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Abstract

In this paper, we study some results on the ideal theory of commuta-
tive I'— semirings analogues to commutative semirings . In particular,
Q-ideals , maximal ideals, primary ideals and radical ideals of commu-
tative I'— semiring are investigated . Furthermore we make an intensive
examination of the notions of maximal ideal and local I'— semirings. It
is shown that the notion of primary ideals in I'— semirings inherits most
of essential properties of primary ideals of commutative semirings.
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1 Introduction

The notion of I'— semirings was introduced by M. Murali Krishna Rao [14] as
a generalization of I'— rings ([3], [11]) , as well as semirings.Many mathemati-
cians obtained interesting results on I'— semiring (see for example [14], [15],
[9] and [16]). The commutative I'— semirings and sub I'— semirings identi-
fied in [14]. Since ideals play a fundamental role in semiring theory (see for
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example [8], [1], [2] and [10]), it is natural to consider them in the context of
I'— semirings theory. Some of topics related to ideals of semirings have been
generalized and investigated for I'— semirings. T. K. Dutta and S. K. Sardar
established the notions of prime ideals and prime radicals of a I'— semiring and
studied them via its operator semiring [5]. Noetherian I'— semirings, Cohen’s
theorem for a special class of I'— semiring and weak primary decomposition
theorem for a particular type of I'— semirings were obtained by them [6]. S.
K. Sardar and U. Dasgupta reviewed the notions of primitive I'— semiring
and primitive ideals of a I'— semiring and studied them via operator semir-
ing and obtained some results analogous to those of semiring theory [20]. S.
K. Sardar introduced the notions of Jacobson radical of a I'— semiring and
semisimple I'— semiring and characterize them via operator semirings [19]. In
[9] the authors considered the congruences and ideals of a I'— semiring, then
constructed a new I'— semiring and discussed the formation of ideals on this
I'— semiring. A study about the notion of k-ideal, m-k ideal, prime ideal,
maximal ideal, irreducible ideal and strongly irreducible ideal in ordered I'—
semiring was introduced, also the properties of ideals in ordered I'— semiring
and the relations between them are studied [17].

In this paper we study some primitive operations of ideals in I'— semiring
we will use these properties in the paper, we introduce the notion of Q-ideal
and maximal ideal in ['— semiring. We obtain a number of results investigating
maximal ideal and Q-ideal of a I'— semiring. Similar to commutative semiring,
we prove that any proper ideal (proper Q-ideal) I of a I'— semiring, there exists
a maximal ideal (k- ideal) M of S with I C M, and every prime k-ideal is a k-
maximal ideal in the Artinian cancellative I'— semiring. Moreover we study
radical ideals and primary ideals of ['— semiring and their properties. Finally,
we show the uniqueness of reduced primary decomposition of k-ideals of a I'—
semiring as it was shown in commutative semiring [22].

2 Preliminaries

In this section we recall some of the fundamental concepts and definitions
which are necessary for this paper.

Definition 2.1. Let S and I" be two additive commutative semigroups. Then
S is called a I'—semiring if there exists a mapping S X I' x S+ S (images to
be denoted by ayb for a,b € S and v € I satisfying the following conditions:

1. ac(b+ ¢) = aab + aac
2. (a+b)ac = aac + bac

3. a(a+ B)b = aab+ apb
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4. aa(bpc) = (aab)fc
for all a,b,c € S and for all a, 5 € T'.

Examples of I'— semiring are plenty. For example a semiring S can be
considered as a I'— semiring if we choose I' = S and the ternary operation xvyy
is the usual semiring multiplication.

Example 2.1. Let S = (Z*1,4) be the semigroup of positive integers and
let T = (2Z%,4) be the semigroup of even positive integers. Then S is a
I'—semiring.

Example 2.2. Let Q1 denote the set of all positive rational numbers. Let T’
be the set of all positive integers. Then with respect to usual addition Qt and
T are semigroups. Let a € QT,v € T and b € Q% is defined by (ayb) — ayb
(usual multiplication). Then QT is a T'—semiring.

Definition 2.2. Let S be a I'— semiring and a,b € S,a € T'. If aab = baa
then we say a,b are a—commutative. S is called multiplicatively commutative
if aab = baa for all a,b € S, € I" S is called a commutative I'— semiring if
aab =baa and a+b=>b+a for alla,b e S,a €T.

Example 2.3. Let S be the set of all even positive integers and I' be set of all
positive integers divisible by 3.

Then with usual addition and multiplication of integers, S is a commutative
I'-semiring.

Definition 2.3. We say S is a I'— semiring with zero if there exists a 0 € S
such that 0 +a =a+ 0= a and Oca = aa0 =0 for alla € ';a € S.

Definition 2.4. Let S be a I'— semiring. An element 1 € S is said to be unity
if for each x € S there exists a € I' such that xal = lax = z.

Definition 2.5. In a I'— semiring S with unity 1, an element a € S is said
to be left invertible (right invertible) if there exist b € S, o € T' such that
baa = 1(aab = 1).

Definition 2.6. A non-empty subset A of I'— semiring S is called

(i) a T'— subsemiring of S if (A,+) is a subsemigroup of (S,+) and AT A C
A.

(ii) a left (right) ideal of S if A is a I'— subsemiring of S and STA C
A(ATS C A).

(#i) an ideal if A is a I'— subsemiring of S, AI'S C A and STA C A.
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(v) a k-ideal if A is a I'— subsemiring of S, AI'S C A, STA C A and x €
Ssx+ye Aye A thenx € A.

Definition 2.7. An ideal I of a I'— semiring S is called a proper ideal of the
I'— semiring S if I # S.

Definition 2.8. For each element a of a I'— semiring S, the smallest right ideal
containing a is called the principal right ideal generated by a and is denoted
by |la >. Similarly we define < al,< a >, respectively the principal left and
principal two-sided ideals generated by a. In fact,

i=1

<al= {ma+Z$iaia:m,n€Z+U{0},xi €S o EF}

la >= {ma+2aﬁjyj5manez+U{0}ayj SN GF}

J=1

and

p s q
<a>= {na + Za%zk + Zwthta + Zuj/\ja,ujvj "N, p,8,q € yANN {0}

k=1 t=1 j=1

) 2k, Wi, Ui, V5 €S, Vi, O, Aj, [t € F}

Definition 2.9. Let S be a I'— semiring. An element e € S is said to be an
idempotent S if there exists an o € I' such that e = ece. In this case we say
that e s an idempotent.

Definition 2.10. let S be a I'— semiring. If every element of S is an idempo-
tent of S, then S is said to be idempotent I'— semiring S.

Definition 2.11. A proper ideal I of a I'— semiring S is said to be irreducible
if for ideals H and K of S, I = HN K implies that I = H or I = K .

Definition 2.12. A proper ideal I of a I'— semiring S is said to be strongly
irreducible ideal if for ideals J and K of S, JNK C I then JNI or KN1I.

Definition 2.13. A I'— semiring S is said to be right (k-Noetherian ) Noethe-
rian if for any ascending chain Ay C Ay C Az...... of right(k- ideals) ideals
of S there exists a positive integer n such that A; = A, for all © > n. Similarly
we define left (k-Noetherian) Noetherian and (k-Noetherian) Noetherian I'—

SeMAring.
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Definition 2.14. A T'— semiring is said to be Artinian (k-Artinian) if for
every descending chain Ay O Ay D A3 D ...... of ideals (respectively k-ideals)
i S there exists a positive integer n such that A; = A, for alli > n.

Definition 2.15. Let S be a I'— semiring and I be any ideal of S. Then the
k-closure of I is denoted by cl(I) and dened by cl(I) ={x € S:x+i €I, for
some i € I}.

Note that cl(I) is the smallest k-ideal containing I. and If A and B are two
ideals of the I'— semiring S with A C B, then cl(A) C cl(B) [21]

Definition 2.16. A I'— semiring S is said to be right (left) multiplicatively
cancellable if xyy = zvy ; ( resp.xyy = xyz) for all x,y,z € S and for all
v € I implies that x = z (resp. y = z).

Definition 2.17. Let S be a I'— semiring. A proper ideal P of S is said to
be prime if for any two ideals H and K of S, HI'K C P implies that either
HCPorKCP.

The set of all prime ideals of a semiring S is called the spectrum of S and
will be denoted by spec(S) .

Throughout this paper the I'— semiring S is assumed to be commutative
and have a zero .

3 Operations on ideals of ['— semiring

First, we investigate ideal theoretic basic results of semiring for ideals of a I'—
semiring.

Proposition 3.1. Let S be a commutative I'— semiring with unity 1 and zero
element 0 . Let I,T and D be ideals of S. If we define the addition and
multiplications as follows :

I+T:={a+b:acl,beT}and

1.7 : = {Zamibi:ael,bET,% el andeN},

i<m
then the following statements hold :
1. The set I +T and I.T are ideals of S.

2. I+ (T+D)=(+T)+D and [(TD) = (IT)D.
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3 IT+T=T+1andIT=T1.

4. I(T+D)=IT+1D.

5 I+1=11+(0)=1,I1'S =1 and IT(0) = (0).
6. If I+T = (0) then [ =T = (0).

7. ITCINT and if I +T =S, then IT=1NT.
. (I+T)INT)CIT.

Proof. We only prove numbers 2, 4 ;, 7 and 8 and the proofs of the other results
is routine and we hence omit the proofs :

2-a)Let a+be I+ (T'+ D) ,wherea € I,be (I'+ D), thus b = z + y such
that z € T'and y € D.

sSa+(x+y)el+ (T+D).

s a+z)+ye (I +T)+ D, where (a+2z) € I+ T and y € D.

eI+ (T+D)=(I+T)+D.

2- b) Let x € I(T'D). So we can write x = Zigml a;v;b; , where a; €

I,v; €T,b; € TD and m; € N, since b; € TD then b; =) , TitYi where
r, €T,a; €y, € D and my € N, thus :

T = Z aii Z TGy,

i<m

i<mq i<mg

= Z air)/i(xlalyl + To2l2Y2 +oo + xm1am1ym1)
1<mq

= Z aiyi(zronyr) + aiyi(ra0nys) + .o + ;Y (Tmy Qg Y, )
i<mq

= Z Z a;vi(x05y;)

1<my j<ma

- Z Z (aiviTj)eyy;

1<my j<ma

since a;v;x; € 1.T and y; € D , then z € (IT)D, it follows that I(T'D) C
(IT)D, simillarlly we get (IT)D C I(T'D) .Hence, I(TD) = (IT)D.

4- Let z = Zigm a;ozb; € I(T + D) ,where a; € I,b; € (T'+ D) and
a; € T, then Y . aioi(w; +y;) € I(T + D) ,where z; € T and y; € D. So
Zigm a;0;x; + Zigm a; O Y; e IT + ID, it follows that I(T -+ D) g IT —+ ID.
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Conversely, let z = Zi§m1 a;oub; + Zigm x;viy; € IT + 1D , where a;, x; €
Ia;,v, €l,b; €T and y; € D. then :

z= Z (a;oub;) + (i) = Z c;Bi(b; + i)

1<mq 1<mq,j<2my
a; 1f1§z§m1, a; 1f1§2§m1,
where ¢; = . . B = . )
r; if mp <1 <2my. v ifmy <@ < 2my.

It follows that IT + ID C I(T + D). Hence I(T + D) = IT + ID.

7- Let € IT.Then we can write z = ) . a;yb; where a; € I,7;, € T
and b; € T. Since I and T are ideals ,then Z:<m a;vib; € I NT. Tt follows
that IT ¢ INT . Now we will prove if I + T = S then IT = I NT. Let
zelNT=xeclandxecT
= x = zal = za(xr, +y;) where z; € I,y; € T since [ +T = S.
= T = zoxr; + roy,
= =rax +xay, € IT,
=INT=I1+T.

8 Let x € (I +T)(INT) then :

xTr = Z(CLZ —+ bz)%zz ,Where a; + bz € I + Tand zelINnT

i<m

= Z aivizi + bivizi
<m

= Z a;Vizi + 2ivibi,
i<m

then x € IT , it follows that (I +T)(INT) C IT.
O

Proposition 3.2. Let S be a I'— semiring where S and I are additive abelian
semigroups with identity elements 0 and {0} respectively . If we denote the set

of all ideals of S by 1d(S), then the following statement holds : (Id(S),+,.) is
an additively-idempotent I'— semiring.

Proof. Let 1d(S) = {I,,}, , then there exist a map :Id(S) x I' x Id(S) —
Id(S), since I;v;1; = I; € 1d(S)Vi € N, and it satisfies the following axioms
for all Iy,,Iy,, I\, € Id(S) and 7,8 € T":

1- Dy, + Iy) = DyyDag + Duv,
xyy € Inv(Iy, + I,) where x € I,y € I, + I, and v € T,
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s xy(a+b) € Iyy(Iy, + I,) wherea+b=1y,a € I, and b € I,,.
g (xfya’) + (l”)/b) € ]/\1,7[)\2 + ]/\1,71)\3 :

2- we can prove that (I, + In,)vI, = In, v, + D71y, simillarly.

3_ ‘[)\1 (fy + /6)]A2 - IAlryI)\Z + I)\l/B‘[)\Q :
x(y+ By € Iy, (v + )1, where x € I,,y € I, and v, € T.
& vy + By € Dy, + Iy, B,

4- ([A17[)\2)BI>\3 = I)\17([)\2ﬁ[)\3) :
zfy € (I\,vIy,) B\, where x € I, vIy,,y € I, and © = ayb where a € I,,,b €
Iy, and y €T
& (avb)By € (Inv1x,)B1x,
& ay(bBy) € (InvIn) B
<~ a’y(bﬁy) € IA{Y([)\QBI)\S)'

Finally, since I, = I + I, by proposition 3.1(5), Id(S) is additively idem-
potent.
O

Next, we present the following definition corresponding to the definition in
semiring see [10]

Definition 3.1. For ideals I and T of a I'— semiring S, it is defined that
[:T)={seS,yel:syT CI}.

Let us define a new notation: For each ideal I of S and any element x € S,
we define [I :x]:={se S,yel':syrel}.

Proposition 3.3. Let I,T, D, I,and T, be ideals of a commutative I'— semir-
ings S with a zero element 0 € S . The following statements hold:

1. IC[I:T].

2. [[:T|TC 1.

3. [[[:T):D]=[I:TCD]=[[I:D]:T.
Mo T) = Nl < 71,

12, T = NI Tl

6. [I:T)=1[I:1+T).

SN

Proof.
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1- Obvious.

2- Let z € [I : T|T .So we can write z =, x;6;y; where x; € [ : T] and
y; € T, since x; € [I : T| we have ;4T C I, for all v € T' | then z;0;5; €
implies that z € I.Therefore, [I : T|T C I.

3-a)

Letz € [[I:T): D] <axyD C[I:T]
&(zyD)aT C 1
sxy(Dal) C T
cxy(TaD) C I
sxe[l:TTD].
It follows that [[I : 7] : D] = [I : TTD].

3- b)
Letz € [I : TT'D] < xy(TTD) C I

& x’thiaidi € I ,where t; € T; and d; € D;
i<m
& Z(mvti)aidi el
i<m
& (xyT;) € [I: D]
sxell:D]:T).

It follows that [I : TT'D] = [[I : D] : T| .Moreover from (a) and (b) we
conclude that [ : T|: D] =[[{ : D] : T].

Letz € [ﬂla:T

Syl e ﬂ]a , since xzvy1T' C ﬂ]a,

Syl e, , for all o
sawell,:T] ,forala
Sz €Nylly:T] , for all a.
It follows that [, In : 7] = Lo : T



86 Wafaa M. Fakieh and Fatimah A. Alhawiti

Letz€[1:Y TJeayy T,C1
@vatQ €I, forallt; € T;

& ayty =2y(ta +0+0...---+0) € I, , for all
sxell:T,], forala
s rxenl:T,], forall a.

Hence, [I: )" T, =N, : Tl

6- Let x € [I : T then we have 2T C I ,thus xya C I where a € T.

Letbel =azybel
= ryb+zy0a €1
=zy(b+a)eland (b+a)el+T
=aze([l: I+T]
=[[:T|C[I:1+T)]

Conversely,

letxe[l:I+T)|=azy(a+b) el
= xya+zybe ,NYae I, be T, when a=0, then z70 =0
=axybeI,VbeT
=uzell:T]
=[I:I+T)C[I:T].

Therefore [I: T] =[I: I+ T].
O]

Proposition 3.4. Let S be a I'—semiring and I be a nonzero ideal of S. Then
the following statements are equivalent:

1. I is a cancellation ideal of S,
2. [ITJ : 1] = J for any ideal J of S,

3. ITJ C ITK implies J C K for all ideals J and K of S.
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Proof. (1) = (2) :

Let [ITJ : I] = {s € S,y € I' : s5yI C IT'J}, since I'— semiring is
commutative then [ITJ : [| ={se S,y €' : Iys CITJ} [IT'J:I[]={s€ S:
s € J} = J since I is cancellation ideal of S .

(2) = (3) :

Let IT'J C ITK, so [IT'J : I] C [ITK : I] , it follows that J C K from (2).
(3) = (1):

Obvious.

[l

Next, we introduce the notion of a quotient I'— semiring and study the
properties of ideals of quotient I'— semiring. For more details see [9]

Definition 3.2. An ideal I of I'—semiring S is called a partitioning ideal (=Q-
ideal) if there exist a subset Q of S such that:

1. S=U{a+1:a€@Q}
2. ifar,as € Q ,then (a1 + 1) N (az+ 1) # ¢ < ay = as.

Let I be a Q-ideal of I'— semiring S and let S/I = {a+ [ : a € Q} ,then
S/1 form a I'—semiring under the binary operations @, ® define as follows:
(e +1)®(ag+1)=as+ 1,
where az € () is the unique element such that a; +as +1 C ag + I.

(a1 +1)©y©(ag+ 1) =as+1,

where a4 € @) is the unique element such that ayyas +1 C ags+ IV € I'. This
'—semiring S/ is called the quotient I'— semiring of S by I. By definition
of Q-ideal, there exists a unique ag € ) such that 04+ 1 C ag+ I. Then ag + I
is a zero element of S/1I.

The following results can easily be proved for a I'— semiring as proved in
the case of a semiring in [7] .

lemma 3.1. Let S be a I'— semiring with zero and commutative addition, and
let P be a Q-ideal in S. If a € Q and a+ P is the zero in S/ P, then a+ P = P.

Theorem 3.2. let [ be a Q-ideal of a '—semiring S .If L is a k-ideal of S/I.
Then L = J/1 for some k-ideal J of S.

lemma 3.3. Assume that I is a Q-ideal of I'— semiring S and let J,L be
k-ideals of S. Then the following holds:

J L
IfICJand I CL, th6n7:7ifandonlyifJ:L.



88 Wafaa M. Fakieh and Fatimah A. Alhawiti

lemma 3.4. Let I be a Q-ideal of a I'— semiring S. If J,K and L are k-ideals

of S containing I, then (%) N (?) = % if and only if J N K = L.

Proof. Assume that (£) N () =% we show that JOK =L . Let z € JNK.
Then z = g+, forsome g € Qand i € I, soqge QNJand ¢ € QN K
since J and K are k-ideals , hence ¢ + I € (£) N (X) = £ by theorem 3.2 .
Therefore ¢ € L | thus z € L since L is a k-ideal. So J N K C L. Conversely,
assume that z € L. Then z = ¢ + ¢ for some ¢ € Q and i € I. It follows that
g+let=()N(%),s0q€ KNJ hence z€ KNJ. Thus L =JN K. The
other implication is similar. ]

4 Maximal ideals of a '— semiring S and local
['— semirings .

In this section we study maximal ideals of I'— semiring and local '— semirings.
We obtain some results .These results should be compared with [10] and [8] .

Definition 4.1. [13] A proper ideal I of S is said to be mazximal (resp-k-
mazximal )if J is an ideal (resp-k-ideal) in S such that I C J then J =S. We
denote the set of all mazimal ideals of S by Max(S)

Theorem 4.1. Any proper ideal of S is a subset of a maximal ideal of S.

Proof. let {I;} be all proper ideals of S that containing I. Since {I;} are sub-
semigroups of S containing I .Then {I;} has an upper bound (the union of all
those ideals) . Zorn’s lemma implies that the proper ideals containing I have
at least one maximal element that is, in fact, a maximal ideal of S. This means
that any proper ideal I of S is a subset of a maximal ideal of S.

O

lemma 4.2. Let S be a I'—semiring with 1 # 0 . Then S has at least one
k-mazimal ideal.

Proof. Since {0} is a proper k-ideal of S then we can proof this lemma easily.
]

Theorem 4.3. Let S be a I'— semiring, I be a Q-ideal of S and J be a k-ideal of
Swith I C J. Then Jis a k-mazimal ideal of S if and only if J/Iis a k-mazximal
ideal of S/1.

Proof. This follows from Theorem 3.2 and lemma 3.4 . m

Theorem 4.4. Let I be a proper Q-ideal of a I'— semiring S. Then there exists
a mazximal k-ideal M of S with I C M.
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Proof. Since S/I is non-trivial, and so by Lemma 4.2 has a k-maximal ideal L
which, by Theorem 3.2 will have to have the form M/ for some k-ideal M of
S with I C M . It now follows from Theorem 4.3 that M is a k-maximal ideal

An element v € S is said to be unit if there exist a € S and o € T" such
that aau = 1 = uaa. The set of all invertible elements of S is denoted by
U(S). It is obvious that U(S) is an abelian multiplicative group and is called
the group of units of S because it satisfied the following axioms :

e closure : Let u,v € U(S) and g € I' , then we well prove ufv € U(S):
Since u € U(.S) then there exist s; € S and ; € I such that

ufi1s1 =1 (1)

and v € U(S) then there exist so € S and 5y € I" such that

vfP289 = 1 (2)
So by (2) we get :
u = ual = ua(vfass) (3)
Then from (1) and (3):
1 =upBis;
= uc(vB252) P11
= (uaw)fas28151

it follows 1 = (uaw)pPaesyfrs1 .Hence uav € U(S).

e Associative : Let u,v and w € U(S) and § € I' | since U(S) C S then
(ufv)pw = uf(vPw) since this is one of the axioms for the ['— semiring

S .

e Identity : Since S has an identity element 1 , we have laxz = x for every
x # 0 and in particular lau = u for every unit element u , thus the set
of units has an identity element under multiplication .

e Inverse : Let u be a unit ,thus ™! is also a unit , and uau™! = 1. Thus

every unit has a multiplicative inverse in the set of unit .
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Thus , the four properties above show that the set of units is a group under
multiplication.

Obviously , I is a proper ideal of S if and only if it contains no invertible
element of S. Since I is a proper ideal of S then 1 ¢ I then contains no invertible
element of S. On the other hand I contains no invertible element of S then 1 ¢ I
,then I is a proper ideal of S.

Proposition 4.1. Let S be a I'— semiring. Then
U(S) =5 (UmeMa:L‘(S) m)7
where by (UmeMax(g) m) we mean the union of all mazximal ideals of S.

Proof. The proof of this proposition is similar to the proof of proposition 3.12
in [10]. O

Now , we will introduce the following definitions.

Definition 4.2. Let S be a I'—semiring with non-zero identity. A non zero
element a of S is said to be semi unit in S if there exist r;s € S such that
1 4+ rya = sPa where v, B € T

Definition 4.3. (S,m) is a local T'— semiring if S is a I'—semiring and m is
its unique mazximal ideal. A I'— semiring S is semi-local if it possesses a finite
number of mazimal ideals, i.e.,|Maz(S)| < oo.

lemma 4.5. Let [ be a k-ideal of a I'— semiring S .Then the following hold :
1. If a is a semi-unit element of S with a € I , then I = S.
it. If v € S and vy €T, then cl(Svyz) is a k-ideal of S.

Proof.

i- Clearly I € S. Now we well prove that S C I . Since a is a semi-unit then
1+ raa = sfa wherer,s € S and a, 8 € I' |, then 1 € I since I is k-ideal , then
x=uxvyl € ST'I C I, it follows that S C I .Therefor [ = S.

ii- Let x and x + y € cl(Svyx) , then we will show that y € cl(Syzx). Let
a,b € Syx then
r+y+a=> (4)

Now , let @/, b € Syx where
r+ad =10 (5)

then by adding @’ to (4) we get:

r+d+y+a=b+d (6)
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but from (5)
r+d+y+a=b+y+a (7)

SO ,
b+ad =b+a+y. (8)
Since b+ @’ € Syx and ¥ + a € Svx ,it follows y € cl(S~vyx) , this implies
cl(Svyz) is a k-ideal.
O

Theorem 4.6. Let S be an Artinian cancellative I'— semiring. Then every
prime k-ideal of S is k-mazimal.

Proof. Assume that I is a prime k-ideal of S and let ; J for some k-ideal J
of S ; we will show that J = S. There is an element x € J with = ¢ I. Then
by Lemma 4.5 (ii) it follows that cl(STz) D cl(STzfx) 2O c(STxpzfz) =
c(ST(zB)%*x) D (ST (zB)%z) D ...... is a descending chain of k-ideals of S |
since S be an Artinian so cl(ST(z3)"z) = cl(ST(zB)"*!)x for some n ; hence
(xB8)"x + ry(xB)" o = sv/(xB)" Tz for some r,s € S,7,3 and v/ € I'. Then
we have :

o(Bz)" + ryz(Br)" = sy'x(Br)""
2(Bx)" +ry(z(Bz)"Bz) = sv'z(Bz)""
2(f2)" + (ryz(B2)")fr = sy'z ()"
o(Bz)" + (z(Br)"yr)fr = sy'w ()"
(Bz)"y1 + z(Br)"y(rfr) = sy'z(Bz)"
z(Br)"y(1+rfx) = sy'z(bx)"Bx

(B2 (1 +rBr) = a(Ba)'ysBa.

Since S is a cancellative and (z5)x # 0, it follows that we may cancel z(Sx)"
, hence 1 4 rfx = sfx. Hence x is a semi-unit in J, and therefore J = S by
Lemma 4.5 . [

The proofs of theorem 4.7 and theorem 4.8 are similar to the proofs of
theorem 6 and theorem 2.12 in [8] and [6] respectively.

Theorem 4.7. An Artinian cancellative I'— semiring has only a finite number
of maximal k-ideals.

Theorem 4.8. Let S be a IT'— semiring such that S = (by,...,b,) is a finitely
generated ideal of S. Then each proper k-ideal B of S is contained in a maximal
k-ideal of S.

Let S be a I'— semiring with identity (1), then each proper k-ideal of S is
contained in maximal k-ideal of S.
The proof is immediate by S = (1).
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lemma 4.9. Let S be a I'—semiring and let a € S. Then a is a semi-unit of
S if and only if a lies outside each k-maximal ideal of S.

Proof. By lemma 4.5 (ii), if a € S then cl(Sva) is k-ideal of S. Then from
lemma 4.5 (i) a is a semi-unit of S if and only if S = ¢l(STa). First, suppose
that a is a semi-unite of S and let a € M for some maximal k-ideal M of S.
Since Sva is k-ideal then Svya = cl(Sva). Then we should have Sya € M & S,
so that a could not be a semi-unit of S. Conversely, if a were not a semi-unit
of S, then 1+ raa = sfa holds for no r,s € S,a, 8 € I'. Hence, 1 ¢ cl(Sva)
yields that cl(Sva) is a proper k-ideal of S by Lemma 4.5 (ii). By Corollary 4
, cl(S~va) C J for some maximal k-ideal J of S; but this would contradict the
fact that a lies outside each maximal k-ideal of S. O

Theorem 4.10. Let S be a I'— semiring. Then S is a local I'—semiring if and
only if the set of non-semi-unit elements of S is k-ideal.

Proof. Assume that S is a local I'— semiring with unique maximal k-ideal P. By
Lemma 4.9, P is precisely the set of non-semi-unit elements of S. Conversely,
assume that the set of non-semi-units of S is a k-ideal I of S (so I # S since 1
is a semi-unit of S). Since S is not trivial, it has at least one maximal k-ideal:
let J be one such. By Lemma 4.9, J consists of non-semi-units of S, and so J
C I cCS. Thus I = J since J is k-maximal. We have thus shown that S has
at least one maximal k-ideal, and for any maximal k-ideal of S must be equal
to L. O

Definition 4.4. In a I'— semiring . Two ideals I and T of S are called
comazimal if I +T = S. The ideals {I;}}_, of S are said to be pairwise
comazimal if Iy +1; = S for any 1 <k < j < n.

The following two results can be easily proved for a I'— semiring as proved
in the case of a semiring [10] .

Proposition 4.2. Let S be a I'—semiring. Then the following statements hold:
1. If the ideals I,T of S are comaximal, then INT = IT.
2. If the ideals {I};}}_, of S are pairwise comazimal, then Nj_, I, = [[,_; Ix.

3. If {Wr}i_, is a set of n distinct mazimal ideals of S, then they are pair-
wise comazimal and Nj_ Wy, = T[7_, Wi..

Theorem 4.11. If S is an Artinian I'— semiring, then S is semi-local.

Now , in the next proposition we can represented each k-ideal in a I'—semiring
as an intersection of a finite number of irreducible k-ideals
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Proposition 4.3. Let S be a Noetherian I'—semiring. Then every k-ideal of S
can be represented as an intersection of a finite number of irreducible k-ideals

of S.

Proof. Let M be the set of all k-ideals of S which are not a finite intersection of
irreducible k-ideals of S. We claim that M = ¢. On the contrary, assume that
M +# ¢. Since S is Noetherian, M has a maximal element N. Since N € M,
it is not a finite intersection of irreducible k-ideals of S. Especially it is not
irreducible, which means that there are k-ideals A and B properly containing N
with N = AN B. Since N is a maximal element of M, A, B ¢ M. Therefore A
and B are a finite intersection of irreducible k-ideals of S. But, then N = ANB
is a finite intersection of irreducible k-ideals of S, a contradiction.

O

5 Decomposition of ideals

In this section we introduced the notion of radical ideal , primary ideal and
discuss their properties and study the relations between them.

Radical Ideals

First we recall the following definition from [18§] .

Definition 5.1. Let I be an ideal of a I'— semiring S. Then radical of I is
defined as the set of all elements x € S such that (xa)"x € I for somen € Z*
for all « € T and it is denoted by /1.

Proposition 5.1. Let S be a I'— semiring and I, J be ideals of S. Then the
following statements hold:

1. I C J implies that VI CVJ .
2. 1C VI and VT =1

3. VITT =VINJ =vVINnVJ.
4. VI=8 < I=5.

5. NT+J=VVI+VI.

Proof. 1- Straightforward.

2- let z € I then 2T’z € I, so for all @ € I and n=1 zaz € I ;50 z € V1.
Hence I C V.

Next we well prove that vI = /v . Take z € +/+/I this implies
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xfxfxf ... ... x)B)™(xf)"x € 1,
xf(xpxf. .. ... xf))"™(zf) "z € 1,
(zB) )™ (@p) "z € 1,
zB)™ ) (zp) € 1,

@By € 1

=T € \/7,

= VI € VT and from(2) VT € V/VT,
= V=TI

since IT'J C I'NJ C I and J, then from (1) we have:

L4 3=

VITJ CVINJ, (9)

since INJ CTand INJ CJ,then VINJ CVIand VINJ CVJ,
it follows that vINJ C VINVI . Conversely , let x € VINVJ then
z € VI and z € V/J, then for each a € T, there exist positive integers n
and m satisfying: (za)"x € I and (za)™z € J

= ((za)"z)a((za)™z) € IT'J
= (rarazaza...... za)ra((za)™z) € ITJ
= za(razraza. .. ... za)((za)™x) € IT'J
= (za)" " ((za)™z) € ITJ
= (za)"t™ty € ITJ

=z € VITJ

=VInvJ C VILJ

=VINVJCVITJ C VINJ from (1).

Hence, VITJ =VINJ =VINVJ.

If /T = S then we will prove I = S . Suppose that I € S ,so VI C
VS = S from (1), which is a contradiction with assumption. Hence
I==5

If I = S then we will prove v/I = S. Since I C v/T and I = S then ,
ScVI (10)
since I C S then by (1) VI C VS, but VS =S then

Vics (11)
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Therefore from (10) and (11) , VI = S.

]

A nonempty subset W of a I'— semiring S is said to be a multiplicatively
closed set (for short an MC— set) if 1 € W and for all wy,wy, € W,y € T’
we have wyyws € W.In other words, W is an MC—set if and only if it is a
submonoid of (S, .).It is clear that an ideal P of S is a prime ideal of S if and
only if S — P is an MC—set.

Theorem 5.1. Let S be a I'— semiring and I an ideal of S. Then the following
statements hold:

1. VI = pevn P, where V(I) = {P € space(S): I C P}.
2. VT is an ideal of S.

Proof. 1- let € v/T , then for each 8 € T there exists positive integer n such
that (z8)"x € I , but I C P then (zf)"x € P , this implies (z5)"z € NP
Hence VT C Mpev(nP . Now let a € Nyey (P but a 7 V1. Tt is clear that
W, = {(af)"a : n > 0} is an MC— set of S disjoint from I. since a ¢ /I then
(aB)"a ¢ I and by proposition 5.1 (aB)"a ¢ v/ , it follows /T disjoint from
W, .Hence v/T is prime ideal containing I and not containing a , which is a
contradiction with assumption . So Npey(n P C V/I. Therefore /T = Npev ()P

2- Since v/T is an intersection of some ideals, it is an ideal and this completes
the proof.
m

Primary ideals

In this section , we introduce primary ideals and D-primary ideal , then we
prove the uniqueness of the reduced primary decomposition of k-ideal of a
['—semiring.

Definition 5.2. [6] An ideal P of I'— semiring S is said to be primary ideal
of Sifray € Pa €l x,y € S thenx € P or (yB8)*y € P, for all B €T for a
positive integer n.

Theorem 5.2. Let S be a Noetherian I'— semiring and I a k- ideal of S. If I
15 wrreducible, then it is primary.

Proof. Let I be a non-primary ideal of S. This means that there are s, t € S |
~v € I' such that syt € I but ¢t ¢ I and (sf)"s ¢ [ for all n € N. Since syt € I,
t € [I :s]. Now by proposition 3.3, we have that [ : s] and [ : (s8)"] C
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[[1:(sB)"] : s] C[I:(sB)"], which gives us the following ascending chain of
ideals: I C [I:s]| C[I:spBs] C[I:sBsps] C[I:sPsPsfs] C ... 11 : (sB)"s].
Since S is Noetherian, this chain must stop somewhere, which means that there
is some m € N such that [ : (s8)™s] = [I : (s8)™"'s] for any ¢ > 0. Our claim
is that I = [I : (sB)™s]N(I+((s8™s)). Obviously,[I : (s8)™s] and [I+((s5)™s)
contain I.

Now let x € [I : (sB)™s] N (I + ((sp™s)). Since = € I + (s)™s, there are
some y € I,z € S such that x = y + z5(s8)™s. But x € [I : (s5)™s], which
means that yB(sB)"s+ z6(s8)™sB(sB)"s = xB(sB)™s € I. Since I is a k-ideal
of S, we have z8(sf)*"™'s € I, which means that z € [I : (s8)*""'s].But
[I: (sB)*™Hs] = [I: (sB)™s] , so zB(sB)™s € I and this finally causes = € I.
This means that I is reducible, the thing it was required to have shown.

[

Theorem 5.3. If S is a Noetherian I'— semiring, then every proper k-ideal is
a finite intersection of primary k-ideals.

Proof. This follows from theorem 3.2 and theorem 5.2. [

Now, we define the concept of cyclic ideals in a I'— semiring as the following

Definition 5.3. A proper ideals STa and STb of a U'— semiring S is said to
be cyclic ideals if STa N STb C I, then eithera € I orb e I.

Proposition 5.2. Let I be an ideal of I'— semiring S. Then the following
holds:
I is a strongly irreducible ideal , then STa and STb are cyclic ideals of S.

Proof. Let J and K be ideals of S such that J N K C I; we show that either
J CIor K CI. Suppose J € I. Then there exists a € J such that a ¢ I.
if a € Jthen STJ C J = STa C J . and if b € K then STb C K. =
STanSTbC JN K Then forallbe K,STanSIbC JNK CI,sobel, as
required. O]

Definition 5.4. If P is a primary ideal of S and /P = D, then P is said to
be D-primary.

Proposition 5.3. If P is an ideal of a T'— semiring S such that /P € Max(S),
then P is a primary ideal of S. In particular, any power of a mazimal ideal is
a primary ideal.

Proof. Let P be an ideal of a I'— semiring S and v/P = m such that m €
Max(S). Take zay € P,a € I' such that (y8)"y ¢ P , then y ¢ P . Since
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VP = m is a maximal ideal of S, v/P+ < y >= S. This implies that
VP + /< y>=>9

= VP +y<yS =5
=>+VP+<y>=S

= P+ <y >=.S5, by proposition 5.1

which means that there are a € P and ¢ € S such that a+ ¢fy = 1. From this,
we get that

aax + cfyaxr = laz.

aqx + cfray = x.

Since a, xay € P, we get that © € P and this finishes the proof. O]
Theorem 5.4. Let Py, Py, Ps,...... , P,. be primary ideals in an I'— semir-
ing S. If /P, = P for each i = 1,2,...... ,n, then NI, P; is primary and

Proof. Let aab € N P; where a,b € S and o € I'If a ¢ N}, P, then there
exist P; € NI, P; such that a ¢ P; where 1 < s < n ,then (b3)"b € P; for
some n > 1. So b € \/P, = P, hence (b3)°b € Piwhere 1 <i < n — 1, since
P; is P-Primary . Let K = maz(n,s) then (b8)b € N, P; . Now z € P
implies (z8)'z € NP, P;,t > 1 .Hence P C /N"_, P; . Conversely, Proposition

5.1 implies that /N, P, C v/P; = P. Thus

VP =P

The following argument will show that N, F; is primary. Let a,b € S and
a € I' such that aab € NI, P; and b ¢ P. Since each P, is primary, aab € P;,
and b ¢ P = /P, then (ba)"b & P, for each i, it follows that a € P; for each
1=1,2,...,n. Thus, a € N, P,. O]

The following proposition will be used to prove the uniqueness of reduced
primary decomposition of k-ideals in I'— semirings.

Proposition 5.4. Let S be a I'— semiring, x an element of S and P be a
D-primary ideal. The following statements hold:

1. Ifx € P, then [P :x] = S.
2. Ifx ¢ P, then [P : x| is a D-Primary and /[P : x] = D.
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3. Ifv¢ D, then [P:z]=P

Proof. The proof of the statements (1) and (3) is straightforward. We only
prove (2) : it is obvious that P C [P : z] .Now take y € [P : z| .So yax € P,
since z ¢ P ,then (yB)"y € P, hence y € /P = D. This means that P C [P :
z] € D and therefore by taking radical, we get /P C /[P : 2] € VVP =P
implies that /[P :z] = VP = D. Now, we show that [P : z] is a primary
ideal of S. Assume that for each o € I';aab € [P : z] and b ¢ /[P : x], then
aabfx € P and P is D-Primary ideal of S which implies that either aaxz € Por
(bB)"b€ P sobe /P =D thenbe /[P:a],thusac [P:x]

The following theorem is an immediate consequence of definition 5.1.

Theorem 5.5. If P is a proper ideal in a I'— semiring S, then the following
statements are equivalent:

1. P s Primary ;

2. ifa,be S, a €T such that a ¢ P and aab € P, then b € \/P;

3. ifa,be S, a €T such that aob € P and b ¢ /P, then a € P.

We now present the notion of primary decomposition of k-ideals as follows:

Definition 5.5. Let I be a k-ideal of a I'— semiring S. Then I is said to have
a primary decomposition if I can be expressed as [ = N} | P; , where each P; is
a primary ideal of S.

A primary decomposition of the type I = N, P; , with /P; = Q; is called
a reduced primary decomposition of I, if );’s are distinct and I cannot
be expressed as an intersection of a proper subset of ideals P; in the primary
decomposition of I. A reduced primary decomposition can be obtained from
any primary decomposition by deleting those P; that contains M, ;P and
grouping together all distinct v/FP;’s.

Now , we prove the uniqueness of the reduced primary decomposition of a
k-ideals of a I'—semiring as follows:

Theorem 5.6. [Uniqueness of Primary Decomposition] Let S be a commuta-
tive Noetherian I'— semiring and I a k-ideal of S. If I = N7_, P; is a reduced pri-
mary decomposition of [ with /P; = Q; fori =1,2...n, then {Q1,Q, . ... .. Qn}t =
{Prime ideals Q|3z € S such that Q = +/[I : x|}. The set {Q1,Qq,...... Qn}

1s independent of the particular reduced primary decomposition chosen for I.
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Proof. Let x € S. Then \/[I 1 2] = /(ML Pt ) = N/ (F 1 2) = ML) op,
by proposition 5.4 (2) and therefore, \/[I : z] C @, for all i = 1,2...... M.
Also, if \/[I : x] is prime, then [['_, Q; € N, ,.p Qi = /[] : ] implies that
Q; C \/[[:x] for some i = 1,2...... ,n . Thus, we have { Prime ideals
Q|3z € S such that Q = /[I : z]} C{Q1,Q2,...... Qn}

On the other hand, for ¢ € {1,2...... ,n}, we have M, . ,P; € P, as
the primary decomposition is reduced. So there exists some z; € Nj_; ;. P;
and z; ¢ P. If y € [P : x;], then for each a € ' | yax; € P;, and yax; €
(M5_y ;2 P5) N Py = I which implies that y € [I : ;. Thus, [P; : ;] C [I :
x| C [P :a) a8l C P. So [P, :x;] = [I: x;) implies that \/[P; : 2] =
VI :x;] = Q; by proposition 5.4 (2). Hence {Q1,Q2,...... Q.} = {Prime
ideals Q|3z € S such that Q = /[1 : x;]} O
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