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Hypothesis Testing in Time Series via the Empirical
Characteristic Function: A Generalized Spectral

Yongmiao HONG

Density Approach

The standardized spectral density completely describes serial dependence of a Gaussian process. For non-Gaussian processes,
however, it may become an inappropriate analytic tool, because it misses the nonlinear processes with zero autocorrelation. By
generalizing the concept of the standardized spectral density, I propose a new spectral tool suitable for both linear and nonlinear
time series analysis. The generalized spectral density is indexed by frequency and a pair of auxiliary parameters. It is well defined
for both continuous and discrete random variables, and requires no moment condition. Introduction of the auxiliary parameters
renders the spectrum able to capture all pairwise dependencies, including those with zero autocorrelation. The standardized spectral
density can be derived by properly differentiating the generalized spectral density with respect to the auxiliary parameters at the
origin. The consistency of a class of Parzen’s kernel-type estimators for the generalized spectral density is established, and their
optimal convergence rates are derived using the integrated mean squared error criterion. A data-dependent asymptotically optimal
bandwidth (or lag order) is introduced. The kernel estimators and their derivatives are applied to construct a class of asymptotically
one-sided N(0, 1) tests for generic serial dependence and hypotheses on various specific aspects of serial dependence. The latter
include serial uncorrelatedness, martingale, conditional homoscedasticity, conditional symmetry, and conditional homokurtosis. All
of the proposed tests, which include Hong’s spectral density test for serial correlation, can be derived from a unified framework.
An empirical application to Deutschemark exchange rates highlights the approach.

KEY WORDS: Asymptotic normality; Bandwidth; Empirical characteristic function; Generalized spectral density; Hypothesis

testing; Kernel function; Nonlinear dependence; Spectral density; Time series.

1. INTRODUCTION

Measuring and detecting serial dependence has long been
of interest in time series analysis. Serial dependence is of-
ten characterized by the autocorrelation function, or equiv-
alently by the standardized spectral density function. Fre-
quency domain analysis is convenient and enlightening
(Priestley 1981). When a stochastic process is serially in-
dependent, for example, its standardized spectral density is
uniform. Any deviation of the spectral density from uni-
formity is evidence of serial dependence. This fact can
be used to form consistent tests against serial correla-
tion of unknown form (see, e.g., Anderson 1993; Hong
1996).

The standardized spectral density captures all serial de-
pendencies of a Gaussian process. For non-Gaussian pro-
cesses, however, it may become an inappropriate analytic
tool, because it misses the nonlinear processes with zero au-
tocorrelation. Well-known examples are autoregressive con-
ditional heteroscedastic (ARCH), bilinear, nonlinear mov-
ing average, and threshold autoregressive processes (see,
e.g., Tong 1990). It has been widely recognized that many
time series arising in practice display non-Gaussian and
nonlinear features (see, e.g., Brock, Hseih, and Le Baron
1991; Granger and Anderson 1978; Granger and Terasvirta
1993; Priestley 1988; Subba Rao and Gabr 1984; Tong
1990).
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Robinson, M. Stinchcombe, and M. Wells for helpful comments and dis-
cussions on the earlier versions.

The development of nonlinear time series analysis has
been advancing rapidly, but there are relatively few useful
analytic tools (Granger and Terasvirta 1993). Higher-order
spectra, which are the Fourier transforms of higher-order
cumulants, have been proposed to capture nonlinear depen-
dencies (Brillinger 1965; Brillinger and Rosenblatt 1967a,
b; Hinich 1982; Hinich and Patterson 1992; Subba Rao and
Gabr 1980, 1984). Although they can effectively capture
many nonlinear dependencies, they may miss some impor-
tant ones. The bispectrum, for example, may fail to capture
ARCH processes because their third-order cumulants can
be identically 0. Moreover, higher-order spectra need re-
strictive moment conditions (e.g., the existence of a sixth
moment). These features make higher-order spectra less ap-
pealing in practice (Granger and Tergsvirta 1993, p. 22).

By generalizing the concept of the standardized spectral
density, I propose a new spectral tool suitable for both linear
and nonlinear time series analysis. The generalized spectral
density can capture all pairwise dependencies while main-
taining the nice features of the conventional spectrum. It
is indexed by frequency and a pair of auxiliary parameters.
The conventional spectral density can be derived as a special
case by differentiating the generalized spectral density with
respect to the auxiliary parameters at the origin. One of the
central contributions of this article is to show that the intro-
duction of the auxiliary parameters provides much flexibil-
ity for spectral analysis, rendering the spectrum able to cap-
ture all pairwise dependencies. The generalized spectrum
can be estimated consistently by a class of Parzen’s (1957)
kernel-type estimators. I derive their optimal convergence
rates using the integrated mean squared error (IMSE) crite-
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rion, and introduce a data-dependent asymptotically optimal
bandwidth that provides the choice of a lag order for any
given sample size.

Unlike the standardized spectral density, the generalized
spectral density needs no moment condition. It applies to
time series generated from either discrete or continuous
distribution with possibly infinite moments, as is often en-
countered in high-frequency economic and financial data
(see, e.g., Fama and Roll 1968). Moreover, as a consequence
of analyticity of the complex-valued exponential function,
one can use the derivatives of the generalized spectrum
to capture various specific aspects of serial dependence.
I illustrate how the generalized spectrum and its deriva-
tives can be used to test various hypotheses. These include
tests of serial independence, serial uncorrelatedness, mar-
tingale, conditional homoscedasticity, conditional symme-
try, and conditional homokurtosis. All of the proposed tests
are derived from a unified framework and have a conve-
nient null asymptotic one-sided N(0, 1) distribution. Hong’s
(1996) spectral density test is obtained as a special case by
differentiating the generalized spectral density with respect
to the auxiliary parameters at the origin.

My approach essentially uses empirical characteristic
functions (ECFs) and their derivatives in a time series
framework. The ECF has been widely used to test various
hypotheses in the context of independent and identically
distributed (iid) samples (Epps 1993). These include good-
ness of fit, symmetry, and sample heterogeneity (see, e.g.,
Baringhaus and Henze 1988; Csorgo 1984; Epps and Pul-
ley 1983; Epps and Singleton 1986; Feigin and Heathcote
1976; Feuerverger and Mureika 1977; Hall and Welsh 1983;
Heathcote 1972; Henze and Wagner 1997; Koutrouvelis
1980; Koutrouvelis and Kellermeier 1981). Csorgo (1985)
and Feuerverger (1987, 1993) considered tests of indepen-
dence among the components of an iid random vector. Epps
(1987, 1988) was the first to use the ECF in a time series
context to test whether a stationary time series is Gaussian
or vice versa. Feuerverger (1987) noted the possibility of
using the ECF to test serial independence. Pinkse (1998)
considered a chi-squared test for first-order serial depen-
dence via a characteristic function principle, although he
did not use the ECF. This article differs from the afore-
mentioned works in several ways, particularly in that I use
spectral analysis and derivatives.

In Section 2, I introduce the generalized spectral density
and a class of Parzen’s (1957) kernel-type estimators for the
generalized spectrum. 1 establish consistency of the kernel
estimators and derive their optimal convergence rates us-
ing the IMSE criterion. A data-dependent asymptotically
optimal bandwidth is introduced. In Sections 3 and 4 I
use the kernel estimators and their derivatives to develop
tests for generic serial dependence and various hypothe-
ses of interest. 1 derive asymptotic normality of the pro-
posed tests in Section 5 and study their asymptotic power
in Section 6. In Section 7 1 give an empirical application
to Deutschmark exchange rates. Conclusions are provided
in Section 8, and all the proofs are given in the Appendix.
Throughout, C' € (0,00) denotes a generic constant that
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may differ from place to place; |A|, A*,Re(A), and Im(A)
denote the usual Euclidean norm, complex conjugate, and
real and imaginary parts of A. Unless indicated, all con-
vergencies are taken as the sample size n — oo, and all
unspecified integrals are taken over the entire Euclidean
space with proper dimension.

2. GENERALIZED SPECTRAL DENSITY

Consider a stationary time series {X; € R,t € N}
with marginal characteristic function p(u) = Ee™Xo and
pairwise characteristic function g, (u,v) = Eel(uXotvX-3),
where N is the set of integers, i = /-1, € N, and
(u,v) € R2. Often, serial dependence of {X;} is described
by its autocorrelation function, p(j), or by its standardized
spectral density,

1 o0

> p(iee,

j=—o0

h(w) w € [—m, 7.

T o

Both h(w) and p(j) are the Fourier transforms of each other,
containing the same information of serial dependence of
{X:}. It has been long known that nonlinear time series
may have zero autocorrelation but display strong nonlinear
dependence, and both A(w) and p(7) fail to capture such pro-
cesses. Higher-order spectra have been proposed to capture
nonlinear dependencies (Brillinger 1965). They can detect
nonlinear dependencies but may still miss such important
ones as ARCH. Moreover, they require restrictive moment
conditions and relatively large sample sizes for reasonable
estimation.

To avoid the undesired features of higher-order spectra
and to enable capture of a wider range of nonlinear de-
pendencies, I propose a new spectral tool. I first transform
the original time series {X;} by {e®“%¢}, and then consider
o;(u,v) = cov(e®™X¢ e Xi-131), the covariance function be-
tween ¢™“X¢ and e®X+-151, Straightforward algebra yields

ai(u,v) = @5 (u, v) — p(u)p(v), (1)

the difference between the joint characteristic function of
(X¢,X;_|;)) and the product of their marginals. Hence
oj(u,v) = 0 for all (u,v) € R? if and only if X, and X,_;
are independent (Lukacs 1970). Consequently, o;(u,v) is
able to capture all pairwise dependencies, including those
with zero autocorrelation.

Suppose that sup, ,)erz Y je o, [05(4,v)| < 00, which
holds when, for example, {X;} is « mixing with
> e @(f)¥ /¥ < oo for some v > 1. Then the Fourier
transform of ¢;(u,v) exists:

>
Flw,u,v) = 517; oi(uv)e 9, wel-mal. @)
J=—00
Both (1) and (2) contain the same information of serial de-
pendence of {X;}. In contrast to the standardized spectral
density h(w), f(w,u,v) can capture all pairwise dependen-
cies. It requires no moment condition and is well defined
for both discrete and continuous random variables. When

var(X;) = o? exists, h(w) can be obtained by differentiating
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f(w, u,v) with respect to (u,v) at (0, 0); that is,

L
o? dudv

h(w) = —

f(wv U, U)'(u,v):(O,O) .

For this reason, I call f(w,u,v) a “generalized spectral den-
sity function” of {X;}, although it does not have the math-
ematical properties of a probability density function.

To estimate f(w,u,v), I define the empirical measure

&;(u,v) @j(u, 0)@;(0,v),
j=0,41,...,

= @j(ua U) -
=(n—-1), 3

where @;(u,v) = (n — |j])7 27 ;4 XX ) s
an unbiased estimator for ¢;(u,v). I introduce a class of
Parzen’s (1957) smoothed kernel estimators,

fn(w,u,v)

1 n—1

> =i/ k(i /p)6i(u,v)e Y, (4)

j=1l—-n

T2

where k(-) is a kernel function or “lag window” and p is a
bandwidth or lag order. The factor (1 — j/n)'/? could be
replaced by unity, but it gives better finite-sample perfor-
mance.

I study the consistency property of (4) using the IMSE
criterion,

IMSE(f, f)

:E//_:|fn(w,u,v)—

where W (u, v) is a weighting function. The following reg-
ularity conditions are imposed.

flw,u,v)|? dw dW (u,v), (5)

Assumption A 1(r). {X; € R} is a strictly stationary
a-mixing process with Z ° 0 ()" < oo for some
v > 1, where r > 0.

Assumption A.2. W : R? — R is nondecreasing with
bounded total variation.

Assumption A.3. k : R — [—1,1] is symmetric and is
continuous at 0 and all but a finite number of points, with
EQO) = 1,ky = [%_k*(2)dz < 0o and |k(2)| < C|2|7* for
large 2, where b > 1.

Assumption A.4. There exists ¢ € (0,00) that is the
largest real number such that k(9 = lim,,0{1 — k(2)}/
|27 € (0, 00).

In Assumption A.1(r), I allow both discrete and contin-
uous random variables and require no moment condition.
The mixing condition governs smoothness of f(w,u,v). It
ensures the existence of the generalized partial rth deriva-
tive of f(w,u,v) with respect to w,

1 & .
7,0,0 _ T —ijw
£ w,u,0) = o= Y [Tyl )e . (6)

j=—00

1203

Note that (6) is not the same as the ordinary rth partial
derivative of f(w,u,v) with respect to w. If r is even, then
FE00 () u,v) = (=1)/29" f(w, u,v)/Ow”, but if 7 is odd,
then there is no simple relation between the two.

Assumption A.2 ensures the existence of the integral
(5). Assumption A.3 is standard for k(-). It allows k()
with bounded or unbounded support. Examples include the
truncated, Bartlett, Daniell, Parzen, quadratic-spectral (QS),
and Tukey kernels (Priestley 1981). Assumption A4 is a
smoothness condition on k(-) at 0; ¢ is called the “charac-
teristic exponent” of k(-). For Bartlett kernel, ¢ = 1; for
Daniell, Parzen, QS, and Tukey kernels, ¢ = 2. Zurbenko
(1986) considered kernels with g > 2.

Theorem 1. (a) Suppose that Assumptions A.1(2) and
A.2-A.3 hold, and p = cn? for ¢ € (0,00) and A € (0,1).
Then IMSE(fn, f) — 0.

(b) If, in addition, Assumptions A.1(g) and A.4 hold and
p = ent/ (24t then

lim n?e/Ca+DIMSE(f,, )

n—roo

= cky Re/ _7; flw

@/ )/ / " 909 00,y )2 deo dW (w, v). ()

u, —u) f(w, v, —v) dw dW (u, v)

The right side of (7) consists of the variance and bias-
squared components of £, (w,u,v). The rate p = cnt/(2at+1)
balances the variance and squared bias, so that the optimal
convergence rate n~(2¢/(2¢+1)] ig attained for IMSE(f,,, f).
Such an optimal rate depends on smoothness of f(w,u,v)
and smoothness of &(-) at 0. For the Bartlett kernel, this rate
is n~=2/3; for the Daniell, Parzen, QS, and Tukey kernels, it
is n=4/5,

In practice, the choice of tuning constant ¢ is crucial, as
it governs smoothness of f,(w, u, v). The IMSE criterion
provides a basis for choosing an optimal ¢ in (7). It can be
obtained by setting to O the derivative of (7) with respect
to c

I @00 wu )Y
o — 2q(k(2))? X dw dW (u,v)
ko Re [ [T flw,u,—u)
x flw,v, —v) dwdW (u,v)

(8)

This delivers the theoretically optimal bandwidth py =
cont/(2¢+1) that minimizes (5) asymptotically. Because
f(w,u,v) and f(©09) (w, u, v) are unknown, p, is infeasible.
One can, however, plug in (8) the following “pilot” estima-
tors of f(w, u,v) and (@99 (w, u,v) based on a preliminary
bandwidth 7:

Fnlw,u,v)

1= |31/n) k(5 /p)é5(u, v)e ™ (9)
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and

£ (w, u,v)

> =11/ k()15 (u, v)e ™, (10)

2m
j=1l—-n

where k() is a kernel not necessarily the same as that used
in (4) and satisfying the following.

Assumption A.5. k : R — [-1,1] is symmetric and is
continuous at 0 and all but a finite number of points, with
=1, [;7|2*%k2(2) dz < oo and |k(z)| < Clz|™° for
large z, where b > g + 2 L and ¢ is as in Assumption A.4.
This yields a consistent estimator for cg:

I F000 (0, 0, 0) 2 ey
e  dws AW (u, )
= ko Re [[7 fulw,u,—u)
X fnlw, v, —v) dw AW (u,v)
1/(2¢+1)
ST, (n— [iD)E(/B)l51%
_ 2q(k(9)? x [16;(u,v)[? dW (u,v)
ke 30T (n—1iDE2(5/D) ’
xRe [ 6;(u, —u)é;(v, —v)
x dW (u, v)
(11)

where the last equality follows by Parseval’s identity.

Theorem 2. Suppose that Assumptions A.1(max(2, q)),
A2, and A.5 hold, and p = p(n) — o0,p? ! /n — 0.
Then ¢, — ¢ and Pg/po — 1 in probability, where py =
éonl/(2at+1)

The estimator ¢, delivers a data-dependent bandwidth pg,
which provides the choice of a lag order for a given sam-
ple size n and is asymptotically optimal in terms of IMSE
despite the fact that f(w,u,v) is unknown. Note that f, is
real valued, but the effect of integer clipping of gy is likely
to be negligible. Nonparametric plug-in methods for select-
ing bandwidths are not uncommon in smoothed nonpara-
metric estimation. Such methods do not completely avoid
arbitrariness in choosing a preliminary bandwidth. There
is, however, some evidence in both probability and spectral
density estimation (see, e.g., Newey and West 1994; Sil-
verman 1986, p. 58) that the final choice of a bandwidth
is not very sensitive to the choice of a preliminary band-
width. In an empirical application in Section 7, I study the
effect of choosing different  on both pg and fn (w,u,v). It
is found that pg is not very sensitive to the choice of p for
some commonly used kernels, and that related test statistics
are robust to the choice of § over a relatively wide range
of p.

3. HYPOTHESIS TESTING IN TIME SERIES

To illustrate the scope and merits of the generalized spec-
trum. T apply fn(w,u,v) and its derivatives to test generic
serial dependence and hypotheses on various specific as-
pects of serial dependence. Detecting various forms of se-

Journal of the American Statistical Association, December 1999

rial dependence has been a long-standing problem. A fea-
ture of the present approach is that all of the proposed tests
for various hypotheses of interest are derived from a unified
framework.

Under serial independence of {X;}, f(w, u,v) becomes a
constant function of frequency w,
Vwe|[-mn7], (12)

folw,u,v) = py oo(u,v),
™

where og(u,v) = ¢(u + v) — @(u)p(v). This can be esti-

mated consistently by

Yw € [—7, 7.

Folw, u, v) (13)

= o Golu,n),
To test serial independence, one can compare fn(w,u,v)
and fo(w,u, v) via, for example, an Ly norm. Such tests can
detect all pairwise dependencies. They are useful, for exam-
ple, in identifying nonlinear time series models, in testing
the random walk hypothesis, and in situations where se-
rial dependence is of unknown form. In addition to generic
serial dependence, one may also be interested in testing
hypotheses on various specific aspects of serial depen-
dence, such as serial uncorrelatedness, martingale, condi-
tional homoscedasticity, conditional symmetry, and condi-
tional homokurtosis. Such hypotheses have their own rights.
For example, market efficiency hypothesis is often equiv-
alent to a martingale hypothesis. The analyticity of the
complex-valued exponential function allows one to test
these hypotheses by comparing the derivative estimators,

FOm™D,,0)

n—1

1 m, —ijw
=g 2 (-l P20 )™, w)e™ e (14)
and
#(0,m,l 1 ~(m,l
fé )(w,u,v) =5 a((, )(u, v), (15)
where &J(.m’l)(u,v) = 0™*6;(u,v) /0 udl. As is illus-

trated in Section 4, (14) can only capture certain aspects
of serial dependence, depending on the order (m,!). The
order to choose is dictated by the aspect of serial depen-
dence in which one is interested. When no prior informa-
tion about possible alternatives is available, for example,
one may be interested in generic serial dependence and set
(m,1) = (0,0). Alternatively, one can set (m,!) = (1,0) to
test the martingale hypothesis, or set (m,!) = (1,1) to test
serial correlation. Note that for m,! > 0, proper moment
conditions on {X.} are needed to ensure the existence of
derivative f(O0(w,u,v) = 8 f(w,u,v)/0umdvl; see
Assumption A.6 later.

Consider a squared L, norm between (14) and (15);
namely,

(f(Oml) f-(O,m,l))
// D (w, u,0) = 0™ (w,u,0) [ dew dW (u, v)
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- (9_1/ [ni E*(3/p)(L = j/n)]

x dW (u,v),

~(m,l) 2
5 (w0 ]

(16)

where the second equality follows by Parseval’s identity.
1 integrate out (w,u,v) over [—m, 7] x R? rather than use
finitely many gridpoints. This ensures a reasonable omnibus
test. Note that numerical integration over frequency w is not
needed in (16). One could also use divergence measures
other than the L, norm, but they would generally involve
numerical integrations over w as well as (u,v).

My test statistic is a properly standardized version of
(16):

M(m,l,p) = {/ [Zk2 (G/p)(n = )les™ (u ,fuﬂ
x dW (u,v) ml2k2j/p}

(17)

=1

1/2
n—2
+ {Dé""” Zk‘*(j/m} ,

(md) _ / 5™ (u, —u)6 ™) (v, —v) AW (u,v)
and
D(ml / {|0(mm u u) ~ (1 l)(’U,’U/)|2 + |a,(gm,m)(u, —ul)

X Er(()l’l)(v, —u")|2} dW (u, v) dW (', ).
Note that f)(()m’l) involves a four-dimensional integration.
For simplicity, one can use

W(u,v) =

W1 (u)Wa(v), (18)

where the W, : R — RT weight sets symmetric about 0
equally. This is analogous to a multiplicative symmetric
kernel function commonly used in multivariate smoothed
nonparametric estimation (Silverman 1986). With the use
of (18), (17) simplifies to

M(m,l,p) = {/ [Zk? (G/p)(n — §)l6 (””)(uw)lz}

~

O/—\

X dWl( ) dW2

Zk2 (4/p) }

(19)

2 1/2
DS k%‘/@} ,
j=1

1205

where
Cim = / &8™™ (u, —u) AW (u) / &\ (v, —v) dWa(v)

and

Dy =2 / 168" (u, )2 AW () AW (u)

y / 1680 (0, 07 ) P AW (v) dWa (o).

Now ﬁém’l) involves only two-dimensional integrations.

4. TEST STATISTICS

The choices of (m,!) and {W;(u), Wa(v)} provide much
flexibility in capturing various aspects of serial depen-
dence. T now illustrate how different choices of (m,!)
and {Wi(u), Wa(v)} deliver tests for various hypothe-
ses of interest. Throughout, I assume that Wy : R —
R* is nondecreasing and weights set symmetric about 0
equally.

4.1 Testing Generic Serial Dependence
Put (m,1) = (0,0), W1 () = Wa(-) = Wo(). Then
n—1
10,0) = { [ |G- ey o)
j=1
X dWo(w) dWo (v ZkQ (G /p) }
L 1/2
DS kG| (20)
j=1
where
R 2
(00) [ / &o(u, —u) dWO(u)}
and

D = 9 [ / |60 (u, u)|? dWo(u) dWO(u’)r.

This tests generic serial dependence, which is useful when
no prior information about the alternative is available. For
any continuous and increasing Wy () with unbounded sup-
port, (20) is consistent against all pairwise dependencies.
When ¢;(u,v) is analytic, which requires a finite moment-
generating function of (X, X;_;), (20) is consistent against
all pairwise serial dependencies even if Wy(-) has bounded
support. This follows because two distributions are iden-
tical if and only if their analytic characteristic functions
coincide for all (u,v) in a neighborhood of the origin. For
a nonanalytic characteristic function, bounded support may
lead to inconsistent tests. This follows because two distinct
distributions can have the same characteristic functions on
a finite interval (Chung 1974, pp. 184-185).
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There have been a number of tests for generic serial
dependence using various nonparametric time domain ap-
proaches, including those by Brock et al. (1991), Chan
and Tran (1992), Delgado (1996), Hjellvik and Tjgstheim
(1996), Hong (1998), Robinson (1991), and Skaug and
Tjgstheim (1993a, b, 1996). These tests are based on cor-
relation dimension in the chaotic theory, smoothed density
estimation, and EDFs. Nearly all of these tests deal with
serial dependence of a finite order and thus are not consis-
tent against all pairwise dependencies. Pinkse (1998) con-
sidered a test for first-order serial dependence by using an
upper bound of [|&1(u,v)|?> dW (u,v) rather than the ECF
directly.

Like the EDF, the ECF involves no smoothed nonpara-
metric estimation at each lag j. It is well known (Feigin and
Heathcote 1976) that ECF- and EDF-based tests for good-
ness of fit have different powers in the iid context: EDF-
based tests have good power against shifts in mean but low
power against changes in scale, whereas ECF-based tests
have omnibus power against the two. A time series analog
is documented for ECF- and EDF-based tests of serial inde-
pendence. Hong (1998) and Skaug and Tjgstheim (1993a)
found that EDF-based tests have good power against lin-
ear time series but low power against ARCH. A simulation
study of an earlier version of this article found that the
ECF-based test M(0, 0, p) has omnibus power against both
time series processes. Moreover, EDF-based tests may have
no power against some types of serial dependence of any
order when X is a discrete random variable (see Skaug and
Tjgstheim 1993a for an example).

4.2 Testing Serial Correlation of Unknown Form

Put (m,l) = (1,1), and suppose that Wi(-) and Wa(:)
have a density function § : R — R*, where §(-) is the Dirac
delta function; that is, (u) = 0 if and only if u = 0 and
[ 6(u) du = 1. Straightforward algebra yields

/}011 (u,v)}2 6(

2
GO { / &0 (u, —u) §(w) du] = R3(0),

)8(v) dudv = 870,002 = R2(5),

and

and
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It follows that

M(1,1,p) [Zkz (5/p)(n — 5)p3(5) — Zk’z(j/p)}

Jj=1

. 1/2
- [221#(1’/1))] , (21
=1

where p1(j) = Ri(j)/R1(0) is the sample autocorrelation
function of {X;}}_,. This is a slightly modified version
of Hong’s (1996) spectral density test, which is consistent
against serial correlation of unknown form. When uniform
weighting (i.e., k(z) = 1 if |z] < 1 and O otherwise) is
used, then (21) delivers generalized portmanteau tests of
Box and Pierce (1970). As shown by Hong (1996), however,
uniform weighting is not optimal when p is large. Note
that Anderson (1993), Andrews and Ploberger (1996), and
Durlauf (1991) also considered consistent tests for serial
correlation of unknown form.

4.3 Testing for the Martingale Hypothesis

To test the martingale difference sequence hypothesis that
El(X: — p)|X¢—j5,7 > 0] =0 as., where p = E(X,), one
can put (m,l) = (1,0). Suppose that W1 (-) has a Dirac 6(-)
density and Ws(-) = Wy(-). Then

M(1,0,p) {/ [Zkz (i/p)(n — 5|5} )(07v)|2]

X dWO

Zk2 (i/p) }

(22)

N 1/2
= DSOS KG|
j=1
where

C0 = Ry (0) / &o(v, —v) dWo(v),
R2 O)/|&o(v,v’)|2dWo(v) dWo(v'),

n

5500,0) = (n— )71 YD Xyl Xems

t=j+1

— ¢;(0,v)].

Note that & A( O)(0 v) is consistent for 0_(1 0 (0,v) = E[(X:—
p)etvXe-d], ThlS delivers a test for the martingale hypoth-
esis in spirit similar to Bierens’s (1982) and Bierens and
Ploberger’s (1997) integrated conditional moment tests for
model specification. Unlike the Bierens and Ploberger tests,
whose null limit distributions are a sum of weighted chi-
squared variables with weights depending on the unknown
data-generating process and thus cannot be tabulated, (22)
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has a convenient one-sided N(0, 1) limit distribution. It has
power against alternatives that have zero autocorrelation
but a nonzero mean conditional on the X;_;, such as some
bilinear and nonlinear moving average processes. This is
illustrated in an empirical application to Deutschemark ex-
change rates in Section 7, where tests based on the conven-
tional spectrum fail. Therefore, (22) may be more useful
than conventional spectral tests, which have been widely ap-
plied to test the martingale hypothesis in practice (see, e.g.,
Durlauf 1991). Hinich and Patterson (1992) also proposed
a test for the martingale hypothesis using the bispectrum.

4.4 Testing for Linear ARCH

Put (m, 1) = (2, 2) and suppose that both W1 (-) and Wy ()
have a Dirac 4(-) density function. Then

M(2,2,p) = [Zkzy/p n—5)p5(j Zkgj/p]

I 1/2
- [2 > k“(j/p)] , (23)
j=1

where p2(j) is the sample autocorrelation function of {X?}
defined analogously as p;(j). This is consistent against all
lincar ARCH processes; that is, all autocorrelations in Xf.
When uniform weighting for k(-) is used, (23) delivers a
generalized version of McLeod and Li’s (1983) test. The
tests of Engle (1982) and Granger and Anderson (1978) are
similar in spirit to McLeod and Li’s test. They are asymp-
totically equivalent under proper conditions (Granger and
Terdsvirta 1993, pp. 93-94). Again, nonuniform weight-
ing for k(-) is asymptotically more powerful than uniform
weighting for large p.

4.5 Testing for Nonlinear ARCH

Put (m, 1) = (2,0). Suppose that W3 (-) has a §(-) density
and Wy(-) = Wy(+). Then

M(2,0,p) {/ [Zk (3/p)(n = 5o °>(o,v)|2}

X dWO

350 Zk2(J/P }

j=1

(24)

_— 1/2
~(2,0 .
D >Zk4<j/p>] ,
j=1

where

520 = Ry (0) / Go(v, —v) dWo(v),

DI = 2R2(0) / |60 (v, v")|* dWo (v) dWo (v'),

1207

ko3

=(n-5)"1 Y X2 ¥ — $,(0,v)].
t=j+1

Note that 6*J(.2’0) (0,v) is consistent for o*j(2 0)(O, v) =
E[(X? - EX?)e'vX:-i]. Besides linear ARCH, (24) can also
detect the nonlinear ARCH processes for which {X?} has
zero autocorrelation but a nonconstant mean conditional on
the X;_;,7 > 0. An example is an ARCH process whose
conditional variance follows a chaotic tent map process (see,
e.g., Brock et al., 1991, pp. 11-12).

4.6 Testing for Conditional Symmetry

Put (m,l) = (3,0). Suppose that Wy (-) has a §(-) density
and Wy(-) = Wy(:). Then
M(3,0,p) { / [Z K (/p)n — j>|A§3’°><o,v>|2]
7=1

n—1
x dWo(v) — C&0 k?(j/m}
=1

(25)

g 1/2
75 k4<j/p>} ,
j=1

where

559 — By (0) / 600, —v) dWo (),

B = 288(0) [ I, o AWa0) (),

and
n .
(n—7)7" > XPeXes — 3,(0,0)],
t=j+1

59 (0,v) =

where Rg3(j) is the sample autocovariance function of
{X3)}1_, defined analogously as Ry (j). This checks whether
the conditional third moment of {X:} is time-varying, the
so-called conditional heterocliticity. It can be used to test
conditional symmetry. This is important in finance, for ex-
ample, because conditional skewness has important im-
plications for portfolio selections. It can also be used to
test whether the innovation distribution of an ARCH pro-
cess is symmetric, which is crucial for efficiency of quasi-
maximum likelihood estimators (Newey and Steigerward
1996).

4.7 Testing for Conditional Heterokurtosis

Put (m,!) = (4,0). Suppose that Wy (-) has a §(-) density
and WQ() = Wo() Then

M(4,0,p) = {/ [Zk%/p NNe$t (0,v)2
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n—1
x dWo(v) — C5H0 3 k2(j/p)}
j=1
n-—2 Yz
= | DO Zk“(j/m] ! (26)
=1
where
CE = Rufo) [ so(, ~v) dWo(o),
DO = 2RZ(0)/|&O(U,0/)|2dWo(U) dWo(v'),
and

#90,0) = (n— j)

J

where R4(j) is the sample autocovariance function of
{X#y7_, defined analogously as R, (j). This checks whether
the conditional fourth-order moment of {X;} is time
varying.

Tests for other moments can be derived analogously. For
example, the choice of (m,l) = (2,1) with both W1 (-) and
Wa(:) having a Dirac §(-) density will test whether the
volatility of X; depends on the levels of its own past history,
the so-called “leverage effect.” The choice of (m,l) = (1,2)
with both Wi(-) and W5(-) having a Dirac 4(-) density
will test whether X; depends on its volatility, the so-called
“ARCH-in-mean effect.”

5. ASYMPTOTIC NULL DISTRIBUTION

To derive the asymptotic distribution of M (m,I,p), I im-
pose the following conditions.

Assumption A.6. E|X;|* < co, where d = max(m, ).

Assumption A.7.  D{™ >0, where D™ is as D{™
in (17) with &4 (u,v) replaced by og(u,v).

Assumption A.6 ensures that the marginal characteris-
tic function ¢(-) has bounded continuous derivatives up
to order 4d (Chung 1974, thm. 6.4.1). Note that no mo-
ment of {X;} is needed to test generic serial dependence
(m,1 = 0). To test serial correlation (m,! = 1) or the mar-
tingale hypothesis (m = 1,1 = 0), EX{ < oo is needed.
To test ARCH (m = 2,1 = 0,2), EX} < co is needed. As-

™am) (u,v) =

sumption A.7 rules out the possibility that cr(()
a(()l’l) (u,v) = 0 for all (u,v) on the support of W{u,v), as
can arise, for example, when the distribution of X is de-

generate. This ensures that M (m, [, p) is well behaved.

Theorem 3. Suppose that Assumptions A.2-A.3 and
A.6-A.7 hold, and p = cn* for ¢ € (0,00) and A € (0,1). If
{X:} is iid, then M (m, 1, p) — N(0,1) in distribution.

Theorem 3 allows a wide range of admissible rates for
nonstochastic bandwidth p. In practice, one may like to
choose p via such data-driven methods as pg in Theorem
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2, which lets data themselves determine an appropriate lag
order. To justify the use of a data-dependent bandwidth 3,
I impose a Lipschitz condition on k(-). This includes most
commonly used nonuniform kernels, but rules out the trun-
cated kernel.

Assumption A.8.  |k(z1) — k(z2)| < C|z1 — 22| for any

21,29 € R,

Theorem 4. Suppose that Assumptions A.2-A.3 and
A.6-A.8 hold, and p is data-dependent such that p/p =
1+ O0p(p~[38/2-1) for some 3 > (2b— 3)/(2b—1), where
b is as in Assumption A.3, and nonstochastic bandwidth
p =cn for ¢ € (0,00) and A € (0,(2b —1)/(2b — 3)). If
{X;} is iid, then M (m,,p)— M (m,l,p) — 0 in probability,
and M (m,1,p) — N(0, 1) in distribution.

The use of p has an asymptotically negligible impact on
the limit distribution of M (m, 1, p) provided that p/p — 1
in probability at a proper rate. For kernels with bounded
support (e.g., the Bartlett, Parzen, and Tukey kernels), 8 > 1
suffices, because b = co. For the QS kernel (b= 2),8 > £
suffices. For the Daniell kernel (b = 1),8 > % suffices.
These conditions are mild. With some additional conditions,
Theorem 2 could be extended to obtain a convergence rate
for pg to satisfy Theorem 4, but 1 do not do so for space
considerations.

The asymptotic normality of Theorems 3 and 4 gives
quick and convenient inference. For small and finite sam-
ples, however, asymptotic approximation may not be rea-
sonable. In this case, bootstrap or permutation can be used.
These methods are ideally suited to the present situation and
can be expected to yield reasonably accurate sizes (Skaug
and Tjgstheim 1996). 1 use the bootstrap in an empirical
application in Section 7.

6. ASYMPTOTIC POWER

To state the consistency theorems for M (m,l,p) and
M(m,l,p), I impose the following condition.

Assumption A.9. E|X1|*¥ < oo, where d = max(m,1)
and v > 1 is as in Assumption A.1.

This is slightly stronger than Assumption A.6 if m or
I > 1. For (m,l) = (0,0), no moment condition is re-
quired. Following a reasoning analogous to Chung (1974,
thm. 6.4.1), it is easy to show that Assumption A.9 ensures
that gpgm’l) (u,v) exists and is bounded and continuous in R?.
This, along with Assumption A.1, ensures the existence of
FOmD (0 0, v),

Theorem 5.  Suppose that Assumptions A.1(2), A2-A.3,
A7, and A.9 hold, and p = en* for ¢ € (0,00) and X €
(0,1). Then, in probability,

p1/2
. M(mal7p) -

n
g// |f(0’m’l)(w,u, v) —féo’m’l)(w,u, v)|2 dw dW (u, v)

oo 1/2
+ [D(()m’l) / E*(2) dz} .
0
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Thus M (m, 1, p) has asymptotic power 1 whenever the L,
norm between £ (w, u,v) and féo’m’l)(w,u,v) is posi-
tive. For concreteness and succinctness, I focus the discus-
sion here on (m, ) = (0, 0) only. In this case M (0,0, p) has
asymptotic power 1 whenever

g//j |F(w,u,v) — folw,u,v)|* dwdW (u,v)
- Z/|"j(“’”)|2dW(u,v) 27)
=1

is positive. Suppose that W (u, v) is continuous and increas-
ing with unbounded support, [ |o;(u,v)? dW (u,v) = 0 if
and only if X; and X;_; are independent. It follows that
(27) is 0 if and only if X; and X;_, are independent for all
j # 0. Therefore, M(0,0,p) is consistent against all pair-
wise dependencies. A price for this is that M (0,0, p) can
only detect a class of local alternatives converging to the
null hypothesis at a rate slightly slower than n~ /2. Nearly
all of the existing nonparametric tests for serial dependence
deal with a finite order and thus are not consistent for all
pairwise dependencies. Note that Theorem 5 applies to both
discrete and continuous random variables. This differs from
some EDF-based tests (see, e.g., Delgado 1996; Hong 1998;
Skaug and Tjgstheim 1993a), which may have no power
against some types of serial dependence of any order when
X, is a discrete random variable.

The test M(m,l,p) involves the choice of k(-). An
interesting question is whether there exists an optimal
k(-) that maximizes asymptotic power. Intuitively, because
a](.m’l) (u,v) = 0 as j — oo, it seems more efficient to give
more weights to lower-order lags. This is confirmed by the
following asymptotic power analysis. Consider the class of
kernels

K(r) = {k() k() satisfies Assumption A.3,
2
K@ = 12— >0,K(¢) >0V¢c R} . (28)

where K (¢) = (2m)™* [ k(2)e®* dz is the Fourier transform
of k(). This class of kernels is often considered in deriv-
ing the optimal kernel for spectral estimation (see, e.g., An-
drews 1991; Priestley 1981). It includes the Daniell, Parzen,
and QS kernels but rules out the truncated, Bartlett, and
Tukey kernels. Theorem 6 shows that the Daniell kernel
maximizes the asymptotic power of M (m,!,p) over K(7)
in terms of Bahadur’s (1960) asymptotic slope criterion,
which is suitable for large sample sizes.

Theorem 6. Under the conditions of Theorem 5, the
Daniell kernel kp(z) = sin(v/372)/(v372),2 € R, max-
imizes the asymptotic power of M (m,l,p) over K(7) in
terms of Bahadur’s asymptotic slope criterion.

Intuitively, Bahadur’s (1960) asymptotic slope is the rate
of minus twice the logarithm of the asymptotic significance
level of a test statistic that goes to infinity under the fixed
alternative. The larger the asymptotic slope, the more pow-

1209

erful the test. (For more discussion, see Bahadur 1960 and
Geweke 1981.) Tt is well known that there is no good rea-
son to use the Daniell kernel for spectral estimation (Han-
nan 1970, pp. 279-280). Theorem 6, however, implies that
for hypothesis testing, the Daniell kernel is more powerful
than the QS kernel. The latter can be shown, using the meth-
ods of Andrews (1991) and Priestley (1981), to be optimal
over the same class K(7) for the estimation of f,(w,u, ) in
terms of the IMSE criterion. Note that the optimality of the
Daniell kernel holds given any choices of function W (u, v)
and derivative orders (m, 1), as well as any data-generating
process satisfying Assumptions A.1 and A.9. This general-
izes the results of Hong (1996), who considered the special
case (m, 1) = (1,1) where a Parzen (1957) estimator for the
conventional spectrum is used.

Although the optimality of the Daniell kernel is of the-
oretical interest, some kernels in K(7) have rather similar
asymptotic efficiency to the Daniell kernel. For example,
the Bahadur asymptotic relative efficiencies of the Daniell
kernel to the Parzen and QS kernels are (1.0961)!/(2=*) and
(1.0079)*/(2=2)_ Therefore, the choices of k() in K(7) may
have little impact on power, as is confirmed in an empirical
application in Section 7.

Finally, I justify the use of a data-dependent p under the
alternative hypothesis.

Theorem 7. Suppose that Assumptions A.1(2), A.2-A.3,
and A.7-A.9 hold, and p/p = 1+ Op(p~?) for some 8 > 0,
where the nonstochastic bandwidth p = cn* for ¢ € (0,1)
and X\ € (0,1). Then in probability, (p'/2/n){M (m,l,p) —
M(m,1l,p)} — 0 and

pl/2
T M(m,l,ﬁ) —

3 / / | FOmD (w,u,0) — £ (w, u,v)[? dw dW (u, v)
oS 1/2

+[ng’” / k4(z)dz} .
0

7. EMPIRICAL APPLICATION

I now apply the proposed tools to Deutschemark ex-
change rates, one of the most actively traded currencies
in the foreign exchange market. The data are the weekly
spot rates measured in units of U.S. dollars from the
first week of 1976:1 to the last week of 1995:11, with
a total of 1,039 observations. These are interbank clos-
ing spot rates S; on Wednesdays and are obtained from
the Bloomberg L.P. Using the Wednesday data avoids the
so-called weekend effect. Also, very few holidays occur
on Wednesday; for these holidays, data on the following
Thursdays are used. I use the logarithmic difference X; =
100 ln(S't/S't,l).

The interest here is in testing the random-walk hypoth-
esis and the martingale hypothesis as well as exploring a
possible nonlinear dependence structure of X;. It has been
hypothesized (e.g., Meese and Rogoff 1983) that exchange
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rates approximately follow a martingale process, so that the
future changes are essentially unpredictable on the basis of
public information. Such a hypothesis has been verified us-
ing correlation tests and various data (see, e.g., Bollerslev
1990; Brock et al., 1991; Engle, Ito, and Lin 1990; Meese
and Rogoff 1983).

I first estimate f(w,u,v) by fn(w,u,v) via the plug-in
method of Theorem 2 with k(z) = (1 — |2])1(]2| < 1),
where 1(-) is the indicator function. To examine the effect
of the choice of preliminary bandwidth p, I consider p in the
range of 6—135. I also consider four kernels: Bartlett, Daniell,
Parzen, and QS, the latter three belonging to K(7) with
7 = 7/4/3. The data-dependent bandwidth py is invariant
to 7. Figure 1 reports py and statistic M (0, 0, pg) using var-
ious preliminary bandwidths p. I use W (u,v) = ®(u)®(v),
where ®(-) is the CDF N(O, 1). The numerical integra-
tions involved in $y and M0, 0, Hy) are calculated using the
Gauss—Legendre quadratures INTQUAD1 and INTQUAD2
in GAUSS software. I set the order of integration equal to
24, it is found that numerical integrations are almost identi-
cal for larger integration orders. It takes about 9.5 minutes
to compute M (0,0, py) for all four kernels k(-) and 10 pre-
liminary bandwidths p together on a Pentium 500 personal
computer. Figure 1 shows that given each p,jp is essen-
tially the same for the Daniell, Parzen, and QS kernels but
is significantly larger for the Bartlett kernel. This accords
with the faster rate of the optimal bandwidth py o n!/3 for
the Bartlett kernel. Given each k(-), §y depends on 7 in an
increasing way, but by a small marginal rate. This is true
especially for the Daniell, Parzen, and QS kernels. Thus the
choice of Py is not very sensitive to the choice of 5. The
statistic M (0,0, pg) is relatively robust to the choice of p.
The Daniell, Parzen, and QS kernels deliver rather similar

(A) Plug—in Bondwidth Estimator
12 T T

<

p0~-Bartlett |

\
v pO—Parzen

« ‘
\ pO-Daniell

L L

6 9 12 15

Preliminary Bandwidth pbar
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values for M (0,0, pp) for each p. The Bartlett kernel gives
a slightly larger value for M(0,0,py), but this is not in-
consistent with Theorem 6, because the Bartlett kernel is
outside K(7).

Figure 2 reports statistics M (m,l,po) and their p val-
ues for various (m, ). I consider the preliminary bandwidth
P in the range of 6-15 again, but use the Daniell kernel
only. Note that the data-dependent po depends on (m, 1), be-
cause the plug-in derivative estimators ﬁ(lo’m’l)(w, u,v) and
FamD (4 4, v) depend on (m, 1). In addition to asymptotic
p values, I also compute bootstrap p values for M(m, 1, pg).
To compute each bootstrap statistic, I first use a GAUSS-
386 random number generator to randomly draw a boot-
strap sample { X?}7_,, with replacement, from the observed
sample {X;}7 ;. Based on {X?}}*, I then compute po
and M (m,l,py) for each (m,!). The bootstrap p-values are
based on 500 iterations. Figure 2 shows that both asymp-
totic and bootstrap p-values of M(0,0,py) are essentially
0 for any given p, strongly rejecting the random-walk hy-
pothesis. In contrast, although asymptotic and bootstrap p-
values of the conventional spectrum-based test M (1,1, pg)
differ from each other, both of them are well above .2
for all choices of p, suggesting that {X.} is serially un-
correlated. This, however, does not necessarily imply that
{X:} is a martingale difference sequence (as most exist-
ing studies conclude), because {X;} may have zero au-
tocorrelation but a nonzero conditional mean. Indeed, the
martingale test M (1,0, p) strongly rejects the martingale
hypothesis in terms of both asymptotic and bootstrap p-
values. Thercfore, the change of Deutschemark exchange
rates, though serially uncorrelated, has a nonzero mean con-
ditional on its past history. This evidence might be use-
ful in modeling exchange rates. The sharp differences of

(B) Test Statistic
10 T T

M(Q,0,p0)—Bortlett
1

! i — T

, M(0,0,p0)-Daniell

"\ M(0,0,p0)-Porzen
'\ M(0,0,00)-QS

0 I .
6 9 12 15

Preliminary Bandwidth pbar

Figure 1. (a) The Data-Driven Bandwidth Py as a Function of the Preliminary Bandwidth p. The figure displays how sensitive the value of pg is
fo the choice of p. Four kernels—-Bartlett, Daniell, Parzen, and Quadratic-Speciral kernels are considered. (b) The test statistic M(0, 0, pp) as a
function of the preliminary bandwidth p. The figure displays how sensitive the value of M(0, 0, py) is to the choice of p, which affects M(0, O, pp)
via the data-driven bandwidth py. Four kernels—-Bartlett, Daniell, Parzen, and Quadratic-Spectral kernels are considered.
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(A) Test Statistics
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(B) Asymptotic P-Values
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Figure 2. (a) The Test Statistic M(m, |, pp) as a Function of the Preliminary Bandwidth p. The figure shows how sensitive the value of M(m,
I, Bo) is to the choice of p. Only the Daniell kernel is considered. (b) The asymptotic p-value of the test statistic M(m, I, Pp) as a function of the
preliminary bandwidth p. The figure shows how sensitive the asymptotic p-value of M(m, I, po) is to the choice of p. Only the Daniell kernel is
considered. (c) The bootstrap p-value of the test statistic M(m, I, Bp) as a function of the preliminary bandwidth p. The figure displays how sensitive
the bootstrap p-value of M(m, I, py) is to the choice of p. The bootstrap p-values are computed using 500 bootstrap samples. Only the Daniell

kernel is used.

M(0,0,p0) and M(1,0,P0) from M(1,1,p) clearly illus-
trate that the generalized spectrum can detect the non-
linear dependence structure that would be missed by the
conventional spectrum. Finally, both asymptotic and boot-
strap p-values of the ARCH test M (2,2, p,) are essentially
0, suggesting a strong ARCH effect. On the other hand,
although asymptotic p-values of the conditional symme-
try test M(3,3,p0) are 0, its bootstrap p-values are only
around .05, suggesting marginally significant conditional
skewness.

8. CONCLUSIONS

Using the empirical characteristic function, I have pro-
posed a generalized spectral tool suitable for both linear
and nonlinear time series analysis. The generalized spec-
tral density can capture all pairwise dependencies, requires
no moment condition, and is well defined for both discrete
and continuous random variables. The conventional spectral
density can be derived as a special case by properly differ-
entiating the generalized spectral density. I established con-
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sistency of a class of Parzen’s (1957) kernel-type estimators
for the generalized spectrum and derived their optimal con-
vergence rates using the IMSE criterion. A data-dependent
asymptotically optimal bandwidth was introduced, which
provides the choice of a lag order for a given sample sizes.
The kernel estimators and their derivatives were applied
to construct tests for generic serial dependence and hy-
potheses on various specific aspects of serial dependence.
The latter include serial uncorrelatedness, martingale, con-
ditional homoscedasticity, conditional symmetry, and con-
ditional homokurtosis. All of the proposed tests are de-
rived from a unified framework and have a convenient null
asymptotic one-sided N(0, 1) distribution. An empirical ap-
plication to Deutschemark exchange rates highlighted the
approach.

APPENDIX: PROOFS

Proof of Theorem 1

I show (b) only; the proof of (a) is similar to that of Theorem
2. Define the pseudoestimator

fn(w,u,'u)
= (2m) 7 > (1= jl/n)"?k( /P55 (w,v)e ¢, (A
|7l <n
where &j(u’v) = (n - |.7| Et |]|+1¢t )'lbt |]|( ) and
i) = "Xt — p(u). Then IMSE(fn, f) = IMSE(fn, f) +

IMSE(fn, fn) + 2Re(R»), where R,

Fa(w,u, V)] [f(w,u,v)
It suffices to show Theorems A.1 and A.2, which imply R, =
o{IMSE( fr, f)} by the Cauchy-Schwarz inequality.

Eff fnwuv—

Theorem A.1
Suppose that the conditions of Theorem 1 hold; then

n?/ CHEDIMSE( £y, £) —

ckgRe‘/‘/7r flw,u,—u)f

(2)
(’“ ) // 17900 (0 1 )2 do ATV
Theorem A.2

Suppose that the conditions of Theorem 1 hold;
IMSE(fn, fn) = o{IMSE(fa, f)}.

Proof of Theorem A.1
fn(w u,v) —

f(w,u,v). Then

[ st aan
“J[ e

Given (A1) and EG;(u,v) = o0;(u,v),2rBp(w,u,v) =
Bin(w,u,v) + Ban(w,u,v) — Ban(w,u,v), where

> kG /p) = 1os(u,v)e™,

l7l<n

(w,v, —v) dwdW

then

Put A, (w,u 'u)
Efrn(w,u,v) —

Efn(w,u,v) and By (w,u,v) =

IMSE(fs, f)

(w,u,v | dwdW. (A.2)

Bin{w,u,v) =

—f(w,u, v)] dw dW and dW = dW (u, v).
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> la-lslmM -

[Fl<n
Z oj(u,v)e ¥,

l31zn

ijw

1k(j/p)oj(u, v)e™ 7,

Ban(w,u,v) =

and
Ban(w,u,v) =

Using the mixing inequality |o;(u,v)| < Ca(5)* /¥ and As-
sumption A.1(qg),

Z 51° sup o, v)]

oo (u,v)eR2
<C Z l5]%e(

j=—o0

HETIY < oo

(A.3)

By (6), the triangle inequality, Assumption A.4, (A.3), and domi-
nated convergence,

[p? Bin(w, u,v) + 2rk'® (20,0 (w,u,v)|

1—k(/p .
< 3 [LRUD) o]jige, u,v)
. 7/pl
|7l<n
+ @3 11405 (u,v)| > 0 (A4)
lil=n

uniformly in (w, u,v) € [—7, 7] x R? as p — co. Using analogous
reasoning,

sup |nBan(w,u,v)| = O(1) and
(w,u,v)
sup |n?Bs,(w,u,v)| < Z lil%a() " S0, (AS5)

W, u,v
(w,v) li>n

where the supremum is taken over [—m,7] x R? Combin-
ing (AD~A.5) and p = cn'/tD yields |p?Bn(w,u,v) +
k@ £(2:09) (4 4. v)| — 0 uniformly in (w,u,v) € [, 7] x R2,
Hence

2q// |Br(w, u, v)|? dwdW —
(k'9)? / / |F9% (W, u, v)|? dw dW. (A.6)

Next, I consider the variance term in (A.2). By Parseval’s iden-
tity,

[ Bl aoaw =0 Y 0l

[7l<n

X/E|&j(u,v)—aj(u,v)|2dW.

Let Kuvuro(0,7,7,8) denote the fourth-order cumulant of
the complex-valued stationary process {1:(u), ¥s—;(v), i - (u),
i_s(v)}. Using the definitions of &;(u,v) and o;(u,v) and ex-
pressing the moments by cumulants by well-known formulas
(Hannan 1970, 5.1, p. 23, for real-valued processes), straightfor-
ward algebra yields

(n = 15)) Bl6;(u,v) —

=Re > {1—|rl/(n—|i)How(u, —u)or (v, —v)

Jj (u’ ’U)|2

rl<n—1]
+ 0141 (U, =)o 51— 7 (—u, ) L(|T| < 15])
+ 01314101 (8, —V)0 o 11 (v, —w)L(|7] > [])

+ wuvuro (0, 4], 75 13 + [7])}- (A7)
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Hence 271'nffj7T BlAn(w,u,v)|? dwdW = Ain + Asn + Asn,
where

A=) K (i/p)

|7l <n

> -/ - 10}

[7l<n—14]

X Re/o;(u, —u)or (v, —v) dW,

Azn = Z k(i /p)

l7l<n

> {1-lrl/n—1iD}

[TI<n—l4l

x Re/%lwl(u,—v){0|j\—|T|(—u,v)1(IT| <15D

+ 01 (v, —w)L(|7] > 5]} dW,

and

A=y K(j/p)

lil<n

> {1-irl/tn =13}

|T|<n—|j]
X Re//‘f:uvu*v*(oz |.7|> |T|7 |.7| + |T|)dW

Because p’lzljkn 2(j/p) — k2 and 0 < Re>.> _ o-(u,

—uw)o- (v, —v) < 0o,

pilAln — k2 Re Z /O’T('U,, —u)o- (v

T=—00

,—v) dW

= 27k Re/ " flw,u,—u) f(w,v,—v)dwdW (A.8)

by dominated convergence. Also, given |k(-)| < 1, (A.3), and As-
sumption A.1(2),

e { 3

Jj=—o00

sup
(u,v)€R?

2
| (u, v)|} <C (A.9)

and

|Asn| < Z Z Z sup_|uvusv 0,4, 5, )|

j=—o00 s=—00 t=—00 (u, U>ER2

<,

(A.10)

where the fourth-order cumulants are absolutely summable uni-
formly in (u,v) given Assumption A.1(2) (Andrews 1991, lem. 1).
Note that uniformity in (u,v) follows from the fact that {¢()} is
a bounded random variable. Combining (A.7)—(A.10) and p — oo
yields

(n/p) //_7; E|An(w,u,v)|* dwdW —

ka Re//ﬂ- f(w7u7 _u)f(w7

The desired result follows from (A.2), (A.6), (A.11), and p =
cnt/ ety

v, —v)dwdW. (A.11)

Proof of Theorem A.2
By straightforward algebra,

(n = 131)* {6 (u, v) — &5 (u,v)}
= =0 > ww e Y dn@) . (A1)
t=]j]+1 t=j|+1

1213

It follows from the Cauchy—Schwarz inequality that

(’I’L - |j|)4E|a'j (u> U) - &j(uv ’U)|2

4 4+ 1/2
<SEBL S wi@w)| Bl > i i(w)
T b= [71 4+
< C(n—|4])?, (A.13)
where B350 . di(u)]* < C(n — |j))* given Assumption

A.1(2).
Now, by Parseval’s identity, (A.13), and f dW < oo from As-
sumption A.2,

IMSE(fn, fn)

@m) " Y (1= 15l/n)k*(i/p)

lil<n

XE/|&j(u,v)—&j(u,v)|2dW

IA

On* Z anj = O(p/n?)

l3]<n

o{IMSE(fs, )},
where and hereafter a,; = (n — |§|) " k(5 /p) and

D ang < {p/(n=D}p Y K (i/p) + CPn

(A.14)

[Fl<n 1g1<t
x Y A=) T AT
I<|jl<n
= O(p/n) (A.15)

given |k(z)| < C|z|? for large z,p = en® for A € (0,1), and
choosing [ = p(lnn)/ (2=,

Proof of Theorem 2

The convergence &o —P ¢ follows if IMSE(f(q 0.0 f(q 0, O))
0 and IMSE(f, f) — 0, the latter implying [ [”_ |fn W, U, —u)
— flw, v, —w)[?dwdW —? Oand [ [7 | fn(w flw, v,

—)|? dwdW —? 0. Thus it suffices to show that IMSE(f{™*?,
00y 5 0 for 7 € [0, g]. Define the pseudoestimator

R —v)

f'f(lT’O’O) (w7 u7 ,U)

= (2m) = 151/n) k(i /D)3 (u, 0)j|"e

2.«

lil<n

By the C. inequality,

1 IMSE(ﬁ(LT’O’O), f(T,O)O))

IMSE(f(T ,0,0) Eﬁsr,O,O))
+ IMSE(Ef{"*?, f0%)
+ IMSE(F{m00) | fin0.0)y, (A.16)

Now, by Parseval’s identity, (n — [5])E|5;(u,v) — o;(u,v)|* <
C from (A.7)~(A.10), and Assumption A.5, for the first term
in (A.16),

IMSE(f(T ,0,0) Ef7(l1",0,0))

<CE™/mpt Y K (/p)i/lT = 0"t n). (A1D)

lil<n
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Similarly, by (6), Parseval’s identity, (A.3), Assumption A.5, and
dominated convergence,

IMSE(B/09), 700

= 37 {1 - 131/m) R Gi/B) - 1)

[Fl<n

x / P o ) W

+Z/|g| "o (u, )2 dW — 0

|]>n

(A.18)

as p — oo. Finally, for the last term of (A.16), by Parseval’s
identity and (A.13),

IMSE(‘EST’O’O) , f’s‘r,0,0) )

“2r41 B
SR S S S o
|il<n
=0 /n?), (A.19)

where the quantity inside {-} is O(1) given Assumption A.5 by
reasoning similar to (A.15). The desired result follows from com-
bining (A.16)~(A.19) and 7°""* /n — 0.

Proof of Theorem 3
I first show that replacing &;(u,v) with &;(u,v) in M (m, 1, p)
is a higher-order effect. Write
5™ (w, v)* — |67 (s, v)

= lgimh( u,v)[?

U, v) — &;m’l)(

+ 2Re{[67"™" (u,0) = 557 (1w, )} (u,0)" )

Under serial independence of {X:} and Assumption A.6,
(n — 2B (uv) — & (wu)? < C and (n —
j)E|&§m’l)(u, v)|* < C uniformly in (u,v) € R? can be obtained.

It follows from Markov’s inequality, the Cauchy—Schwarz inequal-
ity, [ dW < oo, and (A.15), that

/ {Z kK2 /p)(n — §)65™ (uw, )]* = ™0 (u, m} dw

= Op(p/nl/z) = 0p(p1/2) (A.20)

given p/n — 0. Now define Vt(s?’l)(u,v) = D (u,v) +

tsj
Cg;’; D (u,v)*, where
O (u,v) = 9™ (W™ (w)* B () (v)".

V(m l)(

tsg

C(ml)( u, v )

Because C{" (u,v) = ot

e v) is real-valued

and is symmetric in ¢ and s; namely, Vt(szn D, v) = Vs(g"l) (u, v).
This leads to
n—1
> K G/p)(n — DIE™ (w,v)]?
j=1
m,l m,l
=S | Y e+ 3 Y v }
Jj=1 t=j+1 t=j+2 s=j+1
= ¢y 0) + VD (4, v),  say. (A21)
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I now consider the first term in (A.21). Observe that
fC,fZ‘ Y (u,v)dW and fCi:; ) (u,v)dW are independent un-
less t = s or s £ j, and that EfCt(g’l)(u,v) aw = ¢{™?
= faém’m)(u, —u)o$D (v, —v) dW. Tt follows that By
[ O (u,v) AW — C§™P]}2 < C(n — j). Hence, by Markov’s
inequality, the Cauchy—Schwarz inequality, and (A.15),

n—1

[ e naw — oS k1)
=1
_Zam {:Z /Ct(tml) u,v) dw — C{m™b
t=j+1
= Op(p/n'’?). (A22)

Combining (A.20)~(A.22) and putting Vi™" = [ V™8 (u, v) dW
yields

n—1
/{ZkQ(j/Z’)( —J)|Cf(ml)(uyv)|2 dw
j=1
n—1
= O™ 3Tk /p) + VD 4 Op(p/n?). (A23)
j=1

one can write
m,l
- Cbn] f V( )

tsg

Now, by rearrangement of indices (¢, s, j)
piml — =>0 3V(ml) where V.0 = =y
(u,v) dW. Because E[Vﬂn l)|}'t,1] =0 under serlal indepen-
dence of {X,}, where {F.} is the sequence of ¢ fields consisting
of {Xs,s < t}, {Vi™? .7-}} is an adapted martingale difference
sequence. Because Vn Y is a triple sum of nonlinear functions
of (Xi, Xe—j, Xs, Xs—;), it is very difficult to apply a martingale
limit theorem to V™" directly. I first use a truncation argument
to partition V™" into a sum over (¢, s, j), where t —s > g € N
and 1 < j < g plus a remainder term. The remainder term, as
shown in Theorem A.3, is of a smaller order of magnitude if

g = g(n) — oo such that g/p — oo and g/n — 0:

n t—g-1 g

Z Z Zang/vtgr]nz) u,v) dW + op (p"/?)

t=g+2 s=1 j=1

= Vi +or (0%,

‘A/;Sm,l) _

(A.24)

where V,E;”'l) is a triple sum over (¢, s, j), where t — s > g. Note
that (X, X, ;) and (X, X,_;) are independent if ¢t — s > g¢.
This greatly simplifies verification of Brown’s (1971) conditions.
In fact, V™" is a sum of degenerate dependent U statistics of
processes (X, X;—;), where lag order j can be as large as . — 1.
Hjellvik and Tjpstheim (1996) and Skaug and Tjgstheim (1996)
considered a degenerate U statistic of (X, X;—;) for fixed and
finite j.

With application of Brown’s theorem, one can obtain (as shown
in Theorem A.4)

oo —1/2
[ngm’” / k4(z)dz} vimh 54 N@0,1),  (A25)
0

where D{™" is as in Assumption A.7. Combining (A.23)~(A.25),

0o —1/2
I:pDém’l) / k*(z) dz]
0

{ / {Zk G/p)n—9)l6 "””(u,vﬂ dw
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for 1 < h < 4. First, by rearranging the indices (¢, s, j) in 1%5’;;*”,

RY:’” = Z Z Z an]/Vt(sZn D (u,v) dW
Because C{™" — C{™Y = Op(n~1/?), as can be easily shown, t=g+3 Ls=g+2j=g+1

and 3777 le (i/p) = Of(p), replacing CS™Y with E{™" in n z

(A.26) has asymptotically negligible impact given p/n — 0. By Z RY:{ ), say,

Slutsky’s theorem, one can also replace pD ™" I K (2) dz t=g+3

with D{™" > >k*(j/p), where D{™Y ¢ pimb and where {R{™" F,} is a martingale difference sequence because

n—1
- o Zk%y/p)} —*N(©,1). (A.26)

=1

p ! ol Pk (i /p) = J5” k*(2) dz. It follows that M (m, 1, p) — B(R™Y|F,_1) = 0. Also, by straightforward but tedious algebra,
N(O 1) The proof will be completed provided that Theorems A.3 it can be shown that for ¢ > s1 > j1 and £ > 53 > ja,
and A.4 are proven. E[V;(STJ»_? (u, U)Vt(;:jé) (', )]
Theorem A.3 _ BV (u, )V (), 0)] 86y if 1= jo
Let V™" and V(7" be defined as in (A.23)(A.24), where g = BV G0V (w0 8ay - jaBane gy i 1 # o,

n) is such that — 00,g9/n — 0. Then V,{™Y = V(m R,
(’;}(3(;1 2, 9/p = 009/ where §;; = 1 for j = 1 and 6;, = 0 for j # L. It follows that

B(R{Y?

> 6] 5 S o [t

t=g+3 s=g+2j=g+1

SN S [ vl aw i

t=g+3s=g+2j=g+1

Theorem A.4

Let V™" be defined as in (A.24), and g = g(n) be such that
g/p — 00,9/n — 0. Then [pD{™" fooo k(2) dz2] V2V e
N(0, 1).

Proof of Theorem A.3

I first partition f/;fm’l) intosums over 1 < j <gand g < 7 <
n—2 J271

+2 Z Z Z Qnjy Gnjy
Sr(mal) S - — = - — t=g+3 ja=g+2j1=9+1
LD DD DD D DD

J=1 t=j+2 s=j+1 j=g+1 t=j+2 s=j+1 / [V(m ] ( )V(m i) (’LL/, UI)] AW dw’

t,t—j2,71 t,t—3j1,92

X Gn; / VD (u,v) dw = O™ + BTV, (A27)

sy n—1 n—1 2
<C ) K/ +Cn—g) < > )
where R{™" is the contribution from the tail of k(j/p). Next, i=gt1 i=gt1
using the fact that the sum over (¢, s), where 1 < s < ¢ < n, can . O(n?
be partitioned into a sum over (¢,s), where j < s <t <m and a =olp) +O(p /4n), .
sum over (t,s), where 1 <s < jand s <t <n, where EJ g1k (j/p) = o(p) by Assumption A.3 and g/p —
; oo. Similarly, E(R{™Y)? = ?(pg/n + p’g/n?), E(R{™D)?
- hid 2.2 2 2 m
pr(ml) _ O(pg®/n® +p?g/n®), and E(Ry1")? = O(pg/n” +p? /n) can be
CE )95 95 95 90 b 98 IR gk ol A
7 t=2 s=1 J s=1 t=s+

finishes the proof.
X Onj /Vt(;f’l)(u,v) aw Proof of Theorem A.4

(ml) — o(m,l) (ML) x
= PyrmD _f%ém,z) say. (A.28) Put S, = 8™ 4+ (817", where

(m,l) _ (m) ) (m,1)
Furthermore, W,™" can be partitioned into sums over { — s > g Sint _/Ipf (u) {Z anj 5 (V)G g7 5 (u, v) [ AW, (A30)
andt—s<g: J=1

and G{™Y  (u,v) = e L™ (uy P 2 ;(v)". Then write

A n  t—g—1 g g+l t—1 n (ml)fglﬂ (ml) (ml) )
Wmh (Z Z Z +Z Z Z+Z Z > o g2 S Because {S,,;"",F:} is an adapted

o1 tmgt2 s=1 o1 12 s=1 joltegi2sm—i_g martlngale dlfference sequence, one can apply Brown’s (1971)
theorem. First, compute \2(m,1) = var(V,f;"’l)). Observing that
X Gnj / VD (u, v) dW m) (Y ;(-) and P (- )1/)”)].(-) are independent for t — s > g

t
* and 1<y S g, one can obtain
= Vb 4 RImD 4 RmD D say (A.29) g
" o n ’ M) = DI™P(n—g)n—g—1)> ah;
where R{™" and R{™Y are sums over (¢, s, j) with t — s < g. =t

Combining (A.27)~(A.29), yields V™" = ;b 4 glmb _
R L RU™D 4 RU™Y Tt remains to show that E[R{™V]? = o(p)

pD§™H /oo ki(z)dz{1+o(1)}  (A31)
0
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given g/p — oo, and g/n — 0, where p~! jzanaij —
foco E*(2) dz.
By Brown’s theorem, V7" /A, (m, 1) ¢ N(0, 1) if
N2mad) Yy B{SE)UISE Y > edn(m, D]} — 0
t=g+2
Ve>0 (A32)
and
A2 m, 1) > BI(STD)? | Fea] 5P 1

t=g+2

(A.33)

Given (A.31), it suffices for (A.32) if Z:=g+2 E|S£;’Lt’l)|4 = o(p?).
From (A.30),

st
g 4q1/4 4
< / {Em%w > an @G | () } aw
=1
(A.34)

by Minkowski’s inequality. Now compute the second expectation
inside (A.34). Put

g
)l — 4 N ! *
QUEY (w3 ,0') = 920G, jwv) Y andD, ()
r=j+1
x GO ()", (A3S)

where 1 < j < g. Then

g

1 m,l
> an (@G S (u,v)

j=1

g 2

1 N
> a0 PG ()]

j=1

<2

g—1

1z
Z aanslTj ) (u, v;u, v)

j=1

+38 (A.36)

For the first term of (A.36), by Minkowski’s inequality and inde-
pendence between wt(l_)j() and Gﬁ’j‘;lll’r(-, )1<4,r<g,

g 2

> a2 @) P16 v

j=1

E

2
g
< Ct3p? (p_l Zai]) (A.37)
J=1
uniformly in (u,v) € R?, where I have used E|G(m’l)

tfg—l,j(u’v)rl <
C't? because GET;EL]' (u,v),1 < j < g, is the sum of a martingale
difference sequence with bounded fourth moment.

I now consider the second term in (A.36). Given each
t, BIQUR" (u,v;0/,v)|Fejor] = O forall 1 < j < g, and
0 {Qf:j’l) (u,v;u',v"), Fr—; } is a martingale difference sequence.
Moreover, conditional on " ;(v) and {Gﬁ’fﬁw(., Y., QS:Z’I)
(u,v;u’,v") is a sum of independent random variables. It follows
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that the second term of (A.36),

g—1 2
J
E Z an]-QSZ M, v, v')
=1

g—1
= ZaijE|Q§lTj’l)(u,v;u',vl)|2
=1

g
4 4 * m,l
> @B () G (w,0)

g—1
_ 2
= Qnj
j=1

r=j+1
x G )P
g—1 2
< Ct*p? (p_l aij) (A.38)
j=1
(m,l)

uniformly in (u,v,u’,v") € R, where I have used E|G;™;”, ;
(u,v)|* < Ct%. Combining (A.34) and (A.36)«(A.38), we have
EIS{RO1 < Cep* (ot 00, ahy)? andso Y0, BISTLY 1 =
O(p*/n) = o(p?). Tt follows that (A.32) holds.

I now turn to verify (A.33), for which it suffices to show that

2

n

> BISO Fea] - E(SRY)?

t=g+2

E

n

2
> BlISHR P1FA] —E|s§:z’”|2} = o(p?).

t=g+2

+ E

I show the first condition only; the proof for the second one is
similar. Given (A.30), (A.35) and Eo\" (u)y{" (u) = o{"" (u, u),

E[(S{P)? | Fo ]
g
m,m 1 1 m,l
= / o§™™ (') Y an i (3w ()G (u,v)
j=1

X Ggin;lu(u/y“/)
g—1

+ 2/aém’m)(u,u')Zaane[Qi%’l)(u,v;u',v')]
j=1

=z L olmb | say. (A.39)

Putting """ (v,v") = ¥{" (V) (V') — 657 (v,v"), one can de-
compose

g
25 = [ ol 0,0 Yt G )
j=1
x GIMD (o) AW AW

g
+ 3 al / o &™) (u, Y (0, 0) G (u,v)
j=1

(m,0)
X Gigo1y

(u',v") dW dW’

= ymd pofmb sy (A.40)
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Now, using the definition of Gi’_";ll’ ne

(m 1] Z ng/ (m, m) ’LL ’LL l’l)(U,’Ul)

t—g—1

x Z W W)

,+) given in (A.30),

@)y P () P ()

g

+ 2/Uém’m)(u,u/)a(()l’l)(v,v')Zaij

j=1
t—g—1s—1
x DY ™)™ @) (o) ()
s=1 r=1
= v ofn? (A41)
and
A

g
=(t-g-1)) ay / o™ ™ (u, u)Plo P (v, 0)]* AW AW

+ Z @, / 0™ (0, ) P (0, )

Z P (u, ) AW AW

+ Z na/ mm)(“ u') (U)(U:UI)

t—g—1

x Z P () 92, (0) 925 () W AW

= B(SIY? 1omh 1 olmh ) say. (A.42)

Combining (A.39)~(A.42) and using the C, inequality and Lemma
Al

n

E| Y BT | Fia] -

t=g+2

(S0

O(m )

2
hnt = p )

2y >

h=1 t=g+2

Thus (A.33) holds, and [D{™"p [ k*(2) d2]*/2V, 5" =4 N(O,
1) by Brown’s theorem.
Lemma A1

Let O,(LZL;L), 1< h <5, be as in (A.39)—(A.42), and let g = g(n)
be such that g/p — co,g/n — 0. Then E|>_7 clmh2 =
o(p®) for 1 < h < 5.

Proof of Lemma A.1

I only show the proof for Cl(:tl) By Minkowski’s inequality
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and (A.38),
ElCTRP)

2/ o™ ™ (u, u)]
X {E

g 2
2
Qnj .

=1

1/2

g—1 2
] AW dW’

Z a”"LJQnt] (’LL, v; ul) 'U/)

j=1

< Ot

Also, because E[Qf{fj’”(u,v;u’,v’)|]—'t,g,1] =0forl <j<

g, E[ijf;”(c“"'”)*] =0 for t — 5 > g. It follows that

Ins

B > ot

t=g+2

< Y BT PEICTV Y

[t—s|<g

2
g
< Cln—g)°g (Z ) = 0(p*g/m).
=1
Moreover, similar results can be obtained for 2 < h < 5. This
completes the proof.

To show the proofs of Theorem 4 and Theorem 7, I first state
a lemma.

Lemma A.2

Suppose that Assumptions A.3 and A.8 hold. (a) If p/p =1 +
Op(p~B/28=1) for some § > (2b — 12)/(2b — 1), where b is
as in Assumption A.3 and p = cn’ for ¢ € (0,00) and A
(0, (2b — 1)/(2b = })), then p~* Z"T{k%/ﬁ) ~ K*(i/p)}
op(p~t/?); (b) If p/p =1+ Op(p?) for some 3 > 0, then
p I HART(i/B) — KT(§/p)} =7 O, where r = 2,4.

Proof of Lemma A.2

I m

I show (a) only; the proof of (b) is similar. First, I write

P ij {k*(3/) —

i=1

- <Z+ > ) G/ — K/}

j=1  j=d-+1

kK*(3/p)}

== Aln + A2n7 (A43)

where d = [p?*~'/2Inn]'/(?**~_ Note that d/p — oo and d/n —
0. Further,

Ain k(i/p)}

P> kG -

d
+2p7" > {k(5/B) -

j=1

k(3/p)}k(5/p)

= Aiin +2A412,. (A.44)

Given the Lipschitz condition of k() in Assumption A.8, 5/p —
1=0p(p ®/?Y) 8> (2b—1/2)/(2b — 1), and the Cauchy-
Schwarz inequality,

| Auin| < C*(B/p — 1)*(0/0)(d/p)* = 0p(p™")  (A4S)
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and
d 1/2

|A12n| < IA11n|1/2 {pl Zk2(3/p)} = oP(p71/2). (A.46)
j=1

Next, consider the second term of (A.43). Noting |k(2)| < C|z|™°
for large z,

| Aznl SC{(ﬁ/p)2b+1}(p/d)2bl{dl > (j/d)”’}

j=d+1

= Op((p/d)* 1) = 0r(p /%), (A4T)

The desired result follows by combining (A.43)-(A.47).

op(p

Proof of Theorem 4

Pu B, = Y {KG/B) — KG/)}n — 5) [lei™Y
(u,v)|? dW. Then from (17),

M(m,1,p) —

= {Bn -Gy IR /B)

M(m,l,p)

- kz(j/p)]}

n—2 1/2
- { Dy k4(2’/ﬁ)}

=1

1/2
+ M(m,1,p) (Zko/p Z (j/p>) -1

n—2 1/2
= B, / {ﬁé’”’”Zk“wﬁ)} +op(1),

where the second equality follows by Lemma A.2, M (m, l,p) =
Op(1) from Theorem 3, > 7~ k4G /p) = = pfy k' (2)dz{1 +

o(1)}, C§mh 2 ofmb | an, dAng D 2 pimY > 0.
It remains to show p~/2B,, = 0p(1). The proof is analogous
to Lemma A.2. Write

n—1

B, <Z+ Z) [K*(3/B) — k*(3/p))(n — 5)

=1 j=d+1

></|€r§.m’”(u,v)|2 aw

= Bln + B2n, (A48)

where d = [p?*~V21In(n)]Y/*~Y. For the second term, given
|k(2)| < C|z|~® for large z,

|Ban| < Cl(B/p)* + 1]p2bd1_2b

{d 1 Z 3/d) ™ (n — j /|o<’"” (u,0)[? dw}
Fj=d+1

= Op(?*d" ™) = op(p '), (A.49)
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where I have made use of (n—j)E [ |[7J(.m’l)(u,v)|2 dW(u,v) < C
under independence.

For the first term of (A.48), write Bin = Biin + 2Bi2n,
where

d
Biin = E
j=1

and

k(3 /5) — kG (n — 5) / 160 o, ) 2 AV

Buan = > (KU /5) =k /DY ) ) [ 1§ aw

j=1

Given the Lipschitz condition of k(") (n — 5) [ E|6{™" (u,v)[*dW

< Cop/p =1+ O0p(p~B/2P=1) with 8 > (2b — 3)/(2b - 1), it
can be shown that
|Biin| < C2(p/p — 1)*(p/D)*(d* /p") = 0p(1)  (A.50)
and
|Bl2n|
1/2
< |Buinal'? {ZkQ(J/p (n—3j /Io(m”(u Ol dW}
=1
=op(p'/?). (A.51)

Combining (A.48)—(A.51) yields p~*/2B,, —P 0. This completes
the proof.

Proof of Theorem 5

The consistency result follows from (a) p~! ?:1 k(5 /p) —
[ k4 G/p), () IMSB(f{"™, fOmDy 0, () ™Y =
Op(1), and (d) Dém RN D(()m’l). Part (a) follows from Assump-
tion A.3 and p — co,p/n — 0. The proof of (b) is the same as
that of IMSE(f,,, f) — 0 in the proof of Theorem 2 and thus is
omitted here. The proof of (¢)—(d) is straightforward by Markov’s
inequality and Assumptions A.1(2) and A.9.

Proof of Theorem 6

By Theorem 3, M(m,l,p) —% N(0, 1) under serial inde-
pendence. Hence the asymptotic p-value of M(m,l,p) is 1 —
®[M(m,l,p)], where ®(-) is the CDF N(0, 1). Put B,(k) =
—21In{1 — ®[M(m,1,p)|}. Using Theorem 5 and In[1 — &(z)] =
—122{1+0(1)} as z = +oo,

T

(p/nz)Bn(k) = (E)QLg(f(O,m,l)7 éo,m,L))

+ {ng’” / ~ E*(z) dz} +op(1). (A52)
0

Following Bahadur (1960), I call (w/2)>L3(f©@mb, f{&my/
[D§™Y [ o k*(2) d2] the “asymptotic slope” of the test M (m, I, p).
Now consider two tests based on M (m, [, p) using two different
kernels k;(-) and k2(-) in K(7) under the fixed alternative. Ba-
hadur’s asymptotic relative efficiency REF(k2 : k1) of ka(:) to
k1(:) is the limit ratio of the sample sizes for both tests to at-
tain the same asymptotic significance level under the same fixed
alternative. Given (A.52) and p = cn” for A € (0,1),

o0 oo 1/(2-3)
REF(k; : k1) = [ / ki(z)dz/ / k3 (z) dz} .
0 0
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Thus ko(-) is more efficient than k() if f k3(2)dz <
/. 0°° k%(z) dz in terms of Bahadur’s crlterlon. Hong (1996}, in the
proof of his theorem 5, showed that the Daniell kernel kp(z) =
sin(v/372)/v/372 minimizes [ k*(z) dz over the class of func-
tions

e(r) = {k()|k : R — [—1,1] is symmetric and continuous
at 0 and all except a finite number of points,
with k(0) = 1,/ k*(2) dz < oo,
0

k® = 2 >0 K(¢) >0v¢ ER}.

Because K(r) is a subset of O(r) and kp(2) € K(r), it fol-
lows that kp(z) maximizes the asymptotic slope of M (m,{,p)
over K(r).

Proof of Theorem 7

Theorem 7 follows from Lemma A.2 (b), Theorem 5, € (md)
Op(l),f)(()m’l) —P D(()m’l) > 0,p = en” for X € (0,1), and

n™' Y Ki/D) — K (G/p))(n — )

j=1

H,

X / |6§™8 (u,v) > AW —P 0. (A.53)

1 now show (A.53). First, observe that
Bl6{™" (u,v)|®

< 2El6{™" (u,v) — o™ (w,0)* + 200 ™" (u,v)?

< C(n— )"+ Caly)? b/, (A.54)

where the first term is bounded by C(n — j)~! given (A.13) and
E|5™ (u,v) — o™ (w,0)|? < C(n — 5)7* from (A.7)~A.10);
(v=1)/v

the second term follows from |a](.m 4 (u,v)| < Caly)
Assumptions A.1(2) and A.9. To show (A.53), first write

given

(K°(i/B) — K (3/p)](n — 5)

1555

j=1  j=p+1

x / 1650 (w, v)|> dW = Hyin + Han. (A55)
Given the Lipschitz condition of k(-),

V4
p Y dtn ) [ 160w aw
j=1

-Hln

IN

20)p~" —

2C1H/p — 1|(p/P)p Op <p /"“”Z Y )

= op(1), (A.56)
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where the first equality follows from (A.54) and Chebysev’s in-
equality, and the last equality follows from $/p — 1 = Op(p~?)
for 8 > 0,p = en® for A € (0,1), and Assumption A.1(2).

For the second term of (A.55), given |k(z)] < C|z|™° for
large z,

|Han| < C*(p* +p*)n~

Zy (n—3)

=p+1

></|€7j(u,v)|2 dW (u,v)

= C?(p/p)*" +1]
n—1 —
x Op|ln ™t Y G/p)® + Z a(j)2 VM) =P,
Jj=p+1 j=p+1

(A.57)

where the first equality follows from (A.54) and the second follows
from p = en® for A € (0,1) and Assumption A.1(2). Combining
(A.535)-(A.57) yields (A.53).

[Received July 1997. Revised April 1999.]

REFERENCES

Anderson, T. W. (1993), “Goodness-of-Fit Tests for Spectral Distribu-
tions,” The Annals of Statistics, 21, 830-847.

Andrews, D. W. K. (1991), “Heteroskedasticity and Autocorrelation Con-
sistent Covariance Matrix Estimation,” Econometrica, 59, 817-858.
Andrews, D. W. K., and Ploberger, W. (1996), “Testing for Serial Correla-
tion Against an ARMA(1,1) Process,” Journal of the American Statistical

Association, 91, 1331-1342,

Bahadur, R. R. (1960), “Stochastic Comparison of Tests,” Annals of Math-
ematical Statistics, 31, 276-295.

Baringhaus, L., and Henze, N. (1988), “A Consistent Test for Multivariate
Normality Based on the Empirical Characteristic Function,” Metrika,
35, 339-348.

Bierens, H. (1982), “Consistent Model Specification Tests,” Journal of
Econometrics, 20, 105134,

Bierens, H., and Ploberger, W. (1997), “Asymptotic Theory of Integrated
Conditional Moments Tests,” Econometrica, 58, 1129-1151.

Bollerslev, T. (1990), “Modelling the Coherence in Short-Run Nominal
Exchange Rates: A Multivariate Generalized ARCH Model,” Review of
Economic Statistics, 72, 498-505.

Box, G., and Pierce, D. (1970), “Distribution of Residual Autocorrela-
tions in Autoregressive-Integrated Moving Average Time Series Mod-
els,” Journal of the American Statistical Association, 65, 1509-1526.

Brillinger, D. R. (1965), “An Introduction to Polyspectra,” Annals of Math-
ematical Statistics, 36, 1351-1374.

Brillinger, D. R., and Rosenblatt, M. (1967a,b), “Asymptotic Theory of
Estimates of the kth Order Spectra” and “Computation and Interpreta-
tion of the kth Order Spectra,” in Spectral Analysis of Time Series, ed.
B. Harris, New York: Wiley, pp. 153-188, 189-232.

Brock, W., Hsieh, D., and LeBaron, B. (1991), Nonlinear Dynamics, Chaos,
and Instability: Statistical Theory and Economic Evidence, Cambridge,
MA: MIT Press.

Brown, B. M. (1971), “Martingale Central Limit Theorems,” Annals of
Mathematical Statistics, 42, 59-66.

Chan, N. H., and Tran, L. T. (1992), “Nonparametric Tests for Serial De-
pendence,” Journal of Time Series Analysis, 13, 102-113.

Chung, K. (1974), A Course in Probability Theory (2nd ed.), New York:
Academic Press.

Csorgd, S. (1984), “Testing by the Empirical Characteristic Function: A
Survey,” in Asymptotic Statistics 2: Proceedings of the 3rd Prague Sym-
posium on Asymptotic Statistics, eds. P. Mandl and M. Muskova, Ams-
terdam: Elsevier, pp. 45-56.

, (1985), “Testing for Independence by the Empirical Characteristic

Function,” Journal of Multivariate Analysis, 16, 290-299.

This content downloaded from 128.84.125.184 on Fri, 22 Nov 2013 14:14:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

1220

Delgado, M. (1996), “Testing Serial Independence Using the Sample Dis-
tribution Function,” Journal of Time Series Analysis, 17, 271-285.

Durlauf, S. (1991), “Spectral-Based Tests for the Martingale Hypothesis,”
Journal of Econometrics, 50, 1-19.

Engle, R. (1982), “Autoregressive Conditional Heteroskedasticity With Es-
timates of the Variance of United Kingdom Inflation,” Econometrica, 50,
987-1007.

Engle, R., Ito, T., and Lin, W. (1990), “Meteor Showers or Heat Waves?
Heteroskedastic Intra-Daily Volatility in the Foreign Exchange Market,”
Econometrica, 58, 525-542.

Epps, T. W. (1987), “Testing That a Stationary Time Series is Gaussian,”
The Annals of Statistics, 15, 1683-1698.

, (1988), “Testing That a Gaussian Process is Stationary,” The An-

nals of Statistics, 16, 1667-1683.

, (1993), “Characteristic Functions and Their Empirical Counter-
parts: Geometrical Interpretations and Applications to Statistical Infer-
ence,” The American Statistician, 47, 33-48.

Epps, T. W,, and Pulley, L. B. (1983), “A Test for Normality Based on the
Empirical Characteristic Function,” Biometrika, 70, 723-726.

Epps, T. W., and Singleton, K. J. (1986), “An Omnibus Test for the Two-
Sample Problem Using the Empirical Characteristic Function,” Journal
of Statistical Computation and Simulation, 26, 177-203.

Fama, E. F,, and Roll, R. (1968), “Some Properties of Symmetric Stable
Distributions,” Journal of the American Statistical Association, 63, 817—
836.

Feigin, P. D., and Heathcote, C. R. (1976), “The Empirical Characteristic
Function and the Cramer—von Mises Statistic,” Sankya, Ser. A, 38, 309-
325.

Feuerverger, A. (1987), “On Some ECF Procedures for Testing Indepen-
dence,” in Time Series and Econometric Modelling, eds. 1. B. MacNeill
and G. J. Umphrey, Boston: Reidel, pp. 189-206.

, (1993), “A Consistent Test for Bivariate Dependence,” Interna-
tional Statistical Review, 61, 419--433,

Feuerverger, A., and Mureika, R. (1977), “The Empirical Characteristic
Function and Its Applications,” The Annals of Statistics, 5, 88-97.

Geweke, J. (1981), “A Comparison of Tests of the Independence of Two
Covariance Stationary Time Series,” Journal of the American Statistical
Association, 76, 363-373.

Granger, C., and Anderson, A. P. (1978), An Introduction to Bilinear Time
Series Models, Gottingen: Vandenhoek and Ruprecht.

Granger, C., and Terasvirta, T. (1993), Modelling Nonlinear Economic Re-
lationships, New York: Oxford University Press.

Hall, P, and Welsh, A. H. (1983), “A Test for Normality Based on the
Empirical Characteristic Function,” Biometrika, 70, 485-489.

Hannan, E. (1970), Multiple Time Series, Wiley: New York.

Heathcote, C. R. (1972), “A Test of Goodness of Fit for Symmetric Ran-
dom Variables,” Australian Journal of Statistics, 14, 172-181.

Henze, N., and Wagner, T. (1997), “A New Approach to the BHEP Tests
for Multivariate Normality,” Journal of Multivariate Analysis, 62, 1-23.

Hinich, M. (1982), “Testing for Gaussianity and Linearity of Stationary
Time Series,” Journal of Time Series Analysis, 3, 169-176.

Hinich, M., and Patterson, D. (1992), “A New Diagnostic Test of Model
Inadequacy Which Uses the Martingale Difference Criterion,” Journal
of Time Series Analysis, 13, 233-252.

Hjellvik, V., and Tjgstheim, D. (1996), “Nonparametric Statistics for Test-
ing of Linearity and Serial Independence,” Journal of Nonparametric

Journal of the American Statistical Association, December 1999

Statistics, 6, 223-251.

Hong, Y. (1996), “Consistent Testing for Serial Correlation of Unknown
Form,” Econometrica, 64, 837-864.

, (1998), “Testing for Pairwise Independence via the Empirical Dis-
tribution Function,” Journal of the Royal Statistical Society, Ser. B, 60,
429-453.

Koutrouvelis, I. A. (1980), “A Goodness-of-Fit Test of Simple Hypotheses
Based on the Empirical Characteristic Function,” Biometrika, 67, 238—
240.

Koutrouvelis, 1. A., and Kellermeier, J. (1981), “A Goodness-of-Fit Test
Based on the Empirical Characteristic Function When Parameters Must
be Estimated,” Journal of the Royal Statistical Society, Ser. B, 43, 173—
176.

Lukacs, E. (1970), Characteristic Functions (2nd ed.), London: Charles
Griffin.

McLeod, A. I, and Li, W. K. (1983), “Diagnostic Checking ARMA Time
Series Models Using Squared Residual Autocorrelations,” Journal of
Time Series Analysis, 4, 269-273.

Meese, R., and Rogoff, K. (1983), “Empirical Exchange Rate Models of
the Seventies: Do They Fit Out of Sample?,” Journal of International
Economics, 14, 2-24.

Newey, W. and Steigerward, D. (1996), “Asymptotic Bias for Quasi-
Maximum Likelihood Estimators in Conditional Heteroskedastic Mod-
els,” Econometrica, 65, 587-599.

Newey, W., and West, K. (1994), “Automatic Lag Selection in Covariance
Matrix Estimation,” Review of Economic Studies, 61, 631-653.

Parzen, E. (1957), “On Consistent Estimates of the Spectrum of a Station-
ary Time Series,” Annals of Mathematical Statistics, 28, 329-348.

Pinkse, J. (1998), “Consistent Nonparametric Testing for Serial Indepen-
dence,” Journal of Econometrics, 84, 205-231.

Priestley, M. B. (1981), Spectral Analysis and Time Series, London: Aca-
demic Press.

, (1988), Non-Linear and Non-Stationary Time Series Analysis,
London: Academic Press.

Robinson, P. M. (1991), “Consistent Nonparametric Entropy-Based Test-
ing,” Review of Economic Studies, 58, 437-453.

Silverman, B. W. (1986), Density Estimation for Statistics and Data Anal-
ysis, London: Chapman Hall.

Skaug, H. J., and Tjgstheim, D. (1993a), “A Nonparametric Test of
Serial Independence Based on the Empirical Distribution Function,”
Biometrka, 80, 591-602.

, (1993b), “Nonparametric Tests of Serial Independence,” in De-

velopments in Time Series Analysis, The Priestley Birthday Volume, ed.

T. Subba Rao, London: Chapman and Hall, pp. 207-229.

, (1996), “Measures of Distance Between Densities With Appli-
cation to Testing for Serial Independence,” in Time Series Analysis in
Memory of E. J. Hannan, eds. P. Robinson and M. Rosenblatt, New
York: Springer, pp. 363-377.

Subba Rao, T., and Gabr, M. (1980), “A Test for Linearity of Stationary
Time Series,” Journal of Time Series Analysis, 1, 145-158.

, (1984), An Introduction to Bispectral Analysis and Bilinear Time
Series Models (Lecture Notes in Statistics 24), New York: Springer.
Tong, H. (1990), Nonlinear Time Series: A Dynamic System Approach,

Oxford, U.K.: Clarendon Press.

Zurbenko, 1. (1986), The Spectral Analysis of Time Series, Amsterdam:

North-Holland.

This content downloaded from 128.84.125.184 on Fri, 22 Nov 2013 14:14:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 1201
	p. 1202
	p. 1203
	p. 1204
	p. 1205
	p. 1206
	p. 1207
	p. 1208
	p. 1209
	p. 1210
	p. 1211
	p. 1212
	p. 1213
	p. 1214
	p. 1215
	p. 1216
	p. 1217
	p. 1218
	p. 1219
	p. 1220

	Issue Table of Contents
	Journal of the American Statistical Association, Vol. 94, No. 448 (Dec., 1999), pp. 993-1401
	Applications and Case Studies
	Theory and Methods
	Review Paper
	Book Reviews
	Telegraphic Reviews




