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Abstract. In this paper we introduce the Z- and Z*-convergence and divergence of nets
in (¢)-groups. We prove some theorems relating different types of convergence/divergence
for nets in (¢)-group setting, in relation with ideals. We consider both order and (D)-
convergence.

By using basic properties of order sequences, some fundamental properties, Cauchy-type
characterizations and comparison results are derived.

We prove that Z*-convergence/divergence implies Z-convergence/divergence for every
ideal, admissible for the set of indexes with respect to which the net involved is directed,
and we investigate a class of ideals for which the converse implication holds. Finally we
pose some open problems.
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1. INTRODUCTION

The theory of ideal convergence for sequences was introduced in [24] and inde-
pendently in [30] under the name “cofilter convergence”. This notion was further
investigated in [13], [19], [23], [26], [32], [33], where some basic properties are studied.
The Z-Cauchy notion was introduced and examined, in the context of metric spaces,
in [15], [20], [29]. The concept of Z-convergence was investigated in the setting of
normed spaces in [31] and was extended to the class of topological spaces in [14],
[17], [27], and ideal convergence for nets was presented in [17].

Several applications of ideal convergence have been obtained in the context of
Riesz spaces and lattice groups. In [5] a Bochner-type integral was investigated, and
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in [6] the problem of defining limits by means of suitable integrals was studied in
this setting. In [10] we introduced the concept of ideal convergence in (¢)-groups,
we dealt with the main basic properties and in [8], [10] we proved some versions
of basic matrix theorems. Moreover, in [9] we obtained some limit theorems for
ideal pointwise convergent measures taking values in an (¢)-group R. Some other
applications of Z-convergence in the real case (that is, when R = R) can be found
in [1], [7], concerning weak compactness, Ascoli-type theorems, ideal exhaustiveness
and uniform convergence on compact sets. In [7], [11] some results contained in [21]
were extended to the ideal setting. In [7] the notion of ideal exhaustiveness was used
also to obtain some further versions of limit theorems for ideal pointwise convergent
measures.

In this paper we deal with ideal convergence and ideal divergence of nets in the
(¢)-group context. Motivated by earlier results proved in [10] on Z-convergence for se-
quences, we prove some technical theorems relating various convergences/divergences
of nets in Dedekind complete (¢)-groups. We derive basic properties, some com-
pleteness characterizations and comparison results. Moreover, we deal with Z%*-
convergence/divergence for nets in the (¢)-group setting and prove that these two
properties imply ideal convergence/divergence for every fixed ideal, admissible with
respect to the index set which form the net involved. Furthermore, we give a class of
ideals for which the converse implications are true. In the proofs we essentially involve
fundamental properties of order sequences. Finally, we pose some open problems.

2. THE MAIN RESULTS

We begin with the following

Definitions 2.1. (a) An abelian group (R, +) is called (¢)-group if it is a lattice
and the following implication holds: a < b= a+c < b+ cforall a, b, c € R.

If not stated otherwise, in what follows R denotes an (¢)-group.

(b) An (¢)-group R is said to be Dedekind complete iff every nonempty subset of
R, bounded from above, has supremum in R. A Dedekind complete (¢)-group is said
to be super Dedekind complete iff every subset Ry C R, Ry # () bounded from above
contains a countable subset having the same supremum as R;.

(c) A pair A = (A, >) is a directed set iff A it a nonempty set and > is a reflexive
and transitive binary relation on A, such that for any two elements A1, A2 € A there
isa Ag € A with Ay > A1 and Ay > X\o. From now on, let us denote by M) the set
{CeA: (=M}, e A

(d) We say that a sequence (py,), of positive elements of R is an (O)-sequence iff
it is decreasing and A,p, = 0. A net (z))aea in R (an indexed system of elements
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of R such that the index set A is directed) is said to be order-convergent (or (O)-
convergent) to € R iff there exists an (O)-sequence (p;); in R such that to every
I € N there corresponds an element A € A with |z; — x| < p forall ( € A, { > A,
and in this case we will write (O) )1\161111 Ty =1.

(e) A bounded double sequence (ay ), in R is called (D)-sequence or regulator
iff for all ¢ € N the sequence (at,,), is an (O)-sequence. A net (zx)xea in R is
said to be (D)-convergent to x € R (and we write (D) }\m& xy = x) iff there exists

€

a (D)-sequence (at,);, in R, such that to every » € NV there is a A\g € A such that
lza — 2| <V ag,p@ forall A e A, A > Xo.
t=1

(f) An (¢)-group R is said to be weakly o-distributive iff for every (D)-sequence

(at,r)t,r we have:

oo
/\ ( at,@(t)> = 0.
t=1

(pENH

Observe that, if B is the o-algebra of all Borel subsets of [0,1] and v is the Le-
besgue measure, then the space L°([0,1], B, v) is weakly o-distributive (see [3, Ex-
ample 2.17]).

(¢) A Dedekind complete Riesz space R is said to have property (PR) (positive
regularity) iff there exists an increasing sequence (hy)r of positive elements of R
such that for every r € R there are a ¢ > 0 and a natural number k£ such that
|r| < thi. Note that, if R is a Riesz space having property (PR), then for each
r € R there is k € N such that |r| < khy. Observe that, if R has an order unit u
(that is a positive element such that for all » € R we get |r| < tu for some suitable
positive real number ¢), then R has (PR), while the converse is in general not true:
for instance the space cgg of all real-valued sequences which are eventually 0, with
the coordinatewise order, has property (PR) but does not admit an order unit. The
space ¢g of all real-valued sequences convergent to 0, ordered coordinatewise, does
not have property (PR) (see [34]).

(h) A sequence (tx)x of positive elements of R is said to be bounding iff 2t < tx11
for each k£ € N.

(i) A subset S of R is (PR)-bounded by a bounding sequence (tj); iff for every
s € S there exists a positive integer k such that |s| < tz. Since (tx)x is bounding,
this implies that |s| <t whenever k > k. Note that, if R has property (PR), then
R is (PR)-bounded by some bounding sequence, but there are many situations in
which we deal with (PR)-bounded sets in a space R without property (PR) (for
example R = LY(X, %, i), where p: ¥ — R U {+oc} is a positive, o-additive and
o-finite measure, see for instance [4, Example 4.7]).
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() Let (A, >) be a directed set. A family of sets Z C P(A) is called an ideal of A
iff AU B € Z whenever A, B € 7 and for each A € 7 and B C A weget B€Z. An
ideal is said to be non-trivial iff T # ) and A ¢ Z. A non-trivial ideal Z is said to
be (A)-admissible iff A\ My € T for all A € A.

(k) A (A)-admissible ideal 7 is said to be a (AP)-ideal iff for any disjoint sequence
(A;); in 7 there are sets B; C A and elements p; € A, j € N, such that the symmetric
difference A;AB; C A\ M, for all j € N and U Bj € T (see also [17]).

j=1

(1) Given a fized (A)-admissible ideal Z, its dual filter is the set
F=FZ):={X\1:1€7T}.
When we deal with an ideal Z, we always suppose that 7 is (A)-admissible, without
saying it explicitly.

(m) If 7 is an ideal of A, we say that a net (x))xea in R (OZ)-converges to x € R
iff there exists an (O)-sequence (o0;); with the property that

(1) {ANeA: jzx—=z|<a}eF
for all [ € N.

(n) A net (zx)xea is said to be (OT)-Cauchy iff there is an (O)-sequence (o7);
such that for each | € N there is a 7 € A with

{>\€AZ |{E)\—{E-,—| <JI}€.7:.

(0) A net (z)x in R (DZ)-converges to x € R iff there exists a (D)-sequence
(at,r)e,r with the property that

(2) {/\ €A Jzy—z| < \/ at,g,(t)} e F
t=1

for all p € NV; (2))y is (DZ)-Cauchy iff there exists a (D)-sequence (a¢.);, with
the property that for all ¢ € NV there is an element 7 € A such that

{AeA: |zx — 27| < \/at,q;(t)} eF.

t=1

(p) A net (zx)x in R (OZ*)- [(DI*)]-converges to x € R if there exists a set
M 7) with li = D) li = z|.
€ F(Z) with (0) lim &y = & [(D) lim &) = ]
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(q) We say that a net (xy)x is Z-divergent iff there are an element € R and
a bounding sequence (#;); in R with the property that {\ € A: |zy —z| >t} € F
for every [ € N. In this case we say also that (zy) is Z-divergent at z.

(r) A net (za)rea is said to be I*-divergent at x € R iff there are a set M € F
and a bounding sequence (#;); in R such that for all [ € N there is a A € M with
|ze — x| > t; whenever ( € M, {( > A\. We say that (zx)x is Z*-divergent iff it is
T*-divergent at some = € R.

Remark 2.2. It is not difficult to check that, if R is endowed with property
(PR), then a net () is Z-divergent if and only if there is # € R such that {\ €
A:|zy—z| >r} € Fforeveryr € R, r > 0.

Indeed, let r be an arbitrary positive element of R. By property (PR) there exist
an increasing sequence (#;); in R and an integer [ such that r < 2'hy for every [ > [.
Setting t; := 2'hoi, [ € N, we get that the sequence (;); is bounding, and thus

{AeA: |ay—a| =2t C{rAeA: |y —z| =7}

for all [ > I. From this one can easily deduce the “only if” part. The “if” part is
straightforward.

Analogously it is easy to see that, if R has property (PR), then (x))) is Z*-
divergent at « € R iff there is a set M € F such that for every » € R, r > 0, there
isa A€ M with |z¢ — x| > r whenever ( € M, ( > .

The following result holds.

Proposition 2.3. Let (A, >) be a directed set, T be a (A)-admissible ideal on A
and M be an element of the dual filter . Then (M, >) is a directed set, where the
order is the one induced by A.

Proof. It is readily seen that (A, >) induces a reflexive and transitive order on
M, see > again.

Let now A1, Ao € M. There exists 7 € A such that 7 > A, 7 > Xo. Since 7 is
by hypothesis (A)-admissible, then M, :={\ € A: A > 7} € F. Since M, M, € F,
we get M N M, € F too. Pick an element \g € M, \g > 7: we get that \g > A1,
Ao = Ao O

We now prove the following relation between order and (D)-convergence of nets
in (£)-groups with respect to ideals.
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Proposition 2.4. Every (OZ)-convergent net is (DZI)-convergent to the same
limit. Moreover, if R is a super Dedekind complete and weakly o-distributive ({)-
group, then the converse implication holds too.

Proof. Let (zx)xea be anet, (OT)-convergent to x, and (o;); be an associated
(O)-sequence. For every t,r € N set a;, := 0¢4,. It is easy to check that the double
sequence (a,)¢,r is a regulator.

Pick arbitrarily ¢ € NN. By hypothesis, in correspondence with I = 1 + ¢(1) we
get: {A € A oy — 2] < 01400 = a1,0) ) € F, and a fortiori

{)\ €A |zyn—z| < \/at,ap(t)} SV

t=1

This concludes the first part.

We now turn to the second part. Let (zx)xea be (OZ)-convergent to z, and
(at,r)e.r be a regulator, satisfying the condition of (DZ)-convergence. Since R is
super Dedekind complete and weakly o-distributive, by [2, Theorem 3.1] there exists

(o]
an (O)-sequence (0;); such that for every | € N there is ¢; € NN with \/ a4, 1) < 01
t=1

Thus, since by hypothesis

o0
{/\ €A Jzyn—z| < \/at,w(t)} €F

t=1
for all I € N, then a fortiori {\ € A: |xx — x| < 0y} € F for every | € N. This ends
the proof. 0

Analogously as in Proposition 2.4 it is possible to prove the following:

Proposition 2.5. Every (OZ)-Cauchy net is (DZ)-Cauchy too. Moreover, if R is
a super Dedekind complete and weakly o-distributive (¢)-group, then the converse

is true.

Proposition 2.6. Let T be any fixed (A)-admissible ideal of A. If (D) 1i§n Ty =1,
then (DT) liin Ty = .

Moreover, if (z) is an increasing net in R and x € R, then (DZT) 1i§n xy =a if
and only if (D) liin Ty =x.

Proof. The first part is straightforward.

We now turn to the final part. It is enough to prove the “only if” implication. By
hypothesis there is a (O)-sequence (o7); such that for all [ € N an element \* € A

can be found, with
0 < T — Tr* < ar.
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By monotonicity we get:
0<r—z)y<2x—2)+« <0y

whenever A > A*. So the net (x))x (D)-converges monotonically to z, according to
the usual notion of (D)-convergence. This concludes the proof. O

We now prove a Cauchy-type condition, which extends [10, Proposition 2.13]. We
recall that a sequence (x,,), is (O)-Cauchy iff there exists an (O)-sequence (py)n
such that |z, — x4 < pp for alln € N and ¢ >

Proposition 2.7. Let (A, >) be as above, R be a Dedekind complete ({)-group,
T be any (AP)-ideal of A, F be its dual filter, and (zx)x be a net in R. Then the
following are equivalent:

(i) (zx)a is (OT)-convergent;
(ii) (zx)a is (OT)-Cauchy;
(iii) there exists an (O)-sequence (o7); with the property that to every | € N an
element D € F can be found, such that |xy — x| < o; whenever A\, T € D.

Proof. (ii) = (i). Let (zx)x be an (OZ)-Cauchy sequence. Then, by Propo-
sition 2.5, (xx)x is (OI)-Cauchy. Let (g,), be an (O)-sequence, related with the
(OT)-Cauchy condition: then a sequence (n,), in N can be found, with

(3) {AeA: oy —z,, | <ep}t € F(I)
for all p € N. Let now p,q € N, p # ¢. Since F is a filter in A, we get
AeA: oy —a,, | <epfN{AEA: |z — 2y, | <} €F.

Thus for every p, g € N with p # ¢ there is (ip. g, jp.q) € N? with T3y 0 ipa = Tmpny| <
ep and |x; i — Ty on,| < g, and hence [T, n, — Tmyn,| < €p + ¢ As (gp)p is
an (O)-sequence, then (2, n,)p is an (O)-Cauchy sequence (in the classical sense).
Since every Dedekind complete (¢)-group is (O)-complete (see [12]), there exists an
element € R with = (0) hzrzn Tm,n,- Thanks to (3) and the main properties of

filters, for every p € N we get:

{AeA: oy —2| <2} D{ANEA: |2y — 2y, | + |20, — 2] < 2ep}
DI eA: |z, —z[<epfN{AEA: |2y — 2y, | <gp} € F.

This concludes the proof.
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(i) = (iii). Since, by hypothesis, (xx)x is (O)-convergent to an element x € R,
there is an (O)-sequence (07); with the property that for every I € N there is D € F
with |z) — x| < o7 whenever A\ € D. Let now A\, 7 € D: we get

|zx — 2| < |22 — 2| + |27 — 2] < 207,

and hence the implication is proved.

(ili) = (ii). Let (07); be an (O)-sequence, satisfying (iii) by hypothesis, pick
arbitrarily I € N and let D € F be as in (iii). Since D € F, there is an element
A € D. By (iii), for all A € D we get: |z\ — x3| < 0. So (ii) follows. O

Proposition 2.8. Let R be any Dedekind complete (¢)-group, and (zx)xea be
a net in R. Suppose that (OZ*) }\nr/{ xzx = x. Then (OT) /l\nr/{ T\ = .
€ €

Proof. By hypothesis, there is M € F(Z) such that (O) /\he%l x\ = x with
respect to a suitable (O)-sequence (07);. Then for every [ € N there exists A € M
such that

|ze — x| < oy

whenever ( € M, ( > \. Therefore, we get
{CGAZ |"E<—£L'|7<\0'1}CA\(MQM)\)€I.
This ends the proof. O

Proposition 2.9. Let R be a Dedekind complete (¢)-group, (zx)x be a net in R,
(OT)-convergent to x € R. If T is a (AP)-ideal, then (xzx)x (OZ*)-converges to x.

Proof. Let (05); be an (O)-sequence related to (OZ)-convergence of the net
(A)renr to x. Set O; := [—0j,05], J € N; A1 :== {A € A: 2\ — 2 & O1} and
Aj: {AeA: zx—2€0;1\0,}, j > 2. It is easy to check that (A4;); is a disjoint
sequence of elements of Z. Since 7 is a (AP)-ideal, in correspondence with (A;); there

exist a sequence (B;); in P(A) and a sequence (p;); in A such that the symmetric
o0

difference A;AB; is contained in A\ M, for every j € N and B := |J Bj € Z. Set
j=1
M := A\ B: then M € F(Z).
Fix arbitrarily I € N. There is A9 € A such that \g > p; forall j =1,...,[. By

construction we get:

(4) (ng)mMM: (QAQmMM.

As T is (A)-admissible, My, € F(Z). Hence, MNMy, € F(Z). Pick now A € M with
1
A > Xg. Choose arbitrarily ¢ € M, { > A. Then ¢ ¢ B, and in particular ¢ ¢ |J Bj,
j=1
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1
¢ € My,. From this and (4) it follows that ¢ ¢ |J A;. Thus z; — = € O, namely
j=1

—0; < ¢ —x < 07. So we have proved the existence of an element M of F(Z) and
of an (O)-sequence (0;); with the property that: to every [ € N there corresponds
A € M such that |x¢ — x| < o7 whenever ¢ € M, ¢ > A, that is (O) )}IEHJ\}I xx = . This
completes the proof. O

We now prove the following;:

Proposition 2.10. Let R be a Dedekind complete (¢)-group, (xx)x be a net in
R, T-divergent at « € R. If T is a (AP)-ideal, then (x)) I*-diverges at x.

Conversely, if T is any (A)-admissible ideal and (x))x Z*-diverges at x € R, then
(zx)x Z-diverges at x.

Proof. For every j € N, let H; := {\ € A: |zx — x| % t;}; moreover, set
Ay = Hy; Aj = H; \ Hj_1, j > 2. It is easy to check that (H;); is an increasing
sequence and (A4;); is a disjoint sequence of elements of Z. Since 7 is a (AP)-ideal,
in correspondence with (A;); there exist a sequence (B;); in P(A) and a sequence

(pj); in A such that A;AB; C A\ My, for every j € N and B := BBj €. Set
M :=A\B. =1

Fix arbitrarily ! € N. There is A9 € A such that \g > p; forall j =1,...,[. By
construction we get:

l l
(5) (UBj)kaoz (UAj)mMAO.
j=1 j=1
As T is (A)-admissible, My, € F(Z). Hence, M N My, € F(Z). Pick now A € M
with A > Xg. Choose arbitrarily ( € M, ¢ > A\. Then ¢ ¢ B, and in particular
1 1
¢ ¢ U Bj, ¢ € My,. From this and (5) it follows that ¢ ¢ |J A;. Thus ¢ ¢ H,
j=1 j=1
namely |z¢c —z| > ;. So we have proved that there exist a set M € F and a bounding
sequence (t;); in R with the property that: to every [ € N there corresponds A € M
such that |z, — x| > t; whenever ( € M, ¢ > X; that is Z*-divergence of the net
(2a)x. This ends the proof of the first part.
We now turn to the last part. By hypothesis, there are a set M € F(Z) and
a bounding sequence (¢;); in R such that to any [ € N there corresponds an element
A € M with |z — x| > ¢ for all € M, ( > A\. Thus we get:

{CeA: |lzc—z| 2t CA\NMNM,) el
This concludes the proof. (I
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Open problems: (a) Extend the definition of the Kurzweil-Henstock integral
found in [12] to the ideal context.

(b) Explore similar results considering Z-convergence of double sequences intro-
duced in [35] and further studied in [16], [18], [22], [25].

(c) Investigate analogous results using the notion of Z-convergence to a set intro-
duced in [28].

(d) If the three conditions formulated in Proposition 2.7 are equivalent in an
arbitrary (¢)-group R, does this imply that R should be Dedekind complete or that
7 should be a (AP)-ideal?

Acknowledgement. Our thanks to the referee for his/her valuable comments
and suggestions.
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