holds. Clearly the map v +»> #(¥)v is linear.

REMARK. It is probably possible to extend 7 («) naturally to a larger domain
than H}. For example, although I have not carefully checked this, it is
probably possible to extend #(u) to a linear map from H to the dual space
H. of H, with the “Schwartz-space topology.” (See Kirillov (15, p. 62]).
Thus by the remark following (2.7), if « were irreducible 7 (u) would give a
linear map: L%R") — $’(R"), the space of tempered distributions. Also, by
putting the Schwartz-space topology on H_, we can probably make 7(u):
H_ — H|, continuous. Again, I have not checked this carefully since we shall
not need this information in the case when G is the Heisenberg group.

Many of the earlier results for #(¢), ¢ € Cg°(G), continue to hold for 7 (u).
We bring various of these together in the next proposition.

First, define &, u® € &'(G) foru € &'(G) by

(2.23) (4,¢) = (u, ‘p), (u*,¢9) = (u, ¥*) foreveryy € C*(G).

A simple verification, using the fact that Haar measure is unimodular, shows
that this definition agrees with (2.17) for u € C5°(G).

ProPOSITION 2.6.(1) If f € L'(G) N &'(G), then w(f), where f is viewed as
an element of &'(G) is the “same” operator as in the original definition of w(f);
more precisely, n(f), defined on the dense subspace H, of H, extends uniquely
to a bounded operator on H which equals the original = (f).

() For any u € &'(G), w(u®) = w(u)*. More precisely, for any v, w € HY,
{n(u)o, w) = {v, m(u*)w).

(3) For any u € &'(G), w(u) maps HY into itself.

@ If u € &'(G) and ¢ € C(G), then w(u * @) = w(u)mw(¢p), both sides
being viewed as bounded operators on H.

(5) If u,, u, are in &'(G), then w(u, % uy) = w(u,)m(u,), both sides viewed as
(unbounded) operators defined on H,.

(6) For any P € AU(g) and any u € &'(G), n(Pu) = w(u)mw(P’), viewed as
(unbounded) operators on H .

(7) For any unitary representation m, w(8) = I, the identity operator on H.
Here 8 is the 8-function supported at the identity element.

Notes. 1. We assume the reader is familiar with the notion of convolution
of distributions which appears in(4) and (5). In particular, in (4) u* ¢ €
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HYPOELLIPTICITY ON THE HEISENBERG GROUP 9

Cs°(G) since ¢ € C5°(G), and so #(u * @) is a bounded operator on H. By
the remarks following (2.10), m(p) maps H into H,, and similarly for
@ (u * ). In particular, #(u)7(¢p) is defined on all of H. Note that (4) shows
that #(u)7(¢p)v is in H, in fact in the Gérding subspace, for any v € H.
That is, #(u) maps the Girding subspace into itself.

2. The right-hand side of (5) is meaningful because of (3). I do not know
whether (3) remains true, in general, with H} replaced by H . This is the
reason for introducing the space H. However, see Note 6 below.

3. In (6) we work with H_, since this is the usual domain for #(P). It is
easy to see, however, that the domain for #(P) can be taken as HY, and that
(6) is valid on this domain. For example, we could use (2.24) below to define
7(P)vforv € HY.

4. Of course (7) means that 7(8) extends to /.

5. Using (7) we obtain a useful special case of (6):

(2.24) For every P € AU(g), w(P) = w(P'S).

6. If = is irreducible then H} = H_. In particular, by (3), for any
u € 6'(G), w(u) maps H, into itself. Clearly, it suffices to prove this for any
unitarily equivalent representation. Thus, since # is irreducible we may
assume without loss of generality (see [15]) that H = L*R") for some n, that
H, = S (R"), the Schwartz space, and that {#(P)|P € U(g)} = 4,(C), the
algebra of all differential operators on R” with polynomial coefficients. From
(2) and (2.24) we see that for every P € U(g), v € HY and w € H,,
{n(P)v, w) = v, 7((P'8)*)w). Taking both v and w in the above to be in
H,, we see from (2.12) that #((P'8)*)w = #(P*)w. Hence {7 (P)v, w) =
{ v, w(P*)w) forany v € H%, w € H_. This equation says that #(P)v €
L*(R"), defined via (2.22), coincides with the tempered distribution in $'(R")
obtained by applying the differential operator with polynomial coefficients,
7(P), to v € LA(R") viewed as an element of §'(R"). Thus, in particular,
Qv € L*(R") for every differential operator Q € A4,(C). It follows from the
Sobolev lemma that Qv € C*(R") for every Q € 4,(C) and every positive
integer k, where C*(R") is space of all k-times continuously-differentiable
functions on R” whose derivatives up through order k¥ are bounded. This
clearly implies that v € S(R") = H ..

ProoF oF ProposiTION. (1) Obvious.

(2) Straightforward generalization of proof of Lemma 2.3.

(3) We need to show that for any v € HY, the following hold:

(2.25) For any w € H, the map ¢,,,,,,. G > Cis C*.

(2.26) The map w > @,,,,, from H to C*(G) is continuous.

But

q’w(u)v,n'(x) = <7r(x)17(u)v, w> = <7T(u)v’ W(x)*w> = (u’ (Pu,'rr(x)'W)’
and
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10 CHARLES ROCKLAND

Poatrw(V) = T(2)0, 7(x)*W) = (7 (xp)0, W) = 9, (X)-
That is, @0 (%) = (4, @,,,(x»)), i.e. u applied to the C*-function of y,
®,.»(xp). Since this equals u * ¢,,,(x ), it is C*. This proves (2.25). But for
any u € &’(G) the map ¢ > u * ¢ from C*(G) to C*(G) is continuous;
also the map ¢: C*(G) — C*®(G) is continuous; Hence, since we know that
the map w i-;%,w from H to C*(G) is continuous, and since Qe =
(u = 9,,), (2.26) follows.
(4) We want to show that
(2.27) {a(u * p)o, w) = {m(u)m(p)v, w) forallv,w € H.

For v, w € H, ¢,,,(x) = {m(x)v, w), although not a C* function on G, is
certainly continuous (as part of the definition of unitary representation) and,
in particular, a distribution. Thus, since

(rlun @)o,w) = [ (u+ )09 (x) a5

(r(us@)o,w) = (ur9) . (e) = u+(*§.)e) = ( (9 * $))-
On the other hand, by definition of 7(u), (T(W)m(P)v, W) = (U, Py(gyow)-
Thus, to prove (2.27) it suffices to show that for any v, w € H, @,pow =
(9 * ¢,,)" a relation we derived in a more general form in the proof of (3),
with ¢ replaced by u, but with v restricted to HY. A straightforward
computation shows that the desired relation holds for arbitrary v € H.

(5) Now let u;,, u, € 6'(G), and @ € C°(G). Then (u,*+u))*¢p=
u, * (u, * @), and since u, * ¢ € C5°(G), it follows from (4) that

7(ty * )m(@) = 7(u)m(uy * @) = w(uy)m (u)7 ().
In particular, foranyv € Handw € H,

{m(uy * u)w(@)o, wy = {m(u)7(u)7(p)o, w).
Therefore, by (2) and (3),

<7r(<p)v, () * uz)#)w> = (7(p)v, 7(uf)m(uf)w).

But an easy argument shows that (u; * u)* = u¥ * u¥. So, for any v € H
andanyw € H,

- An(@o 7w «ul)w) = (7(9)r, 7 (u )m(uf)w).
But [15] {7(p)v|p € C*(G), v € H} is dense in H. Thus, 7(uj’ = uf)w =
a(u)m(u*)w for any w € HY. Replacing uf, uj* by u,, u,, we prove (5).
6)Letu € &'(G)and P € AU(g). Pu = P(u * d). Since P is left-invariant
this equals u + P5. Thus, by (5), 7(Pu) = 7(u)7(P5). Let v € H,, and
w € H. Then

<'”(P8)D’ W> = (Ps’ q)o,w) = (6’ P’(pv,w) = P' (<7T(X)D, w>)|x-e'
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HYPOELLIPTICITY ON THE HEISENBERG GROUP 11

It follows from (2.7) that this equals {w(P‘)v, w). Thus, for any v € H,
7(P8)v = w(P")v, and so, by the above, 7(Pu)v = w(u)m(P")v.

(7 (8, ®o,) = 9, (€) = {m(e)o, w) = (o, w). O

We next turn to the Plancherel theorem . We shall need to use it both in its
distributional and in its L? formulation. The version we present below is a
compilation of results in Dixmier [2] and Kirillov [15]. Dixmier presents a
sharp formulation of the L2version, and Kirillov provides a satisfying
geometrical exposition of the distributional version. The reader is referred to
{2] and [15] for details and further information (also, see Kirillov [16].)

THEOREM 2.7. Let G be a simply-connected nilpotent Lie group of dimension
N. Let g denote the Lie algebra, g* the dual of the Lie algebra, U(g) the
complexified enveloping algebra, and Z (g) the center of the enveloping algebra.
Every coadjoint orbit in g* is even dimensional. Let 2n be the maximal
dimension which occurs, and let ¢ = N — 2n. Let W, . . ., W, be selfadjoint,
algebraically independent elements of Z (g) which generate the field of fractions
of Z(g). Then there exists a nonempty Zariski-open subset T of R?, and for
every A=Q,...,N) ET a unitary irreducible representation m, of G in
H = L¥R") so that the following properties are satisfied.

(1) For every NET and any i = 1,...,q, m(W) = NI, moreover, any
unitary irreducible representation of G satisfying this property is unitarily
equivalent to m,.

(2) For every A €T, the space of C ®-vectors for m, is S(R").

(3) For every A €T, the algebra of operators m,(Q) as Q runs through U(g)
is A,(C), the Weyl-aigebra, consisting of all differential operators on R" with
polynomial coefficients.

(4) For every fixed Q € U(g), m,\(Q) is a finite linear combination of
elements in A, (C), independent of A, whose coefficients are rational functions of
A, regular on T.

(5) For every f € L'(G) and every v € H, the map X > m(f)v fromT to H
is continuous; moreover, the function A > |7\ (f)|| tends to O as A approaches
infinity.

(6) For every f € L\(G) the nonnegative (possibly + oo-valued) function
A b te(m ()m(N*) on T (where tr denotes trace) is lower semicontinuous.
There is a real-valued rational function R, regular on YT, and unique up to
multiplication by —1, such that

(2.28) For every f € LY(G) N L¥G),
J VG s = [ a(m(Hm)*) ey

where du() = |RQ\,, . - ., Al . . . dAg.
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12 CHARLES ROCKLAND

[Note that it follows from (2.28) that =\(f) is a Hilbert-Schmidt oper-
ator dp-almost everywhere.]

(7) Let K be the Hilbert-space of Hilbert-Schmidt operators on H, with the
inner-product {S, T) = tr(ST*), and let LYT'; K) denote the L*-functions on T
with values in K, with respect to the measure du. Then there is a unique bijective
isometry ®: L¥(G)— L¥T; K) such that for every f € LY(G) n L¥G), ®(f)
is the function A > m,(f).

(8) For every ¢ € C5°(G) and every A €T, m\(¢) is of trace-class and the
function X \> tr m,(¢) is in L\(T; dp). Moreover,

(229) <8, 9> = @(e) = [r tr my(®) dp (D).

Nortes. LIf W € Z(g) and = is an irreducible unitary representation of G,
then 7(Z) = c¢I for some ¢ € C. By (2.12), if W = W*,thenc €ER.

2. The polynomials on g* corresponding to W,, i = 1,..., g, under the
symmetrization map parametrize the “generic” orbits. We caution the reader
that the symmetrization maps in [2] and {15] are slightly different.

3. Since L'(G) n L¥G) is dense in L% G) the existence of a (unique)
isometric extension ® from L*G) into L¥[T; K) is automatic. The delicate
part is to show that & is surjective. It would be desirable to have a simpler
proof of this along the lines of the proof in [13] for the case G = RV.

4. The fact that the function A > tr m\(g) is in L'(T'; dp) follows from the
treatment in [15] describing tr o, (¢) as the integral of the Fourier transform
of ¢ over the coadjoint orbit in g* corresponding to =,. This interpretation
also indicates that we should expect much better regularity properties for
A b tr o, (p) than simply measurability. We shall see later that when G =
H, this map is C*.

We wish to discuss some consequences of the Plancherel theorem. We
maintain the preceding notation.

LeEMMA 2.8. Let G be a simply-connected nilpotent Lie group. Then for any
u € &'(G) and any ¢ € C°(G),

(2.30) (4, §) = fr tr(my (), (9)*) di(h).
PROOF. (, ) = (u * 9)(€) = (u * (p*))(e), and u * (¢*) € C(G). Thus,
by (2.29),

(u, 9) =L tr('rr)\(u * <p#)) dp(A).

Then (2.30) follows from Lemma 2.3 and from Proposition 2.6(4). [

LEMMA 2.9. Let G be a simply-connected nilpotent Lie group. Then for any f,
g € L*(G),
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HYPOELLIPTICITY ON THE HEISENBERG GROUP 13

@31) I 30 dx = (29, %(2)),
where { , > is the Hilbert-space inner-product for LT'; K).

ProOF. The result is immediate, for the left-hand side of (2.31) equals
{f, &), the inner-product on L% G), and ® is an isometry of Hilbert-spaces.
O

The following proposition is crucial for §5.

PROPOSITION 2.10. Let G be a simply-connected nilpotent Lie group, and let u
lie in &'(G). Suppose that the function X \> m,(u) from T into the space of
unbounded linear operators on H = L*R"), say with domain the space S (R") of
C ®-vectors, is in fact a function in LYT; K). Then u € L¥G) n &'(G).

Proor. Since ®: L%(G) — LXT; K) is bijective there exists f € L% G) such
that ®(f) is the function A 1> 7, (v). Let ¢ € C3°(G). By Lemma 2.8,

(4, §) = fr tr(, ()7 (9)*) du(M).

But C§°(G) C LY(G) n L*G), so (o) is the function A > 7, (¢). Thus, by
Lemma 2.9,

790 dx = [ e(muym(#)*) du¥.

That is, (4, §) = (f, ), where we consider f as an element of %’(G). Since
@ € C5°(G)is arbitrary, u = f. [

We next recall the notion of dilations for the simply-connected nilpotent
Lie group G.

DerFINITION 2.11. Let r (> 8, be a homomorphism from R*, the multi-
plicative group of positive real numbers, into Autg, the group of
automorphisms of g, of the form §, = exp((log r)4), where 4: g—>gis a
semisimple linear transformation with positive eigenvalues, y;, . . ., yy. We
then call {8,} a group of dilations for G.

Nortes. 1. Taking an ordered basis X, . . . , Xy for g of eigenvectors for 4,
we see that §,(X;) = r%X,. We shall generally be interested in cases where all
the y; are positive integers.

2. Since G is simply-connected, {3,}, via the exponential map, forms a
group of automorphisms of G.

3. Of course, {8,) also determines a group of automorphisms of U(g). For
various examples of nilpotent groups with dilations, see, for example, Folland:
(6].

DEFINITION 2.12. P € QU(g) is homogeneous of degree k if 8.(P) = r*P for
every r. Observe that if we expand P as in (2.2) in terms of the basis
X, ..., Xy in Note 1, then P is homogeneous of degree k if and only if
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14 CHARLES ROCKLAND

2y, = k for every a with a, # 0. Suppose now that each W, i =
1,...,q, in Theorem 2.7 is homogeneous of degree m;; that is, §,(W)) =
r™W, Define “dilations” §: R? > R? by §: A=Q@Q,,...,A) >
(r™Ay, - . ., r™A)). Suppose also that each §,: R? - R? maps I’ into T, and
that 0 & T. Clearly, for every A € R?, X # 0, there is a unique r € R* such
that ||8,-:A]| = 1, where || || denotes the Euclidean norm in R?. We call this
positive number r the “norm” of A, and denote it by |A|. (Compare with
Folland [6, §1].)

Since each §, is an automorphism of G, m, ° 8, is an irreducible unitary
representation of G for every A € T'. Since §,(W)) = r™W,, it follows by (1) of
Theorem 2.7 that m, ° §,(W,) = r™\,I. Hence, again by (1), m, ° 8, is
unitarily equivalent to 7;,. That is,

(2.32) For every A €T, r € R, there is a unitary operator U, , on H such
that @, o 8, = Uy m;, Uy, (Since 7, is irreducible, U,, is unique, up to
scalar factor of modulus 1.)

In order to work effectively with homogeneous P € U(g) we must
renormalize our choice of , to get rid of the U ,.

LEMMA 2.13. For every A €T there is a unitary operator V, on H such that
the representations 7\, = V,mV, ! satisfy the same properties as the m, in
Theorem 2.7 (with (4) slightly modified), and, in addition, satisfy

(2.33) iy © 8, = 75, forevery N ET andr €R".

ProOF. A simple computation shows that to ensure (2.33) it suffices that
(2-34) VG,A = VA U)",,
where = denotes equality up to scalar multiple of modulus 1. But it follows
from (2.32) that U, , satisfies the “cocycle” condition
(2.35) Urr, © Uspr, = Uy, forevery Ael,r,r,eR".

If we now define V, by

(2.36) V= USN"A'I)‘I’

it follows from (2.35) and the definition of [A| that (2.34) holds, ie., the
“cocycle” U, , is a “coboundary”. Thus (2.33) holds.

It follows from (2.32) that for any v € H = L%(R"), v is a C®-vector for
7, if and only if U, ,v is a C*®-vector for m, © §,. But by Theorem 2.7(2), for
each of these representations the space of C ®-vectors is & (R"). Thus, for any
A, r, and any v € LR"), U,,v is in S(R") if and only if v is in S@").
Hence, by the definition, (2.36), of V), it follows that the space of C ®-vectors
for 7, is S (R"). Thus (2) holds for #,.

From Theorem 2.7(3) and (2.32) it follows that for every A, r,

(2.37) 4,(C) = {U), TU|T € 4,(0)).
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Hence, again by (2.36), it follows that (3) holds for 7,.
Now let Q be an element of AU(g). By Theorem 2.7(4) there exist
T,..., T, € 4,(C) and rational functions R,(A), . . . , R, (A) such that

238) nQ) =3 RMT,

j=1
If Q is homogeneous of degree m it follows that

k
(2:39) m©8,(0) =r" 3 RN,
j=1
But by (2.32) and (2.38),
k
(240 m e 8,(Q) = Ux,,( 2 19(3.)\)@-)%}’-
j=1

Thus the right-hand sides of (2.39) and (2.40) are equal for any A, r. Now
replace A by d,-:A and r by |A|; of course this replaces §,A by A. Hence by
(2.36) and the above we get

k k
Vx( 2: Rj(A)T})VA_l = " _21 R;(8-N) T
J= Jj=

But by (2.38) the left-hand side of (2.41) equals #,(Q). We have therefore
shown

(242) If O € U(g) satisfies (2.38) and is homogeneous of degree m, then
k
H(Q2) = " 21 R; (8- T,
j=

Clearly, every 0 € QU(g) is uniquely expressible as a finite sum of homo-
geneous elements of AU (g). Applying (2.42) to each of these separately we
obtain the desired analogue of Theorem 2.7(4).

Just as in Dixmier [2; see, in particular, Lemma 33], one shows by applying
(4) to Q € g that for any v € H the map (x, A) > #,(x)v from G X T into
H is continuous, and the first part of (5) follows. Properties (1), (6), (8), and
the second part of (5) are clearly invariant under unitary equivalence.
Property (7) for #, is proved the same way as for . This concludes the proof
of the lemma. []

Condition (2.33) allows us to pass to the unit ball in R? when dealing with
homogeneous operators. More precisely,

(2.43) If P € U(g) is homogeneous of degree m, then for any A €T,

\(P) = I}‘Im";sN-nA(P) =|mﬂ8m-m(P)°
Proor. The first equality follows immediately from (2.33). Since §, is the
identity map it follows from (2.32) that U, , = I for any A € I. Hence, by
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16 CHARLES ROCKLAND

(2.36), V), = Iif ]\| = 1. Thus #, = =, if ]\| = 1, and so the second equality
holds. [ _

We shall need to work interchangeably with P and P (resp., P* and P’).
We therefore introduce the following considerations. Suppose that for every
i=1,...,q W, is either symmetric, i.e., W, = W/, or antisymmetric, i..,
W,=— W/, and let ,=1 or —1, correspondingly. (Since each W, is
selfadjoint, ie., W; = Wp, these conditions correspond to W, = W, W, =
—~ W,, respectively.) Also, for any A €RY, let 7A =(7)A,..., TA,), and
suppose that 7 leaves T invariant.

Since 7, is an irreducible unitary representation of G, so is #,, defined by
7y (x) = [ (x ")) =m(x), where * denotes the Hilbert-space transpose
(rather than adjoint) in L%R"), and where m,(x)v = (m,(x)d)~ for any
v € L¥R"). Since S(R") is closed with respect to ~, it follows from the
second equality above that the space of C ®-vectors for #, is also & (R”).

At the level of QU(g), 7, takes the form

(2.44) () =[A(2)]'=[#(2)] »

the second equality follows from (2.12) and the fact that O = Q**. It follows
from Theorem 2.7 (1) that #, is unitarily equivalent to #,,. If S, is the (unique
up to scalar multiple) unitary operator on L*[R") implementing the equiva-
lence, then S, and S;~! map C*®-vectors to C*-vectors, i.e., S, and Sy~ ! map
SR") to S(R"). Viewing the equivalence at the level of U (g) we see that for
every Q € U(g),

(2.45) [ﬁA(Q—)] =[#(Q")] = $17a(Q)Sx! foreveryA €T.

Since S, Sy ! map S (R") to S (R"), it follows from (2.45) that if #,(P) (resp.
7, (P*)) has a bounded left or right inverse in the sense of Definition 3.2 for
every A €T, then so does 7, (P) (resp. 7 (P")).

Finally we note that if P is homogeneous of degree k, then the same is true
of P, P* P‘. This follows, for example, from the remark immediately
following Definition 2.12 and from (2.4)(2.6).

3. Construction of the parametrix. Recall that the 2n + 1-dimensional
Heisenberg algebra, 4, is the Lie algebra with generators X,,i=1,...,n, Y,
i=1,...,n, Z satisfying the commutation relations

1) (%, ¥]=82 [xz]=0 [¥,Z]=0
The Heisenberg group H, is the unique simply-connected Lie group having 4,
as its Lie algebra. The group H, has a group of dilations {§,} defined by

(32) 8(X)=rX, 8(Y)=rY, 8(Z)=rz

In this section we want to prove the following:
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THEOREM 3.1. Let P € QU(h,) be homogeneous, and suppose

(3.3) 7(P) has a bounded right-inverse for every irreducible unitary represen-
tation w of H, (except the trivial, identity representation).
Then P has a right parametrix. That is, there exists u € D'(G) and f €

Cs°(G) such that
(3.4) Pu=348+1.

As in §2 we let H denote the Hilbert-space of 7, and H,, the space of
C>-vectors.

DEFINITION 3.2. A bounded right (resp., left) inverse for #(P) is a bounded
linear operator B: H — H such that

(3.5) B maps H_ into H ,

(3.6) w(P)B = I on H, (resp., Bn(P) = I on H,).

We begin with a discussion of the irreducible unitary representations of H,,.
(See, for example, [2], [3], [15]. We shall adhere most closely to the treatment
in [15]) We shall use exponential coordinates, (a, b, ¢) € R**! |> exp(a: X
+b-Y+cZ),onH,

There are two classes of irreducible unitary representations, as follows from
the Stone-von Neumann theorem:

(1) A “degenerate” family of 1-dimensional representations which map Z
to 0. These correspond to the irreducible unitary representations of
H,/{exp cZ|c € R} = R?. They are parametrized by (£, 1) € R?, and are
given by

(3.7) Ten(a b, ¢) = @b (£ 9) ER¥,

The trivial 1-dimensional identity representation corresponds to (£, 1) = 0.
At the Lie algebra level these representations take the form
G8)  meny(X) =V=T& men(Y))=V=Tn, 7¢,(Z)=0.

(2> A “generic” family parametrized by A € R — {0}, acting on L*R"),
which map Z to a nonzero scalar. They are given by
(B9 [m(a, b, c)v](r) = eMbr+erab/Dy(s 4 g), forv € L*(R").
The space of C®-vectors for each 7, is & (R"). At the Lie algebra level these
representations take the form
G10)  m(X,) =d/dt, m(Y)=V-T N, m(Z)=V-1A\
This family of representations, {m,}, is the one occurring in Theorem 2.7.
Indeed, when G = H,, Z(g) consists precisely of the polynomials in Z, so
g =1, and we can take W = Z/V —1.T becomes R — {0}, and, as seen in

[3], the Plancherel measure du(\) equals |A]" dA, where | | denotes absolute
value.

Since Z is homogeneous of degree 2, it follows that [A| = |A]'/ for every
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18 CHARLES ROCKLAND

A € R — {0}. Thus, when we renormalize as in Lemma 2.13, it follows from
(2.43) and (3.10) that

AX) =N L #(¥)=V=T (sga YN,
s
(3.11) i
#H(Z)=V—-1 A

More generally it follows from (2.43) that

(3.12) If P € U (h,) is homogeneous of degree m, then

#(P) = W™ (P) = Ny (P) ifA>0,
and
@ (P) = N _,(P) = \"%r_,(P) ifA<0.

The unitary operator ¥, implementing the equivalence between #, and =, is
given by o(¢) > ]A|""“o(]A]~"/%) for v € L’R>).

We also have from (3.8) that 7¢ ,, © §, = 7, ;. Hence,

(3.13) If P € A(h,) is homogeneous of degree m, then for any r € R* and
any (¢, 1) € R™,

Tt m)(P) = g a(P)-
Since W = — W', we can apply the considerations at the end of §2. In fact,

a straightforward verification shows that we can take S, in (2.45) equal to I.
Hence (2.45) takes the form

(3.14) m(Q) =[7:(@)], W(@)=[7-s@)]
for every A € R — {0}. Similarly we see

3B15)  7en(Q') = 7e-n(2) Ten(Q) =[7-e-m(Q)]
for every (£, 7) € R™".
REMARKS. 1. For ¢ € C{°(H,), let K(g; A, s, 1) denote the kernel associa-

ted to m, (), and K (; A, 5, 7) the kernel associated to #,(¢). It follows from
(3.9) that

K((p; A, s, t) =feix(b-s+c+(1-x).b/2)q)(t -5, b, C) db de
= ¢t~ s M(s + 1)/2),7),

where ¢ here denotes the (inverse) partial Fourier transform of ¢(a, b, ¢) with

respect to the variables b, c. (We ignore factors of 2#.) Also, it follows from
the explicit form of ¥, that

@17y R(@hs =N (e N 7).

Notice that K(g; A, s, #), originally defined only for A € R — {0} can, by the
Paley-Wiener theorem, be viewed as defined for all A € C, C*® in (A, s, ),

(3.16)
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holomorphic in A for fixed s, ¢, and having a well-determined rate of growth
at oo.

2. Using integration by parts and differentiation under the integral the
following can be proved:

(3.18) For every ¢ € Cy°(H,) there exists a unique ¢ € C;°(H,) such that

4 K(@hs ) =ATKWAs ), A0
(3.19) For every ¢ € C3°(H,) there exists a unique n € Cy°(H,) such that
L R(g:hs)=A"R@mAs) AeR-(0).

The functions v, 1 can be explicitly expressed in terms of ¢.
3. Using either (3.16) or the general orbit picture in [15] we find

(3:20) tr iy () = trm(9) = $(0, 0, A)/]P",
where

¢ denotes the (inverse) partial Fourier transform of ¢(a, b, ¢) with respect
to the variable c.

We next sketch the idea for the construction of a parametrix for P €
U (h,), homogeneous of degree m, and satisfying (3.3). Let B,, B_, be
bounded right-inverses for #,(P), #_,(P), respectively. Then if the integral

(3.21) COLY B COL MW ETRY

were well defined for ¢ € C§°(H,), and determined a distribution u, then u
would satisfy the equation Pu = 8. Indeed, we would have

(Pug) = (. P) = [ (A (PR)R(P)) )

= [ o HH@AREIRET) () (by 213)
(3.22)
S APRLICYOETY
=(8,9) (by(229)).
But, by (3.12),
#\(P) "= \""/?B,if A > 0;

H(P)™' =]\""/2B_,ifA <0,
Thus, since du(A) = |A|" dA,

(3.23)
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‘/I;—{O} tf(']'fk((p)ﬁ}‘(}’)_l)du(k) =j|;+ Ikl_m/ztr(:ﬁ-}‘((p)Bl)IAIn d\
(3.24)

+ N2 (@) B )Y

We shall see that both the integrands behave well for |A| large, but clearly
they may blow up as |A| - 0. (See, for instance, (3.20).) Thus u in (3.21) is not
well defined. We will, however, be able to solve the equation Pv = [PP +
Z?™] § with the Plancherel formula. Moreover, we shall see that, since
Teq(P) # 0for (§, 1) #0, PP + Z 2m is elliptic. We can consequently obtain
a solution u of (3.4) be convolving v with a compactly-supported parametrix
for PP + Z?™,

We proceed next to the details. First, in order to estimate tr(#, (¢)B,) and
tr(7, (@) B_,) without introducing the trace-norm of m,(¢), which does not
seem to us to be simply-expressible in terms of tr(#, (¢)) or tr 7, (¢ * ¢¥), we
would like B, and B_, to be Hilbert-Schmidt, or even of trace class, rather
than merely bounded. We proceed by replacing P by PQ, where Q is a
homogeneous operator in U (h,) satisfying (3.3), and such that the bounded
right-inverses #,(Q)~!, #_,(Q)~' are of trace-class. Then #,(Q) 'B,,
#_,(Q)"'B_, are bounded right-inverses for #,(PQ), #_,(PQ), and are of
trace-class, since the trace-class operators form a two-sided ideal in the space
of bounded operators. Notice, moreover, that if u is a parametrix for PQ,
then Qu is a parametrix for P; also, if u is C* away from e, so is Qu.
Actually, as will follow from §4, we could take Q = P" for N sufficiently
large. However, we would still require the following lemma.

LEMMA 3.3. There exists a homogeneous Q € U(h,) such that for every
irreducible unitary representation w of H, except myg, m(Q) has a bounded
two-sided inverse which is, in fact, of trace-class. We can take Q = [".(X?
+ YA, for N a sufficiently large positive integer depending on n.

Proor. Clearly 27_,(X? + Y?) is homogeneous of degree 2. By (3.8),

W(e,n)( g (X2 + Yiz)) = - él (& + ') =0 if (§ 1) #(0,0).

By (3.10),

n n n

#($ wee )= (Soee ) --Ewien)
i=1 i=1 i=]

where D, = (—1)"'/%(d/dt). But it is well known (see, for example, [17]) that

there is a complete orthonormal basis for L(R') consisting of eigenfunctions

{v,)%2, for the harmonic oscillator D2+ t% These so-called Hermite

functions lie in S (R') and satisfy the equation
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(3.25) (D2 + P)v, = (2i + 1)v; foreveryi.

It follows that the functions v,(f) = v, () ... v, (%), as i = (i}, . . ., i,) TUDS
through all n-tuples of nonnegative integers, form a complete orthonormal

basis for L(R"), and that
(3:26) [ '21 (D} + t})}v‘. =[ zl (2, + 1) |v, forevery .
j= j=

Thus 27, 1(D:,2 + tjz) has a two-sided bounded inverse T, given by

1
3.27) To,= ————— v,
( SETEE)

(We shall see in §4 that 7 maps S(R") to S (R").) Since all the eigenvalues of
T are positive, T is of trace-class precisely if

(3.28) > I < +00.
P+ ]

But (3.28) is certainly equivalent to

(3.29) $ 2y,
k=1 k

where a(k) is the number of ways k can be written as a sum of n positive
integers. Of course, a(k) can be determined explicitly; for us, however, it is
enough to notice the obvious fact that a(k) < k". Hence (3.29), and therefore
(3.28), holds if N -~ n > Lie if N >n+ 1. O

We next examine the question of measurability of the functions A >
tr(7, () B,), A > tr(F,(p)B_,). It is convenient to work in the general
context of §2. We maintain the notation of that section.

LeMMA 3.4. Let G be a simply-connected nilpotent Lie group (with dilations)
and let B: H — H be a bounded linear operator. Then for any ¢ € C;°(G) the

function X\ > te(7,(p)B) from T to C is measurable. If B is of trace-class then
the function is in fact continuous.

Proor. First suppose only that B is bounded. Since 7, (¢) is of trace-class
so is 7, () B. Also, tr(#, (p)B) = tr(B7,(¢)). Let {v;}7%, be any orthonormal
basis for H. Then

t(#,(p) B) = tr(Br(9)) = § (Biiy(9)vi 0
(3.30) " i=0
= 2 {A(9)v, B*0).

i=0

By Theorem 2.7(5), for each i the function A > {7, (¢)v;, B*v;) from T to C
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is continuous, a fortiori measurable. Hence tr(#,(¢)B), being a pointwise
limit of measurable functions, is measurable.

Suppose next that B is of trace-class. We express B* in polarized form,
B* = UT, where T = (BB*)'/? and U is a partial isometry. T is positive
definite and of trace-class, in particular, compact, so H has an orthonormal
basis {v;} 72, consisting of eigenvectors of T, with eigenvalues {#,}72, (Recall
that the trace-norm of B is, in fact, 232, ; < 00.) Then

(3.31) <"7>\(‘P)Ui’ B*Ui> = <U*"7'A(Q’)Ui: T0i> = ti<U*77)\(¢)vi’ "i>°
In particular,

[<x(@)vs B*0)| = t|{U* T (9)0s 0|
(32 < U] @@ = slFn(@)]
< 1ol (by (2:10)).
Thus, for every integern > 0,

(333) 2 [(Fr(@)vs B*o)| < ( 2 t.-) loll Loy

i=n i=mn

Since the right-hand side of (3.33) is independent of A, and since 2.4 ¢, < oo,
the series in (3.30) converges uniformly in A, in particular, uniformly on
compact subsets of T'. Since each of the functions A > (#\(¢)v,, B*v)) is
continuous, it follows that the sum is continuous.

REMARK. Returning to the special case of G = H,, it can be shown, using
(3.19), that differentiation under the integral is valid, and that for any v,
w € LY(R") the function A > {7, (p)v, w) is differentiable, and that

(3:34) de (A (p)o, w) = A" F(n)v, w).

Combining this with the above procedure and iterating, we find that if B is of
trace-class then the function A (- tr(#,(¢)B) is C®. I suspect that this is
probably true for general G.

We are now ready to examine the convergence of integrals of the type
occurring in (3.24). We begin by noting:

(3.35) For any Hilbert-Schmidt operators S, T on H, [tr(ST)| <
[tr(SS*))'/4[tr(TT*)]'/2. This is simply a variant of the Cauchy-Schwarz
inequality for the Hilbert space of Hilbert-Schmidt operators, under the inner
product (S, T) = tr(ST*).

We now work in the context of G = H,.

LEMMA 3.5. Let ¢ > 0, and let B be a trace-class operator on L*R"). If
s €ECwithRe s > —(n + 1)/2, then the linear map u: Cs°(H,) — C given by

(3.36) (u,9) = fo o, (i (9)B) A
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is well defined, and u € SD'(H,). In fact, there exists a constant C independent
of g such that

G3D  Jwol <[ N lu(di(9)B)| dh < Cloll,y

so u € LX(H,). The same is true if we replace the domain of integration by
-e< A0

Proor. By the preceding lemma, the integrand in (3.36) is measurable, in
fact C®. To show that it is integrable, i.e., in L', observe that

P‘IRe s+ "|tl‘(7'r,\ (‘p)B)I = (P\IRe s+n/2 )(IAIn/2|tr(1'1",\ ((p)B)I)
Hence,

[ IRes*jen(d () B)| dA
O<A<e

(3.38) 172

172
< A 2Res+n dA . - 2 n
[fom' | ] [fkm tr(7(9)B)P A" d

Our hypothesis on s states that 2 Res + n > —1. Hence, the integral
[focrce INZRES*" dA]'/2 is finite. Call it C”.

By (3.35), |tr(F\(9)B) < tr(BB*)tr(#,(¢)#,(p)*). But by Theorem 2.7(6)
and Lemma 2.13 the function A | tr(7,(¢)7,(¢)*) from R — {0} to R* is
measurable. [In fact, #,(@)7\(p)* = 7\(p * ¢¥), and since ¢ * p* €
Co°(G), one sees from (3.20) that the funaction A }> tr(#,(@)#,(¢)*) is C*.]
Thus,

1/2
[ j(;<x<e ltr(7\(¢) B)? A" dA]
(3-39) 5 )
<[t(BB%]" [ fo o TER@HEA" d}‘]

Since tr(7, (¢)7,(¢)*) > 0 for every A € R ~ {0}, and since the Plancherel
measure du(A) = A" A, it follows from (2.28) that

1/2
[fo<x<e tr(Fr (@) 7a(9)*)A" d?\]
(3.40) )
<[fl‘—{o) (7 (@) 7 (@) *) A" d)\] = |19l L2¢a1,)-

Letting C = C'[tr(BB*)]'/? we obtain from (3.38)~(3.40) the desired result
(3.37). (The first inequality in (3.37) follows automatically from the definition
of u.) Since L*(H,) is its own dual space it follows from (3.37) and the
Hahn-Banach theorem that u € L*(H,). Clearly the same proof is valid for
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the domain of the integration —e < A < 0. J
LemMa 3.6. Let ¢ > 0, and let B be a trace-class operator on L*(R"). For any
s € C the linear map u: C3°(H,) — C given by

(3.41) (w9) = W*"u(f(9)B) d\

is well defined, and u € )’(H,). Moreover, for any nonnegative integer N such
that N > (Re s + (n + 1)/2) there exists a constant C independent of ¢ such
that

G4)  |we)| <[ WP lu(A(@)B)AN < CIZNxgs,y
Thus, there exists f € LZ(H,,) such that u = Z™f. The same is true if we replace
the domain of integration by A < — .

PrOOF. The proof is similar to that of the preceding lemma, only we
consider behavior “at co” rather than “at 0”. First note that #,(Z’) =
— #(Z) = —V —1 A. Hence by (2.13) we have

IAIR"*'"IU'(‘IT)‘((}))B)I = (IMRes+n/2 N) (lxln/z IAN tr(ﬂ}‘((p)B)I)

3.43)
( = (e Y AP (7, (29) B)).
Therefore
1/2
P\lR‘”"IlI‘(ﬁ)‘((P)B)I d\ <[f |A|2(Re:+n/2—N) d)\]
A>e
(344

[ f |tr(vr,‘(ZN<p)B)| " d}\]] 2.

Our hypothesis on N states that 2(Re s + n/2 — N) < —1, so that

1/2
[f |A|2(Re:+n/2—N) dk] < o0.
A>e

Proceeding now precisely as in the previous lemma, but with Z”p replacing
@, we obtain (3.42). Now let V = {Z"p|p € C5°(H,)}. Then V is a subspace
of L*(H,), and by (3.42) the linear map Z%p > (u, @) from ¥ to C is well
defined and continuous. Hence, by the Hahn-Banach theorem and the fact
that L%(H,) is its own dual space, there exists f € L%H,) such that, for every
9 € C5°(G),

(345) (u,9) = (2".f) = (£ 2%) = (2")F: 9) = (2" (- 1)), 9).

That is, # = ZV (= 1)/). Clearly the same proof holds for the domain of
integrationA < —e. [J
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We next want to show the following.

PROPOSITION 3.7. Let P € QU (h,) be homogeneous of degree m, and suppose
(3.46) 7. .,(P) # O for every (£, m) € R* except (0, 0).
Then PP + Z?" € U(h,) is elliptic (though not homogeneous).

We first prove a lemma.

LeMMA 3.8. Let P € QU(h,) be homogeneous of degree m and satisfy (3.46).
Then P is of order m as a differential operator. Let V(P) C T*H, /0 denote the
real characteristic variety of P, i.e., the zero-set of the principal symbol a,,(P).
Identifying T} H, with h¥ we have

(3.47) V(P), = the annihilator of the 2n-dimensional subspace of h, spanned
by X, Y,i=1,...,n(with0 deleted).

In terms of the coordinates &, m;, 7,i = 1,...,n, defined on h¥ by X, Y;, Z
this can be expressed as

(B48) V(P), = (& n, DlE=n = 0,7 0.

PrROOF. Let

P= 3 ap Xp e XpYpo .- YAZY, g, €C
la|+[Bl+y<k
We assume, of course, that for some afy with |a| + |B] + v =k, 4,5, #0.
Since P is homogeneous of degree m,
(3.49) la| + |B| + 2y = m for every afy such that a,5, # 0.

Since |a] + | B| + ¥ < k for every afy it follows that
(3.50) k < m; forevery afy such thata,s, #0,y > m — k.
But 7, (Z) = 0 for every (§ n). So, since ¢, (P) # 0 for (§7) #0, it
follows from the above expression for P that there exists a8 such that
a,p0 7 0. Hence, by (3.50), k = m. That is, P is of order m.

Thus, ¢,,(P),, the principal symbol of P at e, which we consider as an
element of S(h,), the (complexified) symmetric algebra, and hence as a
polynomial function on A}, is given by

om(P)¢=('—1)m 2 aaﬂyXixl.°'X:"YlB‘.'.YnB"Zy

la}+|B]+y=m

= (V-1 )m D GupoXie Xy Yk (by (349)).
laj+|Bl=m

Evaluating at (§, , 7) € A}, we get

) <om(P)¢1 (gi M, 7)> = (\/"_l )'" 2 aaﬁoglal . e g:»-n‘sl e .q”ﬁ..

laf+|B|=m

= 7en(P)

(3.51)

(3.52
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Hence, by (3.46)
(3.53) {0, (P),, (& 7))y #0 if (£ 1) #0.
But, clearly, {6(P),, (0, 0, 7)) = 0 for all 7. Hence (3.48) holds. []

Since P is of order m, PP, and hence PP + Z?m is of order 2m, and so the
principal symbol of PP + Z?" is given by

(oz,,,(Pf +Z?), (& 7))
= (0n(P).0u(P ), (&1, 7)) + {02m(Z2"),, (6 1 7))

= (=1)"Kon(P), (& m )P + (ir)™™
= (=D)"Ken(P),, (& 1, D + (= 1)7|r*™.

Since both terms on the right-hand side of (3.54) have the same sign, the sum
can be 0 only if both are 0. Hence, by (3.48),

(3.55) V(PP +2Z?) = {(0,0,7)|r 0} n {(£ 7 0)|( 1) #(0,0)} = 2.

Since PP + Z?™ is invariant under left translation this implies that PP+
Z?m has empty characteristic variety, i.e., is elliptic. [] _

As we noted at the end of §2, if P € U(h,) is homogeneous, so is P. Also,
by (3.14) and (3.15), if P satisfies (3.3) so does P. Thus, if we take Q as in
Lemma 3.3 and replace P by PQ(PQ) = P(QPQ), it follows by Proposition
3.7 and the remarks preceding Lemma 3.3 that we can, without loss of
generality, replace the hypotheses of Theorem 3.1 by the following:

(3.56) P € QU(h,) is homogeneous of degree m.

(3.5 me(P) # 0if (¢, 1) # (0, 0).

(3.58) #,(P), #_,(P) have bounded right-inverses B,, B_,, respectively,
which are both of trace-class.

(3.59) P + Z™ is elliptic.

Fix ¢ > 0. Then for any s € C with Res — m/2 > —(n + 1)/2 define
distributions ug, uZ,, u* by

(3.54)

(us, @) = (i)' fo N I~/ 2x(7, (9) B dA

(3.60)
+ (=) AP=™/2 tr(@\ () B_;)AI" dA,
SO PN e CROTIN
(o 9) = () [ ™2 (i (@) B dN
(3.61) ¢
+ (=)' N (i () Bl d,
A< —¢
(3.62) u'=uj + ul.
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[We shall always take s real, in fact an integer, so there is no question of
which branch of the functions (i)* to take.]

We know by Lemmas 3.5 and 3.6 that ug, u_, are distributions. In fact we
know:

(3.63) For every s, u{ € L¥(H,).
(3.64) For any positive integer N > (Re s — m/2 + (n + 1)/2) there exists
f € L¥(H,) such that u, = Z"f.

LEMMA 3.9. The distributions ug, u,, u® satisfy the following properties.
(3.65) For any nonnegative integer k, Z*u§ = u$**, Z*u:, = ust*, Zk* =
s+k
(3.66) For any positive integer | > (m/2 — (n + 1)/2), Pu' = Z'.
PROOF. (Z*u3, 9) = (ui, (Z*)'p). But, by (2.13),
#((24)'9) = A@R(Z*) = ()'F(9)
Since (iA) = (xi)*|]A%, depending on the sign of A, it follows that Z*uf =

ug**. The same argument shows that Z*u$, = u2*¥, and, hence, that Z*u* =
u:+k.

u

(Pug, ) = (u5, P'p) and (Pug, ¢) = (uy, P'y).
Again by (2.13),

(P'p)o = @i (9)7 (P)o forevery v € S(R").
Thus, by definition of B,, B_, and by (3.12),
(3.67) #\(P'p)Bv = A%, (¢p)v if A >0andv € S(R"),
(3.68) @ (P@)B_ v =" (p)v ifA<O0andv € S(R").

Since both sides of (3.67), (3.68) involve bounded, in fact trace-class, opera-
tors it follows that

(3.69) #\(P'9)B; = ™%\ (p) if A >0,
(3.70) 7(P'9)B_, = AN\ (9) ifA<O.
Thus

o 71)(1’“’, ¢) = (Pug, @) + (Puz, @) = fR_ - (i)' (i (9)AI" N

= ~ IN I = N = (7
“fio tr('rr)\((Z )(p))|}\| = (5,(2')e) = (Z%,9). O
As an immediate corollary of (3.66) we get

CoOROLLARY 3.10. P(8 + u™) = (P + Z™)é.

But by (3.59) P + Z™ is elliptic, and so (see, for example, [13]) is locally

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



28 CHARLES ROCKLAND

solvable and hypoelliptic. In particular, there exist v’ € D'(H,), C* away
from e, and f* € C*(H,) such that

(3.72) (P+Z"Y =6+f.
Choose ¢ € C§°(H,) such that ¢ =1 in a neighborhood of e. Then, letting
v=qv,"

(P+Z"yo=9(P+Z™)W +[P+ Z", ¢]v
=pd+qf +[P+Z" @l =8+,

where f = @f + [P + Z™, ]v'. Since v’ is C* away from e it follows that f
is C®. It is also clear that v and f are compactly supported, and that v is C®

(3.73)

away from e.
Since v € &’(H,), we can define a distribution ¥ € 9 '(H,) by
(3.74) u=vox+(8+u™).

Applying (3.72) and (3.73) we get
Pu=Plo*x(8+u™))=0*+P(8+um)
(3.79) =vx(P+Z™)8=(P+ Z")(v*8)
=(P+Z")(v)=6+f
This proves Theorem 3.1.

4. Sufficiency for hypoellipticity. We want to prove that, at least under the
stronger hypothesis that the inverses for #,(P), #_;(P) are two-sided, the
parametrix u for P constructed in the preceding section is C* away from e.
To do this we need to make use of stronger boundedness properties of the
inverses above than simply L2-boundedness. Hence, the following
preliminaries.

DerFINITION 4.1. For any 6 >0 and any nonnegative integer k, let
H 5(R") be the set of all functions v(f) such that (1 + {¢[)*~1PDey(r) €
L*R") for all multi-indices a with |a| < k. Observe that Hy5R") is a
Hilbert-space with respect to the obvious norm, and that &(R") C Hy; 5R").
In fact, C5°(R"), and so, a fortiori & (R"), is dense in H, ;(R"). This can be
seen, for example, as follows. Choose ¢ € C5°(R") such that 0 < ¢ < 1,-and
such that @ =1 in a neighborhood of 0. Let ¢,(f) = @(ef). Then for any
v € Hy 5, @, converges to v in Hy s as ¢ — 0. This shows that Hj; 5(R") N
&'(R") is dense in Hy4(R"). But for any o € Hy R N &'R"), to
approximate v in H4(R") it suffices to approximate v in H, (R"), the
standard Sobolev space. Since C;°(R") is dense in H, (R") we are done.

LEMMA 4.2. Let Q € QU (h,) be homogeneous of degree < k. Then i,(Q) and
7_1(Q), viewed as operators from & (R") to S(R"), are bounded if we give the
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domain the H 4 (R") norm, and the range the L*®R™) norm. Hence, since S (R")
is dense in Hy \(R"), both #(Q) and #_,(Q) extend uniquely as bounded
operators from H (R") to L*R").

ProOF. Let
Q= > g Y- - Y,;""Xf' oo Xf..zv.
lal+{Bi+v<!

We are assuming that Q is homogeneous of degree j < k. Thus, for each
nonzero coefficient a,4., |a| + | 8| + 2y =j < k. In particular, |a| + | 8] <
k. But by (3.11),

B
@.1) Q)= S gt L,
lal+18]+y<1 !
B
(42) Fa0)= S ap (-t L
la|+| B+ v <! !

Thus, it suffices to show that ¢* 3#/0¢ defines a bounded operator from
H, ,(R™) to L*(R") if |a| + | B] < k. But this follows immediately from the
definition of H ;). [

Notice that in the preceding proof it would have been sufficient to assume
that the order of Q as a differential operator < k. We note for future
reference that the preceding proof actually shows the following stronger
statement.

4.3) If Q € U(h,) is homogeneous of degree < k, then for any integer
r2>k, #(Q) and 7#_,(Q) define bounded operators from H,(R") to
H(r- k,l)(Rn)'

We shall need the following lemma, which will be proved in §6.

LEMMA 4.3. Let P € QU(h,) be homogeneous of degree m, and suppose that
Ten(P) 7 0 for every (§,7) € R — (0}. Fix A\€ER — {0}. Then the follow-
ing are equivalent:

(1) Neither of the equations 7,(P)v =0, #,(P*)o =0 has a nontrivial
solution v € S(R").

(2) 7\(P) has a bounded two-sided inverse L, i.e., a bounded operator L:
L*(R") — LX(R") such that L maps S (R") into S (R"), and such that m(P)L =
I on SMR"), and Li,(P) =1 on S(R"). (Clearly, such an L, if it exists, is
unique.)

If the equivalent conditions (1), (2) hold, then L-satisfies the Jollowing ad-
ditional properties:

(4.4) L maps L*R") into H,, (R"), and is bounded as an operator from
LXR") into H, ,R").

(4.5) #\(P)L = I on L(R").
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(4.6) L#y(P) = I on H, ,(R").
@ Iff € L’XR")and Lf € SR"), then f € S(R").

We can now pass to the following critical proposition.

PROPOSITION 4.4. Let P € U (h,) be homogeneous of degree m and satisfy

(4.8) me,,(P) # O for every (£, m) € R*" — (0}.

4.9) #,(P), 7_,(P) both have bounded two-sided inverses.
Let u™ be the distribution solution of Pu™ = Z™§ defined by (3.62). Let ¢ be
any function in Cg°(H,) such that e & support ¢ (i.e., such that ¢ =0 in a
neighborhood of €). Then

(4.10) Z*(pu™) € L¥(H,) for every nonnegative integer k.

PROOF. Arguing just as in the remarks preceding (3.56) we see that if P
satisfies (4.8) and (4.9) then so does P (and, of course, Q of Lemma 3.3), so
that, without loss of generality, we can assume as before that

4.11) P + Z™ is elliptic.

Since P satisfies (4.8) so does P*, by (2.12). Also, by Lemma 4.3, if P satisfies
(4.9), then so does P*, and hence, by the above, so does P/ = (P*)". In
particular,

(4.12) #,(P*), #_,(P*) both have bounded two-sided inverses.

Recall that, viewing u™ as an element in & '(H,), we have

(4.13) T\ (Z"(qu™) = 7y (Qu™)FRA(Z*)) = (= )N\ (pu™).

In view of Proposition 2.10 (with =, replaced by #,), (4.10) is equivalent to
the following condition.

(4.14) For any nonnegative integer k and for any ¢ € Cg°(H,) such that
e & supp ¢, the function A > JA[*#, (pu™) lies in L’(R — {0}; K), where K is
the Hilbert-space of Hilbert-Schmidt operators on L*(R"), and where R —
{0} carries the Plancherel measure [A|” dA.

Our goal, then, will be to prove (4.14). First note that

4.15) P(qu™) = oPu™ + [P, pJu™ = Z"5 +[ P, pJu™.
But if e & supp ¢, then 92”6 = 0. Thus,

(4.16) For any ¢ € Cg°(H,) such that e & supp @, P(qu™) = [P, ¢lu™.
To reexpress [P, ¢] we need the next lemma.

Lemma 4.5. Let Q € U(h,) be homogeneous of degree k, and let ¢ €
Cs°(H,). Then there is a finite set of differential operators Q,,...,Q, €
QU (h,), each homogeneous of some degree < k,and ¢,, . . ., ¢, € Cg°(H,) with
supp ¢; C supp @, so that

@110, 91 = 2.0

PROOF. Straightforward induction on k. [J
Applying the lemma to (4.16) we get
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(4.18) For any ¢ € C{°(H,) such that e & supp ¢ there exist finitely many
Qv...,0 €U, and @y, ..., ¢, € C5°(H,) such that each @, is homo-
geneous of degree < m, such that e & supp ¢, and such that P(qu™) =
Z)-10/(pu")

Next, we bring together some pertinent facts concerning u§' and ul.
Combining (3.63) and (3.65) we get

(4.19) For any nonnegative integer k, Z*u® € L¥(H,).

Also, (3.64) implies, in particular,

(4.20) There exists f € L%(H,) and a positive integer N such that u7 =
zZM.

LEMMA 4.6. For any ¢ € C3°(H,) the following hold.

(4.21) For any nonnegative integer k, Z*(ou") € L'(H,) N L¥(H,).

(4.22) There exist g; € C5°(H,),j =0, ..., N, with supp ¢; C supp ¢ (and
oy = @) such that gu} = ZN_ 7/ (¢).

Note, in particular, that for every j, .f € L'\(H,) N L*(H,).

ProoF. First we note that if y € C°(H,) and g € L¥(H,), then it is
obvious that yg € L\(H,) N L*(H,).

To see (4.21) observe that by an iterated application of the product rule for
differentiation it follows that

“(qug") = 2 () Z)(Z* ).

Since Z/p € C{°(H,), (4.21) follows from (4.19) and the preceding remark.
Statement (4.22) follows from (4.20) and a variant of the proof of Lemma
45.

Since quy € &'(H,) also lies in L'(H,), we can view #,(pul") as a
bounded operator from L3(R") to L*(R"). (See Proposition 2.6(1).) Also, by
4.22),

i\(PUg) = "A(Zj (%))
(4.23) /=0
- 2 A(@NA((Z)) = 2 (= )My ().
Since ¢f € L'(H,), we again see that 'rr,\((pj/), and hence, 7,(quT), is a

bounded operator from L*(R") to L{R").
We are now ready to prove the main part of (4.14).

LemMA 4.7. Let N be the integer appearing in (4.20). Let k be any integer >
—2N, and let ¢ € C§°(H,)such that e & supp ¢. Fix e > 0,and let R, = {A €
R| [A| > €). Then the function X > |N|/%, (qu™) lies in L*R,; K), where R,
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is provided with the Plancherel measure [A|" dA.

Proor. The proof will proceed by induction on k. First we take k = —2N.
Thus, we want to show:

(4.24) The function X > |A|” "7, (pu™) lies in L}(R,; K).

Since

(4.25) iy (qu™) = Fy(pug’) + 7 (Qu),
it suffices to show

(4.242) A > |V, (pui) lies in LY(R,; K).

(4.24b) A > A|™ Vi, (pu™) lies in LXR,; K).

By (4.21) we know, in particular, that guf® € L'(H,) n L*H,). Thus, by
the Plancherel theorem, A t 7y (gud") lies in LR — {0}; K), and so, by
restriction, it also lies in L?(R,; K). Since A > [A|~¥ is C* and bounded on
R, (in particular, measurable and bounded), (4.24a) follows.

To prove (4.24b) we use (4.23) and argue as above. Since ¢,f € L'H)n
L*(H,), the Plancherel theorem implies that A > 7 (gf) lies in LR —
{0}; K), and, hence, in L¥R,; K). For any 0 < j < N the function A >
fA|=¥A/ is C* and bounded on R,. Hence (4.24b) follows from (4.23). Thus,
we have proved the lemma for k = —2N. Notice that, thus far, we have not
used the fact that e & supp ¢. This assumption will be needed when we use
(4.18) in the proof of the inductive step.

We now assume that we have shown

(4.26) For any integer k such that —2N < k < /, and for any ¢ € C;°(H,)
such that e € supp ¢, the function A > AJ*/%7,(qu™) lies in LR,; K).

Since for any nonnegative integer r the function A > |A|™"/? is C* and
bounded on R,, it follows that the function A > |A\|*~"/7, (pu™) also lies in
L(R,; K). That is, (4.26) is equivalent to

(4.27) For any integer k < / and for any ¢ € Cg°(H,) such that e &
supp ¢, the function A > A[*/%#, (pu™) lies in L*R,; K).

We shall show that (4.27) implies:

(4.28) For any ¢ € Cg°(H,) such that e & supp ¢, the function A >
A|* D/, (ou™) lies in L¥R,; K).

Let ¢ € Cs°(H,) such that e & supp ¢. Applying #, to the compactly
supported distributions in (4.18) we get

r

(4.29) (P(m) = Z #(Q(ou™)
j=

So, by Proposition 2.6 (6),

(430 7y (pu )i\ (P') = él i(gu™)m ()
j=

Here both sides may be viewed as unbounded operators on S(R"). Recall,
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however (see remarks preceding Lemma 4.7), that #, (¢ug") and #, (puZ), and
hence, by (4.25), 77, (pu™) are bounded operators from L*R") to L(R").

Each Q; is homogeneous of degree s5; < m, so the same is true of Q.
Applying (3.12) we get

,
(4312) N (u™y# (P') = X AR (gu™)7 (@) forA >0,
j=1
r
(4.310) |\, (qum)F_(P') = 3 /% (gu™)#_,(Q') forA <O.
j=1
By (4.12), #,(P*) and #_,(P*) have bounded two-sided inverses, L;, L_,,
respectively. Since P’ is homogeneous of degree m and satisfies (4.8), it
follows from Lemma 4.3 that
(432) L,, L_, map L R") into H,,,,(R"), and are bounded as operators
from LR") into H,,, ;R").
Since 5; < m it follows from Lemma 4.2 that
(433) Foreveryj =1,...,r, %(Q), 7_,(Q/) are bounded operators from
H 1y (R") to LR™). (Of course, (4.33) would hold even if s; were equal to m.)
Letting T,; = #,(Q/)L,, T_,; =#_(Q/)L_,, we know by (4.32) and
(4.33) that
(434) T\, T_,, are bounded operators from LR") to L*(R") which map
S(R") into S(R").
Applying L,, L _, to (4.31a), (4.31b), respectively, we get

r
(4.352) (pu™) = X N5 (gu™)T,; forA>0,

Jj=1
,
(4.350)  #(qu™) = A&=m/2g (pu™)T_,; forA <O0.
AP < ) J
J'

Initially we know that (4.35a) and (4.35b) are valid as equations between
operators defined on & (R”). However, since 7, (qu™), #y(gu™), Ty, T—,; all
are bounded operators from L%R") to L*(R"), and since S(R") is dense in
L*R"), we can view (4.35a) and (4.35b) as equations between bounded
operators on L2(R").

Multiplying (4.35a), (4.35b) by |A[Y* /2 we get

(4.36a) NHV25, (Qumy = 3 N1 mm 25 (qu™)T,; for A >0,
=1

r
(@366) IO/, (qum) = 3 NCH g (qum) Ty, for A< 0.
j=1

Since 5; —m <0, I+ 1+ s5; — m < . Hence, by the inductive hypothesis
(4.27) the function A \[(*1*+9=m/27, (gu™) lies in L¥(R,; K), and so, by
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restriction, in LR} ; K), L’ R ; K), where R} = (A ER]A > ¢} and R; =
(AERA —¢).

But if (2, p) is any measure space, H a Hilbert-space, and T a bounded
linear operator from H to H, then for any function A > f(A) in LX$2; H), the
function A > T(f(\) also lies in L* ; H). Indeed, it is easy to see that
A b T(f()) is p-measurable, and

[ imGoons, aoy] < imif f 1o o]

Returning to our particular case, any bounded linear operator T: L}R") -
L*(R") determines a bounded linear operator: K — K, K being the Hilbert-
space of Hilbert-Schmidt operators on L%R"), defined by S € K |» ST €
K.

Thus, the function

A N ™24, (u™) T,
lies in LR} ; K), and the function
N> OIS (qum)T
lies in L(R;"; K). Hence, by (4.36a), (4.36b), the function
A |}\|(l+l)/2ﬁ)‘(q)um)

lies in L*(R,; K). This proves (4.28). []
To conclude the proof of (4.14) it suffices to show

1/2

LEMMA 4.8. Let k be any nonnegative integer, and let ¢ € Cg°(H,) such that
e & supp @. Then the function A > |\[*#, (pu™) lies in LX({0 < |A| < &};K).

PrROOF. As a matter of fact, we do not require the hypothesis that e &
supp ¢.

By (4.25) it suffices to show that each of the functions A 1> [A|7, (pud"),
A > A%, (u) lies in L%({0 < |A| < &}; K). For the first of these functions
this follows from (4.21). On the other hand, it follows from (4.23) that

(4.37) 7y (qu) = § (= Y NN (),
Jj=0

where ¢f € L'(H,) n L*(H,), so that A > 7,(gf) lies in LA{0 < |A| <
¢); K). Since A > |A}*M/ is bounded and C* on {0 < |A| < €}, it follows
that A > |A\[*%, (qu?) lies in LY{OANA| < ¢}; K). O
Thus we have proved (4.14), and, therefore, Proposition 4.4.

We can now prove the main result of this section.

THEOREM 4.9. Let P € QU (h,) be homogeneous of degree m and satisfy
(1) 7., (P) # 0 for every (§,m) € R*" — {0},
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) #,(P), 7_,(P) both have bounded two-sided inverses.
Then the parametrix u = v * (8 + u'™) for P constructed in §3 is C*® away
Jrome.

PROOF. As we noted in (4.11), we can assume without loss of generality that
P + Z™ is elliptic, a fact that we needed to obtain v.

First we show that ™ is C*® away from e. Since Z lies in the center of
U (h,), so does Z™. In particular, Z™ commutes with P. Hence, for every
positive integer k,

k
438) (P+zr)yum=3 (’J‘) Zmpk-iym,
Jj=0
Hence, since Pu™ = Z™§, which is supported at e,
(4.39) Z™P*~Jy™ is supported at e when j < k.
Thus

(4.40) (P + Z™Yu™ = 9Z™u™ for any ¢ € C{°(H,) such that e &
supp ¢.

By the same argument used to prove (4.22) we see that

(4.41) 9Z™u™ = 374, Z/ (qu™), where ¢, € C°(H,) such that supp ¢, C
supp ¢.

In particular, e & supp ¢;. Applying Proposition 4.4, we see that z (pu™)
€ L*(H,) for every j =0, ..., mk. Hence, pZ™u™ € L*(H,), and so, by
(4.40),

(4.42) o(P + Z™u™ € L*(H,) for every positive integer k and for every
@ € C°(H,) such that e & supp ¢. Since (P + Z™) is an elliptic operator of
order mk, it follows by the standard regularity results for elliptic operators
that u™ € H{™(H, — {e}), where H;_ denotes the usual Sobolev space.
Since k is arbitrary it follows by the Sobolev lemma that ¥™ € C*(H, —
{e}). That is, u™ is C*® away from e.

Hence, § + u™ is C*® away from e. But, by construction, v € &'(H,) is
C® away from e. Since convolution by a distribution which is C* away from
e does not increase singular support, it follows that v » (8§ + u™) is C® away
frome. [

REMARKS. 1. Since u is C* away from e we can, by multiplying by a
suitable cutoff function, obtain a compactly-supported parametrix for P, C®
away from e. (See the remarks following (3.7).)

2. As we observed at the beginning of the proof of Proposition 44, if P
satisfies (1) and (2) of Theorem 4.9 then so do P*, P, P'.

It is a well-known result that if P has a parametrix which is C* away from
e, then P’ is hypoelliptic. (See, for example, Tréves [24, Chapter 52].) Hence,
by Theorem 4.9 and Remark 2 above, condition (1.2) in Theorem 1.2 implies
condition (1.1).
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5. Necessity for hypoellipticity. In this section we prove

THEOREM 5.1. Let P € U(h,) be homogeneous, say of degree m, and suppose
that both P and P' are hypoelliptic. Then:

(5.1) m.\(P) # O for every (¢, 1) € R — {0}.

(5.2) Neither of the equations #\(P)v =0, #,(P*)o =0 has a nonzero
solution v € S(R"), for any A € R — {0}.

REMARK. Since a distribution # is C* on an open set if and only if the
same is true for #, it follows that P is hypoelliptic if and only if P is
hypoelliptic. Since P* = (P’)~, this implies also that P’ is hypoelliptic if and
only if P* is hypoelliptic. (Of course, the same holds with “hypoelliptic”
replaced by “locally solvable™.)

The next lemma is crucial, since it provides us with compactly supported
distributions, to which we can then apply unitary representations.

LEMMA 5.2. Let P be a differential operator on H, such that both P and P'
are hypoelliptic. Then there exist distributions u,, u, € &'(H,), both C* away
from e, and functions f,, f, € Cg°(H,) such that

(5.3a) Pu; = 8 + f;,

(5.3b) Plu, = 8 + f,.

Proor. This follows immediately from Theorem 52.2 in Tréves [24], and
from the use of cutoff functions as the proof of (3.73). [

As motivation for the proof of Theorem 5.1, we shall first present a
treatment of the simpler case G = R”, with addition as the group operation,
and with the usual dilations x > rx. The result is, of course, well known,
being a special case of Hormander’s characterization [13, Chapter IV] of
hypoellipticity for, not necessarily homogeneous, constant-coefficient
differential operators. However, the homogeneous case allows a particularly
simple treatment. We should also point out a special feature of the case
G = R" which follows from the fact that G is commutative. If

9 aan
P=3 a, .- , a€C,
lal<m 0x, ax,

@ LA
- _A) (e
pe 2 elw) )

laj<m

then

and so for any u € D’(R"), P'(u(— x)) = (Pu)(— x). Hence a constant-coef-
ficient differential operator P is hypoelliptic if and only if P’ is hypoelliptic.

PROPOSITION 5.3. Let P be a left-invariant (hence bi-invariant) differential
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operator on R", i.e., a constant-coefficient differential operator. Suppose, more-
over, that P is homogeneous with respect to dilations, which means precisely that
P has only terms of highest order in the usual sense. Then the following are
equivalent.

(5.4) w(P) is invertible for every unitary irreducible representation = of R"
except the trivial, identity representation. (This just says that P is elliptic.)

(5.5) P is hypoelliptic.

(5.6) There exists u € &'(R") such that Pu = 8 + f for some f € C5°(R").

ProoF. First recall that the irreducible unitary representations of R” are all
1-dimensional and are parametrized by R” as follows.

;.7 m(x) =™, £ER

We mean, of course, that m;(x) acts on the 1-dimensional Hilbert space C by

multiplication by e ~**¢. The identity representation corresponds to £ = 0.
The left-invariant vector-fields 3/9x,, . . ., 3/9x, form a basis for the Lie

algebra of R". Letting §; be the vector in R" with jth entry equal to 1 and all
other entries 0, we see

d\_4d 214
"‘( ox, ) T ',-o”‘(e’(pt ox, ) dr I,-o”‘(ta")

e = —if,
1=0

Hence, m(D,) = —§, where D, = (1/i)3/dx;.

Taking the appropriate multiple of Lebesgue measure as Haar measure we
see from (5.7) that
(5.9) me(u) = @(§) foranyu € &'(R"),

where # denotes the Fourier transform of u.
Since P is constant-coefficient and homogeneous, say of degree m, we can
write P as

(5.10) P= Y aDy---DF a,€C,

X,
la]=m "

(5.8) »
T

so that 6(P), the usual principal symbo!l of P, is given by
(5.11) o(P)§) = 2 aiff - &= (-1)"m(P).

la|=m
This shows that (5.4) states precisely that P is elliptic, and hence implies (5.5).
Every constant-coefficient differential operator on R” has a fundamental
solution, i.e., there exists v € 9'(R") such that Pp = §. If P is hypoelliptic
then v is C* away from 0, and so Pu = § + f, where f € C5°(R"), if we take
u = gv with ¢ € C§°(R") such that ¢ = 1 in a neighborhood of 0. Hence
(5.5) implies (5.6).
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Finally (and this is what we are mainly interested in showing) we prove
that (5.6) implies (5.4). Since # (and therefore Pu) is compactly supported we
can apply unitary representations. Thus it follows from (5.6), (5.9) that

(5.12) BT (P') = m(Pu) = me(8) + m(f) = 1 + f(§).
But from (5.10) it follows that P‘ = (—1)"P. Hence, by (5.11) and (5.12),

(5.13) #(&)o(P)E) =1+ 7).

Replacing ¢ by r¢, r € R*, and noting that

(5.14) a(P)(r€) = r"a(P)(§),

we get

(5.15) ri(rd)-o(P)¢) =1 + f(r§) foreveryr € R*.

Since f € CR"), f € SR™). In particular, for fixed £ # 0, | f(r$)| < & for r
sufficiently large. Therefore, for r sufficiently large the right-hand side of
(5.15) does not equal 0, and so, by (5.15), o(P)() # 0. That is, P is elliptic.

O
We next pass to the proof of Theorem 5.1. Applying Lemma 5.2 (but with
P replaced by P in (5.3a)) we obtain

(5.168)  Ten(u) Ten(P) = 1 + mq)(fy) forevery (¢, 1) € R — (0},
(5.16b) M) Ten(P) = 1 + men(fy) for every (¢ m) € R — {0},
(5.172) ()i (P)*o = (I + H(fi))o

foreveryA €R — {0} and v € 5(R"),
(5.l7b) ﬁ}\(uZ)ﬁA(P)D = (I + 'ﬁ'}\(fZ))v

for everyA €R — {0} and v € 5(R").
It follows from (3.7) that if we use exponential coordinates on H,,,
(5.18) 77(5,1,)(?’) = <73(—€, -n,0) foranye € Cg°(H, ).

Here ¢ denotes the Fourier transform of ¢.
Applying this, together with (3.12) and (3.13), to the above we see that for

anyr € R,

G19)  Pmegm() Tea(P) = 1+ (=16 = 1, 0),
(5.19b) rem(1) Ten(P) = 1+ fo(=rE — m, 0),
(5.20a) ra ()i (P)*o = (I + Fa(fi))o,
(5.20b) r2a(u)in(Po = (I + 7n(f2))o-

Using either (5.19a) or (5.19b) and arguing as in the preceding proposition,
we obtain (5.1). But, by Theorem 2.7(5), with 7, replacing =, |7 \(f)ll < &
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and |7, ()]l < e for r sufficiently large, and fixed A. Hence, for r sufficiently
large, I + %, (f,) and I + 7, (f,) are invertible bounded linear operators on
L*R"). In particular, the right-hand sides of (5.20a), (5.20b) cannot be 0
unless v = 0. Thus (5.2) follows from (5.20a) and (5.20b). []

Theorem 5.1 shows that (1.1) = (1.3). Also, we saw at the end of §4 that
(1.2) = (1.1). But, by Lemma 4.3, (1.3)=> (1.1). Hence, modulo Lemma 4.3,
which will be proved in §6, we have proved Theorem 1.2.

6. Grusin operators. Grusin [9] (see also [8], [10]) derives a characterization
of hypoellipticity for a class of differential operators arising in the study of
degenerate-elliptic boundary-value problems. In the process he needs to
derive certain results concerning the partial Fourier transforms of these
operators. By introducing an “equivalence” between certain of the GruSin
operators and operators on H, we are able to carry over to our context
Grusin’s results on the partially Fourier-transformed operators. In this way
we prove Lemma 4.3, and hence complete the proof of Theorem 1.2.

The plan of this section is as follows. First we shall discuss Grusin’s results.
Next we shall prove the above-mentioned equivalence, and, in particular,
prove Lemma 4.3. We shall also find it instructive to compare the translation
(via this equivalence) of Grusin’s hypoellipticity criterion with Theorem 1.2.
The equivalence between certain of the GruSin operators and operators on
the Heisenberg group is very natural from the point of view of the represen-
tation theory of enveloping algebras of nilpotent Lie algebras. Essentially, it is
the map introduced by Gabriel and Nouazé [19]. (See also [5, Chapitre 4, §7]
and [4]).) Although we have not attempted to prove this in general, we believe
that by using other nilpotent Lie groups with dilations besides the Heisenberg
group, one can probably obtain all the GruSin operators (though not vice
versa) via such an equivalence. We shall present one simple example to
illustrate the new phenomena which may arise. To conclude this section we
shall sketch a possible method for proving Lemma 4.3 and, consequently, the
essential parts of GruSin’s results concerning the partially Fourier-trans-
formed operators directly in the group-theoretic context. This method, which
reduces everything to standard facts about elliptic operators, seems to us to
offer one explanation of “why” these results hold. '

Let n, k be positive integers, and let § be a positive rational number. The
differential operators P (2, D,, D,) considered by Gru$in have polynomial
coefficients in ¢ = (1, ..., ¢,) and are constant-coefficient with respect to
z=(zy,...,2), and satisfy the following additional two properties.

(6.1) P(¢, D,, D,) is quasi-homogeneous of degree m.

That is, p(¢/r, rr, r"*®\) = r™p(t, 7, \) for every r €R", A € R* and
r > 0. Here p(z,7, ) is the total-symbol of P(s, D,, D,), obtained by re-
placing D, = (1/V—1)3/d, by 7, and D, =(1/V—-1)3/dz by A,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



40 CHARLES ROCKLAND

(6.2) P(t, D,, D,) is semielliptic. That is, the order of P(t, D, D,) as a
differential operator is m, the integer appearing in (6.1), and P(t, D,, D,) is
elliptic when ¢ 5 0.

For A €R* — {0}, let P(t, D, ) be the partial Fourier transform of
P(t, D,, D,), obtained by replacing D, by A;. Let Hy,5(R") be defined as in
Definition 4.1. Under the assumptions (6.1), (6.2) Grusin is able to prove the
following additional properties.

(6.3) For every A € R* — {0} the operator P(t, D,, A), viewed as an opera-
tor from H,, 5(R") to L?(R"), is Fredholm, i.e., is bounded, has finite-dimen-
sional kernel and cokernel, and has closed range.

(6.4) Let A € R* — {0}, and let v(¢) be a tempered distribution. Then if
P(1, D,, My lies in L¥(R") (respectively, S(R™), v lies in Hy, 5(R") (respec-
tively, S (R")).

As an immediate corollary of (6.3) and (6.4) one obtains

(6.5) Let A €R* — {0}. Then the equation P(z, D,A)v =0 has no
nontrivial solution v in S(R") <> P(¢, D,, A) has a bounded left-inverse L:
LYR") > H 5R").

We can now state Grusin’s hypoellipticity theorem:

(6.6) Let P(t, D,, D,) satisfy (6.1) and (6.2). Then P(t, D,, D,) is hypoellip-
tic « for every A € R¥ — {0}, P(s, D,, M) satisfies the equivalent conditions
in (6.5).

It is easily seen that if P (¢, D,, D,) satisfies (6.1), and (6.2) then so does
P*(t, D,, D,), the formal adjoint. Applying (6.4) to P*(¢, D,, D,) and using the
fact that S(R") is dense in Hgm,s)(R")a we see that if P(t, D,, A) is viewed as
an unbounded operator on L*R") with domain H,, 5(R"), then its Hilbert-
space adjoint [P(t, D,, N)]* has domain H,,5(R"). Hence it follows that
[P(t, D, N)]* = P*(t, D,, ), the partial Fourier transform of P*(¢, D,, D,). In
particular, we have

6.7 Ker P*(1, D, \) = [Range P(1, D, D,)]"
and so
(6.8) dim Ker P*(t, D,, A\) = dim Coker P(t, D, A).

We shall see that Lemma 4.3 is an immediate consequence of the following,

LemMA 6.1. Let P(t, D, D,) satisfy (6.1) and (6.2), and let A\ € R* — {0}.
Then the following are equivalent.

(1) Neither of the equations P(t, D,,A)v =0, P*(t, D,A\)v =0 has a
nontrivial solution v € & (R").

(2) P(¢, D,, A) has a bounded two-sided inverse L, i.e., a bounded operator L.:
L*R") - LXR") such that L maps S(R") into S(R"), and such that
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P(t,D,,N)L =10n SR") and LP(t, D, \) = I on S ([R"). (Clearly such an
L, if it exists, is unique.)

If the equivalent conditions (1), (2) hold then L satisfies the following
additional properties:

(6.9) L maps L*(R") into H, s R") and is bounded as an operator from
L%R") into H,,,,5(R").

(6.10) P(t, D, AL = I on LAR").

(6.11) LP(t, D, \) = I on H,, 5(R").

(6.12) Iff € LXR") and Lf € SR"), then f € S(R").

Proor. The second equation in (2)= P(¢, D,, A)v = 0 has no solution
v # 0 in S (R"). Moreover, the first equation in (2) = L*P*(¢t, D, A) = I on
S (R™), and this in turn = P*(¢, D,, A)v = 0 has no solution v # 0 in S(R").
Thus (2) = (1).

Suppose (1) holds. Then, in view of (6.3), (6.4), and (6.8), we see that
P(t, D, \) has a bounded two-sided inverse L: L¥R") - H,s®R"), ie., an
operator satisfying (6.9)(6.11). To show that (2) holds it suffices to prove that
L maps S(R") into &(R"). But this follows from (6.10) and (6.4). Hence

N=Q).
Finally, (6.12) follows from (6.10) and the fact that P (¢, D,, A) maps & (R")
intoSR"). O

To discuss the equivalence result it is convenient to introduce some
notation. The algebra (over C) of differential operators in n + k variables
with polynomial coefficients in the first n variables and constant coefficients
in the last k variables can be thought of as

4,(C[D,,...,D,]) = 4,(0) ®C[D,,...,D,],

’ Zi
where A4,(C) is the Weyl algebra, consisting of all differential operators on R"
with polynomial coefficients, and where C[D,,...,D,] is the ring of
polynomialsin D, , ..., D,.
Now consider the case k = 1 and § = 1. Let i: AU(h,) > 4,(C[D,]) be the
homomorphism determined by the Lie algebra homomorphism: h, —

4,(CLD,]) given by
(6.13) X, »d/dt, Y, —»itD, Z>iD,.

ProposITION 6.2. The map i: U(h,)— A,(C[D,]) satisfies the following
properties:

(1) P € U (h,) is homogeneous of degree m < i(P) is quasi-homogeneous of
degree m.

(2) Let P € AU(h,) be homogeneous. Then my . (P) # 0 for every (¢ 1) €
R — {0} < i(P) is semielliptic.
(3) For any A € R — {0} let =, denote the irreducible unitary representation
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of H, defined by (3.9) and (3.10). Then for any P € U(h,), m\(P) = the partial
Fourier transform of i(P) evaluated at A.

(4) The map i is injective, and range i contains all operators in A,(C[D,])
which are quasi-homogeneous (with 8 = 1) and semielliptic.

ProoF. Using multi-index notation we can express P € U (h,) as

(6.14) P= 3 4,5, Y°XPZ", a, €C.
lal+|Bl+y<k
We can, of course, assume that for some afy with |a| +|B|+ v =k,
a5, 7 0. It follows from (6.14) that
(6.15) P is homogeneous of degree m <> |a| + | B| + 2y = m for every afly
such that a,g, # 0.
But

i(P) _ 2 (i)laI+IBI+vaa taDﬂDJal-by,
(6.16) ol +1 B+ Y < k e
and so the total symbol of i(P) is given by
6.17) pn = X ()IIAIYg g rer Aty
laf+|Bl+v< Kk

It follows immediately from (6.17) that

(6.18) i(P) is quasi-homogeneous of degree m (with 8 = 1) —|a| +
|B| + 2(Ja| + ¥) = m for every aBy such that a5, # 0.

But this is precisely the condition in (6.15). This proves (1).

Suppose next that P, given by (6.14), is homogeneous of degree m. Arguing
exactly as in the proof of Lemma 3.8 we see

Ten(P) #0 forevery (§1) ER” ~ {0}k =m and
S agtf#0  forevery (§n) €R” — {0}.

lal+{B|=m

6.19)

But by the definition, (6.2), of semiellipticity, and from (6.16), we get
(6.20) i(P) is semielliptic & k = m and

> (i)|al+lBlaaﬁot“1'ﬁ}\"" # 0 foreveryt €R" — {0},
laj+{B|=m

(r,A) ER™' — {0}.

Noting that |a] + | 8| = m for every a,z, occurring in the above, we see that
we can rewrite the above condition as

Y ap0(A) TP #0 foreverys €R" — {0},
6.21) lal+]Bi=m
(r,A) ER™! = {0).
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It then follows immediately that the conditions given by (6.19) and (6.20) are
identical. This proves (2).

(3) is obvious from the definition of i. Also, the injectivity of i is obvious
from (6.16). The surjectivity asserted in (4) follows easily from the fact
(contained in (6.2)) that the order of a semielliptic, quasi-homogeneous
differential operator is equal to its homogeneity degree. [J

Since #, = m, and #_, = 7 _,, we see that Lemma 4.3 follows immediately
from Lemma 6.1 via the equivalence given by Proposition 6.2.

We next wish to place the above equivalence in the framework of Gabriel
and Nouazé [19] Let G be a simply-connected nilpotent Lie group of
dimension N. Let AU(g), Z(g), n, q be as defined in Theorem 2.7. We can
think of Z(g), the center of the enveloping algebra, as consisting of the
bi-invariant, i.e., commuting both with left and right translation, linear
differential operators on G. Let Fract Z(g) denote the field of fractions of
Z(g), and consider the ring U(g) @z, Fract Z(g). This can be thought of
as all formal fractions P/Q, where P is a left-invariant and Q a bi-invariant
differential operator on G. It is possible to view the fractions P/(Q as actual
analytic objects, in fact as distributions on G. In fact, by a theorem of Rais
[20], every bi-invariant Q has a fundamental solution v, € D(G), the
dependence of v, on Q being very regular. In particular, the map P/Q
(Pd) * vy is well-defined.

LetC(D,, ..., D,) denote the ring of rational functions in the commuting
indeterminates D, , ..., D,, and let 4,(C(D,, ..., D,)) denote the ring
A,(C)®cC(D,, ..., D,). Gabriel and Nouazé show

(6.22) U(g8) Bz, Fract Z(g) is isomorphic to 4,(C(D,, .. ., D,)), where
n and q are the integers occurring in Theorem 2.7.

Let I be a two-sided prime ideal in U(g). Let WU(g, I) denote U(g)/1,
Z(g, I) the center of U(g, I), and Fract Z(g, I) the field of fractions of
Z (g, I). Then Gabriel and Nouazé show further that

(6.23) U(g, I) ®4 g, pfract Z(g. I) is isomorphic to 4,CD,,..., D))
for some integers m, I

In the case G = H, we noted in the remarks following (3.10) that Z(g)
consists precisely of the polynomials in Z, so that ¢ = 1. We thus obtain the
diagram

Uhy) == == === ===~ > 4,(CID,])

(6.24)
U(h,) @, Fract Z(h,) —— 4,(C(D,))

where the vertical arrows denote inclusion maps, and the bottom horizontal
arrow denotes the isomorphism in (6.22). The map i of Proposition 6.2
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appears here as the (unique) map which fills in the top line. Thus the Grusin
operators with » arbitrary, k = 1, and § = 1 can be related naturally to
homogeneous operators on H, via the equivalence of Proposition 6.2 and the
Gabriel-Nouazé isomorphism in (6.22). '

It is interesting to observe that the situation can become more complicated
for other Grusin operators. Indeed the lowest dimensional nilpotent Lie group
analogously related to the Grusin operators with n =1, k=2, 8§ = 1 is of
dimension 5 rather than 4 = 2n + k, and the more general Gabriel-Nouazé
isomorphism, given by (6.23), is needed. Since the results treat only a special
example we shall omit the proofs and merely sketch the pertinent facts. The
source of the example is Dixmier’s exhaustive treatment [3] of the simply-
connected nilpotent Lie groups of dimension < 5.

The Lie algebra g5, of the group in question, Gs,, has generators X, X,,
X3, X4 X5 whose only nonzero commutation relations are

(6.25) [X,X2] =X [X0 Xs] = Xs.

Thus it has a natural family of dilations given by

5.(X1) = rX,, 8,(X;) = rXy, 8, (X;) = rX;,
8 (Xs) = r'Xy 8,(Xs)=r%X,

The center of U(gs,) is given by

(6.27) Z(8s2) = C[ Xy X5, XoXs — X3X, ],

the three generators being algebraically independent.
Let i: U(gsp) — 4,(C[D,, D,))) be the homomorphism determined by the
Lie algebra homomorphism: g;, — 4,(C[D,,, D,,)) given by

X, »d/dt, X, \»itD,, X;p>itD,,
X, ~iD,, Xs>iD,,

Notice that i maps the third generator X,Xs — X;X; of Z(gs,) to 0. The
following results are easily proved:

(6.29) The kernel, I, of i, which is a prime ideal in U(gs,), is the
(two-sided) ideal in U (g ,) generated by X,X5 — X,3X,.

(6.30) For this ideal I the isomorphism of (6.23) takes the form

Gu’( 8s2; I) ®Z(85.z; I)FraCt Z(gS,Z; I) = AI(C(Dll’ Dlz ))’

and the diagram
Ues . ) u > 4,(CID, , D, D

oo | |

Ues,o; D) Bz, ,.1) Fract Zsp, ) — 4,(CD;, D, )

(6.26)

(6.28)
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commutes, where [i] is the quotient through 7 of i.

The analogue of Proposition 6.2 holds, but, as one might expect from
(6.29), we do not need to consider all the irreducible unitary representations
of Gs,, but only those which map X,X5 — X,X, to 0. As is shown in [3], G5,
has a generic family =, ,, of irreducible unitary representations acting on
L*R), parametrized by (A, g, ) € (R?> — {0}) X R, which map X, to i\, X;
to iy, and X,X5 — X3X, to », and a “degenerate” family of 1-dimensional
representations which map all of Z(g;s ) to 0. The representations which map
X,Xs — X;X, to O clearly give representations of U(gs,, I). Notice also that,
since X,X5 — X;X, is homogeneous with respect to the dilations {8,}, each 6,
maps [ into I, and so induces an automorphism of QU (gs,, I), and similarly
for multiplication by r € R*. It is therefore meaningful to say that a given
element of QU(gs,, I) is homogeneous of degree m. Letting [P] denote the
equivalence class in U(gs,, I) of P € AU(gs,), we can state the following
analogue of Proposition 6.2.

PrOPOSITION 6.3. The map [i]: U(gsy, I)—> A(CID,, D, ) satisfies the
Jollowing properties:

(1) [P] € U(gsy, I) is homogeneous of degree m < [i{[P] is quasi-homo-
geneous of degree m.

(2) Let [P] € U(gsa, I) be homogeneous. Then w((P))# 0 for every
“degenerate” representation m of G, (except the trivial, identity representation)
< [IN[P)) is semielliptic.

(3) For every A, 1) € R? — {0} and for any P € U(gs2), My, o{PD = the
partial Fourier transform of [i)([ P]) evaluated at (A, p).

(4) The map [i] is injective, and the range contains all operators in A\(C[D,,
D, ) which are quasi-homogeneous (with § = 1) and semielliptic.

As we stated earlier, the proof will be omitted.

Returning for a moment to the equivalence provided by Proposition 6.2, we
see that GruSin’s hypoellipticity theorem (6.6) “translates” to the following
statement on the Heisenberg group:

(6.6) Let P € QU (h,) be homogeneous, and suppose that 7,(P) 0 for
every (£, 1) € R* — {0). Then P is hypoelliptic if and only if for every
A ER — {0} the equation 7, (P)v = 0 has no nonzero solution v € §(R").

I do not know whether (6.6") states a true result, though I suspect that it
does. The Grusin operators and the group operators live on manifolds of
different dimensions, and I do not see how to show that passage from one
domain to the other preserves hypoellipticity.

I shall conclude this section with a sketch of a possible method for proving
a variant of Lemma 4.3 directly in the group-theoretic setting. The method
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may be useful in trying to prove Theorem 1.2 for other simply-connected
nilpotent Lie groups G with dilations.

The hypothesis of Lemma 4.3 is that P € QL(h,) is homogeneous, and that
Te(P) 70 for every (§,n) ER* — {0). As we saw earlier (see, for
example, Proposition 3.7) this allows us to assume, without loss of generality,
that there exists T € Z(h,) such that P + T is elliptic, though not homo-
geneous.

We pass now to the general context of a simply-connected nilpotent Lie
group G with dilations, and shall freely use the results and notations of §2.
Recall (see the remarks preceding Lemma 2.1, and Note 1 following
Proposition 2.6) that the Gérding subspace of m,, A €T, is defined as the
subspace of L*(R") spanned by {m,(p)v|p € Cs*(G), v € L*®R™)}. It is
contained in S(R”), is dense in L%(R"), and is preserved by m,(x) for any
u € 6'(G). In what follows we could actually work with any irreducible
unitary representation of G, not just the generic representations, but we shall
restrict attention to these.

We assume that P € QU(g) and that there exists T € Z(g) such that
P + T is elliptic. (In practice, P will be homogeneous, and T will be obtained
as in the case of G = H, above.) Fix A €T. Since =, is irreducible and
T € Z(g), m\(T)is a scalar, i.e., m(T) = c, for some ¢, € C.

Letting Q = P + T — ¢,, we see that Q (hence, Q) is elliptic, and that
7, (Q) = m,(P). Since Q' is elliptic there exists #, € &'(G) (C* away from
e) and f; € C3°(G) such that
(632) Q'u, = 8 + f,.

Applying m, to both sides we obtain

(6.33) m(u)m(P) =1+ m(f)

Working with Q* instead of Q we obtain u,, f, such that

(6.34) T(u)m(P)* = I + m(f)

Equations (6.33) and (6.34) can be viewed as equations between operators on
the C®-vectors, S (R"), or on the Garding subspace.

A result of Nelson and Stinespring (see [18, Theorem 2.2]) applied to
7,(Q), and hence to m,(P), shows

(6.35) If m,(P) and m,(P)* are viewed as densely-defined operators on
L*(R") with domain the Garding subspace, then the Hilbert-space closure of
@, (P) is the Hilbert-space adjoint of 7, (P)* and vice versa. Since both 7,(P)
and =, (P)* are differential operators with polynomial coefficients it is easy to
see that & (R") is contained in the domains of the closures.

Let H denote the domain of the closure of «, (P). It is a Hilbert space with

respect to the norm defined by
(6.36) ||lolll = Ilvll + |lmx(P)vll, where || || is the L?norm.
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Applying (6.35) we obtain the following analogue of (6.4).

(6.37) If v € L)(R") and m,(P)v € L*(R"), then v € H.

Since f; € C°(G), m,(f,) maps L*R") into the Gérding subspace. Hence it
follows from (6.33), (6.37), and Note 6 following Proposition 2.6 that

(6.38a) If v € LAR") and 7, (P)v € S(R™), then v € S(R").

(6.38b) If v € L*R") and =,(P)v € Garding subspace, then v € Garding
subspace. In particular, Ker 7, (P) C Garding subspace, a fortiori in & (R").

Now, since f; € Cg°(G), m,(f,) is of trace-class, in particular, compact, and
so I + m,(f,) is Fredholm. Hence from (6.33) and the above it follows that

(6.39) Ker 7, (P) is a finite-dimensional subspace of the Garding subspace.

Working with (6.34) we find

(6.40) [Range m,(P)]* is a finite-dimensional subspace of the Garding
subspace. _ _

By the definition of H we know that the map =, (P): H—» L*R") is
continuous. If we could show that it has closed range then it would follow
from (6.39) and (6.40) that 7, (P) is Fredholm. To prove the range is closed it
would, for example, suffice to show that the inclusion map: H — L*R") is
compact rather than just continuous. We have not succeeded in proving this,
but we suspect that it is true, since the norm on H is defined in terms of
m\(P) = m(Q), where Q is elliptic. Furthermore, since Q is elliptic, the
parametrices u;, u, have strong boundedness properties as maps between
Sobolev spaces, and so it may be possible, in view of (6.33) and (6.34), to
prove the following analogue of Lemma 4.2.

(6.41) Suppose that P given above is homogeneous of degree m. Then for
any R € U(g) homogeneous of degree < m, m,(R) extends to a bounded
map: H — L}R").

(6.35) implies that if P = P*, then the formally selfadjoint operator m,(P)
has a unique selfadjoint extension, namely the Hilbert-space closure of ,(P).
In particular, if P € A(h,) is formally selfadjoint and homogeneous of
degree m, and satisfies (3.57) and (3.59), it follows, in conjunction with the
remarks preceding (6.7), that H = H|, ;,(R"). At least for m even, when we
know such operators P exist, this provides a type of abstract characterization

of H, 1(R").

7. A class of examples. As an illustration of Theorem 1.2 we present the
following variant of Proposition 1.3:

PROPOSITION 7.1. Let G be a simply-connected nilpotent Lie group, with Lie
algebra g. Let X, . . ., X, be elements of g whose repeated commutators span g,
and let R € OU(g) be skew-adjoint, i.e., R* = — R. Then for any positive
integers m;, i = 1, ..., k, all even or all odd, the operator
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k

(7.1) P=Y X+ R
i=1

satisfies the following property:

(7.2) For every irreducible unitary representation w of G (except the trivial,
identity representation) w(P)v # 0 and w(P)*v # 0 for every nonzero C*®-
vector v of the representation .

Notice, in particular, that any X, € g could be taken as R.

PROOF. Since P* = 3*_,X?™ — R, and since — R is also skew-adjoint, it is
enough to show that #(P)v # 0 if v % 0. Since #(X)* = — #(X) for every
X € g and since all the m; have the same parity, it follows that

k
(7.3) (w(P)o,v) = (-1)™ .?, (7(X,)"v, n(X;)"0) + (x(R)v, v)

for every C*®-vector o. The first term on the right-hand side of (7.3) is real.
But since R* = — R it follows from (2.12) that

(74) {(m(R)v,v) = (v, 7(R*)v) = — (v, 7(R)v) = — {7(R)v,0) .
Thus {7(R)v, v) is imaginary, and so, by (7.3), if #(P)v =0, then
2k (m(X)™, 7(X)"0) =0. Each summand is nonnegative. Hence
{m(XY*o, 7(X;)"0) = Oforeveryi=1,...,k andso

(7.5) 7(X;)"0=0 foreveryi=1,...,k.

If m; is even, then (7.5) yields

(16) 0= (m(X,)"0,0) = (—1)*=(X,)""*v, 2(X;)"*0),

and so #(X,Y™*/% = 0. If m, is odd we work with m; + 1. Since m, + 1 < 2m,
unless m; = 1, we can iterate this process to obtain

(X)) 7(X,)o=0 foreveryi=1,...,k.

Since 7 is a Lie algebra homomorphism, and since the repeated commutators
of Xy, ..., X, span g, it follows from (7.7) that

(7.8) 7(X)o=0 foreveryX €g.

If the irreducible unitary representation # of G is infinite-dimensional then we
know from [15] that, up to unitary equivalence (which takes C®-vectors to
C ®-vectors), we may assume that 7 acts on L¥R") for some n, that the space
of C*®-vectors is S (R"), and that the range of 7 as a representation of U(g)
is A,(C), the algebra of all differential operators on R” with polynomial
coefficients. Hence it follows from (7.8) that for every Q € 4,(C) there is a
constant ¢ € C such that (Q — ¢)o(¢) = 0. In particular, there exist constants
¢,i=1,...,n,such that

(7.9) do(1)/ 3t = co(?).
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Hence
(7.10) (3/0¢) [exp(— i c/’;) . v(t)} =0, i=1...,n
Jj=1

and so o(f) = C exp(Zj.,¢t) for some constant C. Since v € S it
follows that v = 0.

If the irreducible unitary representation « is finite-dimensional (and there-
fore, by [15], 1-dimensional), it follows that if (7.8) holds for some v # 0,
then #(X) = O for every X € g. Hence, since exp: g — G is bijective and
since w(exp X) = exp #(X) for every X € g, it follows that « is the 1-dimen-
sional identity representation. []

At least in the case of G = H,, it follows from Theorem 1.2 that such P, if
homogeneous, are hypoelliptic. In particular, this proves Corollary 1.4.

8. Open problems. We would like to conclude this paper by briefly discus-
sing a few open problems.

One very interesting open question is whether Theorem 1.2 is valid in the
case of a general simply-connected nilpotent Lie group G with dilations {4,},
and, if not, what restrictions on G or {§,} are necessary. As is apparent from
the treatment given here, much of the apparatus of the proof for G = H, is
quite ready to be carried over to the general context. There are, however,
substantial difficulties in the general case. We give two. (1) The lower-dimen-
sional subvarieties of “degenerate” representations in g* may be troublesome.
For example, the unit “ball” in T, the space of generic orbits, will in general
not be compact (unlike the case of H,, where it consists of two points). (2)
One cannot expect the analogue of Proposition 3.7 with Z?” replaced by
some T € Z(g) to hold generally. For example, take G = H, with the
nonstandard choice of dilations §,: X; 1> r’X,, ¥; > r’Y,, Z 1> r°Z, and let
P=73"_,X?+ Y2 Of course, there are cases where the analogue of Propo-
sition 3.7 does hold, for example G = R” with any choice of dilations, and all
simply-connected nilpotent Lie groups of dimension < 5, as listed in [3], if we
make the simplest choices of dilations for these groups. We note also that
Theorem 1.2 holds for G = R" with general dilations (see [13, Theorem
4.1.8)).

Another interesting question concerns the case of nonhomogeneous P €
QU (h,). Certainly any P € A(h,) can be expressed uniquely as P = P,, +
P, i+ - + P, where P, € A(h,) is homogeneous of degree j for each
integer j. The analogue of ellipticity for P would be the assumption that P,
the top-order part, satisfies hypothesis (1.2) of Theorem 1.2. Is it true that if P
1s “elliptic” in this sense, then P is hypoelliptic and locally solvable? Can one
construct a parametrix? Preliminary indications appear to be affirmative, and
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a procedure involving “symbols” with asymptotic expansions seems like it
can be carried through. It is too early, however, to report further on this.

A third question concerns the local solvability, as opposed to hypoellip-
ticity, of homogeneous P € QU (h,). for P to be locally solvable is it sufficient
that P satisfy hypothesis (1.2), but now only for the generic representations?
Is it possible, for example, by making use of (3.17)~(3.19) in conjunction with
the Plancherel formula, to prove this by methods analogous to those used by
Bernstein [1] to obtain fundamental solutions for constant-coefficient opera-
tors on R"?

One of the main reasons for studying homogeneous operators on nilpotent
Lie groups is the hope that these operators might be used to approximate
locally or microlocally, i.e., locally in the cotangent space, more general
“variable-coefficient” differential or pseudo-differential operators on a mani-
fold M. (See, for example, [6], [7], [21], [22].) We wish to discuss the results in
[21] from this standpoint. Rough'ly speaking, the situation is as follows. P is a
pseudo-differential operator on a manifold M such that the characteristic
variety = of P is nondegenerate with respect to the symplectic form « on
T*M \ 0, and such that the principal symbol of P vanishes exactly to second
order on Z. For each (x, §) € Z, let N(Z),,, denote the fiber over (x, §) of
the conormal bundle N(Z) of =. The 2n + l-dimensional vector space
N (Z)x.¢) © R can be canonically identified with 4, if we define a Lie bracket
by [(vy, 7)), (03 1)) = (0, &(v,, vy)). Using this identification we can obtain
from the principal and subprincipal parts of P an element of S(h,), the
symmetric algebra. Applying the symmetrization map: S (h,) - U(h,) we get
a homogeneous operator P, on H,. The remarkable fact is that P is
hypoelliptic with loss of 1 derivative (a sharp form of hypoellipticity) if and
only if P, is hypoelliptic for every (x, §) € 2. Especially in light of
Theorem 1.2, it would be extremely interesting to know whether an analogous
result can be formulated and proved for operators P vanishing to order > 2
on Z. Even in the case of second-order vanishing we would very much like to
have a more fundamental understanding of this group-theoretic “approxi-
mation” process.

ADDED IN PROOF. Since this paper was written some further progress has
been made:

(1) For the Heisenberg group itself, we have found it is possible to avoid
reference to the results of Grusin in §6 and to work completely in the context
of representation theory, by using the “lattice realizations” of the represen-
tations (see Cartier [27]). This has also been observed, independently, by L.
Corwin and R. Goodman, I believe.

(2) The necessity part of Theorem 1.2 (in the sharper form (6.6")) is true for
arbitrary simply-connected nilpotent Lie groups G with dilations (see Beals
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[25]). We have also proved this independently.

(3) Theorem 1.2 (in the sharper form (6.6")) is true for any two-step
simply-connected nilpotent Lie group G with the standard dilations. This has
been shown by Helffer [28] and Beals [26], each using a different symbol-
calculus. They also treat nonhomogeneous P, as discussed in §8, and
construct parametrices. Their methods are quite different from those of the
present paper, however, and do not make use of the Plancherel formula.
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