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IDENTIFICATION OF BEREZIN-TOEPLITZ DEFORMATION

QUANTIZATION

ALEXANDER V . KARABEGOV AND M ART IN SCHL ICH ENM A lER

ABSTRACT . W e g ive a com p le te id en tifica tion o f th e defo rm ation quan tiza tion w h ich

w as ob ta in ed £ rom the B erez in - T oep litz quan tiza tion on an arb itra ry com pac t K äh le r

m an ifo ld . T he defo rm ation quan tiza tion w ith th e oppo site s ta r-p roduc t p roves to be

a d iffe ren tia l d e fo rm ation quan tiza tion w ith sepa ra tion o f va riab les w hose dass ify ing

fo rm is exp lic itly ca lcu la ted . Its cha rac te ris tic d ass (w h ich dass ifie s s ta r-p roduc ts

up to equ iv a lence ) is ob ta in ed . T he p roo f is b ased on the m ic ro lo ca l d esc rip tion o f

th e S zegö kerne l o f a s tric tly p seudoconvex dom ain g iv en by B ou te t d e M onve l and

S jö strand .

1. IN TRODUCT ION

In th e sem ina l w o rk [1 ] B ayen , F la to , F ron sda l, L ichnerow icz and S te rnhe im er d rew

the a tten tion o f bo th phy sica l and m athem atica l comm un itie s to a w eIl po sed m athe -

m atica l p rob lem o f desc rib ing and c lass ify ing up to som e na tu ra l equ iv a lence th e fo rm al

assoc ia tiv e d iffe ren tia l d e fo rm ation s o f th e a lg eb ra o f sm oo th func tion s on a m an ifo ld .

T he defo rm ed assoc ia tiv e p roduc t is trad itiona lly deno ted * and ca lled sta r-p roduc t.
If th e m an ifo ld ca rrie s a Po isson stru c tu re , o r a sym p lec tic s tru c tu re (L e . a non -

degenera te P o isson stru c tu re ) o r even m ore spec ific if th e m an ifo ld is aK äh le r m an ifo ld

w ith sym p lec tic s tru c tu re com ing from the K äh le r fo rm one na tu ra lly ask s fo r a de -

fo rm ation o f th e a lg eb ra o f sm oo th func tion s in th e "d irec tion " o f th e g iv en Po isson

stru c tu re . A cco rd ing to [1 ] th is d e fo rm ation is trea ted as a quan tiza tion o f th e co rre -

spond ing Po isson m an ifo ld .

D ue to w o rk o f D e W ilde and L ecom te [14 ] ' F edo sov [18 ] ' and Om ori, M aeda and

Y osh ioka [32 ] it is know n tha t eve ry sym p lec tic m an ifo ld adm its ade fo rm ation quan -

tiza tion in th is sen se . T he defo rm ation quan tiza tion s fo r a fix ed sym p lec tic s tru c tu re
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2 A .V . K A RA BEGOV AND M . SCH L ICH ENM A lER

ean b e c la ss if ied U p to equ iv a len ee by fo rm a l p ow e r se rie s w ith eo e ff ic ien ts in tw o -

d im en s io n a l eo hom o lo gy o f th e und e rly in g m an ifo ld , se e [5 ] , [1 5 ], [1 7 ], [3 1 ], [4 0 ]. K on t-

sev ieh [2 7 ] sh ow ed th a t ev e ry P o isso n m an ifo ld adm its ad e fo rm a tio n qu an tiz a tio n and

th a t th e equ iv a len ee c la sse s o f d e fo rm a tio n qu an tiz a tio n s o n a P o isso n m an ifo ld ean b e

p a ram e triz ed by th e fo rm a l d e fo rm a tio n s o f th e P o isso n s tru e tu re .

D esp ite th e g en e ra l ex is ten ee and c la ss if ie a tio n th eo rem s it is o f im po rtan ee to s tu d y

d e fo rm a tio n qu an tiz a tio n fo r m an ifo ld s w ith add itio n a l g eom e trie s tru e tu re an d a sk fo r

d e fo rm a tio n qu an tiz a tio n s re sp ee tin g in a ee rta in sen se th is ad d itio n a l s tru e tu re . E x am -

p Ie s o f th is ad d itio n a l s tru e tu re a re th e s tru e tu re o f a eom p lex m an ifo ld o r sym m e trie s

o f th e m an ifo ld .

A no th e r n a tu ra l q u e s tio n in th is eo n tex t is h ow som e n a tu ra lly d e fin ed d e fo rm a tio n

qu an tiz a tio n s fit in to th e c la ss if ie a tio n o f a ll d e fo rm a tio n qu an tiz a tio n s .

In th is a rtic le w e w ill d ea l w ith K äh le r m an ifo ld s . Q u an tiz a tio n o f K äh le r m an ifo ld s

v ia sym bo l a lg eb ra s w as eon s id e red by B e rez in in th e fram ew o rk o f h is q u an tiz a tio n

p ro g ram dev e lo p ed in [3 ] '[4 ] . In th is p ro g ram B erez in eon s id e red sym bo l a lg eb ra s w ith

th e sym bo l p ro du e t d ep end in g on a sm a ll p a ram e te r 1i w h ieh h a s a p re se rib ed sem i-

c la ss ie a l b eh av io r a s 1i ---+ O . T o th is en d h e in tro d u eed th e eov a rian t an d eon trav a rian t

sym bo ls o n K äh le r m an ifo ld s . H ow ev e r, in o rd e r to s tu d y qu an tiz a tio n v ia sym bo l a l-

g eb ra s o n K äh le r m an ifo ld s h e , a s w e ll a s m o s t o f h is su eee sso rs , w as fo reed to eon s id e r

K äh le r m an ifo ld s w h ieh sa tis fy v e ry re s tr ie tiv e an a ly tie eo nd itio n s . T h e se eond itio n s

w e re sh ow n to b e m e t b y ee rta in c la sse s o f h om ogen eou s K äh le r m an ifo ld s , e .g ., C
n
,

g en e ra liz ed £ lag m an ifo~ d s , H e rm itian sym m e trie d om a in s e te . T h e d e fo rm a tio n qu an -

tiz a tio n ob ta in ed from th e a sym p to tie ex p an s io n in 1i a s 1i ---+ 0 o f th e p ro du e t o f

B e rez in 's eo v a rian t sym bo ls o n th e se c la sse s o f K äh le r m an ifo ld s w as s tu d ied in a num -

b e r o fp ap e rs b y M o reno , O rteg a -N av a rro ([2 9 ] ' [3 0 ]) ; C ah en , G u tt, R aw n s ley ([1 1 ] ' [1 2 ] '

[1 3 ]) ; se e a lso [2 5 ]. T h is d e fo rm a tio n qu an tiz a tio n is d iffe ren tia l an d re sp ee ts th e sep -

a ra tio n o f v a riab le s in to h o lom o rph ie an d an ti- h o lom o rph ie o n e s in th e sen se th a t le f t

s ta r-m u ltip lie a tio n (L e . th e m u ltip lie a tio n w ith re sp ee t to th ed e fo rm ed p ro du e t) w ith

lo ea l h o lom o rph ie fu n e tio n s is p o in tw ise m u ltip lie a tio n , an d rig h t s ta r-m u ltip lie a tio n

w ith lo ea l an ti-h o lom o rph ie fu n e tio n s is a lso po in t-w ise m u ltip lie a tio n , se e S ee tio n 2

fo r th e p rec ise d e fin itio n . I t w as sh ow n in [2 2 ] th a t su eh d e fo rm a tio n qu an tiz a tio n s

"w ith sep a ra tio n o f v a riab le s" ex is t fo r ev e ry K äh le r m an ifo ld . M o reov e r, a eom p le te

c la ss if ie a tio n (n o t o n ly up to equ iv a len ee ) o f a ll d iffe ren tia l d e fo rm a tio n qu an tiz a tio n s

w ith sep a ra tio n o f v a riab le s w as g iv en . T h ey a re p a ram e te riz ed by fo rm a l c lo sed fo rm s

o f ty p e (1 , 1 ) . T h e b a s ie re su lts a re sk e teh ed in S ee tio n 2 b e low . In d ep end en tly a

s im ila r ex is ten ee th eo rem w as p ro v en by B o rd em ann and W aldm ann [7 ] a lo n g th e lin e s

o f F edo sov 's eo n s tru e tio n . T h e eo rre sp ond in g c la ss ify in g (l,l) -fo rm w as ea lcu la ted in

[2 6 ]. Y e t an o th e r eo n s tru e tio n w as g iv en by R esh e tik h in and T akh ta jan in [3 4 ]. T h ey

d ire e tly d e riv e it from B erez in 's in teg ra l fo rm u la s w h ieh a re tre a ted fo rm a lly , L e ., w ith

th e u se o f th e fo rm a l m e th od o f s ta tio n a ry ph a se . T h e c la ss ify in g fo rm o f d e fo rm a tio n

qu an tiz a tio n from [34 ] ean b e ea s ily o b ta in ed by th e m e th od s d ev e lo p ed in th is p ap e r.
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In [16] Englis ob tained asym pto tic expansion of B erezin transform on a quite general

class of com plex dom ains w hich do not satisfy the conditions im posed by Berezin .

For general com pact K ähler m anifo lds (M, w-d which are quantizab le , L e. adm it a

quantum line bundle L it w as shown by Bordem ann, M einrenken and Schlichenm aier [6]

that the correspondence betw een the Bereziri- Toeplitz operators and their contravarian t

sym bols associated to Lm has the correct sem i-classical behavior as m -t 00. Moreover,

it w as shown in [35]'[36]' [38] that it is possib le to define adeform ation quantization

via th is correspondence. For th is purpose one can not use the product of contravarian t

sym bols since in general it can not be correctly defined .

The approach of [6] w as based on the theory of generalized Toeplitz operators due to

Boutet de M onvel and Guillem in [8], w hich w as also used by Guillem in [19] in h is proof

of the ex istence of deform ation quantizations on com pact sym plectic m anifo lds.

The deform ation quantization obtained in [35]'[36]'w hich w e call the B erezin-Toeplitz

deform ation quantization , is defined in a natural w ay related to the com plex structure .

It fu lfils the condition to be 'nu ll on constan ts ' (L e. 1 * 9 = 9 * 1 = g), it is self-ad jo in t

(Le. / * 9 = 9 *1), and adm its a trace of certain type (see [38] for details).

A s one of the resu lts of th is artic le w e w ill show that the B erezin- Toeplitz deforll1 ;ation

quantization is d ifferen tia l and has the property of separation of variab les, though

w ith the ro les of holom orphic and antiho lom orphic variab les sw apped . To com ply w ith

the conventions of [22] w e consider the opposite to the B erezin- Toeplitz deform ation

quantization (Le., the deform ation quantization w ith the opposite star-product) w hich

is adeform ation quantization w ith separation of variab les in the usual sense.

W e w ill show how the Berezin- Toeplitz deform ation quantization fits in to the classi-

fication schem e of [22]. N am ely , w e w ill show that the classify ing form al (1 ,1)-form of

its opposite deform ation quantization is

----1

(1.1)
_ 1
w = --W-l + Wcan,

1J

where 1/ is the form al param eter, W -l is the K ähler form we started w ith and Wcan is the

closed curvature (1 ,1)-form of the canonicalline bundle of M w ith the H erm itian fibre

m etric determ ined by the sym plectic volum e. U sing [23] and (1 .1) w e w ill calcu late

the classify ing cohom ology class (classify ing up to equivalence) of the B erezin- Toeplitz

deform ation quantization . This class w as first calcu lated by E . H awkins in [20] by K -

theoretic m ethods w ith the use of the index theorem for deform ation quantization ([17]'

[31]).

In deform ation quantization w ith separation of variab les an im portan t ro le is p layed

by the form al B erezin transform f Ho 1(/) (see [24]). In th is paper w e associate to

adeform ation quantization w ith separation of variab les also a non-associative "form al

tw isted product" (/, g) Ho Q(/, g). Here the im ages are alw ays in the form al pow er series

over the space Coo (M). In the com pact K ähler case by considering all tensor pow ers

Lm of the line bundle Land w ith the help of B erezin-R awnsley 's coheren t states [33]'

it is possib le to in troduce for every level m the Berezin transform 1(m) and also som e
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" tw is te d p ro d u c t" Q(m). T h e k ey re su lt o f th is a r t ic le is th a t th e a n a ly tic a sym p to tic

e x p a n s io n s o f I(m), re sp . o f Q(m) d e f in e fo rm a l o b je c ts w h ic h c o in c id e w ith la n d Q fo r

som e d e fo rm a tio n q u a n tiz a tio n w ith se p a ra tio n o f v a r ia b le s w h o se c la s s ify in g fo rm w is

c om p le te ly d e te rm in e d in te rm s o f th e fo rm w (T h e o rem 5 .9 ) . T o p ro v e th is w e u se th e

in te g ra l re p re s e n ta tio n o f th e S z e g ö k e rn e io n a s tr ic t ly p se u d o c o n v ex d om a in o b ta in e d

b y B o u te t d e M o n v e l a n d S jö s tra n d in [9 ] a n d a th e o rem b y Z e ld itc h [4 1 ] b a se d o n [9 ] .

W e a lso u se th e m e th o d o f s ta tio n a ry p h a se a n d in tro d u c e its fo rm a l c o u n te rp a r t w h ic h

w e c a ll " fo rm a l in te g ra l" .

S in c e th e a n a ly tic B e re z in tra n s fo rm I(m) h a s th e a sym p to tic s g iv e n b y th e fo rm a l

B e re z in tra n s fo rm it fo llow s a lso th a t th e fo rm e r h a s th e e x p a n s io n

1 1
(1.2) I(m) = id+ -ß + 0(-),

m m2

w h e re ß is th e L ap la c e -B e ltram i o p e ra to r o n M.

I t is w o r th m en tio n in g th a t th e a b o v e fo rm a l fo rm w is th e fo rm a l o b je c t c o r re sp o n d -

in g to th e a sym p to tic e x p a n s io n o f th e p u llb a c k o f th eF u b in i-S tu d y fo rm v ia K o d a ira

em b ed d in g o f M in to th e p ro je c tiv e sp a c e re la te d to Lm a s m --+ + 0 0 . T h is a sym p to tic

e x p a n s io n w a s o b ta in e d b y Z e ld itc h in [4 1 ] a s a g e n e ra liz a tio n o f a th e o rem b y T ia n

[3 9 ] .

T h e a r tic le is o rg a n iz e d a s fo llow s . In S e c tio n 2 w e re c a ll th e b a s ic n o tio n s o f d e fo rm a -

tio n q u a n tiz a tio n a n d th e c o n s tru c tio n o f th e d e fo rm a tio n q u a n tiz a tio n w ith se p a ra tio n

o f v a r ia b le s g iv e n b y a fo rm a l d e fo rm a tio n o f a (p se u d o - )K äh le r fo rm .

In S e c tio n 3 fo rm a l in te g ra ls a re in tro d u c e d . C e r ta in b a s ic p ro p e r tie s , l ik e u n iq u e n e s s

a re sh ow n .

In S e c tio n 4 th e c o v a r ia n t a n d c o n tra v a r ia n t sym b o ls a re in tro d u c e d . U s in g B e re z in -

T o ep litz o p e ra to rs th e tra n s fo rm a tio n I(m) a n d th e tw is te d p ro d u c t Q(m) a re in tro d u c e d .

In te g ra l fo rm u la s fo r th em u s in g 2 -p o in t, re sp . c y c lic 3 -p o in t fu n c tio n s d e f in e d v ia th e

sc a la r p ro d u c t o f c o h e re n t s ta te s a re g iv e n .

S e c tio n 5 c o n ta in s th e k e y re su lt th a t I(m) a n d Q(m) a dm it a w e ll-d e f in e d a sym p to tic

e x p a n s io n a n d th a t th e fo rm a l o b je c ts c o r re sp o n d in g to th e se e x p a n s io n s a re g iv e n b y

la n d Q re sp e c tiv e ly .

F in a lly in S e c tio n 6 th e B e re z in - T o ep litz s ta r p ro d u c t is id e n tif ie d w ith th e h e lp o f

th e re su lts o b ta in e d in S e c tio n 5 .

A ck n ow le d g em en ts . W e w o u ld lik e to th a n k B o r is F e d o so v fo r in te re s tin g d is c u s -

s io n s a n d M iro s la v E n g lis fo r b r in g in g th e w o rk o f Z e ld itc h to o u r a tte n tio n . A .K .

th a n k s th e A le x a n d e r v o n H um b o ld t fo u n d a tio n a n d th e D FG fo r su p p o r t a n d th e

D ep a r tm en t o f M a th em a tic s a t th e U n iv e rs ity o f M an n h e im fo r a w a rm h o sp ita li ty .
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2 . D E F O R M A T IO N Q U A N T IZ A T IO N S W IT H S E P A R A T IO N O F V A R IA B L E S

G iv e n a v e c to r s p a c e V, w e c a l l t h e e l e m e n t s o f th e s p a c e o f f o rm a l L a u r e n t s e r i e s

w i th a f in i t e p r in c ip a l p a r t V [v-l, v]] f o rm a l v e c to r s . I n s u c h a w a y w e d e f in e f o rm a l

f u n c t io n s , d i f f e r e n t i a l f o rm s , d i f f e r e n t i a l o p e r a to r s , e t c . H o w e v e r w e s h a l l o f t e n c a l l

t h e s e f o rm a l o b je c t s ju s t f u n c t io n s , o p e r a to r s , a n d s o o n , o m i t t i n g th e w o r d f o rm a l .

N o w a s s u m e th a t V i s a H a u s d o r f f to p o lo g ic a l v e c to r s p a c e a n d v(m), m E lR , i s a

f a m i ly o f v e c to r s in V w h ic h a d m i t s a n a s y m p to t i c e x p a n s io n a s m -+ 0 0 , v( m ) r v

Lr> ro (l/m r)vr, w h e r e ro E Z . I n o r d e r to a s s o c i a t e to s u c h a s y m p to t i c f a m i l i e s th e c o r -

r e s p o n d in g f o rm a l v e c to r s w e u s e th e " f o rm a l i z e r " lF : v(m ) t - - - + Lr> ro vrvr E V [v-l, v J ] .

L e t (M , W -1) b e a r e a l s y m p le c t i c m a n i f o ld o f d im e n s io n 2n . F o r a n y o p e n s u b s e t

U e M d e n o te b y F (U ) = COO (U )[v-l, v J ] th e s p a c e o f f o rm a l s m o o th c o m p le x - v a lu e d

f u n c t io n s o n U . S e t F = F (M ). D e n o te b y IK = C [v-1 , v]] t h e f i e ld o f f o rm a l n u m b e r s .

A d e f o rm a t io n q u a n t i z a t io n o n (M , w -d i s a n a s s o c i a t i v e IK - a lg e b r a s t r u c tu r e o n F ,

w i th th e p r o d u c t * ( n a m e d s t a r - p r o d u c t ) g iv e n f o r f = L v
j
fj, 9 = L vkgk E F b y

th e f o l lo w in g f o rm u la :

( 2 .1 ) f*g=Lvr L C i(fj,gk)'

r i+ j+ k= r

I n ( 2 .1 ) C n r = 0 ,1 , . . . , i s a s e q u e n c e o f b i l i n e a r m a p p in g s C r : C O O (M ) x C O O (M ) -+

C O O (M ) w h e r e Co(< p ,~ ) = <p~ a n d C1(<P ,~ ) - C 1(~ ,<P ) = i{< p ,~ } f o r <p,~ E C O O (M )

a n d { - , .} i s th e P o i s s o n b r a c k e t c o r r e s p o n d in g to th e f o rm W -1 .

T w o d e f o rm a t io n q u a n t i z a t io n s (F , * 1 ) a n d (F , * 2 ) o n (M , w -d a r e c a l l e d e q u iv a l e n t

i f t h e r e e x i s t s a n i s o m o r p h i s m o f a lg e b r a s B : (F , * d -+ (F , * 2 ) o f th e f o rm B =

1 + vB1 + v2 B 2 + ... , w h e r e Bk a r e l in e a r e n d o m o r p h i s m s o f C O O (M ) .

W e s h a l l c o n s id e r o n ly th o s e d e f o rm a t io n q u a n t i z a t io n s f o r w h ic h th e u n i t c o n s t a n t

1 i s th e u n i t i n th e a lg e b r a (F , * ) .

I f a l l C n r ~ 0 , a r e lo c a l , i . e . , b id i f f e r e n t i a l o p e r a to r s , t h e n th e d e f o rm a t io n q u a n t i -

z a t io n i s c a l l e d d i f f e r e n t i a l . T h e e q u iv a l e n c e c l a s s e s o f d i f f e r e n t i a l d e f o rm a t io n q u a n t i -

z a t io n s o n (M , W -1) a r e b i j e c t iv e ly p a r a m e t r i z e d b y th e f o rm a l c o h o m o lo g y c la s s e s f r o m

(1 /iv )[W _1] +H 2(M , C [[v]]). T h e f o rm a l c o h o m o lo g y c la s s p a r a m e t r i z in g a s t a r - p r o d u c t

* i s c a l l e d th e c h a r a c t e r i s t i c c l a s s o f th i s s t a r - p r o d u c t a n d d e n o te d c l (*).
A d i f f e r e n t i a l d e f o rm a t io n q u a n t i z a t io n c a n b e lo c a l i z e d o n a n y o p e n s u b s e t U e M .

T h e c o r r e s p o n d in g s t a r - p r o d u c t o n F(U) w i l l b e d e n o te d a l s o * .

F o r f, 9 E F d e n o te b y L i, R g t h e o p e r a to r s o f l e f t a n d r ig h t m u l t i p l i c a t i o n b y f, 9
r e s p e c t iv e ly in th e a lg e b r a (F , * ) , s o th a t L ig = f * 9 = Rgf. T h e a s s o c i a t i v i t y o f th e

s t a r - p r o d u c t * i s e q u iv a l e n t to th e f a c t th a t L i c o m m u te s w i th R g f o r a l l f, 9 E F . I f

a d e f o rm a t io n q u a n t i z a t io n i s d i f f e r e n t i a l t h e n L i, R g a r e f o rm a l d i f f e r e n t i a l o p e r a to r s .

N o w le t (M , w -d b e p s e u d o -K ä h le r , i . e . , a c o m p le x m a n i f o ld s u c h th a t th e f o rm W -1

i s o f ty p e ( 1 ,1 ) w i th r e s p e c t to th e c o m p le x s t r u c tu r e . W e s a y th a t a d i f f e r e n t i a l d e f o r -

m a t io n q u a n t i z a t io n (F, * ) i s a d e f o rm a t io n q u a n t i z a t io n w i th s e p a r a t io n o f v a r i a b l e s

i f f o r a n y o p e n s u b s e t U e M a n d a n y h o lo m o r p h ic f u n c t io n a a n d a n t ih o lo m o r p h ic
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f u n c t io n b onU th e o p e r a to r s La a n d Rb a r e th e o p e r a to r s o f p o in t -w is e m u l t ip l ic a t io n

b y a a n d b r e s p e c t iv e ly , i .e . , La = a a n d Rb = b .

A fo rm a l f o rm w = (l/V )W -l + W o + VW I + .. . i s c a l le d a fo rm a l d e fo rm a t io n o f th e

fo rm (l/V )W -l i f th e fo rm s W n r ~ 0 , a r e c lo s e d b u t n o t n e c e s s a r i ly n o n d e g e n e r a te

( l , l ) - f o rm s o n M .

I t w a s s h o w n in [2 2 ] th a t a l l d e fo rm a t io n q u a n t iz a t io n s w i th s e p a r a t io n o f v a r ia b le s

o n a p s e u d o -K ä h le r m a n i f o ld (M , W -l) a r e b i je c t iv e ly p a r am e tr iz e d b y th e fo rm a l d e -

f o rm a t io n s o f th e fo rm (l/V )W -l'

R e c a l l h o w th e s ta r - p ro d u c t w i th s e p a r a t io n o f v a r ia b le s * o n M c o r r e s p o n d in g to th e

fo rm a l f o rm W = (l/V )W -l + w o + VW I + .. . i s c o n s t r u c te d . F o r a n a rb i t r a r y c o n t r a c t ib le

c o o rd in a te c h a r t U c M w ith h o lo m o rp h ic c o o rd in a te s {zk} l e t < I> = (l/V )< I> -1 + < I> o +
v< I> l+ ... b e a fo rm a l p o te n t ia l o f th e fo rm W o n U , L e . , w = -i8 a< I> ( n o t ic e th a t in

[ 2 2 ] - [ 2 6 ] a p o te n t ia l < I> o f a c lo s e d (1 ,1 ) - f o rm W i s d e f in e d v ia th e fo rm u la w = i8 a< I» .

T h e s ta r - p ro d u c t c o r r e s p o n d in g to th e fo rm w i s s u c h th a t Lacpjazk = 8< I> /8 zk+ 8 /8 zk

a n d Racpjazl = 8< I> /8 z1 + 8 /8 z1 o n U. T h e s e t £(U) o f a l l le f t m u l t ip l ic a t io n o p e r a to r s

o n U i s c o m p le te ly d e s c r ib e d a s th e s e t o f a l l f o rm a l d i f f e r e n t ia l o p e r a to r s c o m m u t in g

w i th th e p o in t -w is e m u l t ip l ic a t io n o p e r a to r s b y a n t ih o lo m o rp h ic c o o rd in a te s Rzl = zl
a n d th e o p e r a to r s Racpjazl = 8 < I> /8 z1 + 8 / 8 z l. O n e c a n im m e d ia te ly r e c o n s t r u c t th e

s ta r - p ro d u c t o n U f r o m th e k n o w le d g e o f £(U). T h e lo c a l s ta r - p ro d u c ts a g r e e o n th e

in te r s e c t io n s o f th e c h a r t s a n d d e f in e th e g lo b a l s ta r - p ro d u c t * o n M .

O n e c a n e x p r e s s th e c h a r a c te r i s t ic c la s s c l(* ) o f th e s ta r - p ro d u c t w i th s e p a r a t io n

o f v a r ia b le s * p a r am e tr iz e d b y th e fo rm a l f o rm w in te rm s o f th is f o rm ( s e e [2 3 ] ) .

U n fo r tu n a te ly , th e r e w e r e w ro n g s ig n s in th e fo rm u la fo r c l(* ) in [ 2 3 ] w h ic h s h o u ld b e

r e a d a s fo l I o w s :

( 2 .2 ) c l(* ) = (l/i)([w ] - e /2 ) ,

w h e re e is ' th e c a n o n ic a l c la s s o f th e c o m p le x m a n if o ld M , L e . , th e f i r s t e h e rn c la s s o f

th e c a n o n ic a l h o lo m o rp h ic l in e b u n d le o n M.

G iv e n a d e fo rm a t io n q u a n t iz a t io n w i th s e p a r a t io n o f v a r ia b le s (F , * ) o n th e p s e u d o -

K ä h le r m a n i f o ld (M , w -d , o n e c a n in t r o d u c e th e fo rm a l B erez in tran sfo rm I a s th e

u n iq u e fo rm a l d i f f e r e n t ia l o p e r a to r o n M s u c h th a t f o r a n y o p e n s u b s e t U c M , h o lo -

m o rp h ic f u n c t io n a , a n d a n t ih o lo m o rp h ic fu n c t io n b o n U th e r e la t io n I(ab ) = b '* a

h o ld s ( s e e [2 4 ] ) . O n e c a n c h e c k th a t I = 1 + vß + .. . , w h e re ß i s th e L a p la c e -B e l t r am i

o p e r a to r c o r r e s p o n d in g to th e p s e u d o -K ä h le r m e t r ic o n M . T h e dua l s ta r - p ro d u c t *
o n M d e f in e d fo r I , 9 E F b y th e fo rm u la I*g = 1-1(lg * 11) i s a s ta r - p ro d u c t w i th

s e p a r a t io n o f v a r ia b le s o n th e p s e u d o -K ä h le r m a n i f o ld (M , -w -d . F o r th is d e fo rm a t io n

q u a n t iz a t io n th e fo rm a l B e r e z in t r a n s fo rm e q u a ls I - I , a n d th u s th e d u a l to * i s a g a in

* .

D e n o te b y W = -(l/V )W -l + W o + VW I + .. . th e fo rm a l f o rm p a r am e tr iz in g th e s ta r -

p ro d u c t * . T h e o p p o s i te to th e d u a l s ta r - p ro d u c t , *' = *O P , g iv e n b y th e fo rm u la 1* ' 9 =

1-1(11* Ig ), a ls o d e f in e s a d e fo rm a t io n q u a n t iz a t io n w i th s e p a r a t io n o f v a r ia b le s o n M

b u t w i th th e ro le s o f h o lo m o rp h ic a n d a n t ih o lo m o rp h ic v a r ia b le s sw a p p e d . D if f e r e n t ly
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sa id , (F , * ') is ad efo rm atio n q u an tiza tio n w ith sep ara tio n o f v ariab les o n th e p seu d o -

. K äh le r m an ifo ld (M , w -d w h ere M is th e m an ifo ld M w ith th e o p p o site co m p lex

stru c tu re . T h e fo rm al B erez in tran sfo rm I estab lish es an eq u iv a len ce o f d efo rm atio n

q u an tiza tio n s (F, * ) an d (F, * ').

In tro d u ce th e fo llo w in g n o n -asso c ia tiv e o p era tio n Q(.,.) o n F . F o r f, 9 E F se t

Q (f,g ) = 1 f* lg = l ( f* ' g ) = l (g * f) . W e sh all ca ll it fo rm al tw isted p ro d u c t. T h e

im p o rtan ce o f th e fo rm al tw isted p ro d u c t w ill b e rev ea led la te r.

A trace d en sity o f ad efo rm atio n q u an tiza tio n (F , * ) o n a sy m p lec tic m an ifo ld M is

a fo rm al v o lu m e fo rm J - l o n M fo r w h ich th e fu n c tio n a l K ,( f) = fM f J - l , f E F, h as th e

trace p ro p erty , K ,( f * g ) = K ,(g * f) fo r a ll f , 9 E F w h ere a t least o n e o f th e fu n c tio n s f , 9

h as co m p ac t su p p o rt. It w as sh o w n in [2 4 ] th a t o n a lo ca l h o lo m o rp h ic ch art (U, { z k } )

an y fo rm al trace d en sity J-l can b e rep resen ted in th e fo rm c(v) ex p (< I>+ w)dzdz, w h ere

c (v ) E IK is a fo rm al co n stan t, dzdz = dz1
.... dzndz1

... dzn
is th e stan d ard v o lu m e o n

U an d < I>= (1/ v ) < I>-1 + ... , w = (1/ v ) w -1 + . .. are fo rm al p o ten tia ls o f th e fo rm s w , W

T esp ec tiv e ly su ch th a t th e re la tio n s

(2.3) 8<I>/8zk
= -1(8w/8zk

) , 8<I>/8zl = -1(8w/8zl
) , an d < I> -1+ W -1 = 0

h o ld . V ice v ersa ; an y su ch fo rm is a fo rm al trace d en sity .

3 . F O R M A L IN T E G R A L S , JE T S , A N D A L M O S T A N A L Y T IC F U N C T IO N S

L et cP = (1 /v )c jJ -1 + cP o + V cP 1 + ... an d J - l = J - lo + V J - l1 + ... b e , resp ec tiv e ly , a

sm o o th co m p lex -v a lu ed fo rm al fu n c tio n an c i a sm o o th fo rm al v o lu m e fo rm o n an o p en

se t U c IR n . A ssu m e th a t x E U is a n o n d eg en era te c ritica l p o in t o f th e fu n c tio n cP -1

an d J - lo d o es n o t v an ish a t x . W e call a IK -lin ear fu n c tio n a l K o n F(U) su ch th a t

(a ) K = K o + vK ~ + ... is a fo rm al d is trib u tio n su p p o rted a t th e p o in t x ;

(b ) K o = .8 x is th e D irac d is trib u tio n a tth e p o in t x ;

(c ) K (1) = 1 (n o rm aliza tio n co n d itio n );

(d ) fo r an y v ec to r fie ld ~ o n U an d f E F (U ) K (~ f + (~ cP + d iv J L ~ ) f) = 0 ,

a (n o rm alized ) fo rm a l in te g ra l a t th e p o in t x a s s o c ia te d to th e p a ir ( c P , J-l).

It is d ear fro m th e d efin itio n th a t a fo rm al in teg ra l a t a p o in t x is in d ep en d en t o f a

p articu la r ch o ice o f th e n e ig h b o rh o o d U an d is ac tu a lly asso c ia ted to th e g erm s o f ( c P , J-l)

a tx . U su a lly w e sh a ll co n sid er a co n trac tib le n e ig h b o rh o o d U su ch th a t J - lo v an ish es

n o w h ere o n U.

W e sh all p ro v e th a t a fo rm al in teg ra l a t th e p o in t x asso c ia ted to th e p a ir ( c P , J-l) is

u n iq u e ly d e te rm in ed . O n e can a lso sh o w th e ex is ten ce o f su ch a fo rm al in teg ra l, b u t

th is fac t w ill n e ith e r b e u sed n o r p ro v ed in w h at fo llQ w s.

W e ca ll tw o p a irs ( c jJ , J - l) an d ( c jJ ', J - l ') eq u iv a len t if th e re ex is ts a fo rm al fu n c tio n u =

U o + V U 1 + ... o n U su ch th a t c jJ '= cP - U , J - l ' = e
U

J - l .

S in ce th e ex p ressio n ~c jJ+ d iv JL~ rem ain s in v arian t if w e rep lace th e p a ir ( c jJ , J-l) b y an

eq u iv a len t o n e , a fo rm al in teg ra l is ac tu a lly asso c ia ted to th e eq u iv a len ce d ass o f th e
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p a i r (1, j.L). T h is m e a n s th a t a f o rm a l in te g r a l a c tu a l ly d e p e n d s o n th e p ro d u c t ecP j.L
w h ic h c a n b e th o u g h t o f a s a p a r t o f th e in te g r a n d o f a " fo rm a l o s c i l la to ry in te g r a l" .

I n th e s e q u e l i t w i l l b e s h o w n th a t o n e c a n d i r e c t ly p ro d u c e fo rm a l in te g r a ls f r o m th e

m e th o d o f s ta t io n a ry p h a s e .

N o t ic e th a t i f K i s a f o rm a l in te g r a l a s s o c ia te d to a p a i r (1, j.L) i t i s th e n a s s o c ia te d

to a n y p a i r (1, c(v)j.L), w h e re c(v) i s a n o n z e ro fo rm a l c o n s ta n t .

I t i s e a s y to s h o w th a t i t i s e n o u g h to c h e c k c o n d i t io n (d ) f o r th e c o o rd in a te v e c to r

f ie ld s 8/8xk o n U. M o re o v e r , i f U i s c o n t r a c t ib le a n d s u c h th a t j.Lo v a n is h e s n o w h e r e o n

i t , o n e c a n c h o o s e a n e q u iv a le n t p a i r o f th e fo rm (1', dx), w h e re dx = dx1 ',' . dxn
i s th e

s ta n d a rd v o lu m e fo rm .

Proposition 3.1. A formal integral K = Ko + vK1 + ... at a point x, associated to a

pair ( 1 = (1/v)1-1 + 1 0 + V11 + ... ,j.L) is uniquely determined.

Proof. W e a s s u m e th a t K i s d e f in e d o n a c o o rd in a te c h a r t (U, {xk}), j.L = dx, a n d ta k e

f E Coo(U). S in c e d iv d x (8 /8 x k ) = 0 , th e la s t c o n d i t io n o f - th e d e f in i t io n o f a fo rm a l

in te g r a l ta k e s th e fo rm -

( 3 .1 )

E q u a t in g to z e ro th e c o e f f ic ie n t a t vr, r 2 : 0 , o f th e l .h .s . o f ( 3 .1 ) w e g e t Kr ( 8 f / 8xk
) + _

~:~~ Ks((81r-s/8xk)f) = 0 , w h ic h c a n b e r e w r i t te n a s a r e c u r r e n t e q u a t io n

(3.2) Kr+1((81-1/8xk)f) = r .h .s . d e p e n d in g o n K j, j ~ r.

S in c e X i s a n o n d e g e n e r a te c r i t ic a l p o in t o f 1-b th e fu n c t io n s 81_1/8xk g e n e r a te th e

id e a l o f f u n c t io n s v a n is h in g a t x. T a k in g in to a c c o u n t th a t Kr+1(1) = 0 fo r r 2 : 0 w e s e e

f r o m (3 .2 ) th a t Kr+1 i s d e te rm in e d u n iq u e ly . T h u s th e p ro o f p ro c e e d s b y in d u c t io n . D

L e t V b e a n o p e n s u b s e t o f a c o m p le x m a n if o ld M a n d Z b e a r e la t iv e ly c lo s e d s u b s e t

o f V. A fu n c t io n f E C o o (V) i s c a l le d a lm o s t a n a ly t ic a t Z i f e f v a n is h e s to in f in i te

o rd e r th e r e .

T w o fu n c t io n s f1, f2 E C o o (V) a r e c a l le d e q u iv a le n t a t Z i f f1 - f2 v a n is h e s to in f in i te

o rd e r th e r e .

C o n s id e r o p e n subsetsU c ]Rn a n d U c (Cn s u c h th a t U = U n ]Rn, a n d a fu n c t io n

f E C o o (U). A fu n c t io n -I E C o o (U) i s c a l le d a n a lm o s t a n a ly t ic e x te n s io n o f f i f i t i s

a lm o s t a n a ly t ic a t U a n d Ilu = f.
I t i s w e I l k n o w n th a t e v e ry f E C o o (U) h a s a n a lm o s t a n a ly t ic e x te n s io n u n iq u e ly

d e te rm in e d u p to e q u iv a le n c e .

F ix a fo rm a l d e fo rm a t io n W - (1/v)w~1 + Wo + VW1 + ... o f th e fo rm (1/v)w_1

o n a p s e u d o -K ä h le r m a n i f o ld (M , w-d. C o n s id e r th e c o r r e s p o n d in g s ta r - p ro d u c t w i th

s e p a r a t io n o f v a r ia b le s *, th e fo rm a l B e r e z in t r a n s fo rm 1 a n d th e fo rm a l tw is te d p ro d u c t

Q o n M. W e a re g o in g to s h o w th a t f o r a n y p o in t x E M th e fu n c t io n a l K; (f) = (1f) (x)
o n F a n d th e fu n c t io n a l Kr; o n F(M x M) s u c h th a t Kr;(f Q9g) = Q(f, g)(x) c a n b e

r e p r e s e n te d a s fo rm a l in te g r a ls .
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L e t U c M b e a c o n t r a c t ib le c o o r d in a te c h a r tw i th h o lo m o rp h ic c o o r d in a te s { zk } .

G iv e n a sm o o th f u n c t io n I (z , z) o n U, w h e r e U i s c o n s id e r e d a s th e d ia g o n a l o f U =

U x U , o n e c a n c h o o s e i t s a lm o s t a n a ly t i c e x te n s io n j(Z l, Z l, Z 2 , Z 2 ) o n U , s o th a t

j(z , Z , z , z ) = I (z , z ) . I t i s a s u b s t i tu t e o f th e h o lom o rp h ic f u n c t io n I (Z l, Z 2 ) o n U
w h ic h in g e n e r a l d o e s n o t e x i s t .

L e t <P = ( ljv )< P _1 + <Po + v< P 1 + ... b e a f o rm a l p o te n t i a l o f th e f o rm w o n U

a n d <I> i t s a lm o s t a n a ly t i c e x te n s io n o n U. I n p a r t i c u la r , <I>(x , x ) . <P (x ) f o r xE,

U. I n t r o d u c e 'a n a n a lo g u e o f th e C a la b i d ia s t a t i c f u n c t io n o n U x U b y th e f o rm u la

D (x , y ) = <I>(x , y ) + < I> (y ,x ) - < P (x ) - < P (y ) . W e s h a l l a l s o u s e th e n o ta t io n D k(x , y ) =

< I> k (X ,y ) + < I> k (y ,x ) - < I> k (X )- < I> k (Y ) s o th a t D = ( ljv )D _1 + D o + vD 1 + ....
L e t w b e th e f o rm a l f o rm c o r r e s p o n d in g to th e d u a l s t a r - p r o d u c t *" o f th e s ta r - p r o d u c t

* . C h o o s e a f o rm a l p o te n t i a l W o f th e f o rm w o n U, s a t i s f y in g e q u a t io n ( 2 .3 ) , s o th a t

J - ltr = eiJ!+'IJ d zd z i s a f o rm a l t r a c e d e n s i ty o f th e s ta r - p r o d u c t * o n U .

Theorem 3.2. F o r a n yp o in t x E U th e fu n c tio n a l K:(/) = (1 1 )(x ) o n :F (U ) is th e

fo rm a l in te g ra l a t x a sso c ia te d to th e p a ir (c jJ x ,J - ltr ) , w h e re c jJ x(y ) = D (x , y ) .

Remark. I n th e p r o o f o f th e th e o r e m w e u s e th e n o t io n o f je t o f o r d e r N o f a f o rm a l

f u n c t io n I = l:v r Ir a t a g iv e n p o in t . I t i s a l s o a f o rm a l o b je c t , th e f o rm a l s e r i e s o f

j e t s o f o r d e r N o f th e f u n c t io n s Ir '

P ro o f. T h e c o n d i t io n th a tx i s a n o n d e g e n e r a te c r i t i c a l p o in t o f th e f u n c t io n c jJ~ l(y ) =

D _1(x, y) d i r e c t ly f o l lo w s f r o m th e f a c t th a t <I>-1 i s a p o te n t i a l o f th e n o n - d e g e n e r a te

( l , l ) - f o rm W -1 . T h e c o n d i t io n s ( a - c ) o f th e d e f in i t io n o f f o rm a l in te g r a l a r e t r iv ia l ly

s a t i s f i e d . I t r e m a in s to c h e c k th e c o n d i t io n ( d ) . R e p la c e th e p a i r (c jJ x , J - ltr ) b y th e

e q u iv a le n t p a i r (c jJ x+ <I>+ w ,d zd z ) = (< I> (x ,y ) + < I> (y ,x ) - < I> (x )+ w (y ) ,d zd z ) . P u t

x = (zo , zo ) , y - (z , z ) . F o r ~ = 8 j8 zk t h e c o n d i t io n ( d ) t a k e s th e f o rm

,I (8 lj8 zk + (8 j8 z
k
)(< I> (zo ,zo ,z ,z ) + < I> (z ,z ,zo ,zo ) + W (z ,z )) /) (zo ,zo ) = o .

W e s h a l l c h e c k i t b y s h o w in g th a t .

( i ) I(8 1 j 8 zk+ ( 8w /8 zk ) I) = - II * (8<I> j 8 zk ) ;

( i i ) 1( (8 <I>(zo , zo ,z , z ) j8 z
k
) /) (zo , zo ) = 0;

( i i i ) I ( (8< I> (z , z , Z o , zo ) j 8 zk ) I) (zo , zo ) = ( I I * 8 <I>j 8 zk ) (zo , zo ) .

F i r s t , 1 (8 I j8 zk+ (8w j8 zk ) /) = 1 ((8w j8 zk)*"/) = 1 1 * 1 (8w j8 z
k
) - -1 1 * (8< I> j8 z

k
) ,

w h ic h p r o v e s ( i ) .

T h e f u n c t io n 'l jJ (z , z ) - < I> (zo ,zo , z , z ) i s a lm o s t a n t ih o lo m o rp h ic a t th e p o in t z = zo o

T h u s , th e f u B je t o f th e f u n c t io n 8 'ljJj 8 zk a t ' t h e p o in t z = Z o i s e q u a l to z e r o , w h ic h

p r o v e s ( i i ) . .

T h e f u n c t io n B (z , z ) = 8< I> (z , z , Z o , zo ) j8 zk i s a lm o s t h o lo m o rp h ic a t th e p o in t z = zo o

F o r a h o lo m o rp h ic f u n c t io n a w e h a v e l(a l) = l(a * " /) = I1* 1 a = II * a . S in c e

I (B I)(zo , zo ) a n d ( I I * B )(zo , zo ) c o n s id e r e d m o d u lo vN d e p e n d o n th e je t s o f f in i t e

o r d e r o f th e f u n c t io n s B a n d I a t th e p o in t ' Zo t a k e n m o d u lo vN' f o r s u f f i c i e n t ly b ig
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N', w e c a n a p p r o x im a t e B b y a f o rm a l h o lo m o r p h i c f u n c t i o n a m a k in g s u r e th a t t h e

j e t s o f s u f f i c i e n t l y h ig h o r d e r o f B a n d a a t t h e p o in t Zo c o in c id e m o d u lo vN'. T h e n

1 ( BI)(zo, 2 0 ) 1 ( al)(zo, zo) ( I I * a) (zo, zo) ( I I * B) (zo, zo) (m o d v
N
). S in c e N

i s a r b i t r a r y , I(B/)(zo,zo) - (11*B)(zo,zo) i d e n t i c a l l y . T h e f u n c t i o n s 8~/8zk a n d B

h a v e id e n t i c a l h o lo m o r p h i c p a r t s o f j e t s a t t h e p o in t zo, i . e . , a l l t h e h o lo m o r p h i c p a r t i a l

d e r i v a t i v e s ( o f a n y o r d e r ) o f t h e s e f u n c t i o n s a t t h e p o in t Zo c o in c id e . S in c e a l e f t

s t a r -m u l t i p l i c a t i o n o p e r a to r o f d e f o rm a t i o n q u a n t i z a t i o n w i th s e p a r a t i o n o f v a r i a b l e s

d i f f e r e n t i a t e s i t s a r g u m e n t o n ly in h o lo m o r p h i c d i r e c t i o n s , w e g e t t h a t ( I I *(})(zo, zo) =

(I I * (8 ~ / 8 zk) )( Zo, zo). T h i s p r o v e s ( i i i ) .

T h e c h e c k f o r ~ = 8/8z l i s s im i l a r , w h i c h c o m p le t e s t h e p r o o f o f t h e th e o r e m . D

T h e f o l l o w in g l e m m a a n d th e o r e m c a n b e p r o v e d b y th e s a m e m e th o d s a s T h e o -

r e m 3 .2 .

L e m m a 3 .3 . For any vector field ~ on U and x E U 1(~xcPX)(x) = 0 , where cPX(y) =

D(x, y).

(~xcPx d e n o t e s d i f f e r e n t i a t i o n o f cPxw .r . t . t h e p a r a m e t e r x.)

I n t r o d u c e a 3 - p o in t f u n c t i o n T o n U x U x U b y th e f o rm u la T(x, y, z) = <l?(x,y) +

<l?(y,z) + <l?(z,x) - ~(x) - ~(y) - ~(z).

T h e o r e m 3 .4 . For any point x E U the functional Kr; on F(U x U) such that Kr; (I Q9

g) ~ Q(/, g)(x) is the formal integral at the point (x, x) E U x U associated to the pair

( 'ljJx, J-Ltr Q9J-Ltr), where 'ljJx(y, z) = T (x, y, z) .

4 . C O V A R IA N T A N D C O N T R A V A R IA N T S Y M B O L S

I n th e r e s t o f t h e p a p e r l e t (M, W-l) b e a c o m p a c t K ä h l e r m a n i f o ld . A s s u r n e th a t

t h e r e e x i s t s a q u a n tu m l in e b u n d l e (L, h) o n M, i . e . , a h o lo m o r p h i c h e rm i t i a n l i n e

b u n d l e w i th f i b r e m e t r i c h s u c h th a t t h e c u r v a tu r e o f t h e c a n o n i c a l c o n n e c t i o n o n L

c o in c id e s w i th th e K ä h l e r f o rm W-l'

L e t m b e a n o n - n e g a t i v e in t e g e r . T h e m e t r i c h in d u c e s th e f i b r e m e t r i c h
m

o n th e

t e n s o r p o w e r Lm = Lrsm. D e n o t e b y L2(Lm) t h e H i lb e r t s p a c e o f s q u a r e - i n t e g r a b l e

s e c t i o n s o f Lm w i th r e s p e c t t o th e n o rm IIsl12 = I hm(s)n, w h e r e n = (l/n!)(W_l)n

i s t h e s y m p le c t i c v o lu m e f o rm o n M. T h e B e r g m a n p r o j e c to r Bm i s t h e o r t h o g o n a l

p r o j e c to r i n L2(Lm) o n to th e s p a c e Hm = rhol(Lm) o f h o lo m o r p h i c s e c t i o n s o f Lm.

D e n o t e b y k t h e m e t r i c o n th e d u a l l i n e b u n d l e r : L* -+ M i n d u c e d b y h. I t i s a

w e n k n o w n f a c t t h a t D = { a E L * 1 k (a ) < I } i s a s t r i c t l y p s e u d o c o n v e x d o m a in in L * .

I t s b o u n d a r y X = { a E L*lk(a) = I } i s a S l - p r i n c ip a l b u n d l e .

T h e s e c t i o n s o f Lm a r e id e n t i f i e d w i th th e m - h o m o g e n e o u s f u n c t i o n s o n L* b y m e a n s

o f t h e m a p p in g "Ym : s H - 'ljJs,w h e r e 'ljJs(a) = (arsm, s(x)) f o r a E L;. H e r e ( . , . ) d e n o t e s

t h e b i l i n e a r p a i r i n g b e tw e e n (L*)m a n d Lm.

T h e r e e x i s t s a u n iq u e S l - i n v a r i a n t v o lu m e f o rm 0 o n X s u c h th a t f o r e v e r y f E

C O O (M ) t h e e q u a l i t y Ix(r* 1)0 = IM In h o ld s .
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T h e m a p p in g " im m a p s L 2 (Lm ) i s o m e t r i c a l ly o n to th e w e ig h t s u b s p a c e o f L 2 (X , D.)
o f w e ig h t m w i th r e s p e c t to th e S I - a c t io n . T h e H a r d y s p a c e 1 i C L 2 (X , D.) o f s q u a r e

in t e g r a b le t r a c e s o f h o lo m o r p h ic f u n c t io n s o n L* s p l i t s u p in to w e ig h t s p a c e s , 1i =

fB ~ = o 1 im , w h e r e 1im = " im (H m ).

D e n o te b y S a n d Bm t h e S z e g ö a n d B e r g m a n o r th o g o n a l p r o j e c t io n s in L
2
(X , D.)

o n to .1 i a n d 1 im r e s p e c t iv e ly . T h u s S = " '£ := 0 Bm . T h e B e r g m a n p r o je c t io n Bm h a s a

s m o o th in t e g r a l k e r n e l Bm = Bm (a , ß ) o n X x X .

F o r e a c h a E L* - 0 ( '- 0 ' m e a n s th e z e r o s e c t io n r e m o v e d ) o n e c a n d e f in e a c o h e r e n t

s t a t e e~ ) a s th e u n iq u e h o lo m o r p h ic s e c t io n o f Lm s u c h th a t f o r e a c h s E Hm (s , e~m )) =

'l /J s (a ) w h e r e ( - , . ) i s th e h e rm i t i a n ' s c a l a r p r o d u c t o n L 2 (Lm ) a n t i l i n e a r in th e s e c o n d

a r g u m e n t .

S in c e th e l in e b u n d le L i s p o s i t i v e i t i s k n o w n th a t th e r e e x i s t s a c o n s t a n t m o s u c h

th a t f o r m > m o d im Hm > 0 a n d a l l e~m) , a E L* - 0 , a r e n o n z e r o v e c to r s . F r o m n o w

o n w e a s s u m e th a t m > m o u n le s s o th e rw i s e s p e c i f i e d .

T h e c o h e r e n t s t a t e e~m ) i s a n t ih o lo m o r p h ic in a a n d f o r a n o n z e r o c E C e~ ~ ) = cm e~m ).

N o t i c e th a t in [ 1 0 ] c o h e r e n t s t a t e s a r e p a r a m e t r i z e d b y th e p o in t s o f L - O .

. F o r s E L 2 (Lm ) (s , e~m )) = (s , Bm e~m )) = (Bm s , e~m )) = 'l /JBm s(a ). T h e m a p p in g " im

i n t e r tw in e s th e B e r g m a n p r o je c to r s Bm a n d Bm , f o r s E L 2 (Lm ) 'l/JBm s = Bm 'l/J s ' T h u s ,

o n th e o n e h a n d , (s , e~m )) = Bm 'l/J s (a ) = Ix Bm (a , ß ) 'l/J s (ß )D .(ß ) . O n th e o th e t h a n d ,

(s ,e~m )) = ( 'l/J s , 'l/J e~m » )= Ix 'l/J s (ß ) 'l/J e~m )(ß )n (ß ) . T a k in g jn to a c c o u n t th a t (e1
m

), e~m )) =

'l /J (m )(a ) = 'l /J (m )(ß ) w e f in a l ly g e t th a t (eß (m ),e~m )) = 'l /J (m )(a ) = Bm (a ,ß ) . I n p a r t i c u l a r ,
~ ~ ~

o n e c a n e x te n d th e k e r n e l Bm (a , ß ) f r o m X x X to a h o lo m o r p h ic f u n c t io n o n (L * -

0 ) x (L* - 0 ) s u c h th a t f o r n o n z e r o c , d E C

( 4 .1 )

F o r a , ß E L* - 0 t h e f o l lo w in g in e q u a l i t y h o ld s .

(4.2) IBm (a ,ß )/ = l(e~m),e1m))1~ Ile~)lllle1m)11 = (Bm (a ,a )Bm (ß ,ß ))~ .

T h e c o v a r i a n t s y m b o l o f a n o p e r a to r A i n th e s p a c e Hm i s th e f u n c t io n a(A) o n M

s u c h th a t

(A (m) (m))

a(A)(x) = ea
, e

a

(
(m) (m))

ea , ea

f o r a n y a E L; - O .

D e n o te b y M f t h e m u l t ip l i c a t io n o p e r a to r b y a f u n c t io n f E COO (M ) o n s e c t io n s o f

Lm . D e f in e th e B e r e z in -T o e p l i t z o p e r a to r T jm ) - BmM fBm i n Hm . If a n o p e r a to r in

Hm i s r e p r e s e n te d in th e f o rm T jm ) f o r s o m e f u n c t io n f E COO (M ) t h e n th e f u n c t io n f
i s c a l l e d i t s c o n t r a v a r i a n t s y m b o l .
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W i t h t h e s e s y m b o l s w e a s s o c i a t e t w o i m p o r t a n t o p e r a t i o n s o n C o o (M ) , t h e B e r e z i n

t r a n s f o r m I (m ) a n d a n o n - a s s o c i a t i v e b i n a r y o p e r a t i o n Q (m ) w h i c h w e c a l l t w i s t e d p r o d -

u c t , a s f o l l o w s . F o r I ,g E C o o ( M ) I (m ) 1 = a (T jm ) ) , Q (m ) ( I , g ) = a (T jm )T J m ) ) .

W e a r e g o i n g t o s h o w i n S e c t i o n 5 t h a t b o t h I (m ) a n d Q (m ) h a v e a s y m p t o t i c e x p a n s i o n s

i n 1 / m a s m - - - + + 0 0 , s u c h t h a t i f t h e a s y m p t o t i c p a r a m e t e r 1 / m i n t h e s e e x p a n s i o n s

i s r e p l a c e d b y t h e f o r m a l p a r a m e t e r v t h e n w e g e t t h e f o r m a l B e r e z i n t r a n s f o r m l a n d

t h e f o r m a l t w i s t e d p r o d u c t Q c o r r e s p o n d i n g t o s o m e d e f o r m a t i o n q u a n t i z a t i o n w i t h

s e p a r a t i o n o f v a r i a b l e s o n (M , W - l ) w h i c h c a n b e c o m p l e t e l y i d e n t i f i e d . W e s h a l l m a i n l y

b e i n t e r e s t e d i n t h e o p p o s i t e t o i t s d u a l d e f o r m a t i o n q u a n t i z a t i o n . T h e g o a l o f t h i s p a p e r

i s t o s h o w t h a t i t c o i n c i d e s w i t h t h e B e r e z i n - T o e p l i t z d e f o r m a t i o n q u a n t i z a t i o n o b t a i n e d

i n [36], [38] .'
I n o r d e r t o o b t a i n t h e a s y m p t o t i c e x p a n s i o n s o f I (m ) a n d Q (m ) w e n e e d t h e i r i n t e g r a l

r e p r e s e n t a t i o n s ; T o c a l c u l a t e t h e m i t i s c o n v e n i e n t t o w o r k o n X r a t h e r t h a n o n M .

W e s h a l l u s e t h e f a c t t h a t f o r 1 E C o o ( M ) , s E f ( L m ) , 'l/JMfs = (7*1) . 'l/JS' F o r x E M

d e n o t e b y X x t h e f i b r e o f t h e b u n d l e X o v e r x , X x = 7-1(X) n X . F o r x , y , z E M

c h o o s e a E X x , ß E X y , 'Y E X z a n d s e t

V m (X , y) = B m (a , ß )B m (ß , a ) ,

W m (X , y , z) = B m (a , ß )B m (ß , 'Y )B m ( 'Y , a ) .

I t f o l l o w s f r o m ( 4 .1 ) t h a t u m ( x ) , v m ( x , y ) , w m ( x , y , z) d o n o t d e p e n d o n t h e c h o i c e o f

a , ß , 'Y a n d t h u s r e l a t i o n s ( 4 .3 ) c o r r e c t l y d e f i n e f u n c t i o n s U m , V m , W m . T h e f u n c t i o n W m

i s t h e s o c a l l e d c y c l i c 3 - p o i n t f u n c t i o n s t u d i e d i n [ 2 ] . N o t i c e t h a t u m ( x ) = B m (a ,a )=

Ile~m)112> 0 , v m ( x , y) = B m (a , ß )B m (ß , a) = IBm(a, ß ) /2 ~ 0 a n d

( 4 .4 )

I t f o l l o w s f r o m ( 4 .2 ) t h a t

( 4 .5 )

F o r a E X x w e h a v e



( 5 .1 )
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S im i la r ly w e o b ta in th a t

(4.7) Q(m)(j,g)(x) =

B / ) r Bm(a,ß)Bm(ß, "f)Bmb, a)(r*f)(ß)(r*g)b)o'(ß)o'b) =
m a ,a lx x x

1 1- ( - ) w m (x , y, z)j(y)g(z)O(y)O(z).
U m X M xM

5 . A S Y M P T O T IC E X P A N S IO N O F T H E B E R E Z IN T R A N S F O R M

I n [ 9 ] a m ic r o lo c a l d e s c r ip t io n o f th e in te g r a l k e r n e IS o f th e S z e g ö p r o je c t io n S

w a s g iv e n . T h e r e s u l t s in [9] w e r e o b ta in e d f o r a s t r i c t ly p s e u d o c o n v e x d o m a in w i th a

sm o o th b o u n d a r y in Cn+I. H o w e v e r , a c c o r d in g to th e c o n c lu d in g r e m a r k s in [ 9 ] , t h e s e

r e s u l t s a r e s t i l l v a l id f o r , th e d o m a in D i n L* '( s e e a l s o [ 6 ] ' [ 4 1 ] ) .

I t w a s p r o v e d , in [9] t h a t th e S z e g ö k e r n e l S i s a g e n e r a l i z e d f u n c t io n o n X x X

s in g u la r o n th e d ia g o n ,a l o f X x X a n d sm o o th o u t s id e th e d ia g o n a l . T h e S z e g ö k e r n e l

S c a n b e e x p r e s s e d v ia th e B e r g m a n k e r n e I s Em a s f o l I o w s , S == ~m > O Em , w h e r e th e

s u m s h o u ld b e u n d e r s to o d a s a s u m o f g e n e r a l i z e d f u n c t io n s . -

F o r (a ,ß ) E X x X a n d B E IR s e t T o (a ,ß ) = (e iO a ,ß ) . S in c e e a c h 1 - lm i s a w e ig h t

s p a c e o f th e S I - a c t io n in th e H a r d y s p a c e 1 - l , o n e c a n r e c o v e r Em f r o m th e S z e g o k e r n e I ,

E '1 r 2 1 r

- im 6 *SdB
m == 2 1 r lo e TO •

T h is e q u a l i ty s h o u ld b e u n d e r s to o d in th e w e a k s e n s e .

L e t 'EI, E2 b e c lo s e d d i s jo in t s u b s e t s o f M . S e t E i = T-
I(E i) n X , i = 1 ,2 . T h u s

F I , F 2 a r e c lo s e d d i s jo in t s u b s e t s o f X .o r , e q u iv a le n t ly , F I x F 2 i s a c lo s e d s u b s e t o f

X x X w h ic h d o e s n o t in te r s e c t th e d ia g o n a l . F o r Sand Em c o n s id e r e d a s sm o o th

f u n c t io n s o u t s id e th e d ia g o n a l o f X x X e q u a l i ty ( 5 .1 ) h o ld s in th e o r d in a r y s e n s e , f r o m

w h e n c e i t f o l lo w s im m e d ia te ly th a t

( 5 .2 )

f o r a n y N E N .

N o w le t E b e a c lo s e d s u b s e t o f M a n d x E M \ E . T h e n ( 5 .2 ) im p l i e s th a t

(5.3) su p vm (x , y) = 0 ( IN )
yE E m

f o r a n y N E N .

I n [ 4 1 ] Z e ld i t c h p r o v e d th a t th e f u n c t io n Um o n M e x p a n d s in th e a s y m p to t i c s e r i e s

Um rv m n ~ r~O (l/m r )b r a s m ' - - * + 0 0 , w h e r e b o = 1 (n = ( 1 /2 ) d im ]RM ). M o re
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(5 .4 )

precisely , he proved that fo r any k , N E N

N-l

Um - L m n -rb r ~ O (m
n
-
N
).

r= O C k

Therefore

(5 .5 ) sup ~ = o(~ ).
M Um m n

U sing (4 .6 ), (5 .3 ) and (5 .5 ) it is easy to prove the fo llow ing proposition .

Proposition 5.1. L e t f E COO (M ) b e a fu n c tio n va n ish in g in a n e ig h b o rh o o d o f a

p o in t x E M . T h en I ( I (m ) f)(x )1 = O (l/mN) fo r a n y N E N , i .e ., ( I (m ) f)(x ) is ra p id ly

d e c rea s in g a s m -+ +00.

Thus for arb itrary f E COO (M ) and x E M the asym pto tics of ( I (m ) f)(x ) as m -+ +00

depends only on the germ of the function f at the po in t x .

Let E be a c10sed subset of M . F ix a poin t x E M \ E . The function wm (x , y , z )

w ith y E E can be estim ated using (4 .4 ) and (4 .5 ) as fo llow s.

(5 .6 ) Iw m (x , y , z)1
2

~ vm (x , y )um (x )um (y ) (um (z ) )2 .

Using (5 .3 ), (5 .4 ) and (5 .6 ) w e obtain that fo r any N E N

(5 .7 ) sup Iw m (x ,y ,z ) l= O ( IN ) '
yE E ,zEM m

Sim ilarly ,

(5 .8 ) sup Iw m (x ,y ,z )1 = O ( IN )
yEM ,zE E m

fo r any N E N .

U sing (4 .7 ), (5 .5 ), (5 .7 ) and (5 .8 ) one can read ily prove the fo llow ing proposition .

Proposition 5.2. F o r x E M and a rb itra ry fu n c tio n s f, 9 E COO (M ) su ch th a t f o r 9

va n ish e s in a n e ig h b o rh o o d o f x Q (m )(f, g )(x ) is ra p id ly d e c rea s in g a s m -+ +00.

This sta tem ent can be reform ulated as fo lIow s. For arb itrary f, 9 E COO (M ) and

x E M the asym pto tics of Q (m )(f, g )(x ) as m -+ +00 depends only on the germ s of the

functions f, 9 at the po in t x .

W e are going to show how form al in tegrals can be obtained from the m ethod of

sta tionary phase.

L et cP be a sm ooth function on an open subset U c M such that (i) R e cP ~ 0;

(ii) there is on ly one critical po in t Xc E U of the function cP , which is m oreover a

nondegenerate critical po in t; (iii) cP (x c ) = O .

Consider a c1assical sym bol p(x, m ) E SO (U x R ) (see [21] fo r defin ition and notation)

w hich has an asym pto tic expansion p r-.J l:r> O (l/m
r
)P r (x ) such that P o (x c ) = 1= 0 , and a

sm ooth nonvanish ing volum e form d x on U .-S e tJ .L (m ) = p (x , m )d x .
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W e c a n a p p ly th e m e th o d o f s ta t io n a r y p h a s e w i th a c o m p le x p h a s e f u n c t io n ( s e e

[21] a n d [28]) to th e in te g r a l

(5 .9 ) Sm U ) = £ em < P fJ .1 .(m ),

w h e r e f E Cü(U). N o t ic e th a t th e p h a s e f u n c t io n in ( 5 .9 ) i s ( l/i)c /J s o th a t th e c o n d i t io n

Im ((I /i)c /J ) 2 0 is s a t i s f ie d .

T a k in g in to a c c o u n t th a t d im R M = 2n a n d c / J ( xc ) = 0 w e o b ta in th a t Sm ( f) e x p a n d s

to a n a s y m p to t ic s e r ie s Sm (f) rv 'L /::o (l/m n+r )K r(f) a s m -+ + 0 0 . H e r e K r, r 2 0 ,

a r e d is t r ib u t io n s s u p p o r te d a t Xc a n d K o = cn8xc ' w h e r e Cn i s a n o n z e r o c o n s ta n t .

T h u s lF (Sm (fn = vn K (f) , w h e r e lF i s th e " f o rm a l iz e r " in t r o d u c e d in S e c t io n 2 a n d

K i s th e f u n c t io n a l d e f in e d b y th e f o rm u la K = I : : r > O v r K r ' C o n s id e r th e n o rm a l iz e d

f u n c t io n a l K (f) = K (f)/ K (I) , s o th a t K (I) == 1 . T h e n ' lF (Sm (f)) = c (v )K (f) , w h e r e

c (v ) = vnC n -+ ... i s a f o rm a l c o n s ta n t .

P r o p o s i t io n 5 .3 . F or f E Cü(U) Sm (f) g iven b y ( 5 .9 ) expand s in an a sym p to tic

se r ie s in l/m a s m -+ + 0 0 . lF ( Sm (f)) = c (v )K (f) , w h ereK i s th e fo rm a l in teg ra l a t

th epo in t Xc a sso c ia ted to th e pa ir ((I /v )c /J ,lF (j.t)) a nd c (v ) i s a non ze ro fo rm a l con s ta n t.

P roo f. C o n d i t io n s ( a - c ) o f th e d e f in i t io n o f f o rm a l in te g r a l a r e s a t i s f ie d . I t r e m a in s to

c h e c k c o n d i t io n ( d ) . L e t ~ b e a v e c to r f ie ld o n U. D e n o te b y L ~ th e c o r r e s p o n d in g

L ie d e r iv a t iv e . W e h a v e 0 = fu L ~ (em < pfj.t(m )) = fu em < p (~ f + (m ~ c /J + d ivJ1 .~ )f) j.t(m ).

A p p ly in g lF w e o b ta in th a t 0 = lF (fu em < P (~ f + (m ~ c /J + d ivJ1 .~ )f) j.t(m )) = c (v )K (~ f +

(~ ((I/v )c /J ) + d iV lF ( J 1 .) ~ ) f ) , w h ic h c o n c lu d e s th e p ro o f . 0

O u r n e x t g o a l i s to g e t a n a s y m p to t ic e x p a n s io n o f th e B e rg m a n k e rn e l Bm in a

n e ig h b o rh o o d o f th e d ia g o n a l o f X x X a s m -+ + 0 0 . A n a s y m p to t ic e x p a n s io n o f

Bm o n th e d ia g o n a l o f X x X w a s o b ta in e d in [ 4 1 ] ( s e e ( 5 .4 ) ) . A s in [ 4 1 ] ' w e u s e th e

in te g r a l r e p r e s e n ta t io n o f th e S z e g ö k e rn e l 8 g iv e n b y th e f o l lo w in g th e o r e m . W e d e n o te

n .d im c M .

T h e o r e m 5 .4 . (L . B o u te t d e M o n v e l a n d J . S jö s t r a n d , [ 9 ] , T h e o r e m 1 .5 .

a n d 9 2 .c ) L e t 8 (a , ß ) b e th e S zegö kern e l o f th e bounda ry X o f th e bound ed s tr ic tly

p seudo con vex dom a in D in th e com p lex m an ifo ld L *. There ex is ts a c la ss ica l sym bo l

a E sn (X X X X ffi.+) w h ich ha s an a sym p to tic expan s io n

0 0

a (a , ß, t) rvL tn -ka k{a , ß)
k=O

so th a t

(5.10) S(a,ß) = L X > eit<p(e<,ß)a(a,ß, t)d t,

w here th e pha se < p (a , ß ) E COO(L* x L*) i s de te rm in ed b y th e fo llow ing p rop er tie s :
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• 'P(a, a) = ( I / i ) (k(a) - 1),.
• 8a 'P and 8ß'P vanish to in fin ite order along the diagonal,.

• 'P(a, ß) = -'P(ß, a). '

T h e p h a s e fu n c t io n 'P i s th u s a lm o s t a n a ly t ic a t th e d ia g o n a l o f L* x L*. I t i s

d e te rm in e d u p to e q u iv a le n c e a t th e d ia g o n a l .

F ix a n a rb i t r a r y p o in t Xo E M. L e t s b e a lo c a l h o lo m o rp h ic f r am e o f L* o v e r a

c o n t r a c t ib le o p e n n e ig h b o rh o o d U c M o f th e p o in t Xo w ith lo c a l h o lo m o rp h ic c o -

o rd in a te s {zk}. T h e n a(x) = s(x)/ y'k(s(x)) i s a sm o o th s e c t io n o f X o v e r U. S e t

q>-1(X) = logk(s(x)), s o th a t

( 5 .1 1 )

I t f o l lo w s f r o m th e f a c t th a t L i s a q u a n tu m l in e b u n d le ( i .e . , th a t W -1 i s th e c u rv a tu r e

f o rm o f th e H e rm i t ia n h o lo m o rp h ic l in e b u n d le L) th a t q>-1 i s a p o te n t ia l o f th e fo rm

W -1 o n U.

L e t 4> -1(x, y) E C o ö (U x U) b e a n a lm o s t a n a ly t ic e x te n s io n o f th e p o te n t ia l q >-1 f r o m

th e d ia g o n a l ofU x U .. D e n o te D_1(x, y) := 4>-l(X, y) + 4>-l(Y, x) - q>-l(X) - q>-l(Y)'

S in c e 4>-l(X, x} = q>-l(X), w e h a v e D_1(x, x) = O . I n lo c a l c o o rd in a te s

( 5 .1 2 )

w h e r e

D_1(x, y).= -Q xo(x - y) + O(lx - y I3 ) ,

, ( ) " " ' 8
2

q> - 1 ( ) k -l
Qxo z = L..J 8zk8z l Xo Z z

i s a p o s i t iv e d e f in i te q u a d r a t ic f o rm ( s in c e W -1 i s a K ä h le r f o rm ) .

T h e fo l lo w in g s ta te m e n t i s a n im m e d ia te c o n s e q u e n c e o f ( 5 .1 2 ) .

L em m a 5 .5 . There exists a neighborhood U ' C U of the point Xo such that for any two

different points x, y E U ' one has R e D_1 (x, y) < O .

T a k in g , i f n e c e s s a r y , ( 1 /2 ) (4)-1 (x, y)+4>-l (y, x)) in s te a d o f 4>-1(x, y) c h o o s e 4>-1 s u c h

th a t 4>-1(Y, x) = 4>-l(X, y). R e p la c e U b y a sm a l le r n e ig h b o rh o o d ( r e ta in in g fo r i t th e

n .o ta t io n U) s u c h th a t R e D_1(x,y) < 0 fo r a n y d i f f e r e n t x, y f r o m th is n e ig h b o rh o o d .

F o r a p o in t a in th e r e s t r ic t io n L*lu o f th e l in e b u n d le L * to U r e p r e s e n te d in th e

fo rm a = vs(x) w ith v E C,x E U o n e h a s k(a) = Iv I
2k(s(x)).

O n e c a n c h o o s e th e p h a s e fu n c t io n 'P (a , ß) in ( 5 .1 0 ) o f th e fo rm

(5 .1 3 ) 'P ( a , ß) = = ( I / i ) (vwe<}-dx,y) - 1),

w h e r e a = = vs(x), ß = ws(y) E L*lu.

D e n o te x(x,y) := 4>-l(X, y) - (1/2)q>_1(x) - (1/2)q>-1(Y)' N o t ic e th a t x(x, x) = O .

T h e fo l lo w in g th e o r em is a s l ig h t g e n e r a l iz a t io n o f T h e o r em 1 f ro m [4 1 ] .
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T h e o r e m 5 .6 . There exists an asym pto tic expansion o fthe B ergm an kernel Bm (a(x), a (y))

on U x U as m --+ + 0 0 , o f the form

l

( 5 .1 4 ) Bm (a(x), a (y)) I " V mnem x(x 'y)E (l/m r)br(x , y)

r~O

such tha t ( i ) fo r any com pact E c U x U and N E N

( 5 .1 5 )

N-l

s u p Bm (a(x), a (y)) - m nem x(x ,y) E (l/m r)br(x , y) = O (m n-N);

(x ,y)EE r=O

( i i ) br (x , y) is an a lm ost ana ly tic extension o f br (x) fro 'fll, the d iagona l o f U x U , where

bT) r ~ 0 , are g iven by ( 5 .4 ) ; inparticu lar, bo (x ,x) = 1 .

Proo f. U s in g i n t e g r a l r e p r e s ~ n t a t i o n s ( 5 .1 ) a n d ( 5 .1 0 ) o n e g e t s f o r x , y E U

(5.16) Bm(a(x), a(y)) = 2 ; 10
2

" L'" e-imOeit<p(r, (a(x),a(y))) a(ro (a(x), a(y)), t)d td lJ.

C h a n g i n g v a r i a b l e s t r - + m t i n ( 5 .1 6 ) g i v e s

(5.17) Bm( a(x), a(y)) = ; ; . 10
2

" L'" eim (t<P(r,(a(x),a(y)))-O )i.z(ro( a(x), a(y)), mt)dtd lJ.

I n o r d e r t o a p p l y t h e m e th o d o f s t a t i o n a r y p h a s e t o t h e i n t e g r a l i n ( 5 .1 7 ) t h e f o l l o w in g

p r e p a r a t i o n s s h o u l d b e m a d e .

U s i n g ( 5 .1 3 ) a n d ( 5 .1 1 ) e x p r e s s t h e p h a s e f u n c t i o n o f t h e i n t e g r a l i n ( 5 .1 7 ) a s f o l l o w s :

( 5 .1 8 ) Z(t,B ;x ,y):= tcp(ro (a (x),a (y))) - B = (t/i) (e iO eX (x ,y) - 1 ) - B ,

I n o r d e r t o f i n d t h e c r i t i c a l p o i n t s o f t h e p h a s e Z ( w i t h r e s p e c t t o t h e v a r i a b l e s (t, B );

t h e v a r i a b l e s (x, y) a r e p a r a m e t e r s ) c o n s i d e r f i r s t t h e e q u a t i o n

( 5 .1 9 ) . 8
t
Z(t,B ;x ,y) = (I/i) (e iO eX (x ,y) - 1 ) = o .

I t f o l l o w s f r o m < I> -l(Y , x ) = < I> -l(X , y ) t h a t R e x(x , y) = (1 /2 )D _1(x , y). S in c e D_1(x , y) <

o f o r x i= y o n e h a s \ex(x ,y) I = e R e X (x,y) < 1 f o r x i= y w h e n c e i t f o l l o w s t h a t ( 5 .1 9 )

h o l d s o n l y i f x = y a n d t h u s Z h a s c r i t i c a l p o i n t s o n l y i f x = y . S in c e x(x , x) = 0 o n e

g e t s t h a t 8 tZ(t, B ; x , x) = (l/i)(e iO - 1 ) a n d 8 0Z(t, B ; x , x) = te iO - 1 . A s i n t h e p r o o f

o f T h e o r e m 1 f r o m [ 4 1 ] ' o n e s h o w s t h a t f o r e a c h x E U t h e o n l y c r i t i c a l p o i n t o f . t h e

p h a s e f u n c t i o n Z(t, B ; x , x) i s (t = 1 , B = 0 ) . I t d o e s n o t d e p e n d o n x a n d , m o r e o v e r , i s

n o n d e g e n e r a t e .

O n e h a s Im Z(t,B ;x ,y) = Im ((t/i)(e iO ex(x ,y) - 1 ) - B ) = t(l- R e (e iO ex(x ,y))) ~ 0

s i n c e l e x ( x ,y ) I ~ 1 .

F i n a l l y , a s im p l e c a l c u l a t i o n s h o ~ s t h a t t h e g e rm s o f t h e f u n c t i o n s Z(t, B ; x , y) a n d

(l/i)X (x , y) a t t h e p o i n t (t = 1 , B = 0 , x = xo ,y = xo) a r e e q u a l m o d u l o t h e i d e a l

g e n e r a t e d b y 8 tZ a n d 8 0Z.
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fo r s o m e Cr E C o o (U x U) a n d TO E Z , a n d w ith th e n o rm e s t im a te o f th e p a r t ia l s u m s

in th e r .h .s . te rm in (5 .2 0 ) a n a lo g o u s to (5 .1 5 ) . S in c e X(x, x) = 0 o n e g e ts th a t a l l

cr(x, x) = O . F ro m th is f a c to n e c a n p ro v e b y in d u c t io n o v e r N th a t TJxbr v a n is h e s to

in f in i te o rd e r a t _ th e d ia g o n a l o f U x U. S im ila r ly , ~ybr v a n is h e s to in f in i te o rd e r a t th e

d ia g o n a l . T h u s br i s a lm o s t a n a ly t ic a lo n g th e d ia g o n a l . 0

C h o o s e a s y m b o l b(x, y, m ) E SO((U x U) x IR ) s u c h th a t i t h a s th e a s y m p to t ic

e x p a n s io n b f'..J I:~o(l/mr)br. T h e n Bm(a(x), a(y)) i s a s y m p to t ic a l ly e q u iv a le n t to

mnemx(x'Y)b(x, y, m ) o n U X U. O n e h a s X(x, y) + x(y, x) = <I>-1 (x, y) + <I>-l(Y, x) -

q>-l(X) - q>-l(Y) = D_1(x,y) a n d ,x (x ,y ) + X(y,z}+X(z,x) = <I>-l(X,y) + <I>_l(Y,Z) +

<I>_l(Z,X) - q>-l(X) - q>-l(Y) - q>-;-l(Z) = T_1(x,y,z) ( th e la s t e q u a l i ty is th e d e f in i t io n

o f T-d. T h u s th e fu n c t io n s

Vm(x, y) = Bm(a(x), a(y))Bm(a(y), a(x)) a n d

wm(x, y, z) = Bm(a(x), a(y))Bm(a(y), a(z))Bm(a(z), a(x))

a re a s y m p to t ic a l ly e q u iv a le n t to

m2nernn:....I(x'Y)b(x, y, m)b(y, x, m ) a n d m3nemT_l(x,y,z)b(x, y, m)b(y, z, m)b(z, x, m )

re s p e c t iv e ly . I t i s e a s y to s h o w th a t fo r th e fu n c t io n s <P:'1 (y) = D-1(x, y) a n d 'ljJ:'1 (y, z) =

T_1(x, y, z) th e p o in ts y = x a n d (y, z) = (x, x) r e s p e c t iv e ly a re n o n d e g e n e ra te c r i t ic a l

o n e s .
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S in c e bo(x, X) = 1 o n e c a n ta k e a s m a l l e r c o n t r a c t ib l e n e ig h b o r h o o d V € U o f Xo

s u c h th a t bo(x, y ) d o e s n o t v a n i s h o n th e c lo s u r e o f V x V. O n e c a n c h o o s e V s u c h th a t

f o r a n y x E V t h e o n ly c r i t i c a l p o in t s o f th e f u n c t io n s <P~1(y ) o n V a n d 'l/;: '1 (y , z) o n

V x V a r e y = x a n d (y , z ) = (x , x ) r e s p e c t iv e ly .

T h e id e n t i t y T_1 (x , y , z ) = (1 /2 )(D _1 (x , y ) + D_1 (y , z ) + D_1 (z , x )) im p l i e s th a t

R e T_1 (x , y, z ) ~ 0 f o r x , y, z E V.
T h e s y m b o l b(x, y, m ) d o e s n o t v a n i s h o n V x V f o r s u f f i c i e n t ly b ig v a lu e s o f m . I t

f o l lo w s f r o m ( 5 .4 ) th a t l/um (x ) a n d (m nb (x , x , m ))-1 a r e a s y m p to t i c a l ly e q u iv a l e n t f o r

x E V. D e n o te

( 5 .2 1 )

( )
= b (x , y , m )b (y , x , m ) n() _.( ) = b (x , y , m )b (y , z , m )b (z , x , m ) n( .)n( )

J -lx m b ( ) y , J -lxm b () Y z .
x ,x ,m x ,x ,m

T a k in g in to a c c o u n t ( 4 .6 ) w e g e t f o r f, 9 E Cü(V) a n d x E V t h e f o l lo w in g a s y m p to t i c

e q u iv a l e n c e s ,

( 5 .2 2 ) .

(I(m ) f) (x ) r v m n r em 4J~ lf J -lx (m ) a n d Q (m )(f, g )(x ) r v m 2n r em 1 /J~ l(f Q !) g )jjx (m ).
Jv Jvxv

( I n ( 5 .2 2 ) (f Q !) g ) (y , z ) = f(y )g (z ).)

A p p ly in g P r o p o s i t i o n 5 .3 to th e f i r s t i n t e g r a l in ( 5 .2 2 ) w e o b ta in th a t lF ( (I(m) f) (x )) =

c (v , x )L ;(f), w h e r e th e f u n c t io n a l L ; o n F (V ) i s t h e f o rm a l in t e g r a l a t t h e p o in t x

a s s o c i a t e d to th e p a i r ((1 /v )4>~1 ' lF (J -lx )) a n d c (v , x ) i s a f o rm a l f u n c t io n . I t i s e a s y to

s h o w th a t c (v , x ) i s s m o o th .

S im i l a r ly w e o b ta in f r o m (5 .2 2 ) th a t lF (Q (m )(f,g )(x )) = d (v ,x )L~ (f Q !) g ) w h e r e th e

f u n c t io n a l L~ o n F (V x V ) i s t h e f o rm a l in t e g r a l a t t h e p o in t (x , x ) a s s o c i a t e d to th e

p a i r (( l/v ) 'l/;:. 1 , lF ( j j x ) ) a n d d (v , x ) i s a s m o o th f o rm a l f u n c t io n .

S in c e th e u n h c o n s t a n t 1 i s a c o n t r a v a r i a n t s y m b o l o f th e u n i t o p e r a to r 1, Tim) =
1, a n d 0 "(1 ) = 1 , w e h a v e I(m )l = 1 , Q (m )(l, 1 ) = 1 , a n d th u s lF (I(m )l) = 1 a n d

lF ( Q (m )(l, 1 ) ) = 1 . T a k in g th e f u n c t io n s f, g in ( 5 .2 2 ) to b e e q u a l to 1 in a n e ig h b o r h o o d

o f x a n d a p p ly in g P r o p o s i t i o n 5 .1 a n d P r o p o s i t i o n 5 .2 w e g e t th a t c(v, x) = 1 a n d

d (v , x ) = 1 .

S in c e b o ( x , y ) d o e s n o t v a n i s h o n V.x V w e c a n f in d a f o rm a l f u n c t io n s (x , y ) o n .V x V

s u c h th a t lF (b (x , y , m )) = eS (x ,y ), S e t s (x ) = s (x , x ). I n th e s e n o ta t io n s

(5 .23 ) lF (J -lx ) = exp (s (x , y ) + s (y , x ) - s (x ))O (y ) a n d

lF ( j j x ) = exp (s (x , y ) + s (y , z ) + s (z , x ) - s (x ))O (y )O (z ).

I t f o l l o w s f r o m T h e o r e m 5 .6 th a t s i s a n a lm o s t a n a ly t i c e x t e n s io n o f th e f u n c t io n s

f r o m th e d ia g o n a l o f V x V. A c c o r d in g to ( 5 .4 ) , lF ( u m) = (1/vn)e8,

D e n o te < I> = (1 /v )< I>_1 + S, < I> = (1 /v )< I>_1 + s , D (x , y ) = < I> (x ,y ) + < I> (y ,x ) - < I> (x ) -

< I> (y ) - (1 /v )D _1 (x ,y )+ (s (x ,y )+ s (y ,x )-s (x )-s (y )), T (x ,y ,z ) = < I> (x ,y )+< I> (y ,z )+
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4> (z , X ) - c I? (X ) - < I> (y ) - c I? (Z ). T h e p a ir ((I/V )< jJ= -l' lF (l-lx )) = ((I/v )< jJ= -l' exp (s(x , y ) +
s(y , x ) - s(x ))O (y )) is th e n e q u iv a le n t to th e p a ir (< jJx ,eSo ') , w h e re < jJX (y ) = D (x , y ).

S im ila r ly , th e p a ir ((I/V )1P= -l,lF (ji,x )) is e q u iv a le n t to th e p a ir (1P x ,e sO Q 9eSO ), w h e re

1PX(y , z) = T(x, y , z).
T h u s w e a r r iv e a t th e fo llow in g p ro p o s it io n .

Proposition 5.7. For f, g E Coo(V), x E V, (I(m ) f) (x ) and Q (m )(f, g )(x ) expand in

a sym p to tic ser ie s in l/m asm -t + 0 0 . lF ((I(m )f)(x )) = L ;(f) and lF (Q (m )(f,g )(x )) =

L~ (f Q9 g ), w here th e func tiona l L ; on F(V) is th e fo rm a l in teg ra l a t th e po in t x

a ssoc ia ted to th e pa ir (< jJx ,eSO ) and th e func tiona l L~ on F(V x V) is th e fo rm a l in teg ra l

a t th e po in t (x , x ) a ssoc ia ted to th e pa ir (1P x , eSO Q9 eSO ).

N ow le t * d e n o te th e s ta r -p ro d u c t w ith s e p a ra tio n o f v a r ia b le s o n (V, w -d c o r re -

sp o n d in g to th e fo rm a l d e fo rm a tio n w = -iaäc I? o f th e fo rm (l/v )w _b so th a t c I? is

a fo rm a l p o te n tia l o f w . L e t I b e th e c o r re sp o n d in g fo rm a l B e re z in tra n s fo rm , w th e

fo rm a l fo rm p a ram e tr iz in g th e d u a l s ta r -p ro d u c t "* a n d W th e so lu tio n o f (2 .3 ) so th a t

I-ltr . eq>+ 'ltd zd z is , a fo rm a l tra c e d e n s ity fo r th e s ta r -p ro d u c t * .

C h o o se a c la s s ic a l s ym b o l p(x, m ) E SO(V x R ) w h ic h h a s a n a sym p to tic e x p a n s io n

p t"V 2 :r~O (I/m r)P r su c h 'th a t

(5.24) lF (p )eSO = I-ltr '

C le a r ly , (5 .2 4 ) d e te rm in e s lF (p ) u n iq u e ly .

F o r I E Coo(V) a n d x E V c o n s id e r th e fo llow in g in te g ra l

(5 .25 ) (Pm J)(x ) = in
n 1 em "" '- l fp /-L z ,

v

w h e re < jJ= -l(Y )= D _1(x , y ) a n d I-lx is g iv e n b y (5 .2 1 ) .

Proposition 5.8. For I E COO(V) and x EV (Pm f)(x ) ha s an a sym p to tic expan sion

in l/m as m -t + 0 0 . lF ((Pm f)(x )) = c(v )(If)(x ), w here c (v ) is a nonzero fo rm a l

con stan t. '

P roo f. I t w a s a lre a d y sh ow n th a t th e p h a s e fu n c tio n ( l / i )< jJ= - l o f in te g ra l (5 .2 5 ) s a tis -

f ie s th e c o n d it io n s re q u ire d in th e m e th o d o f s ta t io n a ry p h a s e . T h u s P ro p o s it io n 5 .3

c a n b e a p p lie d to (5 .2 5 ) . W e g e t th a t lF ((Pm f)(x )) = c (v ,x )K x(f) , w h e re K x is a

fo rm a l in te g ra l a t th e p o in t x a s so c ia te d to th e p a ir ((I/V )< jJ= -l' lF (p l-lx )) a n d c (v , x ) is

a n o n v a n ish in g fo rm a l fu n c tio n o n V . I t fo l low s f rom (5 .2 3 ) a n d (5 .2 4 ) th a t lF (p l-lx ) =

lF (p ) lF ( l- lx ) = lF (p ) exp (s(x , y ) + s(y , x ) - s(x ))O (y ) = exp (s(x , y ) + s(y , x ) - s(x ) -

s(Y ))l-ltr = exp (D (x , y ) - (l/v )D _1(x , y ))l-ltr = exp (< jJx - (I/V )c jJ= -l)l-ltn w h e re c jJX (y )=

D (x , y ). T h e p a ir ((I/V )c jJ= -l' lF (p l-lx )) is th u s e q u iv a le n t to th e p a ir (< jJx ,I-ltr ) ' A p p ly in g

T h e o rem 3 .2 w e g e t th a t

(5 .2 6 ) , lF ((Pm f)(x )) ~ c (v ,x )(If)(x ).

I t rem a in s to sh ow th a t c (v ,x ) is a c tu a lly a 'fo rm a l c o n s ta n t . L e t X l b e a n a rb itra ry

p o in t o f V. C h o o se a fu n c tio n E E C o o (V) su c h th a t E = 1 in a n e ig h b o rh o o d W C V
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o f X l ' L e t ~ b e a v e c to r H e ld o n V . T h e n , u s in g (5 .2 3 ) , w e o b ta in

( 5 . 2 7 ) ~~x4> :l (y) + lF ( ~xJ-lx (y)) =
v J-lx

1 -
-~xD -l(X , y) + ~x(s(x , y) + s(y , x) - s e x ) ) = ~xD (x, y) = ~x4>x.
v

O n th e o n e h a n d , ta k in g in to a c c o u n t ( 5 .2 7 ) w e g e t f o r x E W th a t

( 5 .2 8 )

IF ((~Pm€)(X )) = 1 F (mn~ J>m ,p"-'€PJ1x) = 1 F (m n Iv em ,p ,,-,(m ~x1> :'l + ~~x )€PJ1x) =

c(v,x)IG ~x1> :'l(Y ) +1F (~~X (y))) = c(v,x)I(~x1>X) = O .

T h e la s t e q u a l i ty in (5 .2 8 ) f o l lo w s f r o m L e m m a 3 .3 . O n th e o th e r h a n d , f o r x E

W w e h a v e f r o m (5 .2 6 ) th a t IF ((PmE)(X )) = c(v,x), f r o m w h e n c e IF ((~PmE)(X )) =

~ IF ( (PmE)(X )) = ~c(v, x). T h u s w e g e t f r o m (5 .2 8 ) th a t ~c(v, x) = 0 o n W f o r a n

a rb i t r a r y v e c to r f ie ld ~ , f r o m w h ic h th e P ro p o s i t io n fo l lo w s . 0

I t f o l lo w s f r o m (5 .2 2 ) a n d (5 .2 5 ) th a t f o r fE C ü ( V ) (I(m ) (fp )) (x) i s a s y m p to t ic a l ly

e q u iv a le n t to (Pm f)(x). P a s s in g to fo rm a la s y m p to t ic s e r ie s w e g e t f r o m P ro p o s i t io n 5 .7

a n d P ro p o s i t io n 5 .8 th a t c(v) (If)(x) = IF ((Pm f)(x)) = IF ( (I(m )(fp )) (x)) = L~(fIF (p)),

w h e re ,L~ i s th e fo rm a l in te g r a l a t th e p o in t x a s s o c ia te d to th e p a i r ( 4 ) x , eS n). T h u s

(5 .29) c(v)(If)(x) = L~(fIF (p)).

T h e fo rm a l f u n c t io n IF (p) i s in v e r t ib le ( s e e (5 .2 4 ) ) . S e t t in g f = I/IF (p) in ( 5 .2 9 ) w e g e t

c(v) (I(I/IF (p))) (x) = L~(I) = 1 fo r a l l x E V . S in c e th e fo rm a l B e r e z in t r a n s fo rm is

in v e r t ib le a n d 1 ( 1 ) = 1 , w e f in a l ly o b ta in th a t

( 5 .3 0 ) IF (p) = c(v).

N o w (5 .2 4 ) c a n b e r e w r i t te n a s fo l I o w s ,

(5 .31) c(v)eSn = J - l t r = e < I > + ' I ! dzdz.

In lo c a l h o lo m o rp h ic c o o rd in a te s th e s y m p le c t ic v o lu m e n c a n b e e x p r e s s e d a s fo l lo w s ,

n = eOdzdz. T h e d o s e d (1 ,1 ) - f o rm W can = -iaae d o e s n o t d e p e n d o n th e c h o ic e o f

lo c a l h o lo m o rp h ic c o o rd in a te s a n d is d e f in e d g lo b a l ly o n M . T h e fo rm Wcan i s th e

c u rv a tu r e fo rm o f th e c a n o n ic a l c o n n e c t io n o f th e c a n o n ic a l h o lo m o rp h ic l in e b u n d le o n

M e q u ip p e d w i th th e H e rm i t ia n f ib r e m e tr ic d e te rm in e d b y th e v o lu m e fo rm n. I t s d e

R h a m d a s s c = [ w can] i s th e f i r s t e h e rn d a s s o f th e c a n o n ic a l h o lo m o rp h ic l in e b u n d le

o n M a n d th u s d e p e n d s o n ly o n th e c o m p le x s t r u c tu r e o n M . T h e d a s s c is c a l le d th e

c a n o n ic a l d a s s o f th e c o m p le x m a n if o ld M .

O n e c a n s e e f r o m (5 .3 1 ) th a t c ( v ) = Co + V C l + .. . , w h e re Co i = O . T h u s th e r e e x is t s

a f o rm a l c o n s ta n t d r y ) s u c h th a t e d ( v ) = c(v) a n d d r y ) + s + e = < I>+ W . T h e r e fo r e th e
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-1

fo rm a l p o ten tia l \lJ o f th e fo rm w is ex p re ssed exp lic itly , \lJ = d(v) - ( I /V )c I> _ l + B, from

w hen ce it fo llow s th a t '

(5 .3 2 ) w = - ( I /V )W -1 +W c a n '

F o rm u la (5 .3 2 ) d e fin e s w g lo b a lly o n M. T hu s th e co rre sp ond in g s ta r-p ro du c t "*and

th e re fo re its d u a l s ta r-p ro du c t * a re a lso g lo b a lly d e fin ed .

T h eo rem 3 .2 , T h eo rem 3 .4 , P ro po s itio n 5 .1 , P ro po s itio n 5 .2 P ro po s itio n 5 .7 , fo rm u la s

(5 .2 9 ), (5 .3 0 ) and (5 .3 1 ) im p ly th e fo llow ing th eo rem , w h ich is th e cen tra l te ch n ica l

re su lto f th e p ap e r.

T h eo rem 5 .9 . F o r a n y f, 9 E C O O (M ) a n d x E M (l(m ) f) (x ) a n d Q (m )( f , g ) (x )

e x p a n d to a sym p to tic se r ie s in l /m a s m --+ + 00 . lF ( ( l(m ) f) (x ) ) = ( l f) (x )a n d

lF (Q (m )( f ,g ) (x ) ) = Q (f,g ) (x ) , w h e re la n d Q a re th e fo rm a l B e re z in tra n s fo rm a n d

th e fo rm a l tw is te d p ro d u c t c o r re sp o n d in g to th e s ta r -p ro d u c t w ith se p a ra tio n o f v a r ia b le s

* o n (M , w -d w ho se d u a l s ta r -p ro d u c t"* o n (M , -W -1 ) is p a ram e tr iz e d b y th e fo rm a l

fo rm w = - ( I /V )W -1 + W c a n '

R em ark . A s show n in [3 7 ] w e h av e th e fo llow ing ch a in o f in equ a litie s

(5 .3 3 )

H e re 11 .. 1 1 d eno te s th e op e ra to r n o rm w ith re sp ec t to th e no rm o f th e sec tio n s o f L m

and 1 .. 1 0 0 th e su p -n o rm on C O O (M ). C hoo se a s X e E M a po in t w ith I f(x e )1 = Ifloo'
F rom T heo rem 5 .9 and th e fac t th a t th e fo rm a l B e rez in tran sfo rm has a s le ad in g te rm

th e id en tity it fo llow s th a t 1 ( l(m ) f) (x e ) - f(x e )1 ~ A /m w ith a su itab le con s tan t A .

T h is im p lie s I l f(x e ) I - I ( I (m ) f) (x e )1 1 ~ A /m and h en ce

(5 .3 4 ) Ifloo - A = I f(x e ) l- A < I ( l(m ) f) (x e ) \ < 1( l(m ) f) lo o .
m m

P u ttin g (5 .3 3 ) and (5 .3 4 ) to g e th e r w e ob ta in

(5 .3 5 ) Ifloo - A < I1T jm ) 11 < Ifloo'
m

T h is p ro v id e s ano th e r p ro o f o f [6 ] ' T heo rem 4 .1 .

6 . T H E ID E N T IF IC A T IO N O F T H E B E R E Z IN - T O E PL IT Z ST A R -PR O D U C T

In th is sec tio n * w ill d eno te th e s ta r-p ro du c t w ith sep a ra tio n o f v a riab le s o n (M , W -1 )

w ho se du a l "* is th e s ta r-p ro du c t w ith sep a ra tio n o fv a riab le s o n {M , -w -d p a ram e triz ed

by th e fo rm a l fo rm w = - ( I /V )W -1 +W c a n '

'L e t I = 1 + 'v 1 1 + v 21 2 + ... and Q = Q o + V Q 1 + ... d eno te th e fo rm a l B e rez in

tran sfo rm and th e fo rm a l tw is ted p ro du c t co rre sp ond in g to * . T heo rem 5 .9 a sse rts

th a t fo r g iv en f, 9 E C O O (M ), rE N , x E M th e re ex is t co n s tan ts A, B su ch th a t fo r

su ff ic ien tly b ig v a lu e s o f m th e fo llow ing in equ a litie s h o ld :
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r-l

(6.1) (I(m) J)(x) - L ~I;(f)(x) ::; :r'
i = O m

r-l 1 B

(6.2) Q(m)(f,g)(x) - L-iQi(!,g)(x) ~. -r'
. i=Om m

I t w a s p r o v e d i n [ 3 6 ] ' [ 3 8 ] t h a t B e r e z i n - T o e p l i t z q u a n t i z a t i o n o n a c o m p a c t K ä h l e r

m a n i f o l d M g i v e s r i s e t o a s t a r - p r o d u c t o n M. T h i s s t a r - p r o d u c t *BT i s g i v e n b y a s e -

q u e n c e o f b i l i n e a r o p e r a t o r s { C k}, k ~ 0 , o n C o o (M) s a t i s f y i n g t h e f o l l o w in g c o n d i t i o n s .

F o r f, 9 E C O O (M ) a n d a n y r E N t h e r e e x i s t s a c o n s t a n t C s u c h t h a t

(6.3) IITjm)T~m) - Tj~;1911 ~ C/m
r
,

w h e r e f *[r] 9 = 2:~:~(I/mk)Ck(f, g). T h e c o n d i t i o n s ( 6 .3 ) d e t e rm in e t h e s t a r - p r o d u c t

*BT u n i q u e l y . W e c a l l *BT t h e B e r e z i n - T o e p l i t z s t a r - p r o d u c t .

R e c a l l t h a t f o r f, 9 E C O O (M ) a(Tjm)) = l(m)(f), a(Tjm)TJm)) = Q(m)(f, g).

P a s s i n g f r o m o p e r a t o r s t o t h e i r c o v a r i a n t s y m b o l s i n ( 6 .3 ) a n d u s i n g t h e i n e q u a l i t y

la(A)1 ~ IIAII w e g e t t h a t

(6.4) IQ(m)(f,g)(x) - l(m)(f*[r] g)(x) I ~ C/m
r
.

I t f o l l o w s f r o m ( 6 .1 ) t h a t

r-k-l

( 6 .5 ) ~ J( m ) ( C k (J, g) )( x) - L m 7+kIi (C k (J, g) ) (x) ::; ~~.

i = O

S u m m in g u p i n e q u a l i t i e s ( 6 .2 ) a n d ( 6 .5 ) f o r k = 0 ,1 , . . . , r - 1 , w e o b t a i n t h a t

( 6 .6 ) I ( Q(m) (f, g)(x) - l(m) (f * [ r j g) (x))-

r-l D

L~i(Q;(f,g)(x) - L Ij(Ck(J,g))(x))I ::; mr.

i = O j+k=i

f o r s o m e c o n s t a n t D. I t f o l l o w s f r o m ( 6 .4 ) a n d ( 6 .6 ) t h a t

r-l

L ~ i (Q;(f, g)(x) - L Ij (Ck(J,g)) (x)) ::; :r'
i = O j+k=i

f o r s o m e c o n s t a n t E, w h i c h i n f e r s t h a t f o r i = 0 ,1 , . . .

Qi(f, g) = L 1j(Ck(f, g)).

j+k=i

E q u a l i t i e s ( 6 .7 ) m e a n t h a t Q(f, g) = l(f *BT g). S in c e I i s i n v e r t i b l e w e im m e d i -

a t e l y o b t a i n t h a t t h e s t a r - p r o d u c t s *' a n d *BT c o i n c i d e . T h u s t h e B e r e z i n - T o e p l i t z
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defo rm ation quan tiza tion is com ple te ly iden tified as the defo rm ation quan tiza tion w ith

separa tion of variab les on (M , w -d whose star-p roduct *B T is opposite to * .
U sing (2 .2 ) w e can calcu la te the charac teristic dass c l(*B T ) of the B erez in -Toep litz

star-p roduct *B T .

It fo llow s from (2 .2 ) and ' (5 .32 ) tha t the charac teristic dass o f the star-p roduct *-

equals to c l(* ) = (I/i) (-[ (I /V )W -l] + e/2 ). It is easy to show that the charac teristic

dass o f the opposite star-p roduct *' is equal to -c l(* ) . S ince *B T = *', w e fina lly get

tha t the charac teristic dass o f the B erez in - Toep litz defo rm ation quan tiza tion is g iven

by the fo rm ula c l(*B T ) = (I/i) ([ (I /V )W -l] - e/2 ).
The charac teristic dass o f the B erez in - Toep litz defo rm ation quan tiza tion w as first

ca lcu la ted by E li H aw kins in [20 ] by K -theo re tic m ethods.

A s a condud ing rem ark w e w ould like to d raw the readers a tten tion to the fac t tha t

the dassify ing fo rm w of the star-p roduct * is the fo rm al ob jec t co rrespond ing to the

asym pto tic expansion as m -t +00 of the pu llback w(m) of the Fub in i-S tudy fo rm on

the p ro jec tive space 1P '(H ~ ) v ia K odaira em bedd ing of lv f in to 1P '(H ~ ). H ere H ~ deno tes

the H ilbert space dual to Hm - rho1 (Lm ) (see Sectio ri 4 ). It w as p roved by Zeld itch [41 ]

tha t w(m) adm its a com ple te asym pto tic expansion in l/m as m -t +00 . A s an easy

consequence of the resu lts ob ta ined in th is artide one can show that lF (w (m )) = w .
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