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Abstract:
A method is presented to identify the partial differential equations and associated boundary conditions
of a distributed parameter system.

The technique requires that the form of the differential equation or boundary condition be known up to
a set of constants. Finite differences are used to approximate derivatives. Identification is carried out by
using normal operating data.

When the data is exact the identification may be performed on linear, nonlinear and time-varying
systems. The accuracy of the identification depends only on approximation errors. Methods for
decreasing these errors are presented. When the data is corrupted by noise additional errors are
introduced and the unknown constants must be estimated. A performance index is presented which
tends to minimize the combined effect of these two types of errors.

The classical least squares estimator is developed to estimate linear and nonlinear systems. When the
statistics of the measurement noise are available, a modified least squares estimator is presented which
is applicable to linear systems. It is shown that the modified scheme is generally more accurate than the
least squares estimator.

'Examples and results of digital computer simulations are given. 
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ABSTRACT

A m ethod i s  p r e s e n te d  t o  i d e n t i f y  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  
and a s s o c ia te d  boundary  c o n d it io n s  o f  a  d i s t r i b u t e d  p a ra m e te r  system .
The te c h n iq u e  r e q u ir e s  t h a t  th e  form  o f  th e  d i f f e r e n t i a l  e q u a tio n  o r 
boundary  c o n d it io n  be know n.up to  a  s e t  o f  c o n s ta n ts .  F i n i t e  d i f f e r ­
ences a re  u sed  t o  ap p rox im ate  d e r iv a t iv e s . I d e n t i f i c a t i o n  i s  c a r r i e d  
o u t by u s in g  norm al o p e ra t in g  d a ta .

When th e  d a ta  i s  e x a c t  th e  i d e n t i f i c a t i o n  may be p e rfo rm ed  on 
l i n e a r ,  n o n l in e a r  and t im e -v a ry in g  sy stem s . The accu racy  o f  th e  
i d e n t i f i c a t i o n  depends on ly  on ap p ro x im atio n  e r r o r s .  Methods f o r  
d e c re a s in g  th e s e  e r r o r s  a re  p re s e n te d .  VJhen th e  d a ta  i s  c o r ru p te d  by 
n o is e  a d d i t io n a l  e r r o r s  a re  in tro d u c e d  and th e  unknown c o n s ta n ts  must 
be  e s t im a te d .  A p erfo rm an ce  in d e x  i s  p r e s e n te d  w hich te n d s  t o  
m inim ize th e  com bined e f f e c t  o f  th e s e  two ty p e s  o f  e r r o r s .

The c l a s s i c a l  l e a s t  sq u a re s  e s t im a to r  i s  developed  t o  e s t im a te  
l i n e a r  and n o n l in e a r  sy stem s. When th e  s t a t i s t i c s  o f  th e  m easurem ent 
n o is e  a re  a v a i l a b l e , a  m o d if ie d  l e a s t  sq u a re s  e s t im a to r  i s .p r e s e n t e d  
w hich  i s  a p p l ic a b le  t o  l i n e a r  s y s te m s . . I t  i s  shown t h a t  th e  m o d ifie d  
scheme i s  g e n e ra l ly  more a c c u ra te  th a n  th e  l e a s t  sq u a re s  e s t im a to r .

^Examples and r e s u l t s  o f  d i g i t a l  com puter s im u la tio n s  a re  g iv e n .



• .CHAPTER I

INTRODUCTION



'I
1 .1  SCOPE ,OF THE THESIS ■ .

1 .1 .1  I d e n t i f i c a t i o n  o f  System s w ith o u t M easurement N oise

A te c h n iq u e  i s  p r e s e n te d  in  C hap ter 2 t o  id e n t i f y  th e  p a r t i a l  d i f f e r ­

e n t i a l  e q u a tio n  d e s c r ib in g  a  d i s t r i b u t e d  p a ra m e te r  system  in  th e  absence 

o f  m easurem ent n o is e .  The form o f  th e  d i f f e r e n t i a l  e q u a tio n  m ust be 

known t o  w ith in  c e r t a in  c o n s ta n t s , w hich a re  t o  be i d e n t i f i e d .  The . 

c o n s ta n ts  can be  changing  w ith  t im e ,  as lo n g  as t h e i r  r a t e  o f  change i s  

slow  w ith  r e s p e c t  t o  th e  system  dynam ics, The te c h n iq u e  i s  a p p l ic a b le  

to  l i n e a r  and n o n l in e a r  sy stem s . However, th e  unknown c o e f f i c i e n t s  

m ust ap p ea r l i n e a r l y .  When th e  p r e c i s e  form  o f  th e  d i f f e r e n t i a l  e q u a tio n  

i s  n o t known a p r i o r i  e x tra n e o u s  te rm s may be  in c lu d e d . The c o n d itio n s  

un d er w hich th e  i d e n t i f i c a t i o n  r e v e a ls  th e  c o e f f i c i e n t s  in  th e  e x tra n ­

eous te rm s  t o  be  n e g l ig ib l e  a re  d is c u s s e d .

A n e c e s s a ry  c o n d it io n  f o r  th e  i d e n t i f i c a t i o n  u s in g  th e  p ro p o sed  

scheme i s  g iv e n . T h is  c o n d it io n  i s  a p p l ic a b le  o n ly  when th e  sy stem  i s  

in  a  t r a n s i e n t  s t a t e .  H ow ever, no s p e c ia l  t e s t  s ig n a ls  a re  n e c e ssa ry  

and th e  i d e n t i f i c a t i o n  can be perfo rm ed  o n - l in e .

The i d e n t i f i c a t i o n  o f  unknown p a ra m e te rs  r e q u ir e s  no knowledge o f  

th e  boundary  c o n d i t io n s .  H owever, a  system  may have boundary  c o n d itio n s  

w hich c o n ta in  unknown p a ra m e te rs .  These c o n s ta n ts  can be  d e te rm in ed  1 

u s in g  th e  i d e n t i f i c a t i o n  scheme d e s c r ib e d  h e r e in  w ith o u t knowing th e  

s y s t e m 'p a r t i a l  d i f f e r e n t i a l  e q u a t i o n . ■

The p ro c e d u re  u ses  f i n i t e  d i f f e r e n c e s  t o  approx im ate  th e  p a r t i a l  

d e r iv a t iv e s  a t  s p e c i f i e d  p o in ts  in  tim e and sp a c e . The u se  o f  f i n i t e  

d i f f e r e n c e s  in  th e  n u m e ric a l s o lu t io n  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s

2



3

i s  v e i l  known, [ l ] ,  b u t  has n e v e r  been a p p lie d  t o  th e  i d e n t i f i c a t i o n  

p rob lem . The m ethods f o r  im proving th e  accu racy  o f  th e  f i n i t e  d i f f e r ­

ence  ap p ro x im atio n s  a re  d is c u s s e d . The im provem ents a re  a p p l ic a b le  to  

th e  i d e n t i f i c a t i o n  o f  d i s t r i b u t e d  system s as w e ll  as th e  n u m e rica l 

s o lu t io n  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s .  However, th e  a p p l ic a t io n  

o f  th e  f i n i t e  d i f f e r e n c e  ap p ro x im atio n s  o f  h ig h e r  o rd e r  acc u racy  t o  th e  

n u m e ric a l s o lu t io n  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  i s  l im i t e d  b ecau se  

th e s e  c a lc u la t io n s  a re  r e c u r s iv e  and many o f  th e  app ro x im atio n s r e s u l t  

in  an u n s ta b le  r e c u r s iv e  schem e. T his co m p lic a tio n  does n o t a r i s e  in  

th e  i d e n t i f i c a t i o n  p ro b lem , f o r  th e  c a lc u la t io n s  a t  each o f  th e  s ta g e s  

a re  n o t  dependen t on th e  accu racy  o f  th e  c a lc u la t io n s  made a t  any o th e r  

s ta g e ,

1 ,1 ,2  I d e n t i f i c a t i o n  o f  System s w ith  M easurement N oise

F in i t e  d i f f e r e n c e s  a re  u sed  t o  approx im ate  p a r t i a l  d e r iv a t iv e s  in  

th e  p ro p o sed  i d e n t i f i c a t i o n  te c h n iq u e . The d a ta  fo r  th e  f i n i t e  d i f f e r ­

ences i s  o b ta in e d  by p e rfo rm in g  m easurem ents on th e  sy stem s . These 

m easurem ents a re  r a r e l y  e x a c t , f o r  th e  m easurem ent d ev ice s  have im p e rfe c t­

io n s ,  As a  r e s u l t ,  e r r o r s  due t o  m easurem ent n o ise  a re  in tro d u c e d  in  th e  

i d e n t i f i c a t i o n  in  a d d i t io n  t o  th e  e r r o r s  r e s u l t i n g  from th e  f i n i t e  d i f f e r ­

ence  a p p ro x im a tio n s . The i d e n t i f i c a t i o n  o f  d i s t r i b u t e d  system s in  th e  

p re s e n c e  o f  m easurem ent n o is e  i s  d is c u s s e d  in  C hap ter 3.

In  th e  i d e n t i f i c a t i o n  p ro c e s s ,  in t ro d u c t io n  o f  m easurem ent n o is e

* Numbers in  sq u a re  b ra c k e ts  r e f e r  t o  th e  r e fe re n c e s  a t  th e  end o f  t h i s  
t h e s i s .



s u g g e s ts  t h a t  th e  unknown p a ra m e te rs  a re  fu n c tio n s  o f  random v a r i a b l e s „ 

Thus some ty p e  o f  s t a t i s t i c a l  e s t im a t io n  m ust be em ployed t o  de term ine  

th e  p a ram ete rs ,, The l e a s t  sq u a re s  e s t im a to r  was found t o  be w e ll  s u i t e d  

f o r  th e  p rob lem . T his e s t im a to r  r e q u ir e s  no a p r i o r i  know ledge o f  th e  

s t a t i s t i c s  o f  th e  m easurem ent n o is e  as do o th e r  c l a s s i c a l  e s t im a to r s .  

However9 when th e  system  i s  l i n e a r  and th e  mean and v a r ia n c e  o f  th e  

m easurem ent n o is e  a re  known, i t  i s  p o s s ib le  t o  im prove th e  accu racy  

o f  th e  l e a s t  sq u a re s  e s t im a to r  by m od ify ing  i t .  The convergence o f  th e  

l e a s t  sq u a re s  e s t im a to r  and m o d ifie d  l e a s t  sq u a res  e s t im a to r  i s  compared 

and c o n t ra s te d .

The i d e n t i f i c a t i o n  scheme r e q u ir e s  th e  c a lc u la t io n  o f  th e  in v e rs e  

o f  a  sq u a re  m a tr ix .  T h is m a tr ix  c o n ta in s  e r r o r s  due t o  m easurem ent 

n o is e  and ap p ro x im atio n  e r r o r .  E r ro rs  in  i d e n t i f i c a t i o n  o f  c o e f f i c ie n t s  

become v ery  l a r g e  i f  th e  m a tr ix  i s  i l l - c o n d i t i o n e d  even i f  th e  m easure­

ment and th e  ap p ro x im atio n  e r r o r s  a re  s m a ll .  The o r ig in  o f  th e  i l l -  

c o n d itio n e d  m a tr ix  in  th e  i d e n t i f i c a t i o n  i s  d is c u s s e d  as w e ll  as methods 

f o r  d e te c t in g  i l l - c o n d i t i o n i n g .

1 .1 .3  S e le c t io n  o f  O ptim al In c rem en ts  in  Time and Space

The e r r o r s  in t ro d u c e d  by m easurem ent n o is e  and f i n i t e  d if f e r e n c e s  

a re  fu n c tio n s  o f  th e  in c re m en ts  in  tim e  and sp ace  s e le c te d  f o r  th e  

f i n i t e  d i f f e r e n c e  fo rm u lae . The e f f e c t  o f  measurem ent n o is e  e r r o r  is  

d e c re a se d  by making th e  in c re m en ts  as la rg e  as p o s s ib le .  On th e  o th e r  

h an d , th e  e r r o r  due t o  f i n i t e  d i f f e r e n c e  app ro x im atio n  i s  d e c re a se d  by 

making th e s e  in c re m e n ts  v e ry  s m a ll .  T h is  su g g e s ts  th e r e  e x i s t s  a
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com bination  o f  in c rem en ts  in  tim e and space  which m inim ize th e  combined 

e f f e c t  o f  th e s e  two e r r o r s .

A perfo rm an ce  in d e x  w hich i s  a  fu n c tio n  o f  i d e n t i f i c a t i o n  e r r o r  due 

to  m easurem ent n o is e  and f i n i t e  d i f f e r e n c e s  i s  fo rm u la te d . M in im iza tion  

o f  t h i s  in d ex  i s  perfo rm ed  w ith  r e s p e c t  t o  th e  tim e and s p a t i a l  

in c re m e n ts „ The te c h n iq u e  r e q u ir e s  a  knowledge o f  th e  s t a t i s t i c s  o f  th e  

m easurem ent n o is e  and i s  n o t  w e ll  s u i t e d  t o  n o n lin e a r  sy s te m s„ I n i t i a l  

e s t im a te s  o f  th e  unknown p a ra m e te rs  m ust be  made. In  s p i t e  o f  t h i s ,  th e  ■ 

r e s u l t i n g  s e t  o f  in c rem en ts  p ro v id e s  b e t t e r  r e s u l t s  t h a t  th o s e  a t t a in a b le  

by sim p ly  g u e s s in g , '

1 ,2  HISTORICAL BACKGROUND

1 ,2 ,1  D e r iv a tio n  o f  P a r t i a l  D i f f e r e n t i a l  E quations

D is t r ib u te d  p a ra m e te r  sy s te m s , t h a t  i s ,  system s d e s c r ib e d  by 

p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  o r  m u l t ip le  i n t e g r a l  e q u a tio n s  a re  

o f te n  en co u n te red  in  e n g in e e r in g  a p p l ic a t io n s .  Chem ical r e a c t o r s , 

n u c le a r  r e a c t o r s ,  h e a t  ex changers  and p h y s ic a l  s t r u c tu r e s  a re  exam ples 

o f  system s w ith  p a ra m e te rs  d i s t r i b u t e d  in  sp a c e . F re q u e n tly ,  th e  

system  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  can be d e r iv e d  a p r i o r i  from  b a s ic , 

law s o f  p h y s ic s , These e q u a tio n s  u s u a l ly  c o n ta in  c o n s ta n ts  w hich are  

unknown and m ust be i d e n t i f i e d .  T h is  t h e s i s  i s  devo ted  to  th e  i d e n t i f i ­

c a t io n  o f  th e s e  c o n s ta n ts .

In  t h i s  s u b s e c tio n  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  d e s c r ib in g  th r e e  

d i f f e r e n t  d i s t r i b u t e d  system s a re  d e r iv e d . The r e s u l t in g  e q u a tio n s  a re  

u sed  e x c lu s iv e ly  in  th e  exam ples ap p ea rin g  in  t h i s  t h e s i s .  T hus, th e
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d e r iv a t io n s  n o t  on ly  d em o n stra te  th e  a p p l ic a t io n  o f  p h y s ic a l  law s t o  

o b ta in  th e  m a th em a tic a l m odels o f  d i s t r i b u t e d  sy s te m s , b u t a ls o  p ro v id e  

p h y s ic a l  i n s ig h t  i n t o  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  u sed  in  th e  

ex am p les .

C o n s id e r  th e  flow  o f  h e a t  in  a t h i n  b a r  o r  w ire .  Assume th e  b a r  

i s  p e r f e c t l y  in s u l a t e d  a lo n g  i t s  le n g th  so  t h a t  h e a t  flow s in  th e  x 

d i r e c t io n  o n ly . Such a  system  i s  d e p ic te d  in  F ig u re  1 .1 .

p e r f e c t  in s u l a t i o n

F ig u re  1 .1  One d im en s io n a l h e a t flow  in  a  th in  b a r .

I f  a  segm ent o f  th e  b a r  w ith  b o u n d a rie s  I  and 2 and le n g th  dx i s  exam ined, 

th e  h e a t  flow  i s  gov ern ed  by two b a s ic  laws o f  p h y s ic s ;  n am ely ,

Q = emu ( l . l )

where

Q = h e a t  ( c a l o r i e s  o r  B .T .U .'s )  

c = s p e c i f i c  h e a t

m = mass
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u  = a b s o lu te  te m p e ra tu re

and

where

A = c r o s s - s e c t io n a l  a r e a  o f  s u r fa c e  in  a  d i r e c t io n  p e rp e n d ic u la r  t o  th e  

flo w  o f  h e a t

= g r a d ie n t  o f  te m p e ra tu re  p e rp e n d ic u la r  t o  th e  su r fa c e  

k = h e a t  c o n d u c t iv ity

The amount o f  h e a t  c o n ta in e d  in  th e  segm ent i s  o b ta in e d  by a p p l ic a t io n  

o f  e q u a tio n  ( i d )  w ith  th e  r e s u l t

Q = e(A dx)pu (1= 3)

w here p i s  th e  d e n s i ty  o f  th e  m a te r ia l  and hence Adxp i s  th e  mass o f  

th e  segm en t0 The r a t e  a t .  w hich h e a t  i s  s to r e d  in  t h i s  e lem en t i s  found 

by d i f f e r e n t i a t i n g  e q u a tio n  ( l 0 3) w ith  r e s p e c t  t o  tim e to  g e t

r a t e  o f  h e a t  flow  a c ro s s  t h i s  boundary i s  d e s c r ib e d  by e q u a tio n  ( l 02 ) 0 

T h e re fo re

The r a t e  a t  w hich th e  h e a t ,  Q , flow s o u t boundary 2 can be found

( l .U )

L et Q deno te  th e  h e a t  flo w in g  in to  th e  segm ent a c ro ss  boundary  I 0 The

do 5)

go
by c o n s id e r in g  th e  T a y lo r ’ s . s e r i e s  ex p an sio n  o f  . d , ■ I f

at
9Q1 has  a l l
at
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o rd e r s  o f  d e r iv a t iv e s  w ith  r e s p e c t  t o  x ,  th e  expansion  o f  about x i s
9 t

g iv en  by

30 (x + dx) 3Q (x) X I 3 , 9Q1 (X )H  32 f 9Ql ^ x ) xdx2 .
+ 3% ("TE— + 3-5- (--in r-j-g T + ( 1 .6 )9 t 3 t

w here ! d en o tes  th e  f a c t o r i a l .  VThen dx i s  v ery  sm a ll in  a b s o lu te  v a lu e  

com pared to  u n i t y ,  th e  te rm s o f  th e  s e r i e s  in v o lv in g  h ig h  powers o f  dx 

may be n e g le c te d .  Thus a  f i r s t  o rd e r  app ro x im atio n  fo r  e q u a tio n  (1=6) i s

30 (x  + dx) 3Q .(x) .  30 (x)

' n ------- '  J t  + J i  (— (1 ,7 )

N o tic e  t h a t  th e  te rm  on th e  l e f t  hand s id e  o f  e q u a tio n  (1 .7 )  i s  th e  h e a t

flow  from  boundary  2. T h e re fo re

3Qo 3Q2
3 t

I  3 f 9Qlx 
3 t  + 3 ^ (" )dx ( 1 .8 )

S u b s t i t u t in g  e q u a tio n  ( I . 5) in t o  th e  r e s u l t  o f  e q u a tio n  (1 .8 )  y ie ld s

3Q,
IGT= -  % (1.9)

The r a t e  a t  w hich h e a t  i s  s to r e d  in  th e  e lem en t i s  found by s u b s t r a c t ing  

th e  r a t e  o f  h e a t flow  ou t from  th e  r a t e  o f  h e a t  flow  i n .  T h is  i s  e x p re sse d

m a th e m a tic a lly  by

3Q _ 3Q1
3 Q_2

3 t ( 1. 10)

S u b s t i t u t in g  e q u a tio n s  ( I .  It), ( 1 . 5)» ( 1 .9 )  in to  ( l . 10) g iv e s  

cAp dx = “ ■ ( dx . ( 1 . 11)
o v  dX dX

Assume A i s  in d e p en d en t o f  x .  Then a f t e r  d iv id in g  b o th  s id e s  o f  e q u a tio n

( l . l l )  by cApdx th e r e  r e s u l t s  

3u I  9_z. 9 Ux
Ft = ^ 3?% )

( 1. 12)
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F i n a l l y 9 when k i s  in d e p en d en t o f  x e q u a tio n  (l= 12) can h e  w r i t t e n  

3 u  32 u
S t -  "  SZF

w here

” = i r  ■. c io iu )

E q u a tio n  ( l 013) i s  known as th e  d i f f u s io n  e q u a t io n . I t  i s  a  l i n e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n  c o n ta in in g  one c o n s ta n t w hich may o r  may 

n o t he known. A s im p le  e x te n s io n  o f  th e  above prob lem  le a d s  t o  a l i n e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n  w ith  two c o n s ta n ts .

C o n s id e r  once ag a in  th e  b a r  shown in  F ig u re  1 .1 .  Assume th e  b a r  

moves in  th e  x d i r e c t io n  w ith  a  u n ifo rm  v e l o c i t y ,  v . The n e x t d e r iv a t io n  

le a d s  t o  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  d e s c r ib in g  th e  h e a t  flow  in  

th e  moving b a r  w ith  r e s p e c t  t o  a  s t a t io n a r y  c o o rd in a te  sy stem .

L e t t h e  moving c o o rd in a te  sy stem  be d en o ted  by x and t .  The h e a t  

flow  w ith  r e s p e c t  t o  th e  moving system  i s  g iv e n  by e q u a tio n  ( 1 .1 3 ) .  Hence

4S(3E,t) = a  — (5,%)
d l  Sx2 (1 .1 5 )

T his e q u a t io n  can be r e w r i t t e n  in  te rm s o f  a  s ta t io n a r y  c o o rd in a te  system  

by chang ing  th e  in d e p en d en t v a r i a b l e s . F i r s t  n o te  t h a t  th e  s ta t io n a r y  

and moving sy stem s a re  r e l a t e d  by th e  e q u a tio n  

x = v t  + x + x o

w here x st  d en o te  sp ace  and tim e  in  th e  s ta t io n a r y  system  and xq i s  th e  

s e p a r a t io n  betw een  th e  o r ig in  o f  th e  s t a t io n a r y  and moving system s a t

tim e  zero



Ip

The change o f  v a r ia b le s  i s  d e f in e d  to  be

t  = t ( x st ) ( 1 . 17)

= t

X = x ( x sf )

( 1 , 18 )

= v t  + X +  X
0 (1 .1 9 )

=  V t  +  X +  X
O ( 1 . 2 0 )

C o n sid er th e  te rm  on th e  l e f t  hand s id e  o f  e q u a tio n  (1 .1 5 )«  A p p lic a tio n  

o f  th e  ch a in  r u le  y ie ld s

3u Bu Bx , Bu St

Bt Bx Bt Bt Bt

B ut from  e q u a tio n s  ( l 0l8 )  and ( l ,2 0 )

K =  T - 
a t

and

H = I
Bt

Hence e q u a tio n  ( l 02 l)  can be w r i t t e n

(1 .2 1 )

Bu _ Bu Bu
Bt 3= a t (1 .2 2 )

N ext c o n s id e r  th e  d e r iv a t iv e  a p p e a rin g  in  th e  r i g h t  hand s id e  o f  e q u a tio n  

( I 01 5 )o The f i r s t  d e r iv a t iv e  i s  found by use o f  th e  ch a in  r u l e  to  be

Bu Bu Bx , Bu Bt

Bx Bx Bx Bt Bx (1 .2 3 )

From e q u a tio n s  ( I 018) and ( l o20) th e r e  r e s u l t s  th e  r e l a t i o n s h ip s

i s  = 1
Bx

( l .2 k )
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and

3 t = O
( 1 . 25 )

T h e re fo re 9 e q u a tio n  ( l 023) s im p l i f i e s  t o  re a d

3u _ 9u

3x 3x ( l .2 6 )

D i f f e r e n t i a t i n g  e q u a tio n  (1 ,2 6 ) once more w ith  r e s p e c t  t o  x and making 

use  o f  e q u a tio n s  ( 1,2U) and ( l ,2 5 )  le a d s  t o  th e  e x p re s s io n  

32u 32 u

3 x2 3x2 (1 .2 7 )

S u b s t i t u t in g  f o r  e q u a tio n  ( l„ 1 5 )  from  e q u a t io n s  ( l ,2 2 )  and (1.2,7) y ie ld s  

3u ^ 3u „ 32u
3 t + T S I=  *3ZF (1 .28)

N o tic e  t h a t  e q u a tio n s  ( 1 , 18) and ( l„ 2 0 )  can be so lv e d  f o r  x and t  t o  g e t 

X = x ( x 9t )  ( 1 . 29)

t  = t ( x 9t )  ( 1 . 30)

The s u b s t i t u t i o n  o f  e q u a tio n s  ( l ,2 9 )  and ( I , 30) i n t o  u ( x st )  p rod u ces  a 

fu n c tio n  o f  x and 1 9 say

u =  U (x9t )  ( l . 3 l )

Hence e q u a tio n  ( l , 28) can be  w r i t t e n  

32U 3U 3U
* 3%?- 3t . (1 .32)

T his l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  c o n ta in s  two c o n s ta n ts  which 

may o r  may n o t b e  known a p r i o r i ,  The t h i r d  d e r iv a t io n  r e s u l t s  in  a non­

l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  c o n ta in in g  s e v e r a l  c o e f f i c i e n t s .  

Many u n r e la te d  p h y s ic a l  phenomena g iv e  r i s e  to  th e  same e q u a tio n  i f
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v a r ia b le s  and c o n s ta n ts  a re  a p p r o p r ia te ly  i n t e r p r e t e d .  Such a  s i t u a t i o n  

a r i s e s  in  th e  d e r iv a t io n  o f  th e  c o n c e n tra t io n  dependent d i f f u s io n  

e q u a t io n .  Crank [2 ] shows t h a t  when C i s  th e  c o n c e n tra t io n  o f  th e  d i f f u ­

s in g  su b s ta n c e  and D th e  d i f f u s io n  c o e f f i c i e n t

3C 3 , 3C,
at -  3 7 ( 0  a?) (1 .33)

N o tic e  th e  s i m i l a r i t y  betw een t h i s  r e s u l t  and e q u a tio n  ( l , 1 2 ) .  In  many 

system s*  f o r  exam ple t h e  i n t e r d i f f u s io n  o f  m e ta ls  o r  th e  d i f f u s io n  o f  

o rg a n ic  vapours in  h ig h  polym er s u b s ta n c e s , D depends on th e  concen­

t r a t i o n  o f  th e  d i f f u s in g  s u b s ta n c e . Let t h i s  dependence be  g iv e n  by th e  

e q u a tio n

2 -  Cl / 2
d o  3*0

D i f f e r e n t i a t i n g  t h i s  e x p re s s io n  w ith  r e s p e c t  t o  C g iv e s  

d / 2

S u b s t i t u t io n  o f  ( I , 3*0 and ( I , 35) i n t o  e q u a tio n  (1 ,3 3 )  y ie ld s

(1 ,3 5 )

I  S2C 
2C n ?

I  ,3 0 .2  3C ^
= 3t +

I  3ZC I  ,SC .2
I i T F a ; ?  F e ?  ( 37 ) (1 ,36)8c^< 0A ou Ucj

The d e r iv a t io n s  le a d in g  to  e q u a tio n s  ( l , 1 3 ) * (1 ,3 2 )  and ( I , 36) a re  

r e p r e s e n ta t iv e  o f  argum ents r e q u ir e d  t o  develop  th e  m a th e m a tic a l model 

f o r  d i s t r i b u t e d  p a ra m e te r  sy s tem s . The n e x t su b se c tio n  co n ce rn s  th e  

c o n t r o l  o f  such sy s tem s .

C o n tro l o f  D is t r ib u te d  P a ram e te r S ystem s.

In  many d i s t r i b u t e d  system s th e  p a ra m e te rs -w h ic h  c h a r a c te r iz e  th e
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system s dynam ics and en v iro n m e n ta l c o n d it io n s  under w hich th e  system  

o p e ra te s  a re  changing  w ith  t im e . F o r exam ple , in  a  ch em ica l r e a c to r  

a  c a t a l y s t  may b e  s lo w ly  d e t e r io r a t in g  and th e  chem ica l c o n c e n tra t io n  

o f  t h e  r e a c t a n t s  may a ls o  be  c h an g in g , and th e s e  changes a f f e c t  th e  

sy stem  dynam ics. Optimum c o n t ro l  o f  such a  changing sy stem  r e q u ir e s  

th e  u se  o f  an a d a p tiv e  c o n t ro l  system  which i s  ab le  t o  i d e n t i f y  th e  

sy stem  dynam ics d u rin g  a  g iven  i n t e r v a l  o f  t im e ,  and make a p p ro p r ia te  

a d ju s tm e n ts  in  th e  c o n t r o l l e r  t o  com pensate f o r  changes in  sy stem  

dynam ics.

A d ap tive  c o n t ro l  o f  l i n e a r  lumped p a ra m e te r  system s w ith  s low ly  

v a ry in g  p a ra m e te rs  has been  c o n s id e re d  [ 3 , U, 5 ] q u i te  e x te n s iv e ly  in  

th e  l i t e r a t u r e .  T here has  been some a tte m p t t o  o b ta in  a d a p t iv e  c o n t ro l  

o f  d i s t r i b u t e d  system s u s in g  approx im ate  r e p r e s e n ta t io n s  o f  system  

d y n am ics■ [6], H owever, t h i s  a re a  needs a  more d e t a i l e d  s tu d y , u s in g  

more a c c u ra te  m a th e m a tic a l m odels o f  d i s t r i b u t e d  p a ram e te r  sy stem  

dynam ics [ 7 ,8 ] ,  The f i r s t  r e q u i s i t e  o f  an a d a p tiv e  co n tro l-  i s  system  

i d e n t i f i c a t i o n ,  U n like  lumped p a ram e te r sy s te m s , l i t t l e  work has been 

done in  th e  i d e n t i f i c a t i o n  o f  d i s t r i b u t e d  sy stem s,

1 ,2 ,3  I d e n t i f i c a t i o n  o f  D is t r ib u te d  P a ra m e te r  System s

I d e n t i f i c a t i o n  o f  d i s t r i b u t e d  p a ram e te r  system s p o ses  a few d i f f i ­

c u l t i e s  due t o  m a th e m a tic a l c o m p le x itie s  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  

and th e  a s s o c ia te d  boundary  c o n d i t io n s .  J ones [9] and D ouglas and Jones 

[10 ] i d e n t i f i e d  a  t im e -v a ry in g  c o e f f i c i e n t  cx(t) in  th e  d i f f u s io n  e q u a tio n  

w ith  th e  fo llo w in g  b o u n d a ry . 'c o n d itio n ss



Ilf
ufxg ti) = O 0 _< x < °°

u ( 0 , t )  = f ( t )  0 _<. t  < T 1 f (0 )  = 0

-  a ( t )  | | ( 0 st )  = g ( t )  0 < t  < T (1,37.)

N ote t h a t  c t(t) ap p ea rs  in  th e  boundary c o n d it io n  a t  x = 0 as w e ll  as in  

th e  d i f f e r e n t i a l  e q u a t io n . This i s  n e c e s s a ry  b ecause  th e  a u th o rs  

r e s t r i c t  th em se lv es  t o  m easu ring  th e  s t a t e  v a r ia b le  u a t  th e  boundary 

x = Oc Hence t h i s  p ro b lem , in  e s s e n c e ,  red u ces  t o  i d e n t i f i c a t i o n  o f  th e  

boundary  c o n d i t io n .

R e c e n tly , P e r d r e a u v i l le  and Goodson [ l l ] i d e n t i f i e d  unknown c o e f f i ­

c i e n ts  o f  a  sy stem  d e s c r ib e d  by p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  by u sin g  

a  te c h n iq u e  s im i l a r  t o  t h a t  u sed  by S h in b ro t [12] f o r  i d e n t i f i c a t i o n  o f  

lumped p aram ete r sy stem s. T his i d e n t i f i c a t i o n  te c h n iq u e  i s  l im i te d  t o  

a  c la s s  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  w hich can be red u ced  t o  an 

a lg e b r a ic  e q u a tio n  by an i n t e g r a l  t r a n s fo rm a t io n ,

Sanathanan  [13] d is c u s s e s  th e  i d e n t i f i c a t i o n  o f  th e  t r a n s f e r  

fu n c tio n  o f  a d i s t r i b u t e d  p a ra m e te r  system  by o b ta in in g  a  harm onic 

re sp o n se  fu n C tio n 0 The m ethod i s  l im i te d  to  l i n e a r  system s and i s  n o t 

s u i t a b l e  f o r  an o n - l in e  i d e n t i f i c a t i o n  schem e.



CHAPTER 2
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. 2 . 1 '  INTRODUCTION-

In  t h i s  c h a p te r  th e  i d e n t i f i c a t i o n  o f  d i s t r i b u t e d  sy stem s in  th e  

ab sen ce  o f  m easurem ent n o is e  i s  c o n s id e re d . I t  i s  assumed t h a t  th e  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n  i s  known up t o  a-.vset :o f  c o n s ta n t  p a ra m e te rs  

w hich m ust be d e te rm in e d . The d i f f e r e n t i a l  e q u a tio n  may be  n o n l in e a r  

in  th e  s t a t e  v a r ia b le s  and t h e i r  d e r iv a t iv e s  b u t m ust be  l i n e a r  in  th e  

unknown c o e f f i c i e n t s .  When th e  p r e c i s e  form  o f  th e  e q u a tio n  i s  n o t 

known a p r i o r i » e x tra n e o u s  te rm s may be:' in c lu d e d .  The c o n d it io n s  under 

w hich th e  id e n t i f i c a t i o n  y ie ld s  n e g l ig ib l e  v a lu e s  f o r  th e  c o e f f i c i e n t s  

o f  th e s e  e x tra n e o u s  te rm s i s  d is c u s s e d .

The n e c e s s a ry  c o n d it io n s  f o r  i d e n t i f i c a t i o n  a re  d ev e lo p ed  b e fo re  

in t r o d u c in g  th e  f i n i t e  d if f e r e n c e  a p p ro x im a tio n s .. T echniques f o r  re ­

d u c in g  th e  e r r o r  due to  th e s e  ap p ro x im atio n s a r e  p re s e n te d .  I t  i s  

shown t h a t  th e  i d e n t i f i c a t i o n  o f  th e  d i f f e r e n t i a l  e q u a tio n s  does n o t 

depend on th e  boundary  c o n d i t io n s .  A lso , when th e  boundary c o n d itio n s  

c o n ta in  an unknown p a ra m e te r ,  i t  to o  can be i d e n t i f i e d .  Examples and : 

r e s u l t s  o f  d i g i t a l  com puter s im u la tio n s ' a re  g iv e n .

2 . 2  THEORY

2 ,2 .1  Problem  S ta tem en t

• L e t th e  dynam ics o f  a  d i s t r i b u t e d  p a ra m e te r  system  b e  d e s c r ib e d  by 

a  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  o f  th e  form

^ u

S t ^ x x By1 Szz
, . . . ,  ,x ,y  ,z  , c ^ , c „ , . . . ,  — f _ ( t , x , y , z )  ( 2 .1 )

w here u  = u ( t , x sy sz) i s  t h e  s t a t e  v a r i a b l e ,  t  d en o tes  t im e ,  and x ,y ,  and



17

z d en o te  s p a t i a l  v a r ia b le s  in  a  C a r te s ia n  c o o rd in a te  system= F can be 

a  n o n l in e a r  fu n c tio n  o f  t , x , y , z  and th e  s t a t e  v a r i a b l e ,  b u t  i s  l i n e a r  w ith  

r e s p e c t  t o  c ^ s c ^ , c^„ H o tic e  t h a t  a  system  w ith  a  n o n l in e a r  con­

s t a n t  can. g e n e ra l ly  be made l i n e a r  by sim p ly  s u b s t i t u t i n g  a  new l i n e a r  con­

s t a n t '  f o r  th e  n o n l in e a r  one. The d i f f e r e n t i a l  e q u a tio n  i s  o f  o rd e r  Q = T  + 

X + Y. + Z= The c o n s ta n ts  c ^ ,  C^, = = = , a r e  th e  c o e f f i c i e n t s  ap p ea rin g  

in  th e  M te rm s o f  F and on ly  N o f  th e s e  c o n s ta n ts  a re  unknown= H may be 

l e s s  th a n  o r  eq u a l to  M= f  i s  a  d i s t r i b u t e d  c o n t ro l  in p u t w here fi d en o tes  

th e  s p a t i a l  domain o v er w hich th e  s t a t e  v a r ia b le  i s  defined=  I t  i s  

assum ed t h a t  o n ly  u  can be m easured d i r e c t ly =

G iven m easurem ents on th e  s t a t e  v a r ia b le  and f ^ ,  th e  p rob lem  i s  to  

f in d  th e  unknown c o e f f i c i e n t s  c^  fo r  m = I ,  = = = , N= Here f o r  s im p l i c i t y ,  

u ,  F , and f  a re  c o n s id e re d  to  be sc a la r=  The i d e n t i f i c a t i o n  o f  a  s e t  

o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  c o n ta in in g  more th a n  one s t a t e  v a r ia b le  

i s  d is c u s s e d  in  Appendix B=

2=2=2 S o lu tio n

S in c e  F i s  l i n e a r  in  th e  c o e f f i c i e n t s  C^9 c ^ , = = =,' c ^ 9 i t  i s  

c o n v e n ie n t to  w r i te  e q u a tio n  (2=1) in  t h e  form

Cl h l  + C2h 2 + 000 + cMhM = f fi (2=2)

where h^(m = 1 ,  ===,  M) a re  fu n c tio n s  o f  u ,  t ,  x ,  y ,  % and d e r iv a t iv e s  

o f  u= I t  can be assum ed, w ith o u t lo s s  o f  g e n e r a l i t y ,  t h a t  th e  te rm s 

c o n ta in in g  th e  unknown c o e f f i c i e n t s  a re  th e  f i r s t  N term s ap p e a rin g  in  

e q u a tio n  (2=2)= T ra n s f e r r in g  th e  te rm s c o n ta in in g  t h e  known c o n s ta n ts
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t o  th e  r i g h t  s e q u a tio n  ( 2 „2 ) may "be w r i t t e n  in  more co n v en ien t form

c-^h^ "t* Cghg ■?* o + cNhN “  f ft “ cN+lhtr«>l ”  000 “ cMhM (2o3>)ft " N + r ^ l

T h is  i s  a  l i n e a r  e q u a tio n  in  th e  N unknown c o e f f i c i e n t s  and N such 

e q u a tio n s  a re  r e q u ir e d  t o  so lv e  f o r  them . S in c e  e q u a tio n  (2 ,3 )  i s  v a l id  

a t  a l l  p o in t s  in  ft and  f o r  a l l  t , th e s e  H e q u a tio n s  may be  g e n e ra te d  "by 

e v a lu a t in g  e q u a tio n  ( 2 ,3 )  a t  N d i f f e r e n t  p o in t s  in  tim e  a n d /o r  space  

as fo llo w s  0

For s im p l ic i ty  Of n o ta t io n  d e f in e

h im = 1V t V  Xi 9 y i $ Zi^ m = I ,  2 , 3 ,  5 , ( 2 .U)

f f t ( t iS x . , z . ) TJ+1 N+l i( t„  s Xo) y «9 Zo)

cHbMt t V  xI  > y I - V (2 .5 )

w here ( x . ,  y „ 9 z . )  d en o tes  a  p o in t  in  ft and t . deno tes a  s p e c i f i c  v a lu e

o f  t ,  At p o in t  ( t^ s  X^ 9 y 0̂s z^) e q u a tio n  (2 ,3 )  becomes 

c l hi l  + c2h i 2  + 000 + cHhIN = S i (2 ;6 )

When e q u a tio n  (2 ,6 )  i s  e v a lu a te d  a t  N d i f f e r e n t  p o in ts  ( i  = I s „ , , s N) 

th e  fo llo w in g  m a tr ix  e q u a tio n  i s  o b ta in e d

He = ^  (2 ,7 )

w here

h I l  000 h IH

H =

hN l 00° hHH

£ =  c2

( 2 . 8 )

(2.9)
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g -  [ g i  gg . . .  g^]' (2  10)

w ith  5 d e n o tin g  th e  t r a n s p o s e 0 I f  H i s  n o n s in g u la r  and i f  £  i s  n o t  a 

n u l l  v e c to r  th e  c o n s ta n ts  C^9 Cg 9 C 0 0 9 c^ a re  u n iq u e ly  d e te rm in e d  by 

th e  e q u a tio n

£  = E"""& (2 .1 1 )

The p ro p o sed  i d e n t i f i c a t i o n  schem e, e q u a tio n  ( 2 ,1 1 ) ,  r e q u i r e s  t h a t  

H b e  non s in g u la r .  T h is  re q u ire m e n t i s  n e c e s s a ry  f o r  id e n t i f y in g  th e  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n  u sin g  th e  p ro p o sed  m ethod; t h a t  i s ,  i f  H 

i s  n o n s in g u la r  th e  c o n s ta n t  v e c to r  _c can be d e te rm in ed ,

At p r e s e n t  no r ig o ro u s  s ta te m e n t can be made as t o  w hich  system s 

p o s s e s s  a  n o n s in g u la r  H m a tr ix .  However, i f  a  p a r t i a l  d i f f e r e n t i a l  

e q u a t io n  d e s c r ib in g  th e  system  has a  u n ique  s o lu t io n  and i f  th e  s o lu t io n  

depends c o n tin u o u s ly  on th e  i n i t i a l  and boundary  c o n d i t io n s ,  i t  w i l l  

p ro b a b ly  have a  n o n s in g u la r  H m a tr ix  [lit ] ,

In  o rd e r  t o  e v a lu a te  th e  in v e rs e  o f  H i t  i s  n e c e s s a ry  to  m easure u 

and  i t s  d e r iv a t iv e s  w hich  ap p ea r in  H, T his in t ro d u c e s  measurem ent n o is e .  

A lso  i t  i s  n o t  alw ays co n v en ien t o r  p o s s ib le  t o  m easure th e  p a r t i a l

d e r iv a t iv e s  so  i t  becomes n e c e s s a ry  t o  app rox im ate  them . Thus e r r o r s  a re
\

in t ro d u c e d  in  th e  H m a tr ix ,  How9 th e  e x is te n c e  o f  th e  in v e r s e  o f  th e  H ■ 

m a tr ix  does n o t  g u a ra n te e  t h a t  th e  m a tr ix  w hich approx im ates H has  an 

in v e r s e ,  ■ I f  H h a s  an in v e rs e  and i f  th e  e r r o r s  have l i t t l e  e f f e c t  on th e  

v a lu e  o f  t h e  in v e r s e ,  th e  p ro c e s s  o f  ta k in g  th e  in v e rs e  i s  s a id  to  be 

w e l l - c o n d i t io n e d  [1 5 ] , For a  d i s t r i b u t e d  sy stem , c irc u m sta n c e s  under ■ 

w hich  th e  in v e r s io n  p ro c e s s  i s  i l l - c o n d i t i o n e d  due to  ap p ro x im atio n  e r r o r
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and n o is e  i s  d is c u s s e d  in  s e c t io n  3« 5»

H e re in , i t  i s  assumed t h a t  th e  m a tr ix  H and th e  v e c to r  Jgi a re  e i t h e r  

known o r  can he  m easured d i r e c t l y ,  u n le s s  th e  e lem en ts  o f  H o r  jy co n ta in  

d e r iv a t iv e s  o f  th e  s t a t e  v a r ia b le s *  However, s in c e  th e  d e r iv a t iv e s  a re  

t o  be e v a lu a te d  a t  s p e c i f i c  p o in t s  in  tim e  and sp a c e , th e y  can be 

app ro x im ated  by f i n i t e  d if fe re n c e s *  T his f i n i t e  d i f f e r e n c e  te c h n iq u e ,  

w hich h a s  been a p p l ie d  e x te n s iv e ly  i n  th e  n u m e ric a l s o lu t io n  o f  p a r t i a l  

d i f f e r e n t i a l  e q u a t io n s ,  u t i l i z e s  v a lu e s  o f  u  in  th e  ne ighbo rhood  o f  th e  

d e s i r e d  p o in t  in  tim e  and space  t o  approx im ate  th e  d e r iv a tiv e *  The 

f e a s i b i l i t y  o f  t h e  p ro p o se d  i d e n t i f i c a t i o n  scheme u s in g  f i n i t e  d if f e r e n c e s  

i s  d em o n stra ted  in  th e  n e x t se c tio n *

2*3 EXAMPLES MD RESULTS OF DIGITAL COMPUTER SIMUhATIOHS

In  t h i s  s e c t io n  unknown c o e f f i c i e n t s  in  th e  p a r t i a l  d i f f e r e n t i a l  

e q u a tio n s  d e r iv e d  in  C h ap te r I  a re  d e te rm in e d  by a p p ly in g  e q u a tio n  (2*11)„ 

P a r t i a l  d e r iv a t iv e s  a re  app rox im ated  by f i n i t e  d if fe re n c e s *  Though each 

o f  th e  exam ples p r e s e n te d  i s  a  form o f  th e  p a r a b o l ic  e q u a t io n ,  th e  

te c h n iq u e  i s  g e n e r a l  and i s  n o t  l im i te d  t o  t h i s  c la s s  o f  eq u a tio n s*  

N um erical r e s u l t s  o b ta in e d  by d i g i t a l  com puter s im u la tio n s  a r e  given*

2*3*1 I d e n t i f i c a t i o n  o f  a  S in g le  C o n stan t

C o n s id e r  th e  p rob lem  o f  id e n t i f y in g  th e  d i f f u s 'iv i t y  c o n s ta n t  a in  th e  

d i f f u s io n  e q u a tio n  d e r iv e d  in  su b se c tio n  1*2*1

a ~ ^ ( x , t ) .  = | ~ ( x , t )  (2 .1 2 )

F or co m p ariso n , t h i s  p rob lem  i s  f i r s t  so lv e d  by ap p ro x im atin g  d e r iv a t iv e s
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by c e n t r a l  d i f f e r e n c e s  [ l6 ]  and i s  th e n  so lv e d  u s in g  h ig h  a cc u racy  formu­

l a e  s u g g e s te d  by M itc h e l l  and P e a rc e  [ l ? ]  f o r  o b ta in in g  a  n u m e ric a l s o lu ­

t i o n  o f  th e  d i f f u s io n  eq u a tio n *

S in c e  th e r e  i s  on ly  one unknown c o e f f i c i e n t , a , i t  s u f f i c e s  to

e v a lu a te  e q u a tio n  (P 0IP ) a t  a  s in g le  p o i n t ,  say  ( x ^ , t ^ ) ; th u s

(2 .1 3 )

Assuming t h a t  on ly  u  can be m easured  i t  i s  n e c e s s a ry  t o  approx im ate  

th e  p a r t i a l  d e r iv a t iv e s  by u s in g  a  f i n i t e  d i f f e r e n c e  a p p ro x im a tio n . For 

•I”  c o n s id e r  th e  c e n t r a l  d i f f e r e n c e  ap p ro x im atio n

9 t^ Xi 9 tj^ (2 .1 4 )

w here

u I=tHi j± n = u ^x i  * mAx» t J * o A t) ;  m,n = I ,  2 ,

Sx = Xi t i  -  X.

At = -  t j  ( 2 . 15 )

The ap p ro x im atio n  o f  e x p re s s io n  (2 .1 4 )  has  an e r r o r  o f  o rd e r  A t^0 In  

p r i n c i p l e ,  th e  accu racy  o f  t h i s  ap p ro x im atio n  may b e  inqproved by d ec re a ­

s in g  A t. However, i f  At i s  d e c re a se d  i n d e f i n i t e l y  th e  e r r o r  due to  

m easurem ent n o is e  becomes much l a r g e r  th a n  th e  im provem ent in  th e  

ac c u ra c y  o f  e q u a t io n  ( 2 . l 4 ) .  T his p rob lem  i s  d is c u s s e d  in  d e t a i l  in  

C h ap te r 3. A lso , an ex trem ely  sm a ll At r e q u ir e s  a  v ery  h ig h  r a t e  o f

sam p ling  u  w hich  may n o t  alw ays be f e a s ib l e  o r  d e s i r a b l e .  Y e t,  th e

3uac c u ra c y  o f  th e  ap p ro x im atio n  f o r  t*™ can be im proved w ith o u t d e c re a s in g
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A t by  in c lu d in g  in  th e  ap p ro x im atio n  th e  v a lu e s  o f  u . _ and u . , 

Thus th e  ap p ro x im atio n

& * i . V 12At (2 . 16)

• has an e r r o r  o f  o rd e r  A t4 . In  g e n e r a l s th e  f i r s t  d e r iv a t iv e  o f  u may 

be ap p ro x im ated  t o  w ith in  an o rd e r  At™ by ta k in g  m m easurem ents.

A s im i l a r  argum ent a p p l ie s  f o r  im prov ing  th e  accu racy  o f  th e  approx­

im a tio n  f o r  s p a t i a l  d e r iv a t iv e s  — ™4r  e t c .  F or exam ple9 th e  

ap p ro x im ati on

(2 . IT)32u
1 # v V  *

h as  an e r r o r  o f  o rd e r  Ax2 . The o rd e r  o f  e r r o r  may be red u ced  t o  Ax4 by 

th e  e x p re s s io n

-  U 1

12 A X2
( 2 . 18)

w hich r e q u i r e s  m easurem ents a t  f iv e  s p a t i a l  p o in ts  each s e p a r a te d  by Ax. 

T here a re  th r e e  b a s ic  l i m i t a t i o n s  in . im prov ing  th e  acc u racy  o f  th e  

ap p ro x im atio n  o f  th e  s p a t i a l  d e r iv a t iv e ;  ( l )  Ax cannot be v ery  sm a ll 

b e c a u se  i t  i s  d i f f i c u l t  t o  mount, th e  t r a n s d u c e r s  v ery  c lo s e  t o  each 

o th e r ;  (2 ) th e  e r r o r  due t o  m easurem ent n o is e  becomes much l a r g e r  th a n  

th e  improvement in  th e  acc u racy  o f  e q u a tio n  ( 2 . 18 ) ;  and (3 ) f o r  a  f ix e d  

Ax an im provem ent in  th e  accu racy  r e q u ir e s  th e  m easurem ent o f  th e  s t a t e  

. v a r i a b le  a t  a  g r e a t e r  number o f  s p a t i a l  p o in ts  ( 2 . 18 ) w h ichs o f  c o u r s e 3 

in c r e a s e s  th e  number o f  t r a n s d u c e r s  needed .

When th e  c e n t r a l  d i f f e r e n c e s  in  e q u a tio n s  ( 2 . lb )  and (2 .1 7 )  a re



23

s u b s t i t u t e d  f o r  th e  d e r iv a t iv e s  in  e q u a tio n  ( 2 .1 3 ) ,  th e  fo llo w in g  e s t i ­

m ate f o r  a i s  o b ta in e d .

S .  “ 2 ( a i , . n - i  -
25T>uiti,j -2ul,l - ai-l,3T

(2 .1 9 )

N o tic e  t h a t  e q u a tio n  (2 .1 9 )  i d e n t i f i e s  th e  unknown c o e f f i c i e n t  a 

in d e p e n d e n t o f  th e  boundary  c o n d i t io n s .  R e su lts  o f  d i g i t a l  com puter 

s im u la tio n s  o f  (2 .1 9 )  a re  g iv e n  l a t e r  in  t h i s  s u b s e c tio n .

A h ig h  accu racy  fo rm u la  developed  by M itc h e ll  and P earce  f o r  numer­

i c a l  s o lu t io n  o f  th e  d i f f u s io n  e q u a tio n  i s  now in v e s t ig a t e d  fo r  i t s  a p p l i ­

c a t io n  to  th e  i d e n t i f i c a t i o n  p rob lem . T h e ir  h ig h  acc u racy  d i s c r e t e  

fo rm u la  i s  

+ .bu.au
i , j  ' ' au+ ' " X j - I + a t X i 1J + V i 1J 5

+ 6W ti1J-H euI-I1J-H5 *  fW ti1J-I fV l 1J-I5 0

w here th e  c o e f f i c i e n t s  a re  g iv e n  by

( 2 . 2 0 )

a = U 2lop  -  p + 313
6 ,300

CO££Ii I  2 _ 23 313
" 10 P *- 8? p ~ 12,600

Or V  I  2
-op + 2? ■

313
" 12,600

_ U . i  :3 I  2 _ 11 ■ 13
= -2p ± + 20p * W  + 25,200 ( 2 . 21 )

w ith

At
P = * A ^

When•th e  c o n s ta n ts  from  e q u a tio n  (2 .2 1 )  a re  s u b s t i t u t e d  in  eq u a tio n  

(2 .2 0 )  a  q u a r t i c  e q u a tio n  in  a r e s u l t s .  This e q u a tio n  y i e ld s  fo u r  

p o s s ib le  v a lu e s  o f  a  and th e  c o r r e c t  one m ust be s e le c te d  from t h i s  s e t .



The v a lu e s  o f  a can "be c a lc u la te d  on a  d i g i t a l  com puter by s o lv in g  th e  

q u a r t i c  e x p l i c i t y  o r  by u s in g  a  s e a rc h  r o u t in e .  In  e i t h e r  c a s e ,  i f  an 

a p r i o r i  e s t im a te  o f  a i s  a v a i l a b l e , th e  c o r r e c t  one can be  s e le c te d  from 

th e  s e t .  When no a p r i o r i  e s t im a te  i s  a v a i la b l e  i t  i s  n e c e s s a ry  to ' use  a 

c e n t r a l  d i f f e r e n c e  e x p re s s io n ,  such  as e q u a tio n  (2 .1 9 )  t o  e s t im a te  a and 

th e n  ap p ly  e q u a tio n  (2 .2 0 )  t o  o b ta in  h ig h e r  acc u racy .

A le s s  a c c u ra te  fo rm u la  i s  d e r iv e d  in  Appendix D u s in g  th e  M t c h e l l -  

P e a rc e  ap p ro ach . E q u a tio n  (2 .20  ) in  t h i s  case  has  th e  c o e f f i c i e n t s  

a  — 200p — 9Op — 35

b = IOltp2 + 12Tp + 1 7 .5  " '

c = -Up2 -  -.37p  + 1 7 .5

d = -IOOp2 -  9p -  2 

, ' 2e = -5 2 p  + p + I

f  = 2p2 + 8p + I  (2 .2 2 )

S u b s t i t u t io n  o f  e q u a tio n  s e t  (2 .2 2 )  in to  e q u a tio n  (2 .2 0 )  r e s u l t s  in  a 

q u a d r a t ic  in  a.  The lo s s  in  accu racy  u s in g  th e  c o e f f i c i e n t s  o f  (2 .2 2 ) 

r a t h e r  th a n  th o s e  o f  (2 .2 1 )  i s  o f f s e t  by th e  com parative  ea se  i n  so lv in g  

a  q u a d ra t ic  v ic e  .a q u a r t i c  e q u a t io n .

IAn a n a l y t i c  s o lu t io n  o f  e q u a tio n  (2 .1 2 )  w ith  a  = and boundary 

c o n d i t io n s  u (x ,0 )  = u ( 0 , t )  = u ( l , t )  = 0 i s  g iv en  by

u =  I  O^s in  (2m rx)e~^2 n  ̂ * (2 .2 3 )
n = l  n

U sing  e q u a tio n  ( 2 .2 3 ) ,  v a lu e s .o f  u a t  x = 0 .0 ,  0 .0 5 , 0 .1 0 ,  . . .  and t  = 0 . 

9 .0 2 5 ,  0 .0 5 ,  . . .  w ere c a lc u la te d  on an . IBM 1620 I I  d i g i t a l  com puter M th
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th e  r e s u l t s  shewn in  F ig u re  2 .1 .  D ata  o b ta in e d  from  t h i s  c a l c u la t io n  

was u sed  t o  i d e n t i f y  a . Ifo te t h a t  th e  d a ta  f o r  th e  s t a t e  v a r ia b le  u f o r  

t h i s  exam ple and th o s e  t o  fo llo w  a re  g e n e ra te d  by u s in g  an a n a ly t ic  

s o lu t i o n .  The f i n i t e  d i f f e r e n c e  methods f o r  s o lu t io n  o f  th e  boundary 

v a lu e  p rob lem s was avo ided  in  g e n e ra tio n  o f  d a ta  in  o rd e r  t o  i s o l a t e  

th e  e f f e c t s  o f  f i n i t e  d i f f e r e n c e  ap p rox im ation  on th e  acc u racy  o f  th e  

p ro p o sed  i d e n t i f i c a t i o n  te c h n iq u e . T h is ,  o f  c o u r s e ,  has r e s t r i c t e d  th e  

exam ples c o n s id e re d  t o  th e  c la s s  o f  boundary  v a lu e  problem s f o r  which 

a n a ly t i c  s o lu t io n s  w ere r e a d i ly  a v a i la b le .  However, t h i s  does n o t imply 

l i m i t a t i o n s  f o r  th e  a p p l ic a t io n s  o f  th e  p ro p o sed  i d e n t i f i c a t i o n  scheme.

The c e n t r a l  d i f f e r e n c e  e x p re s s io n  o f  e q u a tio n  (2 .1 9 )  w ith  At = 0 .025  

and  Ax = 0 .0 5 ,p ro d u c ed  th e  "value o f  a p lo t t e d  in  F ig u re  2 .2  The id e n t ­

i f i c a t i o n  o f  a i s  v ery  a c c u ra te  when th e  r a t e  o f  change i s  n o t  v ery  la rg e  

o r  v ery  s m a ll .  I t  i s  i n t e r e s t i n g  to  n o te  t h a t  when e q u a tio n  (2 .1 9 )  i s  

a p p l ie d  t o  o b ta in  a  n u m e rica l s o lu t io n  o f  th e  d i f f u s io n  e q u a t io n ,  th e  

s o lu t io n  i s  u n s ta b le  [ l ] .  S in c e  th e  i d e n t i f i c a t i o n  scheme p re s e n te d  h e re  

i s  a  s in g le  s ta g e  p r o c e s s ,  s t a b i l i t y  i s  o f  no co n ce rn . F u rth e rm o re , a 

i t s e l f  may be  v a ry in g  in  tim e  and space  and s t i l l  b e  i d e n t i f i e d ,  as long  

as t h e  change in  a o v e r one i d e n t i f i c a t i o n  i n t e r v a l ,  2At by 2Ax, i s  

n e g l ig ib l e .

When th e  h ig h  accu racy  fo rm ula  in  e q u a tio n  (2 .2 0 )  w ith  th e  c o e f f i ­

c i e n ts  g iv e n  in  e q u a tio n  ( 2 .2 l )  was used  to  i d e n t i f y  a ,  t h e  d a ta  shown in  

F ig u re  2 .3  r e s u l t e d .  F ig u re  2 , \  shows th e  r e s u l t s  o f  th e  i d e n t i f i c a t i o n  

u s in g . th e  c o e f f i c i e n t s  g iv e n  in  e q u a tio n  ( 2 .2 2 ) .  In  b o th  c a s e s ,  accuracy
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F ig u re  2 .1  A s o lu t io n  o f  th e  d i f f u s io n  e q u a tio n .
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F ig u re  2 .3  I d e n t i f i c a t i o n  o f  a u s in g  th e  q u a r t ic  h igh  accu racy  fo rm ula.
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i s  c o n s id e ra b ly  im proved o v er t h a t  o f  e q u a tio n  (2 .1 9 )  even though  th e  

same number o f  s p a t i a l  and tim e  m easurem ents a re  used .

2 .3 .2  I d e n t i f i c a t i o n  o f  Boundapy C o n d itio n s

T here a re  c irc u m sta n c e s  when th e  n a tu r e  o f  th e  boundary  c o n d itio n s  ■ 

o f  a  system  a re  known b u t  th e  v a lu e s  o f  th e  c o e f f i c i e n t s  in v o lv e d  a re  

unknown. The p ro c e d u re  f o r  id e n t i f y in g  a  c o n s ta n t  in  a  boundary  c o n d itio n  

i s  i l l u s t r a t e d  u s in g  th e  fo llo w in g  boundary v a lu e  prob lem .

L et "a h e a t  t r a n s f e r  system  be d e s c r ib e d  by th e  p a r t i a l  d i f f e r e n t i a l

e q u a tio n

32u 
3x2 ' f o r  0 < x < L ; t > 0

and th e  boundary  c o n d it io n s

q ( t )

g ^ (L ,t )  -  —£3u(L,t) 

u (x .O ) = 0

( 2.210

(2 .2 5 )

(2 .2 6 )  

(2 .2 7 )

w here q ( t )  i s  th e  r a t e  o f  h e a t  in p u t  a t  x = 0 ,  k i s  h e a t, c o n d u c t iv ity  

and g = g- w ith  h b e in g  th e  f i lm  h e a t  t r a n s f e r  c o e f f i c i e n t .  I t  i s  

assumed th a t  t h e  v a lu e  o f  g i s  unknown and must be i d e n t i f i e d .

I d e n t i f i c a t i o n  o f  6 i s  c a r r i e d  ou t by em ploying a  p ro c e d u re  s im i la r  

t o  t h a t  u sed  e a r l i e r  f o r  id e n t i f y in g  a . From eq u a tio n  (2 .2 6 )  i t  i s  seen  

t h a t  B i s  a  fu n c tio n  o f  | ^ ( L $t )  and u (L , t ) .  I t  i s  assumed t h a t  -|“ ( L , t )  

canno t be m easured  d i r e c t l y  and th e r e f o r e  must be app rox im ated . C e n tra l  

d i f f e r e n c e s  can n o t be a p p l ie d  t o  approx im ate  ~ ( L , t )  f o r  a  s p e c i f i e d  x 

and t , b ecau se  th e  d e r iv a t iv e  m ust be  e v a lu a te d  a t  th e  boundary..



£31

Backward d i f f e r e n c e s  [ l 6 ] , on t h e  o th e r  h an d , a re  w e ll  s u i t e d  f o r  t h i s  

p u rp o se  even though  th e y  r e q u i r e  m easurem ents o f  u a t  a  g r e a t e r  number 

o f  s p a t i a l  p o in ts  in  o rd e r  t o  a t t a i n  th e  same o rd e r  o f  ac c u ra c y  .".as 

c e n t r a l  d i f f e r e n c e s .  S u b s t i t u t in g  a  backw ard d if f e r e n c e  e x p re s s io n  f o r  

th e  d e r iv a t iv e  in  e q u a tio n  (2 . 2 6 ) ,  th e  fo llo w in g  e s t im a te  f o r  3 ,  deno ted  

by i s  o b ta in e d .

lt8uI" ! ..3. * 36Y g -J '  l 6 v 3 ' j  * -3j I - M  p (Ti S x )Ul “  — ^ ( 2 . 28)

T his e x p re s s io n  r e q u ir e s  f iv e  s p a t i a l  m easurem ents o f  th e  s t a t e  v a r ia b le  

to  e s t im a te  3 t o  w ith in  an e r r o r ,  o f  o rd e r  Aiclt.

I t  may be  n o te d  t h a t  th e  i d e n t i f i c a t i o n  o f  a by u s in g  e q u a tio n  (2 .1 9 ) 

and th e  i d e n t i f i c a t i o n  o f  3 by u s in g  e q u a tio n  (2 .2 8 )  a re  in d e p en d en t o f  

each  o th e r .  In  o rd e r  t o  i d e n t i f y  ot i t  i s  n o t  n e c e s sa ry  t o  loiow th e  

boundary  c o n d itio n s  and in  o rd e r  t o  id e n t i f y  th e  boundary  c o n d i t io n s ,  i t  

i s  n o t  n e c e s s a ry  t o  know th e  p a r t i a l  d i f f e r e n t i a l  e q u a t io n . I f  a  and 3 

a re  b 6 th  unknown, i t  i s  p o s s ib le  t o  id e n t i f y  .them s im u lta n e o u s ly  by 

u s in g  e q u a tio n s  (2 .1 9 )  and (2 .!88).

The d i f f u s io n  e q u a tio n  w ith  th e  boundary c o n d itio n s  o f  e q u a tio n s  

( 2 , 25 ) ,  ( 2 . 2 6 ) and (2 .2 7 )  was so lv e d  u s in g  th e  method o f  f i n i t e  ..co s in e  

tra n s fo rm s  d is c u s s e d  in  T ra n te r  [1 8 ], The r e s u l t i n g  a n a ly t i c  s o lu t io n  

W ith a  fo r c in g  fu n c tio n  q ( t )  = s incot i s

( P i ? ) '~  C O s ( p  x) x M. -7/
u  = I  E ------- — g—  [s in a it -  ^ ostot -  e^ i  ) ]  ( 2 - 29)

1=1 L + 1

w here th e  p^ a re  th e  c o n se c u tiv e  ro o ts  o f  th e  e x p re s s io n  p tan (L p ) = 3.
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The p a ra m e te rs  s e le c te d  w ere a = w = I ,  g= 2 /117  and L = 1 /2 .  From 

e q u a tio n  (2 .2 9 )  v a lu e s  o f  u w ere c a lc u la te d  on th e  d i g i t a l  com puter t o  

g e n e ra te  th e  n e c e s s a ry  d a ta .  3 was i d e n t i f i e d  from  t h i s  d a ta  u s in g  

e q u a tio n  (2 .2 8 )  w ith  Ax - 0 .0 5 .  The r e s u l t i n g  i d e n t i f i c a t i o n  o f  3 ,  h av in g  

an e r r o r  o f  o rd e r  Axt*, i s  p l o t t e d  in  F ig u re  2 .5 .  This f ig u r e  a ls o  

in c lu d e s  e s t im a te s  o f  3 when backw ard d i f f e r e n c e s  w ith  e r r o r s  o f  o rd e r  

Ax^ and Ax2 w ere  u se d . S in c e  th e  dynam ics o f  th e  sy stem .w ere  i n i t i a t e d  ■ 

a t  tim e  z e ro  from  th e  boundary  a t  x = 0 ,  s i g n i f i c a n t  d a ta  n e a r  x = L was 

n o t  o b ta in e d  u n t i l  ap p ro x im ate ly  t  = 0 .1 .  T his em phasizes th e  f a c t  t h a t  

th e re .h a v e  t o  be changes i n  th e  s t a t e  v a r ia b le  in  o rd e r  t o  b e  a b le  t o  

i d e n t i f y  th e  e q u a tio n s  t h a t  d e s c r ib e  th e  dynam ics o f  th e  sy stem .

" 2 ;3 7 3  ‘ I d e n t i f i c a t i o n  o f  TwO"C onstan ts - ■

The i d e n t i f i c a t i o n  te c h n iq u e  p re s e n te d  in  s u b se c tio n  2 .2 .2  i s  new- 

a p p l ie d  t o  d i f f e r e n t i a l  e q u a tio n s  w ith  tw o unknown, c o e f f i c i e n t s .  The 

f i r s t  exam ple i s  l i n e a r  in  th e  s t a t e  v a r ia b le  and was d e r iv e d  in  C hap ter I .  

The seco n d  exam ple , a l s o  p r e s e n te d  in  th e  f i r s t  c h a p te r ,  i l l u s t r a t e s  th e  

a p p l ic a t io n  o f  th e  i d e n t i f i c a t i o n  o f  p a ra m e te rs  in  a  n o n l in e a r  p a r t i a l  

d i f f e r e n t i a l  e q u a t io n . The i d e n t i f i c a t i o n  o f  a  sy stem  w ith  two unknown 

c o n s ta n ts  when one o f  th e  c o n s ta n ts  i s  th e  c o e f f i c i e n t  o f  an ex tra n eo u s  

te rm  i s  d em o n stra te d  in  th e  t h i r d  exam ple.

2 . 3 . 3 . 1 L in e a r  System

C o n sid e r th e  l i n e a r  p a r t i a l  d i f f e r e n t i a l  eq u a tio n  

= 0a l *  + c , 9u 3 U'1  3x4 '2  3x ( 2 . 30 )



1 --------------1-------------1-------------1-------------1-------------4-------------1-------------1-------------*_
•0 .1 .2 .3 .4 .5 .6 .7 .8

Figure 2 .5  I d e n t i f ic a t io n  o f  S in  th e  boundary co n d ition s
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w here and a re  unknown c o e f f i c i e n t s  t h a t  must he i d e n t i f i e d .

In  o rd e r  to  i d e n t i f y  c^ and c ^ , e q u a tio n  (2 .3 0 )  m ust be e v a lu a te d  a t  

two p o in ts  in  tim e  a n d /o r  sp a c e . In  t h i s  exam ple , th e  two p o in t s  chosen 

a re  s e p a r a te d  in  tim e  by 4&t and u t i l i z e  m easurem ents ta k e n  from  th e  same 

p o in t s  in  sp a c e . When e q u a tio n  (2 .3 0 )  i s  e v a lu a te d  a t  thho tw o p o in ts  th e  

r e s u l t s  may be c a s t  i n t o  m a tr ix  n o ta t io n  t o  conform  w ith  e q u a tio n  (2 .7 )» ' 

th u s
---

---
---

1
O

■ H

a£u/ . \

--------1I

(2.-31) .

S in ce  th e  d e r iv a t iv e s  o f  u  can n o t be m easured  d i r e c t l y ,  c e n t r a l  

d i f f e r e n c e s  a re  u sed  t o  app rox im ate  e q u a tio n  ( 2 . 3 l ) .  L e t th e  f i r s t  and 

second  o rd e r  d e r iv a t iv e s  be app ro x im ated  by th e  c e n t r a l  d i f f e r e n c e  

fo rm u lae  g iv e n  in  (2 .1 6 )  and (2 .1 8 )  r e s p e c t iv e ly .  Then e q u a tio n  ( 2 .3 l )  

may be  m o d if ie d  t o  re a d

( 2 . 32 )
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where

hi i  = + l 6V i , j  " 30ui , j  + l 6V i 1J - ui - 2. j )

^ = —; " ■"( -U + 8u -8 u .
12 1 2 a x x i+ 2 , j  1+1,3 i - 1 ,3  i - 2 , j

= '- - ~ t( -u21 i2Ax2"v""u'i+2,j+4 + 1 ûI+!, j+4 ^°Ui,j+4 +-l̂ uI -I , j+4 Ui-2,j+4^

I  ,
22 12Ax̂ -Ui+2 ,j+4 "roui+l,j+4 ~uui-l,j+ 4  TUi-2,j+4+8u - 8 u , . )
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I  "  12A t( " Ui sj+2 +"8ui sj+ l  " 8uI 1J - I  +Ui , j - 2 )

g2 = 12A t^"Ui ,J + 6  +8ui ,J + 5  ~8ui 5J+3 +Ui,J+ 2 ^

v i t h  and d e n o tin g  th e  appro± im ate v a lu e s  o f  and r e s u l t i n g  

from f i n i t e  d i f f e r e n c e  e r r o r s .

The d a ta  n e c e s s a ry  f o r  th e  i d e n t i f i c a t i o n  o f  c^ and c^ i s  o b ta in e d  

by s o lv in g  e q u a tio n  (2 .3 0 )  w ith  th e  boundary  c o n d itio n s  

uC'Ojt) = O1 u ( l , t )  = I 1 U(X1O) = 0 (2 .3 3 )

The r e s u l t i n g  a n a ly t i c  s o lu t io n  i s

u t x ^ = S F f c t + 2 L 1- 1 *

. ^ -C 2 (X-I)Zac1 s ln (1 , x )e  - [ I 2A 1 + = 2Zltc1 I t j  ■ (2.3!,)

In  t h i s  p a r t i c u l a r  exam ple , c^ and c^ w ere chosen t o  be 1 /tr2 and 2 /tt2. 

-A fte r  th e s e  v a lu e s  w ere s u b s t i t u t e d  in to  e q u a tio n  ( 2 . 3U),  u ( x , t )  was 

c a lc u la te d  on th e  d i g i t a l  com puter and p l o t t e d  in  F ig u re  2 .6 .  Thus d a ta  

w hich w ould be o b ta in e d  by m easurem ents from  a c tu a l  p h y s ic a l  system s was 

p ro v id e d  f o r  th e  s o lu t io n  o f  c^  and c^ in  e q u a tio n  ( 2 .3 2 ) .  Ax and At 

w ere s e le c te d  t o  be  0 .0 5  and 0 .025  r e s p e c t iv e ly .  When th e  m a tr ix  

e x p re s s io n  i s  so lv e d  f o r  c^  and c^ u s in g  C ram er’s r u l e ,  th e  a r ra y  shown 

in  F ig u re  2 .7  r e s u l t s .

2 .3 .3 .2  F o n l in e a r  System

The i d e n t i f i c a t i o n  te c h n iq u e  i s  now a p p l ie d  to  th e  n o n l in e a r  e q u a tio n

8uI  , 3 u \ 2 I  3 2 u  I  / 3u \2
' + 2 ^  3 ^  - Z & ' W  "

I  32 u
3 7 2 .3 3 ? -  0 (2 .3 5 )



U

4

4 i . o

Figure 2 .6  A so lu t io n  o f  th e  l in e a r  system  w ith  two c o e f f i c ie n t s .
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w ith  th e  boundary  c o n d it io n s

u (x ,0 )  = 0 ,  u ( 0 , t )  = I ,  a n d |» ( 0 , t )  = ~ 2 t” 1//2 (2 .3 6 )

I t  i s  shown by P h i l i p  [1 9 1 t h a t  th e  s o lu t io n  o f  t h i s  boundaiy  v a lu e  

p rob lem  i s  g iv e n  by

(x + t 1 /2 )2 (2 .3 7 )

F o r p u rp o ses  o f  i l l u s t r a t i o n  i t  i s  assum ed th a t  th e  c o n s ta n ts  in  th e  f i r s t  

two te rm s  o f  e q u a tio n  (2 .3 5 )  a r e  unknown. L e t t in g  c^ and c_ denote 

th e s e  c o n s ta n ts  and r e w r i t in g  ( 2 .3 5 ) in  th e  same form as e q u a tio n  (2 .3 )  

one g e ts

:1 j h (& 2 + C2 u  ~ ™ 2 (:E )2 + 7 T 7 2
92u _9u
Bx2 Bx

( 2 . 38)
2u~ hu

As was d em o n stra ted  in  exam ple 2 . 3 . 3 . 1 ,  C^ and may be  d e te rm in ed  by • 

e v a lu a t in g  e q u a tio n  (2 .3 8 )  a t  two d i f f e r e n t  p o in t s .

The c o e f f i c i e n t s  C^ and c^ o f  e q u a tio n  (2 .3 8 )  w ere e s t im a te d  u s in g  

d a ta  o b ta in e d  by c a l c u la t in g  e q u a tio n  ( 2 .3 7 ) .  A p l o t  o f  th e  s t a t e  

v a r ia b le  u  o v e r a  l im i t e d  ran g e  i s  shown in  F ig u re  2 .8 .  The d e r iv a t iv e s  

in  e q u a tio n  (2 .3 8 )  w ere app ro x im ated  u s in g . th e  c e n t r a l  d i f f e r e n c e  e x p re s s ­

io n s  in  e q u a tio n s  ( 2 . l 6 )  and ( 2 . 1 8 ) w ith  At = 0 .1  and Ax = 0 .0 5 .

E q u a tio n  (2 .3 8 )  was e v a lu a te d  a t  th e  same tim e  b u t a t  two p o in t s  in  sp ace  

s e p a ra te d  by a  d is ta n c e  Ax. The r e s u l t i n g  i d e n t i f i c a t i o n  o f  c^ and c^ i s

shown in  F ig u re  2 .9 .

2 .3 .3 .3  M athem atica l Model C o n ta in in g  an E x traneous Term

. I t  i s  shown in  A ppendix G th a t ,  when th e  assumed system  p a r t i a l  d i f f e r ­

e n t i a l  e q u a tio n  c o n ta in s  an e x tra n e o u s  te rm , th e  c o e f f i c i e n t  o f  t h i s  te rm



U

7 7 / / / /

Figure 2 .8  S o lu tio n  o f  th e  n o n lin ea r  system,
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w i l l  be i d e n t i f i e d  as ze ro  i f  no ap p rox im ation  o r  n o is e  e r r o r s  a re  

in tro d u c e d . When th e s e  e r r o r s  a re  p r e s e n t ,  th e  e s t im a te d  v a lu e  o f  th e  

c o e f f i c i e n t  i s  v e ry  sm a ll u n d er th e  r e s t r i c t i o n  t h a t  th e  problem  i s  

w e ll -c o n d it io n e d .  The i d e n t i f i c a t i o n  o f  a  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  

w ith  an e x tra n e o u s  te rm  and no m easurem ent n o is e  i s  c o n s id e re d  in  th e  

fo llo w in g  exam ple. The e f f e c t s  o f  adding n o is e  t o  th e  sy stem  a re  

d is c u s s e d  in  exam ple 3 .^ .3 .3 .

L e t th e  dynamics o f  a  system  be c h a r a c te r iz e d  by th e  d i f f u s io n  

e q u a tio n  g iv en  by  ( 2 .1 2 ) .  The n u m e ric a l d a ta  o f  th e  s t a t e  v a r ia b le  u 

i s  o b ta in e d  once ag a in  from  e q u a tio n  (2 .2 3 ) .  Given t h i s  d a ta  th e  problem  

i s  t o  f in d  th e  m a th em a tic a l model o f  th e  sy stem . Due to  a  la c k  o f  a p r io r i  

know ledge, i t  i s  assum ed t h a t  th e  sy stem  dynamics a re  c h a r a c te r iz e d  by 

e q u a tio n  (2 .3 0 )  in s te a d  o f  ( 2 .1 2 ) .  T hus, th e  assumed m a th e m a tic a l model 

h a s  an e x tra n e o u s  te rm , ^ g ^ ^ x "

The a n a ly s i s  p ro c e e d s  in  e x a c t ly  t h e  same manner as t h a t  p re s e n te d  

f o r  th e  i d e n t i f i c a t i o n  o f  C^ and in  exam ple 2 , 3 . 3 . 1. The v a lu e s  f o r  

Ax and At a re  a ls o  unchanged. However, in  t h i s  exam ple , e q u a tio n  (2 .1 2 )  

i s  e v a lu a te d  a t  p o in ts  s e p a ra te d  by Ax u n i t s  in  sp ace  r a t h e r  th a n  fo u r
rV 'b

A t u n i t s  in  tim e . The c a lc u la te d  v a lu e s  f o r  c^ and c^ ap p ea r in  F ig u re

2 . 10. - _

2. H SIM-IARY

The i d e n t i f i c a t i o n  o f  th e  m a th em a tic a l model d e s c r ib in g  a  d i s t r i b u t e d  

p a ra m e te r  system  was c o n s id e re d  in  t h i s  c h a p te r .  I t  was assumed th a t  

e x a c t m easurem ents o f  th e  s t a t e  v a r ia b le  w ere a v a i la b le  t o  id e n t i f y





unknown c o n s ta n ts  in  th e  sy stem  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  a n d /o r  

"boundary c o n d i t io n s .  D e r iv a t iv e s  o f  th e  s t a t e  v a r ia b le  w ere approx­

im a ted  by f i n i t e  d i f f e r e n c e s .  Methods f o r  re d u c in g  th e  e r r o r s  r e s u l t in g  

from  th e s e  a p p ro x im a tio n s  w ere p re s e n te d .  R e su lts  o f  d i g i t a l  com puter 

s im u la tio n s  w ere g iv en  t o  i l l u s t r a t e  th e  id e a s  p re s e n te d  in  th e  chap ter,- 

The i d e n t i f i c a t i o n  o f  th e  unknown c o n s ta n ts  when th e  s t a t e  v a r ia b le  

m easurem ents a r e  n o t  e x a c t  i s  c o n s id e re d  in  th e  n e x t c h a p te r .



CHAPTER 3

IDENTIFICATION OF DISTRIBUTED PARAMETER 

SYSTEMS WITH MEASUREMENT NOISE



3 .1 INTRODUCTION

b5

T h is .c h a p te r  i s  d ev o ted  t o  th e  i d e n t i f i c a t i o n  o f  unknown c o n s ta n ts  in  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  when m easurem ents o f  th e  s t a t e  v a r ia b le s , o f  

a  d i s t r i b u t e d  system  a re  c o r ru p te d  by n o is e .  The in t r o d u c t io n  o f  n o is e  

r e q u ir e s  t h a t  th e  unknown p a ra m e te rs  m ust be  e s t im a te d . The l e a s t  sq u a res  

e s t im a to r  i s  found  t o  be  w e l l  s u i t e d  f o r  th e  p ro b lem , b e c a u se  i t s  a p p l ic a ­

t i o n  r e q u ir e s  no knowledge o f  th e  s t a t i s t i c s  o f  th e  n o is e .  However, f o r  

l i n e a r  sy s te m s , knowing th e  mean and v a r ia n c e  o f  th e  t r a n s d u c e r  n o is e  

makes i t  p o s s ib le  t o  m od iiy  th e  l e a s t  sq u a re s  e s t im a to r  t o  o b ta in  b e t t e r ' 

a c c u ra c y . The convergence o f  th e  l e a s t  sq u a re s  e s t im a to r  and th e  m o d ifie d  

l e a s t  sq u a re s  e s t im a to r  i s  d is c u s s e d . R e su lts  o f  d i g i t a l  com puter simu­

l a t i o n s  a re  g iv e n  t o  i l l u s t r a t e  th e  acc u racy  o f  th e  two e s t im a to r s .

The e r r o r s  due t o  f i n i t e  d i f f e r e n c e  app ro x im atio n  and m easurem ent 

n o is e  a re  fu n c tio n s  o f  th e  in c re m en ts  in  tim e  and space  u se d  in  th e  

f i n i t e  d i f f e r e n c e  fo rm u lae . In c r e a s in g  th e  in c re m en ts  red u ces  e r r o r s  

r e s u l t i n g  from  m easurem ent n o is e  b u t  in c re a s e s  f i n i t e  d i f f e r e n c e  approx­

im a tio n  e r r o r s .  A p ro c e d u re  i s  p r e s e n te d  w hich  le a d s  t o  th e  d e te rm in a tio n  

o f  th e  s p a t i a l  and te m p o ra l in c re m e n ts  w hich  m inim ize th e  combined e f f e c t  

o f  th e  two e r r o r s .  The te c h n iq u e  is  a p p l ie d  to  exam ples.

F i n a l l y ,  th e  p rob lem  o f  i l l - c o n d i t io n in g ,  in tro d u c e d  in  C hap ter 2 is  

d is c u s s e d  in  g r e a t e r  d e t a i l .  The o r ig in s  o f  i l l - c o n d i t i o n i n g ,  th e .m e th o d s  

f o r  t e s t i n g  f o r  i l l - c o n d i t i o n i n g  and a  p ro c e d u re  t o  reduce  i t s  e f f e c t  a re

exam ined.
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3 .1 .1  M easurem ent Devifees

In  C h ap te r 2 f i n i t e  d i f f e r e n c e s  a re  u sed  to  app rox im ate  d e r iv a t iv e s  

o f  th e  s t a t e  v a r i a b l e s . I t  i s  seen  t h a t  th e  r e s u l t i n g  f i n i t e  d if fe re n c e - .  

. e x p re s s io n s  a re  fu n c tio n s  o f  th e  s t a t e  v a r i a b l e s ,  and th e  a n a ly s is  i s  

p re s e n te d  u n d e r th e  assum ption  t h a t  th e  s t a t e  v a r ia b le s  a re  known 

e x a c t ly .  However, in  a  r e a l  l i f e  s i t u a t i o n ,  th e  s t a t e  v a r ia b le s  m ust be 

m easured  w ith  t r a n s d u c e r s .  T h is in t ro d u c e s  a d d i t io n a l  e r r o r  due to  

im p e rfe c tio n s  in  th e  t r a n s d u c e r s , e x t e r n a l  n o i s e ,  and in t e r a c t io n s  

betw een th e  system  and th e  t r a n s d u c e r .

In  a  d i s t r i b u t e d  system  t r a n s d u c e r s  may be re q u ire d  t o  m easure such 

s t a t e  v a r ia b le s  as te m p e r a tu r e , p r e s s u r e , v e l o c i ty ,  chem ica l concen­

t r a t i o n ,  e l e c t r i c  f i e l d  i n t e n s i t y  and m ag n e tic  f lu x .  A d e t a i l e d  

d is c u s s io n  o f  in d iv id u a l  t r a n s d u c e r s  w ould n e c e s s a r i ly  b e  v e ry  in v o lv ed  

and s e v e r a l  books , such as  th e  one by -'D oebelin [2 0 ] ,  have been  w r i t t e n  on 

th e  s u b je c t .  However some s t a t i s t i c a l  c h a r a c t e r i s t i c s  o f  t h e ■n o is e  

in t ro d u c e d  by th e  t r a n s d u c e r s  m ust be c o n s id e re d  h e re .

Let th e  n o is e  g e n e ra te d  by a t r a n s d u c e r  a t  p o in t  X^ and a s s o c ia te d  

in s tru m e n ts  be  d en o ted  by w ^ ( t ) . F re q u e n tly , t h i s  n o is e  i s  in d ep en d en t 

o f  th e  n o is e  p roduced  by  t r a n s d u c e r s  lo c a te d  a t  o th e r  p o i n t s . F u r th e r ­

m ore, th e  s t a t i s t i c s  o f  w \ ( t )  may vary  from  t r a n s d u c e r  t o  t r a n s d u c e r .  

S in c e  th e  f i n i t e  d i f f e r e n c e  e q u a tio n s  r e q u i r e  m easurem ents a t  d i s c r e t e  

p o in ts  in  t im e ,  w \ ( t )  i s  sam pled  everyvAt seco n d s . I f  th e  sam ples o f  

w^( t )  a re  ta k e n  a t  s u f f i c i e n t l y  la rg e  i n t e r v a l s  o f  t im e ,  th e  sam ples 

w. ( j  = I ,  2 , . . . ) ,  where j  d en o tes  th e  J t h  sam ple o f  w ( t i ) ,. may be
I  J  J  _



may be assumed in d e p en d en t in  th e  p r o b a b i l i t y  s e n se .

As a  way o f  fo rm u la tin g  th e  above d is c u s s io n  and e s ta b l i s h in g  a 

fram ework from which to  p ro c e e d , th e  t r a n s d u c e r s  w i l l  be assumed t o  have 

th e  fo llo w in g  c h a r a c t e r i s t i c s .

( 3a) The n o is e  g e n e ra te d  in  each t r a n s d u c e r  i s  s t a t i s t i c a l l y

in d e p en d en t from th e  n o is e  p ro d u ced  by any o th e r  t r a n s d u c e r .  

(3 b ) The random sam ples ta k e n  from a g iv e n 't r a n s d u c e r  a re  

s t a t i s t i c a l l y  in d e p e n d e n t.

( 3c) The n o is e  g e n e ra te d  by each  t r a n s d u c e r  s a t i s f i e s  th e  

e rg o d ic  theorem  [ 2 l ] .

(3d ) The s t a t i s t i c s  may v a ry  from tr a n s d u c e r  t o  t r a n s d u c e r ,  and may 

o r  may n o t  be  known a p r i o r i .

The above a ssu m p tio n s , o f  c o u r s e , e l im in a te  th e  case  w here th e  n o is e  

g e n e ra te d  by th e  d i f f e r e n t  t r a n s d u c e r s  a re  c o r r e la te d .  F u rth e rm o re , th e  

sam p lin g  r a t e  may b e -v e ry  h ig h  w ith  th e  r e s u l t  t h a t  th e  sequence o f  

sam ples ta k e n  from  a  p a r t i c u l a r  t r a n s d u c e r  a re  n o t s t a t i s t i c a l l y  indepen­

d e n t. I d e n t i f i c a t i o n  o f  a  d i s t r i b u t e d  system  w ith  c o r r e l a t e d  m easurem ent 

n o is e  i s  n o t in v e s t ig a t e d  in  t h i s  t h e s i s .

3 .2  RECURSIVE ESTIMATOR

3 .2 .1  Problem  F orm u la tio n

In  C hap ter 2 th e  m a tr ix  e q u a tio n  ( 2 .7 ) ,  r e w r i t t e n  h e re  

H C =  £

i s  g e n e ra te d  f o r  th e  sy stem  e q u a tio n  ( 2 .3 )  so  t h a t  a  s o lu t io n  f o r  th e  

unknown v e c to r  c can be  o b ta in e d .



S in ce  th e  e lem en ts  o f  H and. a re  now c o n s id e re d  t o  "be c o rru p te d  

w ith  n o is e  i t  i s  n e c e s s a ry  t o  e v a lu a te  H and  e i t h e r  a t  d i f f e r e n t  p o in ts  

in  sp a c e  o r  a t  d i f f e r e n t ,  i n s t a n t s  o f  tim e so  as t o  g e n e ra te  enough d a ta  

f o r  e s t im a t io n  o f  c_. L e t k (k  = I ,  2 ,  . . . )  deno te  a  s p e c i f i c  s p a t i a l  

a n d /o r  tim e  p o in t  a t  w hich e q u a tio n  ( 2 .7 )  i s  e v a lu a te d ;  th u s  

Hk£  = Sk  k  = I ,  2 , . . .  (3 .1 )

The p rob lem  i s  t o  i d e n t i f y  th e  unknown v e c to r  _c u n d er th e  fo llo w in g  

c o n d i t io n s :

(S e) Mo s p a t i a l  o r  tim e  d e r iv a t iv e s  can be m easured d i r e c t l y .

(S f )  The m easurem ents a re  c o r ru p te d  w ith  n o is e  whose s t a t i s t i c s  

may o r  may n o t  be known.

(Sg) The i d e n t i f i c a t i o n  m ust be c a r r i e d  o u t u s in g  norm al o p e ra t in g

d a ta ;  t h a t  i s ,  no  t e s t  s ig n a ls  t h a t  p e r tu rb  th e  system  o p e ra t io n  

a re  a llo w ed .

( 3h) The boundary  c o n d itio n s  may o r  may n o t  be known.

3 .2 .2  In t ro d u c to ry  Example

B efo re  p ro c e e d in g  t o  th e  g e n e ra l  developm ent f o r  th e  s o lu t io n  o f  

t h e  e s t im a t io n  p ro b lem , a  sim p le  exam ple i s  p r e s e n te d  t o  d em o n stra te  th e  

e f f e c t s  o f  m easurem ent n o is e .

C on sid er t h e  d i f f u s io n  e q u a tio n  which i s  r e w r i t t e n  h e re  fo r . • 

conven ience

(3 .2 )32U/. . \
* 3x 2^ 1 ' V k  9t ' " i ' " j ' kl r ( x .  , t  A

E q u atio n  ( S . l )  i n  t h i s  exam ple red u ces  t o  a  s c a l a r  e x p re s s io n  w ith  each-



k corresponding t o  a m iq u e  com bination o f  i , j .

S in c e  th e  d e r iv a t iv e s  canno t be m easured  d i r e c t l y , th e y  a re

e v a lu a te d  ap p ro x im a te ly  by m easu ring  u .  and u s in g  th e  f i n i t e  d if f e re n c e s
I  *.J

f t < v V

92Uz ' >

U1.3*l '
2At

* 1 + 1 ,j  ~2% .1  +

w here u . . d en o tes  th e  m easured v a lu e  o f  u .  t h a t  i s .

Ui J  ™ Ui , j  + Wi , j i sj  = I ,  2 ,  , S

( 3 .3 l

(3.U )

(3 .5 )  .

T hus, in  a d d i t io n  to  th e  d i s c r e t i z a t i o n  e r r o r s ,  e r r o r s  due to  m easurem ent 

n o is e  have  been  in tro d u c e d .

S u b s t i t u t i n g  f o r  u .  fro m -e q u a tio n  (3 .5 )  in  e q u a tio n s  ( 3 .3 )  and
I 8J

( 3 .4 )  and com paring w ith  e q u a tio n s  (2 .lU ) and (2 .1 7 )  i t  i s  seen  t h a t  th e  

e r r o r s  due to  m easurem ent n o is e  a r e

W = Vi„ !+ 1  ~
I  2At

and

1+1. .1 U  i-1,.1
Ax2

(3.6)

(3 .7 )
32 uw here and d en o te  e r r o r s  r e l a t e d  t o  and r e s p e c t iv e ly .

I t  may be n o te d  t h a t  in  th e  e v a lu a t io n  o f  th e  dom inant 

d i s c r e t i z a t i o n  e r r o r  te rm  i s  p r o p o r t io n a l  t o  A t2 (se e  s u b s e c tio n  2 .3 .1 )  

an d  th e  e r r o r  due t o  m easurem ent n o is e  i s  p r o p o r t io n a l  t o  1 /A t. T hus, i f  

a  v e ry  sm a ll v a lu e  o f  A t i s  chosen t o  m inim ize th e  d i s c r e t i z a t i o n  e r r o r ,  

th e  e r r o r  due t o  m easurem ent n o is e  becomes e x c e s s iv e . I f ,  on th e  o th e r  

h an d , a  v e ry  l a r g e  v a lu e  o f  At i s  chosen t o  m inim ize th e  m easurem ent .
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n o is e  e r r o r ,  th e  d i s c r e t i z a t i o n  e r r o r  becomes e x c e s s iv e .  • A s im i la r
g2u

argum ent a p p l ie s  f o r  ap p ro x im atin g  . T h is . le a d s  t o  th e  p ro b lem ,

■' c o n s i d e r e d  i n  s e c t i o n  3 .3 ,  f o r  t h e  o p t i m a l  s e l e c t i o n  o f  Ax a n d  A t

such  t h a t  th e  e r r o r  in  ap p ro x im atin g  th e  d e r iv a t iv e s  i s  minimum.

An e q u iv a le n t  e x p re s s io n  f o r  e q u a tio n  ( 3 .2 )  in  th e  p re s e n c e  o f

ap p ro x im atio n  e r r o r  and m easurem ent n o is e  can be fo rm u la te d  by d e f in in g

■' a. t o  be k

~ = A j + l  ~ Ui„1-1
%  2At )(

Ui+l,j ™ 2Ui,j + V l . j  k
1 , 2 , . . . , S  (3 .8 )

N o tic e  t h a t  i s  a  random v a r ia b le  s in c e  i t  i s  a fu n c tio n  o f  random 

v a r ia b le s .  The aim i s  t o  e s t im a te  th e  unknown p a ra m e te r  a g iven  th e

sequence o f  th e  random v a r ia b le (k  — I ,  2 ,  . . . ,  S ) .

3 .2 .3  G enera l M ath em atica l Model

The id e a s  p r e s e n te d  in  th e  in t r o d u c to r y  exam ple can be made more 

g e n e r a l .  T hus, in  a n t i c ip a t io n  o f  th e  re q u ire m e n ts  o f  th e  fo llo w in g  

s u b s e c t io n s ,  a  g e n e ra l  m a th e m a tic a l model i s  d e r iv e d  in  t h i s  s u b se c tio n . 

The developm ent i s  b a se d  on th e  assum ption  t h a t  e q u a tio n  ( 3 ; l )  s a t i s f i e s  

th e  fo llo w in g  a d d i t io n a l  re q u ire m e n t.

p a r t i a l  d e r i v a t i v e s . •

A d is c u s s io n  o f  th e  c o m p lic a tio n s  a r i s i n g  in  th e  n o n lin e a r  case  i s  g iven  

in  s u b s e c tio n  ( 3 .2 .9 ) .

When th e  p e r t i n e n t  e lem en ts  o f  and a re  app rox im ated  by f i n i t e  

d i f f e r e n c e s ,  e q u a tio n  ( 3 .1 )  su g g e s ts  t h e  r e la t io n s h ip
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1V Oj
(3 .9 )

w here Hfc and deno te  m a tr ic e s  whose e le m e n ts■a re  f i n i t e  d i f f e r e n c e  

ap p ro x im a tio n s  o f  a n d a s  shown in  e q u a tio n  (2 .3 2 ) f o r  a s p e c i f i c  

system * Cfe i s  a  v e c to r  in  l i e u  o f  £  t o  e n su re  th e  e q u a l i ty  in  ( 3 . 9 ) .  

L e t o(H^) and o (g ^) d en o te  th e  e r r o r  m a tr ic e s  due to  f i n i t e  d if f e r e n c e

a p p ro x im a tio n ; th e s e  e r r o r  m a tr ic e s  a re  g iven  by

K Hk + =(Hk )

Ek = Sk + O(Bk)

1X, <\,
A lso  l e t  Ac1 d en o te  th e  e r r o r  v e c to r  in  c, d e f in e d  by

- k  - K
-v  ̂ ~
C1 = c -J- . Ac.
—I!. — - K

( 3 . 10)

(3.11)

( 3 . 12 )

When th e  m easurem ents o f  th e  s t a t e  v a r ia b le s  a re  c o r ru p te d  by n o is e ,  

e q u a tio n  ( 3 .9 )  becomes ,

Sk (3 .1 3 )

- " =V -x,
where and d eno te  th e  v a lu e s  o f  and ^  when t h e i r  e lem en ts  a re  

e v a lu a te d  u s in g  n o is e  c o r ru p te d  d a ta .  ĉ . i s  a  v e c to r  in  l i e u  o f  C^ to  

en su re  th e  e q u a l i ty  in  ( 3 .1 3 ) .  L e t n(H^) and n (g ^ ) d eno te  th e  e r r o r  

m a tr ic e s  due to  n o i s e ,  th e n

Hfc- .  =(Hfc) .  H(Hk )

Sk = Sk + O(Sk)

* Sk + =(Sk) + O(Sk)

(3.1k)

(3 .1 5 )

(3 .1 6 )

(3 .1 7 )

D efine Ac1 t o  be th e  e r r o r  v e c to r  i n . C1 due t o  n o i s e ,  th u s :—k - k
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= c + A c 1 + Ac,
■—  — k  — k

(3 .18 )

- Thus th e  t o t a l  e r r o r ,  Ac^., 

n o is e  ig  g iv en  "by 

a Ok = + 4 Ck

in  C^ due to  f i n i t e  d i f f e r e n c e s  and

(3 .1 9 )

S u b s t i t u t io n  o f  (3 .1 9 )  in t o  (3 .1 8 )  y ie ld s

Ck = C - ^ A c k  '  (3 .2 0 )

In  a n t i c ip a t io n  o f  th e  re q u ire m e n ts  f o r  th e  d e r iv a t io n  o f  th e  l e a s t .
'U - •

sq u a re s  e s t im a to r ,  an e x p re s s io n  f o r  Ack  i s  o b ta in e d  h e re .  S u b s t i tu t in g  

f o r  Hk , Ĵ k  and Cfc in  (3 .1 3 )  from  e q u a tio n s  ( 3 .1 5 ) 9 (3 .1 7 )  and ( 3 . 20 ) ,  

y i e ld s

[Hk + O(Hk ) 4 n(Hk ) ] [ c_ + A^.-] = £ k + O(^k ) + n ( ^ . )  .

I n  view  o f  e q u a tio n  ( 3 . 1 ) ,  e q u a tio n  (3 .2 1 )  s im p l i f ie s  t o  

Acfc = H ^ t  Eo(^k ) + n (£k ) ]  -Eo(Hk ) + n (Hfc) ]c}

p ro v id e d  Hfc i s  n o n s in g u la r .

3 . 2 . U S e le c t io n  o f  th e  E s tim a to r

■There a re  s e v e r a l  e s t im a t io n  schemes from which th e  m ost s u i t a b l e  

m ust be s e l e c t e d .  The c l a s s i c a l  te c h n iq u e s  in c lu d e  l e a s t  s q u a r e s , l e a s t  

mean s q u a re s ,  maximum l ik e l ih o o d  and B ayesian  e s t im a to r s .  In  a d d i t io n  to  

th e  c l a s s i c a l  m e thods, a v e ra g in g  is  w orthy  o f  c o n s id e ra t io n  due t o  i t s  

c o m p u ta tio n a l s im p l ic i ty .  Of a l l  th e s e  a p p ro a c h e s , th e  l e a s t  sq u a re s  

e s t im a to r  was found  to  be th e  m ost a p p ro p r ia te  f o r  th e  fo llo w in g  re a s o n s .

( 3 . 2 1 )

( 3 . 22 )



53

The l e a s t  sq u a re s  e s t im a to r  [22] i s  a  l i n e a r  e s t im a to r  w hich re q u ire s  

no  knowledge o f  th e  s t a t i s t i c s  o f  th e  n o is e .  However, when th e  moments o f  

th e  n o is e  g e n e ra te d  by each  t r a n s d u c e r  a re  known, i t  i s  shown in  t h i s  

t h e s i s  how th e  l e a s t  sq u a re s  e s t im a to r  can f r e q u e n t ly  be  m o d if ie d  t o  

im prove th e  accu racy  o f  th e  ap p ro x im atio n .

A ll o f - th e  o th e r  c l a s s i c a l  e s t im a to rs  r e q u i r e  an a p r i o r i  knowledge 

o f  th e  s t a t i s t i c s  o f  th e  n o is e  v e c to r .  The n o is e  v e c to r  i s  d e f in e d  by- 

r e tu r n in g  to  th e  g e n e r a l  m a th e m a tic a l m odel. When e q u a tio n s  ( 3. lU ), and 

( 3 . 1 6 ) a re  s u b s t i t u t e d  in to  (3 .1 3 )  th e  r e s u l t s  may be  e x p re s se d  by

%%% = + n C V s J (3 .2 3 )

The n o is e  v e c to r  i s  th e  H xl column v e c to r  c o n ta in e d  w ith in  th e  

b r a c k e ts  on th e  r i g h t  hand  s id e  o f  e q u a tio n  (3 .2 3 ) .  A know ledge o f  th e  

s t a t i s t i c s  o f  t h i s  v e c to r  r e q u ir e s  an a p r i o r i  knowledge o f  th e  t r a n s d u c e r  

s t a t i s t i c s .  As was p o in te d  o u t in  th e  p rob lem  fo rm u la tio n  t h i s  i n f o r ­

m a tion  may o r  may n o t  b e  a v a i l a b l e ;  b u t  even when th e  t r a n s d u c e r  

. s t a t i s t i c s  a re  known s e r io u s  p rob lem s rem ain .

The e lem en ts  o f  and a r e  l i n e a r  p a r t i a l  d e r iv a t iv e s  by 

assum ption  ( B i) .  When th e s e  e lem en ts  a re  approx im ated  by f i n i t e  d i f f e r ­

e n c e s ,  th e  r e s u l t i n g  e q u a tio n s  a r e  l i n e a r  .fu n c tio n s  o f  th e  s t a t e  v a r ia b le .  

The n o is e  i s  in t ro d u c e d  when m easurem ents o f  th e  s t a t e  v a r ia b le s  a re  ta k e n .  

S in c e  th e  f i n i t e  d i f f e r e n c e  e x p re s s io n s  a re  l i n e a r ,  th e  e lem en ts  o f  n(H^) 

and n(g_^) a re  l i n e a r  f u n c t io n s  o f  th e  random sam p les . Thus th e  c a lc u la ­

t i o n  o f  th e  d e n s i ty  fu n c tio n  o f  th e  e lem en ts  o f  n (g ^ ) -a n d  n(H_) r e q u ir e s  

th e  c a l c u la t io n  o f  a .d e n s i ty  fu n c tio n  o f  a  l i n e a r  com bination  o f  random
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sam ples ta k e n  from  d i s t r i b u t i o n s  w ith  kno>m d e n s ity  f u n c t io n s .  T h is  i s  

u s u a l ly  n o t  a  s im p le  t a s k .  Tq make th e  jo b  even more d i f f i c u l t , once 

th e  d e n s i ty  fu n c tio n  o f  Ja(Hfe) i s  known, th e  d e n s ity  fu n c tio n  o f  n(Efe)cfe 

m ust be d e te rm in e d . T h is  r e q u i r e s  some s o r t  o f  i n i t i a l  e s t im a te  o f  Cfe 

be"made b e fo re  th e  d e n s i ty  fu n c tio n  o f  l i n e a r  com binations o f  random 

v a r ia b le s  w ith  known d e n s i ty  fu n c tio n s  i s  c a lc u la te d .

VThen th e  n o is e  v e c to r  i s  known to  have a w hite., g a u s s ia n  d i s t r i b u t i o n , 

some i n t e r e s t i n g  r e l a t io n s h ip s  e x i s t  betw een th e  e s t im a to r s ,  Aoki [22] 

shows t h a t  th e  maximum l ik e l ih o o d  e s t im a to r  and th e  l e a s t  sq u a re s  e s t im a to r  

a re  i d e n t i c a l ,  u n d er th e  r e s t r i c t i o n  t h a t  th e  Vfe m a tr ix  (d e f in e d  in  

A ppendix A .I )  i s  chosen t o  be th e  in v e rs e  o f  th e  c o v a ria n c e  m a tr ix . In  

t h i s  s p e c ia l  c a s e ,  th e  l e a s t  sq u a re s  e s t im a to r  i s  a l s o  c lo s e ly  r e l a t e d  t o  

th e  l e a s t  mean squ are^  e s t im a to r  u se d  in  Kalman f i l t e r i n g .  S orenson  [23] 

h a s  shown t h a t  when th e  s t a t e  v a r ia b le  in  th e  Kalman f i l t e r  i s  a  c o n s ta n t , 

as i s  th e  _c v e c to r  in  t h i s  t h e s i s , th e  Kalman e s t im a to r  i s  i d e n t i c a l  t o  

th e  l e a s t  sq u a re s  e s t im a to r .  H ere a g a in ,  th e  m a tr ix  Vfe in  th e  l e a s t  

sq u a re s  e s t im a to r  must be  th e  in v e rs e  o f  th e  co v a rian ce  m a tr ix .

The B ay esian  e s t im a to r  r e q u ir e s  th e  d e n s i ty  fu n c tio n  o f  th e  n o is e  

v e c to r  be known to  e s t im a te  a  random v a r ia b le  w ith  a known d e n s i ty .

S in ce  c_ i s  n o t  a random v a r ia b le  t h i s  • e s t im a to r  ap pears  t o  be an 

u n re a so n a b le  ch o ice  f o r  t h i s  prob lem .

In  summary a l l  o f  th e  c l a s s i c a l  e s t im a to rs  ex c e p t th e  l e a s t  sq u a res  

e s t im a to r  a re  p o o rly  s u i t e d  f o r  e s t im a tin g  c_. In  th e  case  o f  th e  l e a s t  

mean sq u are  e s t im a to r  and maximum l ik e l ih o o d  e s t im a to r  t h i s  i s  due t o  th e
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d i f f i c u l t y  in  d e te rm in in g  th e  d i s t r i b u t i o n  o f  th e  n o is e  v e c to r .  The 

B ayesian  e s tim a to r^  on th e  o th e r  hand, i s  in te n d e d  to  he u se d  when _c i s  a 

random v a r ia b le  w ith  a  known d e n s i ty  fu n c t io n .  F in a l ly ,  th e  av e ra g in g  '■ 

te c h n iq u e  h as  been  a p p l ie d  d u rin g  th e  co u rse  o f  t h i s  i n v e s t i g a t i o n ,  b u t 

i t  r a r e l y  e s t im a te s  th e  p a ra m e te rs  as w e ll  as th e  l e a s t  sq u a re s  

e s t im a to r .  A com parison o f  th e  r e s u l t s  u s in g  av e ra g es  and th e  l e a s t  

sq u a re s  e s t im a to r  i s  g iv e n  in  s e c t io n  ( 3 . U).

3 .2 ,5  L ea st S quares E s tim a to r

The l e a s t  .sq u a re s  e s t im a to r  i s  p r e s e n te d  in  t h i s  s e c t io n  f o r  th e  

s c a l a r  c a s e .  ' The m a tr ix  fo rm u la tio n  f o r  th e  l e a s t  sq u a res  e s t im a to r  

ap p ea rs  i n  A ppendix A.I .  E xam ination  o f  th e  s c a l a r  ca se  i s  conducted  

f i r s t  to  a llo w  in t r o d u c t io n  o f  b a s ic  id e a s  w ith o u t th e  e x c e s s iv e  a lg e b ra  

t h a t  n e c e s s a r i ly  accom panies m an ip u la tio n s- w ith  m a tr ic e s .

The g e n e r a l  m a th e m a tic a l model i s  u t i l i z e d  in  th e  d e r iv a t io n  o f  

th e  l e a s t  sq u a re s  e s t im a to r .  The n o ta t io n  p re s e n te d  in  s u b s e c tio n  3 .2 .3  

i s  a l t e r e d  t o  em phasize t h e  f a c t  t h a t  th e  developm ent i s  b e in g  perfo rm ed  

f o r  th e  s c a l a r  c a se . In  th e  s c a l a r  n o ta t io n  c a p i t a l  l e t t e r s  d e n o tin g  

m a tr ic e s  a re  r e p la c e d  by sm a ll l e t t e r s ,  and th e  u n d e r l in in g  u sed  t o  denote 

column v e c to r s  i s  o m itte d . Thus th e  s c a l a r  n o ta t io n  f o r  th e  m a tr ix  i s  

h^ and g^ i s  th e  s c a l a r  form  o f  th e  column v e c to r  j ^ .

The l e a s t  sq u a re s  e s t im a te  o f  c i s  by  d e f in i t i o n  th e  v a lu e  o f  5 

w hich m in im izes th e  p erfo rm an ce  index

j s (5 ) -  J f  v  -  4 O - S 1O
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w here th e  v ^ 's  a re  p o s i t i v e  r e a l  num bers.

The extremum o f  J g ( C) i s  found  by s e t t i n g  i t s  d e r iv a t iv e  e q u a l to  

z e ro , Tlius

3Jq U )  S a .  '

- W ~  = -  g k ,Tkhk = 0
(3 .2 5 )

L e t c |  d en o te  th e  v a lu e  o f  £ w hich s a t i s f i e s  e q u a tio n  ( 3 .2 5 ) .  Then

CI
k = lV k g1

S . ( 3 . 26)

That Jg  i s  in  f a c t  a  minimum a t  C = c* , and n o t a maximum i s  ap p a re n t from 

th e  second  d e r iv a t iv e  o f

S2J s CD

H t "
= 2 E fafv:

k = l k ^ (3 .2 7 )

s in c e  h, and v, a re  n o n n e g a tiv e  and i f  h, i s  n onzero  f o r  a t  l e a s t  one, k  k . k i:

k ,  32J g ( 5 ) /9 £ 2 is  p o s i t i v e .  T h e re fo re ,  c* , th e  extremum p o i n t , i s  

a  l o c a l  minimum f o r  J g ( C).

In  o rd e r  t o  o b ta in  a  r e c u r s iv e  r e l a t io n s h ip  f o r  th e  e s t im a te  c*

d e f in e

- I

J i h ^
( 3. 28 )

?  P n^ . + h^V,

- I
S

S - I

I

S S

~ - l  ~2
P s - I  + V s

(3.29)

( 3. 30)

(3 .3 1 )

i



57

and

' - I
S .

(3 .3 2 )

"_1
% _ 1  + %

In  view  o f  (3 . 32) ,■■• e q u a tio n  (3 .2 6 )  re a d s

(3 .3 3 )

g

cS = pS J , \ VA
K = I

(3 .3 4 )

A 5—1 A A A A
p S t A  hk \ %  + hSvSs S 1k = l

I-;
1

- - IM u ltip ly in g  th e  f i r s t  te rm  in  th e  "brackets hy p . p and s u b s t i tu t in g

' - If o r  Pg ^ from  e q u a tio n  (3 .3 3 )  y i e ld s

s-i.
0S = p S t t p S -  hSvS lp S - I  J A V k  + hSvSgS 1k = l

B ut from  e q u a tio n  (3 .3 4 )

» S - I

P= - '  Z W k  = cS - IS - I

Hence
k = l

cS pS (pS c S - I  “  hSvScS - I  + hSvSgS^

cS - I  + AC* (3 .3 5 )

where

l c S -  pShSvS t s S -  hScS - I 1 (3 - 361

The r e c u r s iv e  r e l a t i o n s h ip  f o r  e s t im a tin g  c g iven  in  e q u a tio n  (3 .3 5 ) 

may be d e r iv e d  in  o th e r  w ays. AoldL [22] re d e f in e s  Jg (g )  in  te rm s o f  Ac 

and th e n  m in im izes th e  p erfo rm an ce  m easure w ith  r e s p e c t  t o  t h i s  q u a n t i ty .
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A s i m i l a r  app roach  was p r e s e n te d  e a r l i e r  by Eo [2b] .

A c lo s e  ex am in a tio n  o f  e q u a tio n  (3 .3 6 )  r e v e a ls  t h a t  as S becomes 

v e ry  l a r g e  Ac* ap p roaches z e r o ,  s in c e  pg app roaches zero  and th e  

rem a in in g  q u a n t i t i e s  on th e  r i g h t  hand s id e  o f  th e  e q u a tio n  a re  bounded.

m in im izes J  i s  a ls o  f i n i t e .

Though th e  r e c u r s iv e  e s t im a to r  p ro v id e s  in s ig h t  in t o  how th e  

e s t im a to r  i s  r e l a t e d  t o  th e  e s t im a te  o f  th e  p re v io u s  s t a g e ,  a p p l ic a t io n  

o f  t h i s  e s t im a to r  r e q u ir e s  m ore com pu ta tion  th a n  does an a l t e r n a t e  

scheme p r e s e n te d  in  Appendix A .2 . The co m p u ta tio n a l s a v in g s  i s  p a r t i ­

c u l a r ly  m arked when c i s  an E -v e c to r  and m a tr ix  o p e ra t io n s  must be 

p e rfo rm e d .

3 .2 .6  C onvergence o f  th e  L e a s t S quares E s tim a to r

In  t h i s  s e c t i o n ,  th e  convergence o f  th e  l e a s t  sq u a re s  e s t im a to r  f o r  

th e  s c a l a r  ca se  i s  d is c u s s e d .  The r e s u l t s  o f  th e  convergence s tu d y  a re  

com pared w ith  th e  t r u e  v a lu e  o f  th e  p a ra m e te r .

- S u b s t i t u t i n g  e q u a tio n  (3 .2 0 )  in t o  e q u a tio n  (3 .1 3 ) and s u b s t i t u t i n g  

th e  r e s u l t i n g  e x p r e s s io n ' f o r  g^ in t o  e q u a tio n  (3 .3 4 ) y ie ld s

A lso  n o te  t h a t  a s  lo n g  as h^ and g^ a re  f i n i t e  f o r  a l l  k ,  c* w hich

S
(3 .3 7 )

R e c a ll in g  th e  d e f in i t i o n  o f  p ^ in  e q u a tio n  (3 .3 2 )  th e  above e x p re s s io n

s im p l i f i e s  to

(3 .3 8 )
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The seco n d  te rm  on th e  r i g h t  hand s id e  o f  e q u a tio n  (3 .3 8 )  i s  th e

e r r o r  te rm  r e s u l t i n g  in  th e  e s t im a t io n  o f  c a t  s ta g e  S . L e t e deno teS
t h i s  e r r o r .

In  g e n e r a l ,  when th e  m easurem ents a re  ta k e n  un d er th e  same 

c irc u m sta n c e s  , one m easurem ent i s  no more a c c u ra te  th a n  any o th e r  

m easurem ent. C o n seq u en tly , th e r e  i s  no rea so n  to  w eight, th e  m easure­

m ents o f  any s ta g e  h e a v ie r  "by s e l e c t i n g  a  l a r g e  a t  t h a t  s ta g e .  From 

h e reo n  i t  i s  assum ed t h a t  f o r  a l l  k ,  v^ e q u a ls  v ,  a  c o n s ta n t .  Using 

t h i s  assu m p tio n  in  c o n ju n c tio n  w ith  e q u a tio n s  (’3 .22 ) and (3 .1 5 )  e^ can 

b e  e x p re s s e d  as

^ {hk+ [° (h k )+n (hk )]}  { [o (g k )+ n(gk ) ] -  [o (h ^ )+ n (h k )]c}

5S = —  ™ " ' ' :
% [h + o(h  )+n(h ) ]2 

k = l k k

(3 .3 9 )

Under no rm al c irc u m sta n c e s  th e  e r r o r  e„ i s  n o t z e ro  u n le s s  th e  n o is e  

and a p p ro x im a tio n  e r r o r s  a re  z e ro ,  in  w hich case  th e  n u m e ra to r o f  

e q u a tio n  (3 .3 9 )  v a n is h e s . However, th e  e r r o r  i s  bounded when c* i s  

bounded b eca u se  c i s  f i n i t e .  In  th e  n e x t s u b se c tio n  e^ i s  approx im ated  

and a ' m o d if ie d  l e a s t  sq u a re s  e s t im a to r  i s  p r e s e n te d  w hich te n d s  t o  

com pensate f o r  e .

3 .2 .7  A M o d ifie d  L east S quares E s tim a to r

The l e a s t  sq u a re s  e s t im a te  i s  m o d if ie d  by adding a  c o r r e c t io n  te rm

w hich i s  an e s t im a te  o f  th e  e r r o r  e^ . S in c e  th e  denom inato r in  e q u a tio n
 ̂ ’—l

(3 .3 9 )  ( th e  ex p an s io n  o f  [v ru ]  ) can be o b ta in e d  by m easurem ents th e"u

p rob lem  o f  e s t im a t in g  th e  denom inator does n o t  a r i s e .  An e s t im a te  f o r
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th e ..n u m e ra to r  vhi.ch canno t be m e a su re d -is  now o b ta in e d . No c la im  to  

m a th em a tic a l' r ig o u r  i s  made i n '  o b ta in in g  t h i s  e s t im a te .  The p h ilo so p h y  

has  been to  g e t  an e s t im a te  o f  e^ even i f  i t  i s  approx im ate  . in  o rd e r  to  

im prove upon th e  e s t im a te  o f  c . The v a l i d i t y  o f  th e  ap p ro x im atio n  is  ■ 

b o rn e  o u t by r e s u l t s  o f  d i g i t a l  com puter s im u la t io n s .  ■

In  .C hapter 2 r e s u l t s '  o f  th e  d i g i t a l  com puter s im u la tio n s  show t h a t  

th e  e r r o r  in  th e  e s t im a te  o f  a  p a ra m e te r  due to  d i s c r e t i z a t i o n  is  sm a ll 

f o r  th e  sy stem  dynam ics c o n s id e re d . F or th e s e  same sy s te m s , o p e ra t in g  ■

• u n d e r th e  same c o n d it io n s  and u s in g  th e  same e s t im a to r ,  when m easurement . 

n o is e  i s  added th e  e s t im a t io n  e r r o r  in c re a s e s  d r a m a t ic a l ly .  In  th e  case 

o f  th e  d i f f u s io n  e q u a t io n , f o r  exam ple , when th e  n o is e  t o  s ig n a l  r a t i o  

i s  l e s s  th a n  o r  e q u a l t o  0 .0 1 ,  th e  e s t im a t io n  e r r o r  goes up to  as h ig h  as 

s i x t y - e i g h t  p e r c e n t .  The in t r o d u c to r y  exam ple in  s u b s e c tio n  ( 3 .2 .2 )  

p ro v id e s  an e x p la n a tio n  f o r  t h i s  la rg e  change in  p e rc e n ta g e  e r r o r .  W 

and Wg, th e  n o is e  e r r o r s  in  e v a lu a t in g  th e  d e r iv a t iv e s ,  a re  a t  l e a s t  - o f  - 

th e  o rd e r  I /A t  and I / Ax w hereas th e  d i s c r e t i z a t i o n  e r r o r s  a r e , a t  m o st, 

r if  th e  o rd e r  A t2 and Ax2. S in c e  At and Ax a r e  u s u a l ly  much s m a l le r  th a n  

one and in  any ca se  alw ays le s s  th a n  o n e , th e  v a lu e s  o f  W  ̂ and Wg can be 

l a r g e  even i f  th e  n o i s e ,  w. , i s  sm a ll.  For th e s e  re a so n s  th e  d i s c r e t i -
1 » 0 i

z a t io n  e r r o r  te rm s in  th e  n u m era to r o f  e q u a tio n  (3 .3 9 )  a re  assumed 

n e g l i g i b l e .  The fo llo w in g  a d d i t io n a l  assum ptions a re  a ls o  made.

( 3 j ) The mean o f  th e  n o is e  g e n e ra te d  by each t r a n s d u c e r  i s  z e ro , 

and th e  v a r ia n c e  known.

(3k ) n(h^) and n (g ^ ) have no common term s. Note th a t  n(h^) and
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n (g  ) i n  th e  in t r o d u c to r y  exam ple s a t is fy ;  t h i s  assum ption

b eca u se  th e  w. and w...  ^  a°  n o t ap p e a r in  Wg.

• (31 ) x - i s  th e  o n ly  s p a t i a l  .v a r ia b le  in  th e  p a r t i a l  d i f f e r e n t i a l  

e q u a t io n s .

( 3m) The m easurem ent n o is e  and th e  s t a t e  v a r i a b l e s ' a r e  u n c o r r e la te d .

U nder the . assum ption  th a t  th e  d i s c r e t i z a t i o n  e r r o r s  o(h  ) and o(g ), -k. k
a re  n e g l i g i b l e ,  e q u a tio n  (3 .3 9 )  becomes

es  e S

E [h ^ + n (h ^ ) ] [n (g ^ ) -n (h ^ )c ]  
k = l (3.U0)

E [h +n(h ) ]2 
k = l K K

I f  S i s  f i n i t e , th e  n u m e ra to r and -denom inator can be  d iv id e d  by i t  to  

g iv e  th e  ap p ro x im atio n

V
l , 5:1 [hk+n(hk ) ] [ n ( s k )- n (h k )]k = l - _____ _________

,2

^ S h kB(g k ) -  ^ i V fV

V s  V s  : T V

I e V + I 1 V t V j - + 1 1 n tV j-
s k = l k Sk=I  k k s k = l k

( 3 . h i)

C on sid er the- sequence o f  sam ples o f  n o is e  g en era ted , by  a  t r a n s d u c e r  

lo c a te d  a t  p o in t  . x_. VJhen s e v e r a l  sam ples have been ta k e n  (in- o th e r  words 

S i s  f i n i t e  b u t  la rg e )  an u n b ia se d  e s t im a to r  f o r t h e '  mean i s  g iv e n  by

- I  S
V. = V E w" (3 .h 2 )
- 1 : V i  1,J  

= 0 ( 3 . h3)
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An u n b ia se d  e s t im a to r  f o r  th e  v a r ia n c e  a? o f  x .  ( t ) i s  g iv e n  "by th e  

ap p ro x im atio n

*1=  (3 .W )

By assu m p tio n  ( 3a) in  s e c t io n  (3 .1 )  ( t )  and w^Ct) a re  s t a t i s t i c a l l y

in d e p e n d e n t f o r  i  f  k . S in ce  v_^(t) and vr^Ct) have ze ro  m ean, an u n b ia se d  

e s t im a to r  f o r  th e  c o v a ria n c e  o f  ( t ) and " '^ ( t )  i s

X = Vi,A,j (3.45) .

B ut th e  c o v a ria n c e  o f  tv o  in d e p en d en t random v a r ia b le s  i s  z e ro . T h e re fo re

. S ^ 1vI , A , j  “ 0 (3.46)

The above ap p ro x im atio n s  a r e  u s e f u l  in  e v a lu a t in g  e x p re s s io n s

c o n ta in in g  n (h  ) an.d n (g  )' in  ( 3 .4 l )  v h ic h  a re  l i n e a r  f u n c t io n s  o f  v . . ;k " K. i , j

t h a t  i s

j+R i+Q

n ' V  '  U j - B

j+R i+q

n t s ^ 1 ■ ( sU b J + * * ' ^ *

(3 .4 7 )

(3.48)

.w here th e  a . . ' s  and b , . ’s a re  c o n s ta n ts  d e te rm in ed  by th e  f i n i t e  
i  % J I »-J '

d i f f e r e n c e s .  2Q+1 and 2R+1 a re  th e  number o f  t r a n s d u c e r s  and samples 

s p e c i f i e d  by th e  d i f f e r e n c e  e q u a t io n s .  For i l l u s t r a t i o n  c o n s id e r  th e  

in t r o d u c to r y  exam ple in  s u b se c tio n  3 .2 .2  w here th e  e r r o r s  due to  n o is e  

a re  g iv e n  by e q u a t io n s  (3 .6 )  and ( 3 .7 ) .  In  t h i s  case  n (h ^ ) and  n (g  )
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a re  and r e s p e c t iv e ly  and a re  r e w r i t t e n  h e re  fo r  co n v en ien ce .

n (h k ) = [( + (x 5 l )wi . . l  + (A ^ )v i - l . . l ]iAx2 y i + l , j  ' vAx2ywI fJ n vAx2 ywi - l , J Jk

= [ ( 2 f t )v i sJ+l  + ( 2 ^ )v i , J - l ] k 

A com parison o f  e q u a tio n  (3 .^ 9 )  w ith  (3 .^ 7 )  shows a

( S M )

(3 .5 0 )

I /Ax2 ,
i + l . J

a . . = - 2 /Ax2 f a .  n . = l /A x 2 and a  = 0  f o r  o th e r  v a lu e s  o f  r  and 
X ^J X—-L j J  I*j S

s .  S im i la r ly  f o r  e q u a tio n  (3 .5 0 ) and (3.1+8) b i s  z e ro  w ith  th er  s s

e x c e p tio n  o f  b .  = l /2 A t and b = - l / 2 A t .  As b e f o r e ,  k d eno tes
X 9 J+X XjJ-X

th e  k th  s e t  o f  i ’ s and J ’s Ro t i c e  t h a t  even though  th e  w. 's  a re
X » J

d i f f e r e n t  f o r  each  k (k  = I ,  2 ,  3 , . . . )  th e  a^ s ’ s and b^  s , s in  e q u a tio n s  

(3.1+7) and (3.1+8) do n o t change.

A pproxim ation  (3.1+1) f o r  Bg c o n ta in s  te rm s w ith  n (h k ) and n (g k ) 

summed from  I  t o  S . These - sums can be approx im ated  in  te rm s o f  th e  

mean and v a r ia n c e  o f  th e  in d iv id u a l  t r a n s d u c e r  n o is e  w^.

When e q u a tio n  (3.1+7) i s  summed o v e r  th e  k ’ s and b o th  s id e s  a re  

d iv id e d  by S th e r e  r e s u l t s

1 S 1 S j+R i+Q

Sk^ 1n t V  = „  „ 5
a w ) .  r , s  r ; s  kk = l s= j-R  r= i-Q

-  I  S J+R X
* Sk=1 f s 4 „ / i - 0 . , s Vi - 9 . = , l=

I  3 J+R X

S J+R
+ 7T-1. ( Z a . . ^ _w_. <rx _ )n

k = l  -S = J -R
i+ Q ,s i+ Q ,s k (3 .5 1 )
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T h is  e x p re s s io n  may he app rox im ated  in  term s o f  th e  s t a t i s t i c s  o f  

th e  t r a n s d u c e r  n o is e .  L e t th e  p o in ts  i , j  co rre sp o n d in g  t o  each k 

(k  = I ,  2 ,  he ta k e n  a t  th e  same s p a t i a l  p o i n t s ,  h u t s e p a ra te d  in

tim e  hy some m u l t ip le  o f  th e  sam pling  i n t e r v a l ,  say  mAt. The reaso n  

f o r  s e l e c t i n g  th e  p o in t s  in  t h i s  manner i s b a sed  upon p r a c t i c a l  

c o n s id e r a t io n s .  The p o in t s  may he chosen in  any fa sh io n  as lo n g  as 

th e y  d i f f e r  in  tim e  a n d /o r  sp a c e . However, i f  p o in t s  a r e  s e le c te d  so 

t h a t  th e y  d i f f e r  in  sp a c e , a d d i t io n a l  t r a n s d u c e r s  a re  r e q u i r e d .  On th e  

o th e r  h an d , d is p la c in g  th e  p o in t s  in  tim e  p r e s e n ts  no p rob lem . Each s e t  

o f  p o in t s  u se s  m easurem ents ta k e n  from a  minimum number o f  t r a n s d u c e r s . 

P ic k in g  th e  p o in t s  s o . t h a t  th e y  a re -S e p a ra te d  hy s e v e r a l  sam p lin g  

in t e r v a l s  i s  a d v is a b le  t o  in s u re  t h a t  each  s e t  o f  m easurem ents i s  

u n r e la te d  t o  th e  p re v io u s  s e t .  H owever, when t h i s  i s  n o t  p r a c t i c a l ,  

th e  s e t s  o f  p o in ts  can he  s e p a ra te d  by a  s in g le  sam pling  i n t e r v a l .

When th e  k 's  a re  s e l e c t e d  in  th e  above f a s h io n ,  each te rm  on th e  

. r i g h t  hand  s id e  o f  ( 3 . 5 l)  i s  n e a r ly  z e ro . F or in s ta n c e ,  c o n s id e r  th e  

f i r s t  te rm . S in ce  th e  a . ' s  a re  c o n s ta n ts  s p e c i f i e d  by th e  f i n i t e  

d i f f e r e n c e  fo rm ulae  and th e  s a re  random sam p le s , th e  f i r s t  term

can h e  e x p re s se d  as

I  S j+R j+R 1 S

s - j V 1- 9 ’ 5 sk ' l

w here t h e  o rd e r  o f  summation has been  in te rc h a n g e d . In  t h i s  c a s e ,  th e  

in te rc h a n g e  o f  o rd e r  o f  summation i s  v a l id  p ro v id e d  th e  sum i s  a f i n i t e  

num ber. S in c e  c o n se c u tiv e  v a lu e s  o f  k d en o te  a  s e p a r a t io n  o f  nfit in  tim e
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th e  summation w ith  r e s p e c t  t o  k can be re p la c e d  by a  summation w ith  r e s p e c t  

t o  § as fo llo w s

j+B , 8-1_ j+B ^

Sk = l s= j-R  i-Q »sVi-Q » s k s=^_Ra i-Q 5s S g ^ i-Q .s + m S

I  s - i
a i-Q ,j -B  S g^ 0 >ri-Q ,j-R+m §

i 3" 1
+ a i - Q , j -R+I  S g^ 0 Wi- Q , j-R+l+mS + * V

+ a l" ; '
i-Q .J+ R  S §=0wi-Q ,j+ R + m§ (3 .5 2 )

When mAt i s  la rg e  enough f o r  th e  sequence o f  sam ples t o  be in d e ­

penden t,"  each  o f  th e  te rm s  on th e  r i g h t  hand  s id e  o f  e q u a tio n  (3 .5 2 )  i s  ■ 

ap p ro x im a te ly  z e ro  by e x p re s s io n  ( 3 .^ 3 ) .  T hus, th e  f i r s t  te rm  o f  e q u a tio n  

(3 .5 1 )  i s  ap p ro x im ate ly  z e ro . A s im i la r  argument may be u sed  t o  show th e  ■ 

rem a in in g  te rm s on th e  r i g h t  hand s id e  o f  e q u a tio n  (3 .5 1 )  a re  ap p ro x i­

m a te ly  z e ro . T h e re fo re ,

S

I z1n0V ■0k = l

S im i la r ly

I 3
S E n ( s k ) = 0k = l k

When te rm s o f  th e  form 

T S S ' j+R i+Q

V = I n t y 2  = v =i ( s= L e

(3 .5 3 )

(3 .5 4 )
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2
a re  expanded , th e  r e s u l t s  c o n ta in  te rm s v i t h  x-r ■ as w e ll  as  c ro ss  p ro d u c tr ,  s

te rm s in  g . % e n  th e s e  te rm s a re  summed o v er k ,  th e  c ro s s  p ro d u c t 

te rm s a re  ap p ro x im ate ly , z e ro  due to  assum ptions (3 a )  and (3 b ) le a v in g  th e  

appro x im at io n

E n (h  )2 = 
k = l &

j+R i+Q 
( 1 E
s= j-R  r= i-Q

a2 w2 r , s  r ,
(3 . 56)

C o n sid er th e  ex p an sio n  o f  th e  r i g h t  hand s id e  o f  (3 .5 6 )  when 

r  = i-Q . By ap p ly in g  th e  same argum ents u sed  i n  th e  p a ra g ra p h  • above 

e q u a tio n  (3 .5 2 )  i t  i s  p o s s ib le  t o  o b ta in  th e  e x p re s s io n

h 5 2 a2
i —Q IJ —R

I 3" 1
Sg=Q i-Q.,3-R+m§

+ a 2
i-Q ,j -R + l

I 3" 1 _
Sg=Q i-Q ,j-R + l+ m § + “ *

+ at f ? 1
i-Q,j+R Sg=Q "i-Q,j+R+m§

B ut by ( 3 . 4U) t h i s  e x p re s s io n  may be approx im ated  by 

1 S j+R

Sk! l ( ,s Wi- Q ,s  }k  = a I-Q ^J-R aI-Q

+ a'
i-Q ,3-R+1 i-Qa 2 _ + . . .  + aI - Q 9J^Ra L q

O A AC' + a l + . . .  + a t Ji —Qv i —Q9J-R  I -Q 9J-R+I  ' ' " I -Q 9J+R'

T h e re fo re 9 e q u a tio n  (3 .5 5 )  i s  g iv e n  by th e  approx im ation

T S  ̂ J+R i+Q
^ Z n ( K ) 2 = E  E 

k = l s= j-R  r= i-Q r 9s r

(3 .5 7 )

(3 .5 8 )

(3 .5 9 )

(3 .6 0 )
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where

. j+E i+Q 
O2 A Z

s=j~R i= i-Q£ ar ,s ° t (3 .6 1 )

F i n a l l y , in  v iew  o f  assum ption  (3k) and e x p re ss io n  (3 .b 6 )  th e  

fo llo w in g  ap p ro x im atio n  can h e  made

T S S J+R i+Q j+R i+Q

,3 -62>

= ' o (3 .6 3 )

E x p re ss io n s  (3 .6 0 )  and (3 .6 3 )  may be s u b s t i t u t e d  in to  ( 3 . 4 l)  w ith  

th e  r e s u l t

- 5 0 2 R l r A nf g k> - I r V fAk = l k = l

l a' k

(3.64)

k = l

The e r r o r  te rm  can be s im p l i f ie d  f u r th e r  by c o n s id e r in g  te rm s o f  th e  
I  S

ty p e  — Z h n(h , ) .  S in ce  th e  s t a t e  v a r ia b le  and th e  n o is e  a re  assumed 
Sk = l k

s t a t i s t i c a l l y  in d e p e n d e n t, h^ and n (h ^ ) a re  a ls o  s t a t i s t i c a l l y  in d e p e n d e n t. 

F u rth e rm o re , th e  e x p e c te d  v a lu e  o f  n(h^_) i s  z e ro . T his i s  shown by f i r s t  

ta k in g  th e  e x p e c te d  v a lu e  o f  e q u a tio n  (3 .5 3 ) .  

j+R i+Q '
E [n (h ^ )]  = E[ H z a  w ) ]

. S = J -R  r= i-Q  ’ ’

j+R i+Q

L i ,
(3 .6 5 )

w here E d en o tes  th e  e x p e c te d  v a lu e . By assum ption  ( 3 j ) th e  t r a n s d u c e r  

means' a re  z e ro . T h e re fo re
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E fh^nC h^)] = h ^ E [n (h ^ ) ]

= O (3 .6 6 )

and

I j 1V fX 1 “ 0 . (3 .6 7 )  '

A pprox im ation  (3 .6 7 )  fo llo w s  from  th e  f a c t  t h a t  th e  ex p e c te d  v a lu e  o f  each 

te rm  in  th e  ex p an sio n  o f  th e  l e f t  hand s id e  o f  ap p ro x im atio n  (3 .6 ? )  i s  

z e ro .  S in c e  S i s  a  l a r g e  num ber, th e  summation o f  te rm s in  th e  l e f t  hand 

s id e : ' o f  (3 .6 7 )  i s  a p p ro x im a te ly  z e ro . A s im i la r  argum ent may be made to  

show

S Z hkn ( s k ) “ 0 bk = l  k k
( 3. 68)

A p p lic a tio n  o f  th e  r e s u l t s  o f  ap p ro x im atio n  (3 .6 7 )  and (3 .6 8 )  to  

(3 .6 4 )  g iv e s

(3.69)

-  -  Sva2Pg, c (3 .7 0 )

E x p re s s io n  (3 .70) p ro v id e s  an e s t im a te  o f  e^ in  te rm s o f  p g , th e  

" v a r ia n c e "  o f  th e  n o is e  a2 , and t h e  unknown p a ra m e te r  c . S in c e  c i s  

unknown, th e  b e s t  t h a t  can be done a t  s ta g e  S i s  t o  r e p la c e  c by  i t s  

m o d if ie d  e s t im a te  a t  s ta g e  S - I , th u s

(3 .7 1 )

w nere c**^ i s  th e  m o d if ie d  l e a s t  sq u a re  e s t im a te  o f  c a t  th e  s ta g e  S - l .
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As s t a t e d  e a r l i e r ,  th e  m o d ified  l e a s t  sq u a res  e s t im a te  i s  th e  l e a s t  

, sq u a re d  e s t im a te  m inus th e  e r r o r ,  th u s

I

C * * = c* — PS S S

= = S  + S v o 2 P g C * * !
(3 .7 2 )

w ith

C * *

O

<
n

(3 .7 3 )

I t  i s shown in  th e  n e x t s u b se c tio n  t h a t  th e accu racy  o f  th e

m o d if ie d  l e a s t  sq u a re s  e s t im a to r  i s  g e n e r a l ly  b e t t e r  th a n  t h a t  o f  th e  

l e a s t  sq u a re s  e s t im a to r .  F u rth e rm o re , t h i s  scheme h as  been  a p p l ie d  to  

s e v e r a l  problem s w ith  s i g n i f i c a n t  su c c e s s .

' 3« Si 8- ; Convergence ' o f- 'th e  ' L bast 'S quares E s t im a to r ' a n d 'M o d if ie d 'L e a s t 

S quares E s tim a to r .

In  t h i s  s e c t io n  an app rox im ate  e x p re s s io n  f o r  th e  e r r o r  te rm  in  th e  

m o d if ie d  l e a s t  sq u a re s  e s t im a to r  i s  d e r iv e d . T his r e s u l t  i s  th e n  compared 

and c o n t r a s te d  w ith  th e  e r r o r  te rm  d ev e lo p ed  p re v io u s ly  f o r  th e  l e a s t  

sq u a re s  e s t im a to r .

When th e  e r r o r  te rm , e ^ , in  th e  l e a s t  sq u a re s  e s t im a to r  i s  approx­

im a ted  by  t h e  "ex p ression

\ .eg = -S v n 2Pg C . (S-T1O

th e n  e q u a t io n  (3 .3 8 )  can be approx im ated  by

c* - c  — Svc2Pg C (3 .7 5 )

Wow ap p ly in g  (3 .7 5 )  r e p e a te d ly  to  e q u a tio n s  (3 .7 2 )  and (3 .7 3 )  g iv e s  th e

fo llo w in g  r e s u l t
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When 8 = 2

C*K = eg + 0

= c -  Evo 2PgC

and when 8 = 3

Og* = c | +  Svo2P^c** .

~ (c  -  Svo^PgC) + Svo2Pg ( c -  2vo2PgC)

- c -  (2 ) ( 3 ) ( Vo2 ^PgPgC

and in  g e n e r a l
C I S .

c** 3 c [ I  -  S !(v o 2 ) n PlrI . (3 .7 6 )
b k=2 K

The seco n d  te rm  w ith in  th e  b ra c k e ts  o f  e x p re s s io n  (.3 .76) can be 

ap p ro x im ated  b y  assum ing .n(h^.) »  o (h  ) and b ap p ly in g  e x p re s s io n s  

( 3.6o ) and (3 .6 7 )  w ith  th e  r e s u l t

s i  ( - 2 )3- 1 S ^
k=2 k 5 k  "n [v  z h 2 ]

k=2 R=I

S Iv S -I(O 2 ) S - I

n [ z h 2 + k o 2 ] 
k=2 R=I

S l ( o 2 ) S - l
S k
n [ z t f  + ko2 ] 

k=2 R=I

(3 .7 7 )

F o r co n v en ien ce  o f  n o ta t io n  d e f in e  Ag to  be th e  q u a n t i ty  on th e  r i g h t  

h an d  s id e  o f  ap p ro x im atio n  ( 3 .7 7 ) .  Then e x p re s s io n  (3 .7 6 )  i s  g iv e n



T l

a p p ro x im a te ly  by

= [ I - A 2 ] (3 .7 8 )

T h is  e x p re s s io n  f o r  th e  approx im ate  e r r o r  o f  can be compared 

w ith  t h a t  d e r iv e d  f o r  c*„ F i r s t ,  how ever, e in  e x p re s s io n  (3 .6 9 )

m ust be f u r th e r  app rox im ated  by once ag a in  assum ing n (h ^ ) »  o (h^) and 

a p p ly in g  ap p ro x im atio n s  (3 . 60) and  (3 .6 7 )  t o  o b ta in

r.~2
eS "  -

S ^ 1 1V - fV  + o(V 12

a 2 c

SkE1^ 2
(3 .7 9 )

T h e re fo re ,  c* can be  app ro x im ated  by th e  e x p re s s io n  

c s  = c [1 - Ai ] ( 3 . 80)

w here i s  d e f in e d  by

Al  = (3 .8 D

The com parison o f  the . convergence o f  eg® and c^ may now be made by 

exam ining  and  Ag. To b e g in  w i th ,  A^ and Ag a re  fu n c tio n s  o f  th e  same 

p a ra m e te rs  and th e s e  p a ra m e te rs  a re  n o n n e g a tiv e . Both e s t im a te s  a re  

ap p ro x im a te ly  e q u a l t o  c when A^ and Ag a r e  z e ro . This i s  re a so n a b le  f o r  

o n ly  a 2 ap p ea rs  in  th e  num era to rs  o f  th e s e  e x p re s s io n s  and as th e  v a r ia n c e  

o f  th e  n o ise - becomes s m a l le r  th e  e r r o r  d e c re a s e s . When q 2 in c re a s e s  

w ith o u t bound , A^ and Ag approach  u n i ty .  T h e re fo re , c*s and c* can be



e x p e c te d  to  l i e  somewhere betw een 0 and c.

2A d d it io n a l  com parisons can be made by e s ta b l i s h in g  bounds on h, .
2

Assume th e  sy stem  i s  o p e ra t in g  un d er t r a n s i e n t  c o n d i t io n s .  Then h can

be e x p e c te d  t o  be !bounded above and below by th e  p o s i t i v e  r e a l  numbers
I

U2 and E2 . T h e re fo re

E2 - I l 2 - U 2 k = I ,  2 ,  . . .  j S (3 .8 2 )  ■

I t  i s  t r u e , o f  c o u r s e , t h a t  in  a  dynamic sy stem  h^ can be i d e n t i c a l l y ,  

z e ro  a t  a  f i n i t e  number o f  p o in t s  in  tim e  and sp a c e . H owever, i t  may 

b e  assum ed t h a t  t h i s  happens r a t h e r  in f r e q u e n t ly .

2Bounds on A^ and Ag can now be found in  te rm s o f  th o s e  on h ^ . S in ce

th e  q u a n t i t i e s  in  A^ a re  a l l  n o n n g g a tiv e , a p p l ic a t io n  o f  th e  in e q u a l i ty

o f  (3 .8 2 )  y i e ld s

„2  „2

U2+o2
Sk = l

£ A1 ^

i  E e 2 +o2 
Sk = l

(3 .8 3 )

T h is  in e q u a l i t y  can b e  s im p l i f i e d  f u r th e r  as fo llo w s

+ JT "  A1 " E2 + B2

1

* A1 i  —  I  -2
h r + 1

(3 .8l)

S im i la r ly  Ag i s  bounded by

S K a 2 )8- 1 
SS k
n [;.e u2+kCT2 ]

k=2 $.=1
H [ E e2+ko2] 

k=2 &=1

(3 .8 5 )

w hich can a ls o  b e  f u r t h e r  s im p l i f ie d .  T h e re fo re ,
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S l ( c 2 ) S - l  < < S ! ( o 2 ) S - l
T "  2 -  ~ s ~ ------------

n k[U2+a2 ] n k [e 2+a2 ]
k=2 k=2

S ! (O2 )G -I ^ a < SI(Q 2 )S - I

S ! ( U2+o2 ) S - l  "  2 ~ S I ( E 2^ o 2 ) S" 1

1 )S -1
“  A, <

( - ^  + l ) ‘ ( 3. 86)

R efe ren ce  t o  th e  i n e q u a l i t i e s  o f  (3 .8 4 ) , and (3 .8 6 )  shows t h a t  

and Ag l i e  betw een zero  and u n i ty  as e x p e c te d . The hounds on A^ in  (3 .8 4 )  

em phasize th e  f a c t  t h a t  th e  e r r o r  in  th e  l e a s t  sq u a re s  e s t im a to r  i s ,  in  

g e n e r a l ,  nonzero  when o2 i s  f i n i t e .  From th e  upper bound i t  i s  seen  t h a t  • 

A^ i s  sm a ll o n ly  when e 2 i s  much l a r g e r  th a n  a 2 . 'I n  c o n t r a s t  t o  t h i s  

r e s u l t , f o r  a  g iv en  s e t  o f  bounds on h 2 and a  s p e c i f i e d  v a r ia n c e ,  th e  

bounds on Ag a re  s m a l le r  th a n  th o se  on A^ when S i s  g r e a t e r  th a n  two.

In  f a c t ,  when E2 i s  n o n z e ro , th e  u p p e r bound on Ag approaches ze ro  as 

6 becomes i n f i n i t e l y  la r g e .  In  g e n e ra l t h e n , th e  m o d if ie d  l e a s t  sq u a res  

e s t im a te  can be  e x p e c te d  t o  be more a c c u ra te  th a n  th e  l e a s t  sq u a res  

e s t im a te .

3 .2 .9  N o n lin e a r  Problem s .

The l e a s t  sq u a re s  e s t im a to r  d ev eloped  in  su b se c tio n  3 .2 .5  may a ls o  

b e  a p p l ie d  t o  th e  i d e n t i f i c a t i o n  o f  sy stem s d e sc r ib e d  by  n o n l in e a r  

• p a r t ia l  d i f f e r e n t i a l  e q u a t io n s ,  p ro v id e d  t h a t  th e  e q u a tio n s  a re  l i n e a r  

in  c . In  th e  n o n l in e a r  c a s e ,  how ever, an ex am in a tio n  o f  th e  convergence ■ 

o f  th e  e s t im a to r  i s  q u i t e  in v o lv e d . The f a c t  t h a t  th e  l e a s t  sq u a re s



e s t im a to r  in  th e  l i n e a r  ca se  c o n ta in s  a nonzero  e r r o r  s u g g e s ts  t h a t  th e  

e r r o r  i n  th e  n o n l in e a r  p rob lem  i s  a ls o  n o n zero . ' However, u n t i l  an 

a n a l y t i c  e x p re s s io n  f o r  t h i s  e r r o r  i s  fo u n d , th e r e  i s  no way to  develop 

a  m o d if ie d  l e a s t  sq u a re s  e s t im a to r .

The n a tu r e  o f  th e  d i f f i c u l t i e s  en c o u n te re d  w ith  th e  i d e n t i f i c a t i o n  

o f  a n o n l in e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  i s  i l l u s t r a t e d  by th e  e q u a tio n

3u
9 t (3 .8 7 )

N o tic e  e q u a tio n  (3 .8 7 )  a p p e a rs  s im i la r  in  s t r u c t u r e  to  the . d i f fu s io n  

e q u a tio n  a lre a d y  c o n s id e re d .

The fo rm u la tio n  g iv en  in  e q u a tio n  ( 3 .1 )  i s  s t i l l  a p p l ic a b le ,  as 

a re  e q u a tio n s  ( 3 .9 )  and (3 .1 3 )  when n o is e  and ap p ro x im atio n  e r r o r s  a re  

in c lu d e d .  However, e q u a tio n s  (3 .1 0 )  and (3 .1*0  a re  no lo n g e r  v a l id .  T h is 

i s  d em o n stra ted  by ap p ro x im atin g  3^1/9x2 by f i n i t e  d i f f e r e n c e s  and 

in tro d u c in g -  n o is e  t o  g e t

\  =  t l u XX +  o t a X X 1 +  n t u X X n X

tuL +  o t u X X 1 2  +  n t u X X 1 2

+  ^ u XXo t u X X 1 +  a XXn t u X X 1 +  o t u X X l n t u XX1 } I k ( 3. 88)

where u = o (u  J i s - t h e  e r r o r  in  app ro x im atin g  u and n (u  ) ' ii

t h e  n o is e  t e r m . ' The r i g h t  hand  s id e  o f  e q u a tio n  (3 .8 8 )  can n o t be 

s e p a ra te d  in to  terms-, c o n ta in in g  o n ly  n o is e  and ap p ro x im atio n  e r r o r s  as was 

done in  e q u a tio n  (3 1 5  ) ,  s in c e  i t  has  c ro s s  p ro d u c t term s c o n ta in in g  U ^ 1 

d i s c r e t i z a t i o n  e r r o r  and- th e  n o is e .
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In  o rd e r  t o  app ly  th e  l e a s t  sq u a re s  e s t im a te ,  e q u a tio n  ( 3 .3 8 ) ,  an 

e x p re s s io n  fo r  Ac^ i s  found "by fo llo w in g  th e  p ro ced u re  u sed  p re v io u s ly  

f o r  th e  l i n e a r  c a se . T h u s, f o r  th e  s c a l a r  c a s e ,  th e  s u b s t i t u t i o n  o f  

e q u a tio n  (3 .2 0 )  in to  (3 .1 3 )  y ie ld s

hk (c  + Ack ) = gk (3 .8 9 )

T h e re fo re , Ack i s  g iven  by th e  e x p re s s io n

4c k ' (3 .9 0 )

When ( 3 .1 7 ) ,  (3 .8 7 )  and (3 .8 8 )  a r e , - s u b s t i tu te d  in to  (3 .9 0 )  th e r e  r e s u l t s

Sck = 5-  { [o (g k ) + n(gk) ]  -  [O(Uxx)2 + n(uxx)2 +

+  2 V n t u X X j  +  2 o t u X X l n t u X X 1 l c l k (S i 91)

S u b s t i t u t io n  o f  e q u a tio n  ( 3 .9 l )  in t o  (3 .3 8 )  y ie ld s  t h e  l e a s t  sq u a res  

e s t im a te

S .
c + p v , I  h {o(g  ) + n (g  ) -  [o (u v ) 2 + n (u ) 2■xx-S “ S ', / k "  k

+ 2u o (u  ) + 2u n (u  ) + 2 o (u  )n (u  )]e} , (3 .9 2 )
xx " xx" xx " xx" ‘ xx" " x x ' ' k

The e s t im a t io n  e r r o r  co u ld  be w r i t t e n  in  te rm s o f  th e  s t a t i s t i c s  o f

th e  t r a n s d u c e r  n o is e  by making use  o f  ap p rox im ations s im i l a r  t o  th o se  o f

s u b s e c tio n  3 .2 ,6 .  The a n a ly s i s  i s  q u i t e  in v o lv e d  and i s  n o t  c a r r i e d  o u t

in  t h i s  t h e s i s .  H owever, an ex am in a tio n  o f  e q u a tio n  (3 .9 2 )  r e v e a ls  th e

fo llo w in g  in fo rm a tio n  abou t th e  app rox im ate  v a lu e  o f  th e  i d e n t i f i c a t i o n

e r r o r .  ,

S in ce  tu c o n ta in s  n (u  ) , te rm s w ith  n (u  ) 4 ap p ea r in  b o th  th e
X X  XX

denom inato r and n u m e ra to r. When n(u^_,)^ i s  e v a lu a te d  u s in g  tr a n s d u c e r



' s t a t i s t i c s , see  e q u a tio n  ( 3 .5 5 ) ,  i t  w i l l  be approx im ated  by te rm s  w hich 

a re  a  fu n c tio n  o f  th e  f o u r th  moment o f  th e  t r a n s d u c e r  n o is e .  F u rth e rm o re , 

te rm s c o n ta in in g  n ( u ^ )  and n Cux x ) w i l l  a l s o  be p r e s e n t .  T h e re fo re ,  a 

m o d if ie d  e s t im a to r  w ould r e q u i r e  a  know ledge o f  th e  fo u r th  moment about th e  

mean in  a d d i t io n  t o  th e  mean and v a r ia n c e  o f  th e  t r a n s d u c e r .n o is e .

The e r r o r  w i l l  a l s o  c o n ta in  te rm s w hich a re  p ro d u c ts  o f  0 Cux x ) and 

n (u  ) . These te rm s m ust be  in c lu d e d  in  th e  e x p re s s io n  f o r  th e  

app rox im ate  e r r o r .  As a  r e s u l t , a  m o d ifie d  scheme would r e q u ir e  an 

e s t im a te  o f  o ( u ^ ) . T h is  p rob lem  i s  d is c u s s e d  b r i e f l y  in  s u b se c tio n  3 .3 .1 .

3 .3  SELECTIOI OF OPTIMAL INCREMMT-5 PT TIME MD SPACE

In  s e c t io n  3 .2 .2  a  dilemma i s  p r e s e n te d .  The e r r o r  due t o

a p p ro x im a tin g  d e r iv a t iv e s  w ith  f i n i t e  d i f f e r e n c e s  i s  d e c re a se d  by making 

th e  sam p lin g  i n t e r v a l  a n d ,sp a c in g  betw een tra n s d u c e rs  as s m a l l  as 

p o s s ib le .  H owever, th e  e r r o r  r e s u l t i n g  from  m easurem ent n o is e  i s  reduced  

by in c r e a s in g  th e  sam p lin g  i n t e r v a l  and t r a n s d u c e r  sp a c in g . H ence, th e r e  

i s  a  t r a d e o f f  betw een e r r o r s  due t o  n o is e  and ap p ro x im a tio n s . This 

s u g g e s ts  t h a t  th e r e  e x i s t s  an o p tim a l sam ple i n t e r v a l  and t r a n s d u c e r  ■ 

sp a c in g  w hich  m in im izes t h e  combined e f f e c t  o f  th e s e  two e r r o r s i The 

e x p re s s io n s  f o r  th e s e  o p tim a l v a lu e s  tu r n  o u t t o  be fu n c tio n s  o f  th e ' 

v a r ia n c e  o f  th e  t r a n s d u c e r  n o is e  and th e - .p a ra m e te r  c . The tr a n s d u c e r  

s t a t i s t i c s  may be  d e te rm in e d  in  .a s t r a i g h t  fo rw ard  manner by p e rfo rm in g  - 

t e s t s  on th e  d e v ic e s .  However, c i s  th e  q u a n t i ty  w hich m ust be e s t im a te d  ■ 

and an . a p r io r i  know ledge o f  t h i s  q u a n t i ty  n e g a te s  th e  n eed  to  p erfo rm  

th e  i d e n t i f i c a t i o n .  ■. .
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D esp ite  th e  n eed  to  make an i n i t i a l  e s t im a te  o f  c ,  th e  p ro ced u re  

i s  v e ry  u s e f u l .  .S e le c t in g  a com bination  o f  Ax and A t, v i t h  no c r i t e r i a  

o th e r  th a n  p h y s ic a l  c o n s t r a i n t s ,  can le a d  to  i n f e r i o r  r e s u l t s .  By u s in g  

a l l  in fo rm a tio n  a v a i la b le  t o  make an i n i t i a l  e s t im a te  o f  c and a c c e p tin g  

r a t h e r  la rg e  e r r o r s , an e s t im a te  o f  th e  o p tim a l Ax and At can be 

o b ta in e d . Though t h i s  com bination  i s  n o t p r e c i s e ly  th e  optimum, . i t  w i l l  

g e n e r a l ly  le a d  to  a more a c c u ra te  i d e n t i f i c a t i o n  th a n  can be  o b ta in e d  by 

s im ply  g u e ss in g . For a lg e b r a ic  s im p l ic i ty  th e  s c a l a r  case  i s  c o n s id e re d  

in  . t h i s  s e c t io n  and th e  m a tr ix  case  i s  c o n s id e re d  in  A ppendix A. 3.

3 .3 .1  In d ex  o f  P erfo rm ance

F or th e  p ro b lem  c o n s id e re d  in  s e c t io n  3 .2  th e  aim i s  to  f in d  Ax and 

A t such  t h a t  I ACjJ i s  minimum. S in ce  Ac^ i s  a random v a r ia b le  i t  i s  

r e a s o n a b le  t o  m inim ize th e  in d e x  o f  perfo rm ance

I 1 = E [A c |] (3 .9 3 )

w ith  r e s p e c t  t o  Ax and A t. However, t h i s  i s  n o t  a  very  co n v en ien t in d ex  

o f  p erfo rm an ce  f o r  th e  fo llo w in g  re a so n .

When e q u a tio n  (3 .1 5 )  i s  s u b s t i t u t e d  in to  th e  s c a l a r  form  o f  e q u a tio n

( 3 .2 2 ) ,  Ack becomes

[ o ( g J  + n(g  ) ]  -  [ o(>l ) + n (h ) ] c 

\  + H(Kk ) + O(Hk )
(3.9U )

S u b s t i tu t in g  e q u a tio n  (3 .9 4 )  i n t o  e q u a tio n  (3 .9 3 )  r e s u l t s  in  a very  

c o m p lica ted  e x p re s s io n  t o  m in im ize . An exam ination  o f  Ack r e v e a ls  t h a t  . 

th e  n u m era to r o f  e q u a tio n  (3 .9 3 )  has f a r  g r e a t e r  e f f e c t  on th e
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m in im iz a tio n  o f  th a n  does th e  d en om inato r. T h is c o n c lu s io n  r e s u l t s  

from  th e  o b s e rv a tio n  t h a t  n (h ^ ) and o (h^) a re  u s u a l ly  sm a ll w ith  r e s p e c t  

t o  h^ . Now i f  th e  m in im iz a tio n  w ere p e rfo rm e d  w ith  r e s p e c t  t o  th e  

n u m era to r o f  onI ^  th e  p rob lem  would be made much more t r a c t a b l e .

T h e re fo re , l e t  th e  new p erfo rm an ce  in d e x  be g iv en  by 

I 2 = E [{ [o (g k ) + n (g k ) ] ~ [o (h k ) + n (h k ) ]c} ]z

= E [{ [n (h k )c  -  n (g k ) ] + [o (h k )c  -  o (gk ) ] } 2 ]

= E [{n(hk )c  -  n (g k )} 2 ] + [o (h k )c  -  o (g k ) ] 2

+ 2 [o (h k )c  -  o (g k ) ] E [n (h k )c  -  n (g k ) ] (.3.95)

78

I 2 may be s im p l i f i e d  f u r th e r  by  making use o f  e q u a tio n s  (3 .^ 7 )  and 

( 3 . 4 8 ) . VThen th e  e x p e c te d  v a lu e  o f  n (h  ) i s  ta k e n  th e r e  r e s u l t s  ' 

j+R I+Q
E [ n ( h ) ]  = E[( I  E a w ) ]

S = J-R  r= i-Q  r »s r , s

“ f j+R i+Q

.. = ( s= L r  ^ - Q a r -s $ [V r-s ] , k

B ut by assu m p tio n  ( 3 j ) th e  mean o f  th e  n o is e  g e n e ra te d  by each 

t r a n s d u c e r  i s  z e ro . T h e re fo re

Efn(Kk)] = 0 C3.98)

S im ila r ly  f o r  n (g  ) ta k in g  th e  e x p e c ta t io n  r e s u l t s  i n  '

J+R i+Q
E [ n ( g J ]  = E[( E Z b w ) ]

k S=J-R r= i-Q  r ’S r$S K .

J+R i+Q

’  1S = L b . . .

= 0 (3 .9 7 )
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S u b s t i t u t in g  e q u a tio n s  (3 .9 6 )  and (3 .9 7 )  in t o  (3 .9 5 )  red u ces  I  to  th e  

e x p re s s io n

I 2 = E [{n (hk )c  -  n (g k )} 2 ] -J- [o (h k )c  -  o (g k ) ] 2 (3 .9 8 )

When e q u a tio n s  (3 .^ 7 )  and (3 .^ 8 )  a re  s u b s t i t u t e d  in  th e  f i r s t  te rm  on 

th e  r i g h t  hand  s id e  o f  e q u a tio n  (3 .9 8 )

j+R i+Q
E [ { n ( h ) c  -  n (g  ) } 2 ] = E[{ Z Z ( a  c-b  )w }2] (3 .9 9 )

S=J-R r= i-Q  ’ r , s  r , s  h

S in c e  assum ptions (3 a )  and (3b) s t a t e  th e  v .  *s a re  s t a t i s t i c a l l y
5. $ j

in d e p en d en t and th e  means a re  z e ro  by assum ption  ( 3j")

j+R i+Q
E [{n(h  )c -  n (g  ) }2 ] =[ Z Z (a  c -  b pFXw2 ) ]  (3 .100 )

K s= j-R  r= i-Q  r$S r »S r ,S  k

E q u a tio n  (3 .1 0 0 )  may b e  e x p re s se d  in  te rm s o f  th e  v a r ia n c e  o f  th e

t r a n s d u c e r  n o is e .  Assume th e  p o in ts  i , J  c o rre sp o n d in g  t o  each  k ,  a re

s e p a ra te d  in  tim e . The j u s t i f i c a t i o n  f o r  n o t  changing  th e  s p a t i a l  p o in ts

i s  p r e s e n te d  in  s u b s e c tio n  3 .2 .7 .  E[w^ ^ ] a t  th e  k th  p o in t  i s  known t o

be th e  v a r ia n c e  o f  th e  n o is e  g e n e ra te d  by th e  t r a n s d u c e r  lo c a te d  a t  x^.

T h e re fo re

j+R i+Q
E [ ( n ( h , ) c  -  n (g  )}2 ] = Z Z (a  c - b  ) 2a 2 

k  ' s = j - R r = i - Q  r .»  T
(3 .1 0 1 )

N o tic e  t h a t  th e  s u b s c r ip t  k has been  dropped  b ecause  th e  q u a n t i t i e s  in  

th e  e q u a tio n  do n o t change as k ta k e s  on new v a lu e s . ■ S u b s t i t u t in g  

e q u a tio n  (3 .1 0 1 ) in to  (3 .9 8 )  r e s u l t s  in  th e  fo llo w in g  e x p re s s io n  fo r  Ig .

j+R i+Q
T = Z  E ( a  c -  b ) 20 2 + [o (h  )c  -  o (g  ) ] 2

s= j-R  r= i-0 ; * T iS - T  ,K
( 3 . 1 0 2 )
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As was s t a t e d  a t  th e  b e g in n in g  o f  t h i s  s e c t i o n ,  cr  ̂ can be c a lc u la te d

and an i n i t i a l  e s t im a te  o f  c can be  made. The p rob lem  rem ains to  

e v a lu a te -  o (h ^ ) and o(g^_). The n a tu r e  o f  th e  d i f f i c u l t i e s  e n c o u n te re d  

in  o b ta in in g  th e  f i n i t e  d i f f e r e n c e  e r r o r  may b e  i l l u s t r a t e d  by r e tu rn in g  

once a g a in  t o  th e  in t r o d u c to r y  exam ple.

The e r r o r  te rm s fo r  th e  c e n t r a l  d i f f e r e n c e  app ro x im atio n s o f  

e q u a tio n s  ( 2 ,1 ? )  and (2 .1*0  a re  g iven  r e s p e c t iv e ly  by th e  e x p re s s io n s

o (h ^) = [ (— g) + h ig h e r  o rd e r  te rm s in  Ax2

.2. a 3,
o (g k ) = [ + h^-Sher o rd e r  te rm s in  A t2

(3 .1 0 3 )

(3 .1 0 4 )

As lo n g  as At and Ax a re  l e s s  th a n  on e , th e  h ig h e r  o rd e r  te rm s in  Ax2 

and A t2 a re  n e g l ig ib l e  w ith  r e s p e c t  t o  th e  f i r s t  te rm  on th e  r i g h t  hand 

s id e  o f  (3 .103) and (3 .1 0 4 ) and may be  n e g le c te d .  S in ce  Ax and At a re  

known t h i s  le a v e s  [3 4u /9 x lt]^ and [3 3u / 3 t 3 ]^  t o  be e v a lu a te d  f o r  th e  

p o in t s  i n  tim e  and sp a c e  co rre sp o n d in g  to  k- = I ,  2 ,  . . . ,  S . T his cou ld  

b e  ,.done by ap p ro x im atin g  th e  d e r iv a t iv e s  w ith  f i n i t e  d i f f e r e n c e  eq u a tio n s  

and th e n  p e rfo rm in g  t e s t s  on th e  sy stem . However," in  o rd e r  t o  o b ta in  

3 ̂ u /g Xlf w ith  accu racy  t o  w ith in  an e r r o r  o f  o rd e r  Ax2 , a t  l e a s t  f iv e  

t r a n s d u c e r s  ,a re  n e c e s s a ry .  F u rth e rm o re , th e  s e l e c t i o n  o f  &x and is . an 

o f f - l i n e  p ro c e s s  and th e  v a lu e s  o f  th e  d e r iv a t iv e s  f o r  k  = I ,  2 ,  . . , , S  

a r e  n o t  known a p r i o r i .  H ence, i n  o rd e r  t o  p ro c e e d  f u r th e r  w ith  th e  

s e l e c t i o n  o f  ^ x  and A t ,  i t  

some, r e p r e s e n ta t iv e  te rm s .

A s im p le  te c h n iq u e  has been a p p l ie d  w ith  c o n s id e ra b le  su c c e ss  w hich 

b y -p a s se s  th e  d i f f i c u l t y  i n  d e te rm in in g .th e  d e r iv a t iv e s  o c c u rr in g  in  th e

i s  n e c e s s a ry  t o  r e p la c e  o (h^) and o (g^) by
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f i n i t e  d i f f e r e n c e  e r r o r s .  T he a p p ro a c h -  i s  t o  t a k e  o n ly  t h e  f u n c t i o n s  o f  

A x a n d  A t w h ic h  a p p e a r  i n  t h e  d o m in a n t  e r r o r  t e r m .  R e t u r n i n g  t o  t h e  

i n t r o d u c t o r y  e x a m p l e  ̂ t h e  e r r o r s  o (h ^ )  a n d  o ( g ^ )  w o u ld  h e  r e p l a c e d  "by 

A x2 a n d  A t 2 , r e s p e c t i v e l y .

When th e  p erfo rm an ce  ind ex  h as  "been fo rm u la te d  f o r  a  p a r t i c u l a r  

sy s te m , i s  n o n l in e a r  in  Ax and A t. F u rth e rm o re , Ax and At m ust be 

c o n s tr a in e d  from  above and below . The lo w er c o n s t r a in t  on Ax i s  th e  pi- 

p h y s ic a l  s iz e  o f  th e  t r a n s d u c e r s  w h ile  th e  maximum sam p lin g  r a t e  

d e te rm in es  th e  lo w er l i m i t  on A t. However, th e s e  lo w er c o n s t r a in t s  a re  

n o t  as c r i t i c a l  as th e  u p p e r  c o n s t r a in t s .

As in d i c a te d  in  e q u a tio n s  (3 .1 0 3 ) and ( 3 .1 0 ^ ) ,  th e  f i n i t e  d if f e r e n c e  

e r r o r  te rm s c o n ta in  h ig h e r  o rd e r  te rm s in  Ax2 and A t2 . I f  .Ax and At 

a re  e q u a l t o  o r  g r e a t e r  th a n  one th e  e r r o r s  a re  unbounded and th e  f i n i t e  

d i f f e r e n c e s  a re  no  lo n g e r  v a l id .  T h e re fo re , th e  up p er c o n s t r a in t  on Ax 

and At i s  one. I t  sh o u ld  be n o te d  t h a t  p h y s ic a l  c o n s id e ra t io n s  may 

o v e r r id e  t h i s  u p p e r  c o n s t r a i n t .  For exam ple, i f  th e  le n g th  o f  th e  m a te r ia l  

i s  one u n i t  and th r e e  t r a n s d u c e r s  a re  r e q u i r e d ,  Ax can b e  no l a r g e r  th a n  

1 /2  u n i t .

T he a p p l i c a t i o n  o f  t h e  s e l e c t i o n  o f  o p t i m a l  Ax a n d  A t t o  n o n l i n e a r " 

p r o b le m s  s u f f e r s  f ro m  t h e  sam e  t y p e  o f  d i f f i c u l t i e s  e n c o u n t e r e d '  i n  

f o r m u l a t i n g  t h e  m o d i f i e d  l e a s t  s q u a r e s  e s t i m a t o r  i n  s u b s e c t i o n  3 .2 .9 .  To 

d e m o n s t r a t e ,  t h i s  c o n s i d e r  t h e  i l l u s t r a t i o n  u s e d  i n  t h a t  s u b s e c t i o n .

O n ce  a g a i n ,  t h e  a im  i s  t o  m in im iz e  E [A c2 ] a n d  t h e  i m p o r t a n t  

m i n i m i z a t i o n  o c c u r s  i n  t h e  n u m e r a t o r  o f  t h i s  p e r f o r m a n c e  i n d e x .  T he
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e x p re s s io n  f o r  th e  n u m e ra to r  o f  Aefc i s  a v a i la b le  i n  e q u a tio n  ( 3 .9 l ) .

S in c e  th e  n u m e ra to r c o n ta in s  u^^ in  a d d i t io n  to  th e  e r r o r  te rm s r e s u l t in g  

from f i n i t e  d i f f e r e n c e s  and m easurem ent n o i s e ,  i t  to o  m ust be a p p ro x i­

m ated. T hus, a  p o in t  i s  re a c h e d  w here e s tim a te s  o f  most o f  th e  

p a ra m e te rs  in  th e  p erfo rm an ce  in d e x  must be m ade, and th e  accu racy  o f  th e  

o p tim iz a tio n  te c h n iq u e  becomes v ery  q u e s tio n a b le .

S in ce  th e  in d e p en d en t v a r ia b le s  a re  c o n s tr a in e d ,  th e  problem  f i t s  

i n t o  th e  g e n e ra l  c a te g o ry  o f  a  n o n l in e a r  programming problem . S in ce  

.s e v e ra l  t e x t s , such  a s  th e  one by H adley [2 5 ]$ have been  w r i t t e n  on th i s  

S U bjecti i t  w i l l  n o t  be c o n s id e re d  h e re .  In  th e  exam ples w hich fo llo w , 

th e  u p p e r c o n s t r a in t s  p ro v e  to  be very  c r i t i c a l  in  s e l e c t i n g  th e  o p tim a l 

Ax and A t.

3 . b  EXAMPLES MD RESULTS OF DIgITAL COMPUTER SIMULATIONS

Examples i l l u s t r a t i n g  th e  i d e n t i f i c a t i o n  o f  system s i n  th e  absence 

o f  m easurem ent n o is e  a re  p r e s e n te d  in  s e c t io n  2 .3 .  T his p o r t io n  o f  th e  

t h e s i s  i s  d ev o ted  t o  exam ples d e m o n stra tin g  th e  e s t im a t io n  o f  system  

p a ra m e te rs  in  th e  p re s e n c e  o f  m easurem ent n o is e .  The l e a s t  sq u a res  

e s t im a to r  and m o d ifie d  l e a s t  sq u a res  e s t im a to rs  a re  u sed  in  a l l  th e  

exam ples. The acc u racy  o f  th e s e  e s t im a to rs  i s  compared w ith  th e  r e s u l t s  

o b ta in e d  by ta k in g  a v e ra g e s . The te c h n iq u e  f o r  s e le c t in g  th e  o p tim a l Ax 

and  At i s  a p p l ie d .

B e fo re  p ro ceed in g , t o  th e  exam ples, some comments co n ce rn in g  th e  

d i g i t a l  com puter s im u la tio n s  u sed  f o r  t h i s  s e c t io n  a re  in  o rd e r .  The 

p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  and a s s o c ia te d  boundary c o n d itio n s  in  th e
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exam ples a l l  have a n a l y t i c  s o lu t i o n s .  The s o lu t io n s  w ere c a lc u la te d  

on th e  d i g i t a l  com puter to  g e n e ra te  th e  v a lu e s  o f  th e  s t a t e  v a r ia b le s  a t  

th e  d e s i r e d  p o in t s  in  space  and tim e . The r e s u l t i n g  d a ta  was a c c u ra te  t o  

th e  l e a s t  fo u r  s i g n i f i c a n t  f i g u r e s . F o ise  was th e n  added t o  th e  s t a t e  

v a r ia b le  p ro v id in g  th e  d a ta  from  w hich th e  e s t im a t io n  o f  th e  unknown 

c o n s ta n ts  in  th e  o r ig i n a l  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  co u ld  be made.

The n o is e  was o b ta in e d  by u s in g  th e  o u tp u t o f  a  random number 

g e n e ra to r .  The g e n e ra to r  was a  s u b ro u tin e  w r i t t e n  f o r  th e  d i g i t a l  

com puter. The num bers w ere random sam ples from  a  d e n s ity  fu n c tio n  w ith  • 

a  u n ifo rm  d i s t r i b u t i o n .  The mean and v a r ia n c e  o f  th e  d i s t r i b u t i o n  w ere 

known t o  be  0 .5  and 1 /1 2  r e s p e c t iv e ly .  H owever, th e s e  p a ra m e te rs  w ere 

changed  as d e s i r e d  by s h i f t i n g  th e  o r ig in  and s c a l in g  th e  a b s c is s a .  In  

a l l  th e  exam ples w hich fo llo w  no e f f o r t  was made to  change th e  s t a t i s t i c s  

from  t r a n s d u c e r  t o  t r a n s d u c e r .  H ence, th e  n o is e  added to  th e  s t a t e  

v a r ia b le s  in  each  exam ple a re  random sam ples ta k e n  from  t h e  same 

d i s t r i b u t i o n  w ith  th e  same p r o b a b i l i t y  d e n s i ty  fu n c tio n .

3 .^ .1  E s tim a tio n  o f  a  S in g le  C on stan t

The i d e n t i f i c a t i o n  o f  a in  th e  d i f f u s io n  e q u a tio n  w ith  boundary 

c o n d itio n s -  g iv en  in  s u b s e c tio n s  2 .3 .1  and 2 .3 .2  i s  now c o n s id e re d . The 

sy stem  in  s u b s e c tio n  2 .3 .1  s t a r t s  from an i n i t i a l  s t a t e  and p ro ceed s  t o  

a  s p e c i f i e d  s t e a d y - s t a t e  c o n d i t io n .  T his system  i s  r e f e r r e d  to  as th e  

u n fo rc e d  exam ple. The fo rc e d  exam ple i n  s u b s e c tio n  2 .3 .2  has  boundary  

c o n d i t io n s  w hich keep  th e  system  in  a dynamic s t a t e .  B efo re  p ro c e e d in g
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t o  a  d is c u s s io n  o f  th e  in d iv id u a l  exam p les , some r e la t io n s h ip s  a re  

d ev e lo p ed  w hich  app ly  t o  b o th .

The m o d if ie d  l e a s t  sq u a re s  e s t im a to r  i s  g iv e n  by e q u a t io n  (3 .7 2 ) .  

A ll  th e  p a ra m e te rs  in  th e  e q u a tio n  a re  known ex c e p t a? S in ce  th e  

s t a t i s t i c s  o f  a l l  th e  t r a n s d u c e r s  a re  assum ed to  be  th e  sam e,

. . .  = c£ (3 .1 0 5 )<*i = Cgb= a |

The u t i l i z a t i o n  o f  (3 .1 0 5 )  in  e q u a tio n  ( 3 . 6 l )  g iv e s  th e  r e s u l t s

3+1 i+ l
Z ar­cs2 E 

C s = j - l  r = i - l  r ,S

(3 .1 0 6 )

The a^ g ’s and b^  g ' s w ere d e te rm in ed  in  th e  p a rag rap h  fo llo w in g  

e q u a tio n  . (3 .5 0 ) .  When t h i s  in fo rm a tio n  i s  s u b s t i t u t e d  in to  eq u a tio n  

( 3 .1 0 6 ) i e 2 becomes

K t t 5-)2 + ( ^ f > 2 -  (t t t )2 )U C LVA X 2

6ac 
Ax4

Ax?

S u b s t i t u t in g  e q u a tio n  (3 .1 0 7 )  i n t o  e q u a tio n  (3 .7 2 )  y ie ld s  

?S 'it* sr 4*
6 sVo2Pc

Ax4

(3 .1 0 7 )

(3 .1 0 8 )

w here c®* = 0 in  acco rd an ce  w ith  e q u a tio n  (3 .7 3 ) .

The o p tim a l Ax and At m inim ize I  in  e q u a tio n  (3 .1 0 2 )  w ith  Ax2 and 

A t2 r e p la c in g  o (h^) and o(g  ) .  S u b s t i tu t in g  for th e  a^ s and b ^ ^ ^ ’ s in  

e q u a tio n  ( 3 .1 0 2 ) ,  th e  in d e x  o f  perfo rm ance  s im p l i f ie s  to

h  - S  t (A ^ 2 * K j S r)* ■. ( ^ ) 2 + r& ) 2 1

+ (A x2 C -  A t 2 )2

Hence



85

6a2 c2
I 2 = ~ ^ r + (Ax2 C -  A t2 ) 22At2 (3 .1 0 9 )

C o n sid er now th e  u n fo rc e d  exam ple. In  o rd e r  t o  f in d  Ax and At t h a t .

m inim ize I_  i t  i s  n e c e s s a ry  to  know a 2 and c . For t h i s  exam nle, c 2 
^ c c

was chosen  t o  be 0 .0 1 /1 2 . The v a lu e  o f  c u sed  in  th e  g e n e ra t io n  o f  th e  

d a ta  o f  th e  s t a t e  v a r ia b le  was I / it2 . Under norm al c irc u m stan c es  th e  .

i n i t i a l  e s t im a te  o f  c may.be. v ery  p o o r. However, th e  a c t u a l  v a lu e  o f  c 

w i l l  be u sed  in  t h i s  s e c t io n  to  i l l u s t r a t e  th e  b e s t  p o s s ib le  improvement 

a t t a i n a b l e  w ith  th e  p ro p o sed  o p tim iz a tio n  te c h n iq u e . T h u s, knowing a 2

and c ,  I 2 becomes 

,-3

I 2 n l y V  - lt2I2 ( 3 . 1 1 0 )

The s o lu t io n  f o r  u  in  e q u a tio n  (2 .2 3 )  was b ased  upon a  le n g th  o f  

m a te r i a l  o f  u n i ty .  S in ce  th e  number o f  s p a t i a l  m easurem ents re q u ire d  by 

th e  f i n i t e ,  d i f f e r e n c e  fo rm u lae  i s  t h r e e , th e  sp ac in g  betw een  tr a n s d u c e r s  

can be no l a r g e r  th a n  1 /2  u n i t .  When I^  i s  m inim ized w ith  r e s p e c t  t o  Ax 

and At w ith  an upper c o n s t r a i n t  o f  0 .5  f o r  A x^the r e s u l t i n g  o p tim a l

com bination  i s  Ax = 0 .5  and At = 0 .2 7 . The f a c t  t h a t  th e  o p tim a l 

com bination  0 f  Ax and At r e q u ir e s  t h a t  Ax be  as la rg e  as th e  bound p erm its  

i s  h o t  u n ex p ec ted . Arguments le a d in g  t o  th e  m o d ified  l e a s t  sq uares 

e s t im a to r  w ere b a se d  upon th e  assum ption  t h a t  e r r o r s  due t o  n o is e  a re  

much l a r g e r  th a n  th o s e  r e s u l t i n g  from f i n i t e  d if f e r e n c e  a p p ro x im a tio n s , 

When Ax and At a re  l e s s  th a n  u n i ty .  S in c e  th e  perfo rm an ce  in d e x  was
-I a!

fo rm u la te d  to  m inim ize th e  combined e f f e c t  o f  th e  e r r o r s  due t o  n o is e  

and f i n i t e  d i f f e r e n c e ■a p p ro x im a tio n s , th e  m in im iz a tio n  w i l l  le a d  t o  a 

r a t h e r  l a r g e  v a lu e  f o r  Ax.



86

In  th e  d i g i t a l  com puter s im u la tio n s  th e  u p p er bound on A x was 

red u ce d  from  0 .5  t o  O.U5. In  an a c tu a l  p h y s ic a l  system  o f  le n g th  u n i ty ,  

s e l e c t i n g  Ax = 0 .5  w ould r e q u ir e  th e  p la cem e n t o f  two t r a n s d u c e r s  a t  

each  end  o f  th e  m a te r i a l .  I f  th e  t r a n s d u c e r s  w ere th e rm o co u p le s  th i s  

w ould be im p r a c t i c a l .  The r e s u l t i n g  o p tim a l v a lu e  f o r  At w ith  Ax = 0 .^5  

was 0 .2 7 .

In  t h i s  exam ple th e  w e ig h tin g  fu n c t io n  v in  th e  l e a s t  sq u a re s  

e s t im a to r  was assumed to  be u n i ty .  S in ce  cr i s  known, th e  m o d ified  

l e a s t  sq u a re s  e s t im a to r  can be w r i t t e n

'S CS + A x 4 " S -I  ' (3 .1 1 1 )

The l e a s t  sq u a re s  e s t im a te  and th e  m o d if ie d  l e a s t  sq u a re s  e s t im a te  

u s in g  th e  o p tim a l &x and At a re  g iv en  in  F ig u re  3 .1 .  The d a ta  was 

p l o t t e d  by an IBM 1627 Model I I  and i s  a c c u ra te  to  w ith in  0 . O l in c h e s .

- 3  '•5x10 -3Spg

A lso  in c lu d e d  in  t h i s  

mean o f  c^  t h a t  i s ,

'AVE
I
S k = l

f ig u r e  i s  th e  i d e n t i f i c a t i o n  o f  c by ta k in g  th e

( 3 .H 2 )

An ex am in a tio n  o f  th e  r e s u l t s  o f  F ig u re  3 .1  shows t h a t  th e  l e a s t  

sq u a re s  e s t im a to r  e s t im a te d  a more a c c u ra te ly  th a n  d id  th e  m o d ified  

l e a s t  sq u a re s  e s t im a to r .  This ap p ea rs  t o  c o n t r a d ic t  .th e  c o n c lu s io n s  

re a c h e d  in  s u b s e c tio n  3 .2 .8 .  However, th e s e  r e s u l t s  a re  re a so n a b le  in  

l i g h t  o f  th e  r e s u l t s  o f  th e  d i g i t a l  com puter c a l c u la t io n s  made in  th e  

exam ple o f  s u b se c tio n  2 .3 .1 .



S =
O.Olt..

F ig u re  3 .1  E s tim a tio n  o f  a in  th e  u n fo rc e d  exam ple.
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When th e  c e n t r a l  d i f f e r e n c e  fo rm u la  o f  e q u a tio n  (2 .1 9 )  i s  u sed  to

c a l c u l a t e  a th e  a r r a y  o f  F ig u re  2 .2  i s  g e n e ra te d .  N o tic e  th e  f i n i t e

d i f f e r e n c e  e r r o r  o f  th e  c a l c u la t io n s  c e n te r e d  about fix = 0 .5  i s . always

p o s i t i v e .  Now even though  th e  f i n i t e  d i f f e r e n c e  e r r o r  a t  each  s ta g e

i s  v ery  sm a ll w ith  r e s p e c t  to  th e  e r r o r  due t o  m easurem ent n o i s e ,  th e

cu m u la tiv e  e f f e c t  o f  th e  f i n i t e  d i f f e r e n c e  e r r o r  in  t h i s  exam ple was-

s i g n i f i c a n t .  -

The dynam ics in  th e  u n fo rc e d  exam ple a re  o f  a  s p e c ia l  ty p e .  F ig u re

2 .1  shows t h a t  in  th e  absence  o f  m easurem ent n o is e  th e  dynam ics a re

decay in g  m ono ton ica l l y  w ith  r e s p e c t  t o  tim e . The fo rc e d  sy s te m , on th e

o th e r  hand  h a s  dynam ics w hich  more c lo s e ly  ty p i f y  th o s e  e n c o u n te re d  in

d i s t r i b u t e d  p a ra m e te r  sy s te m s . As a  r e s u l t ,  th e  f i n i t e  d i f f e r e n c e  e r r o r

i s  a t  tim es  p o s i t i v e  and a t  o th e r  tim es n e g a t iv e .

The boundary  c o n d i t io n s  f o r  th e  fo rc e d  system  a re  g iv en  in  e q u a tio n s

( 2 .2 5 ) ,  (2 .2 6 )  and ( 2 .2 7 ) .  The a n a ly t i c  s o lu t io n  o f  t h e  d i f f u s io n

e q u a t io n  i s  found  by th e  m ethod o f  f in i te -  c o s in e  tra n s fo rm s  and appears

in  e q u a tio n  ( 2 .2 9 ) .  The p a ra m e te rs  s e l e c t e d  f o r  t h i s  exam ple a re  a = I ,

w = 0 .6 ,$  ^ 2 /1 1 7 , L = 1 .0  and k = 8. A f te r  e q u a tio n  (2 .2 9 )  was •

c a l c u la te d  on th e  d i g i t a l  com puter, m easurem ent n o is e  w ith  a v a r ia n c e  o f  • 
Ii

10 /1 2  and z e ro  mean was added.

. As in  th e  u n fo rc e d  exam ple, th e  w e ig h tin g  fu n c tio n  v i s  assumed • 

t o  be u n i ty  in  a l l  c a l c u la t io n s .  S in ce  cr  ̂ i s  known, th e  m o d if ie d  l e a s t  

sq u a re s  e s t im a to r  o f  e q u a tio n  (3 .1 0 8 ) can b e  w r i t t e n

5x10"5Sp

cI s  “  cS + 'S - I (3 .1 1 3 )
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The - i n i t i a l  e s t im a te  o f  a was chosen to  "he u n i ty  f o r  th e  reaso n

g iv en  e a r l i e r  in  t h i s  s e c t io n .  W ith th e  c and s e l e c t e d ,  e q u a tio n  

(3 .1 0 9 ) becomes

5x10 -5
♦ I f e r + < * * * - i t * ) * (3 .1 1 4 )

Once a g a in ,  th e  u p p e r bound on Ax i s  1 /2  u n i t  b ecau se  L -= 1 .0 .  

However, due t o  th e  p h y s ic a l  r e s t r i c t i o n s  e n c o u n te re d  in  p la c in g  t r a n s ­

d u ce rs  a t  th e  boundary  o f  a  sy s te m , th e  u p p e r  bound on Ax was s e t  a t  0.4-5. 

F or t h i s  up p er bound th e  o p tim a l Ax i s  0 .4 5  and th e  o p tim a l At is  0 .4 5 .

A com parison  o f  th e  accu racy  u s in g  th e  l e a s t  sq u a re s  e s t im a to r  and 

m o d if ie d  l e a s t  sq u a re s  e s t im a to r  can be made by r e f e r r in g  to . ,th e  d a ta  

p l o t t e d  in  F ig u re  3 .2 .  The e s t im a t io n  e r r o r  o f  th e  m o d if ie d  l e a s t  

sq u a re s  e s t im a to r  i s  l e s s  th a n  1 /2  p e rc e n t  f o r  12 3 s ta g e s  w h ile  th e  

l e a s t  sq u a re s  e r r o r  f o r  th e  same number o f  s ta g e s  was o v e r 15 p e rc e n t .

. D ig i t a l  com puter s im u la tio n s  p e rfo rm ed  d u rin g  th e  co u rse  o f  th e  • 

in v e s t ig a t io n s  r e v e a le d 1 a  s ig n i f i c a n t  c h a r a c t e r i s t i c  o f  th e  e s t im a t io n  

scheme p re s e n te d  in  th i s -  c h a p te r .  I t  was found  t h a t  u s in g  f i n i t e  

d i f f e r e n c e  fo rm ulae  w hich  d e c re a se d  th e  ap p ro x im atio n  e r r o r  r e s u l t e d  in  

in c re a s e d  e s t im a t io n  e r r o r  when m easurem ent n o is e  was p r e s e n t .  . Thus th e  

use o f  ap p ro x im atio n s  o f  ( 2 . l 6 )  and (2 .1 8 )  r a t h e r  th a n  ( 2 . l4 )  and (2 .1 7 ) 

in  th e  e s t im a t io n  o f  .a in  th e  d i f f u s io n  e q u a tio n  p roduces i n f e r i o r  

r e s u l t s .  The re a so n  f o r  t h i s  i s  a p p a re n t.

The u se  o f  a d d i to n a l  m easurem ents o f  th e  s t a t e  v a r ia b le  in  space  and 

tim e  red u ces  th e  e r r o r  due t o  f i n i t e  d i f f e r e n c e  ap p ro x im a tio n s .



A

r-M-Ŵ>W~M-M- -H-M-f-i-M>n~M-r

Ax =

A t =

S = 123

F ig u re  3 .2  E s tim a tio n  o f  a in  th e  fo rc e d  exam ple.
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However th e s e  a d d i t io n a l  m easurem ents in t ro d u c e  e x t r a  te rm s in

th e  e r r o r  r e s u l t i n g  from m easurem ent n o is e .  T h is e r r o r , i s > t h e r e f o r e , 

made even l a r g e r  th a n  t h a t  r e s u l t i n g  from  f i n i t e  d i f f e r e n c e s .

3 .^ .2  E s tim a tio n  o f  Boundary C o n d itio n s

This s e c t io n  i s  devo ted  to  th e  i d e n t i f i c a t i o n  o f  g in  th e  boundary  

c o n d i t io n s e q u a tio n  ( 2 .2 6 ) ,  when m easurem ent n o is e  i s  added t o  th e  

exam ple o f  s u b s e c t io n  2 .3 .2 .  The e s t im a t io n  i s  p e rfo rm ed  w ith  th e  l e a s t  

sq u a re s  e s t im a to r  and a m o d ifie d  l e a s t  sq u a re s  e s t im a to r .

The p ro b lem  can be fo rm u la te d  in  te rm s o f  th e  g e n e ra l m a th em a tic a l 

m odel by l e t t i n g

In  t h i s  case  x i s  f ix e d  (x  = JL). T h e re fo re ,  th e  s u b s c r ip t  k d en o te s  th e  

fck*1 p o in t  in  t im e . ■

Backward d i f f e r e n c e s  a re  u sed  t o  app ro x im ate  s  in  e q u a tio n  (3 .1 1 6 ) .

To red u ce  th e  e f f e c t  o f  measurem ent n o is e  a  f i n i t e  d i f f e r e n c e  fo rm u la  

u t i l i z i n g  th r e e  p o in t s  in  sp ace  i s  u sed  in s te a d  o f  th e  f iv e  p o i n t ' ap p ro x -

(3 .1 1 5 )

and

(3 .1 1 6 )

im a tio n  o f  s u b s e c tio n  2 ,3 .2 .  The fo llo w in g  f i n i t e  d i f f e r e n c e  ap p ro x im atio n  

h a s  an e r r o r  o f  o rd e r . Ax2 .

I
(3 .1 1 7 )

S in c e  in  e q u a tio n  (3 .1 1 5 )  can be m easured  d i r e c t l y  

o (h k ) = 0 (3 .1 1 8 )
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The a d d i t io n  o f  n o is e  t o  th e  sy stem  r e s u l t s  in  th e  fo llo w in g  

e x p re s s io n s  f o r  n (g ^ )  and n ( h ^ ) .

n (g k ) -  2A x 'J " L ,j (3 .119)

n (h k ) -  (wL>^ )k ( 3 . 120 )

C onsider th e  s e le c t io n  o f  th e  o p tim a l Ax. S in ce  o(g ) ,  n (g  ) and
K K

n (h k ) a re  in d e p en d en t o f  A t, i t  does n o t  e n t e r  in to  t h e  m in im iz a tio n  o f  

Ig  in  e q u a tio n  ( 3 .1 0 2 ) ,  th u s

1P =  % ^ar c”b r ^ 2crr  + [o (h  )c -o (g  )} 2
r=L- 3

( 3 . 121 )

S in ce  cr^ 's a re  i d e n t i c a l ,  s u b s t i t u t i n g  th e  r e s u l t  o f  e q u a tio n  (3 .1 1 8 ) 

in t o  (3 .1 2 1 ) y ie ld s  

L
Ig  = o I  ( a  c -b  ) 2 + o(g ) '

=I=L-S ?  ="
( 3 . 122 )

In  view o f  e q u a tio n s  ( 3 . Uj) and ( 3 . U8), th e  c o e f f i c i e n t s  a  and b a re

o b ta in e d  from e q u a tio n s  (3 .1 1 9 ) and (3 .1 2 0 ) as

aL = I . aL - I  = % - 2  = Q’ b I r,
-U and b ,jL 2Ax ’ L - I  2Ax “L-2

H ence, e q u a tio n  (3 .1 2 2 )  can a ls o  be e x p re s se d  as

I
2Ax

L= vJ t = - j x ,2 + (^>2 + +  °kk>2

Sc
Ua x:j-[(2cAx -  3)2 + ITl + o(g )2- (3 .1 2 3 )

(fhen o (g k ) i s  app ro x im ated  by  Ax2 in  th e  dom inant e r r o r  te rm , th e  

perfo rm an ce  in d e x  i s  g iv e n  ap p ro x im a te ly  by th e  e x p re s s io n  

*2 2 U
■[(2cAx -  3) + IT l + AxUAx̂ (3.12U)
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I

I'

The v a lu e s  o f  th e  p a ra m e te rs  s e le c te d  f o r  t h i s  exam ple a r e : a = w 

1 , - g  = -  2 /1 1 7 , L = 1 /2 ,  v = l  and k = 117AO. ' The a d d i t iv e  n o is e
2

(a g a in  ta k e n  from th e  u n ifo rm  d i s t r i b u t i o n )  had  a  v a r ia n c e  o f  0 .0 1  /1 2

and a  mean o f  z e ro . With th e  p a ra m e te rs  s e l e c t e d ,  in  e x p re s s io n

(3 .1 2 ^ )  becomes

^  3)2 + 171 (3 .1 2 5 )

When th e  m in im iz a tio n  o f  was p e rfo rm e d , th e  extremum o c c u rre d  

a t  Ax = 0 .1 8 . T hus, th e  m easurem ents o f  th e  s t a t e  v a r ia b le  w ere ta k e n  

a t  Xjjm2 = O .lU , X j^1 = 0 .3 2  and = 0 .5 0 .

In  o rd e r  t o  d e r iv e  a  m o d ified  l e a s t  sq u a re s  e s t im a to r  f o r  t h i s  

exam ple , i t  i s  n e c e s sa ry  t o  r e tu r n  t o  e x p re s s io n  ( 3 . U l) . A pproxim ations 

( ^ 60), (3 .6 7 )  and (3 .6 8 )  a re  v a l i d ,  b u t (3 .6 3 )  i s  n o t .  The reaso n  

ap p ro x im atio n  (3 .6 3 )  does n o t  app ly  i s  a p p a re n t from e q u a tio n s  (3 -1 1 9 ) and 

(3 .1 2 0 ) . S ince  b o th  e x p re s s io n s  c o n ta in  wT , ,  n (g  ) and n(h , ) a re  

c o r r e l a te d .  Hence

S
E

k = l
[ ( 3w, , -4-w.

LsJ I r - I J (3 .1 2 6 )

By ap p ro x im atio n  ( 3 . U6) th e  summation o f  c ro ss  p ro d u c t te rm s  in  

a re  n e a r ly  z e ro . As a  r e s u l t ,  e x p re s s io n  (3 .1 2 6 ) s im p l i f ie s  t o

S
I  n (h  )n (g  ) 

'k= l K * •
= 4 -

2Ax V (3 .1 2 7 )

S in c e  th e  v a r ia n c e  o f  th e  n o is e  g e n e ra te d  by each  t r a n s d u c e r  i s  q j;, 

ap p rox im ation  (3 . A )  may be s u b s t i t u t e d  in to  (3 .1 2 7 ) to  g iv e
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i s  3aI
g - E n (h k )n (g k )

T h e re fo re  e q u a tio n  (3 .^ 1 )  can "be w r i t t e n  

3 ac
e S “ sp Sv f - 00 + S t o '1

( 3 . 128 )

(3 .1 2 9 )

where a2 i s  d e f in e d  "by e q u a tio n  ( 3 . 6 l ) . The m o d if ie d  l e a s t  sq u a re s  

e s t im a to r  is  g iv e n  by

eg + S p -v ( CT2Cg*, \) (3 .1 3 0 )'S  “S " "8 -1  2Ax

B e fo re  th e  m o d if ie d  l e a s t  sq u a re s  e s t im a to r  can be a p p l ie d ,  a 2 in  e q u a tio n  

(3 .1 3 0 )  must "be w r i t t e n  in  te rm s o f  a2 . In  t h i s  exam ple e q u a tio n  ( 3 . 6 l)  

i s  g iv e n  by

0^ = I  a^
Cr=L -3 r

= cr

S u b s t i t u t io n  o f  e q u a tio n  (3 .1 3 1 ) i n t o  (3 .1 3 0 )  y ie ld s

eg* = =* * Sps ^ l C 1 -

(3 .1 3 1 )

(3 .1 3 2 )

The r e s u l t  o f  e s t im a t in g  th e  boundary  c o n d it io n  in  th e  p re s e n c e  o f  n o is e  

i s  shown in  F ig u re  3 .3 .  In  t h i s  exam ple th e  m o d if ie d  l e a s t  sq u a re s  

e s t im a to r  and l e a s t  sq u a re s  e s t im a to r  l i e  betw een 0 and g as p r e d ic te d  

in. s u b s e c tio n  3 .2 .8 .  The v a lu e  o f  th e  e s t im a to r s  w ere n e a r ly  th e  sam e, 

though  th e  e r r o r  in  th e  e s t im a t io n  o f  6 u s in g  th e  m o d if ie d  l e a s t  sq u a re s  

e s t im a to r  was 10 .1  p e r c e n t  w h ile  th e  l e a s t  sq u a re s  e s t im a te  has  an e r r o r  

o f  1 2 .4  p e r c e n t .



I*  1 1 Pl 1 1 + *  I *  ,1

- 0 .1 2  -

S = 102

F ig u re  3 .3  E s tim a tio n  o f  8 in  th e  boundary  c o n d itio n s
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3 . ^ . 3 . I  L in e a r  .System

C onsider once ag a in  th e  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  w ith  

tw o unknown c o n s ta n ts  g iv e n  by  e q u a tio n  (2 .3 0 ) .  The i d e n t i f i c a t i o n  o f  

th e  unknown p a ra m e te rs  was c o n s id e re d  in  exam ple 2 .3 .3 .1  when th e  

m easurem ents w ere known t o  be e x a c t .  In  t h i s  s e c t io n  th e  p a ram e te rs  

a re  e s t im a te d  in  th e  p re s e n c e  o f  m easurem ent n o is e ,  u s in g  a  l e a s t  

sq u a re s  e s t im a to r  and a m o d if ie d  l e a s t  sq u a re s  e s t im a to r .

A g e n e ra l  developm ent f o r  th e  m a tr ix  m o d ified  l e a s t  sq u a re s  e s t i ­

m a to r i s  p r e s e n te d  in  A ppendix A.I . The m o d ified  l e a s t  sq u a re s  e s t im a to r  

i s  g iv e n  I y  e q u a tio n  ( A .1 7 ). In  th e  d e r iv a t io n  th e  fo llo w in g  

assum ptions a re  made: ( l )  The e lem en ts  o f  H and j? a r e  l i n e a r  p a r t i a l

d e r iv a t iv e s ;  (2 ) ri(H^) and n (g ^ )  a re  in d ep en d en t in . th e  p r o b a b i l i t y  

s e n s e ; and (3 )  th e  mean o f  th e  t r a n s d u c e r  n o is e  i s  z e ro .

S in ce  th e  exam ple u n d e r c o n s id e ra t io n  s a t i s f i e s  a l l  t h r e e  o f  th e se  

c o n d i t io n s , th e  m o d if ie d  l e a s t  .sq u a re s  e s t im a to r  i s  e s t a b l i s h e d  as soon 

as  Qg in  e q u a tio n  (A .17) has  been d e te rm in ed .

Qg i s  d e f in e d  by e q u a tio n  ( A. l6  ) t o  be 

' S

Qs ' 4 n(V '\ n(V (3-133)
S in c e  th e r e  i s  no re a so n  t o  w e ig h t one o f  th e  s ta g e s  h e a v ie r  th a n  any 

o th e r  s t a g e ,  i t  i s  assumed th e  m a tr ix  (k= I ,  2 ,  . . . ,  S) i s  a  c o n s ta n t .  

In  t h i s  exam ple V i s  ta k e n  to  be  th e  i d e n t i t y  m a tr ix ;  t h u s , eq u a tio n  

(3 .1 3 3 )  can be w r i t t e n
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G = E n ( E ) ^ n ( H )  ' -
k = l (3 .1 3 k )

The f i r s t  o rd e r  d e r iv a t iv e s  in  e q u a tio n  (2 .3 0 )  w ere approx im ated

by th e  c e n t r a l  d i f f e r e n c e  o f  ( 2 . lk )  w h ile  ( 2 . I ? )  was u sed  t o  approx im ate

t h e  second  o rd e r  d e r iv a t iv e s .  F or t h i s  exam ples e q u a tio n  (2 .3 0 )  was

e v a lu a te d  a t  p o in t s  s e p a ra te d  by At u n i t s  in  t im e . The a d d i t io n  o f

m easurem ent n o is e  t o  th e  ..f i n i t e  d i f f e r e n c e  e q u a tio n s  r e s u l t s  in  th e

fo llo w in g  e x p re s s io n s  f o r  th e  n o is e .

n ( n p

and

TwsK- ri + l , j -2wi . j +wi - l , J ,) 2 A x ^ i + l , f ^ i _ l , j )

A x^W + 1 J + l “ 2wi Jj + l +Wi - l J + l ) 2 A ^ ^ i + l , j + l ^ i _ l , j+ 1

H t ( % j + l - % j _ l )

2A txWi , j + 2 " Wi , j )

k (3 .1 3 5 )

(3 .1 3 6 )

When th e  p ro d u c t n (H ^ )‘'n(H ^) i s  form ed f o r  k = 1„ 2 S . . . s S and th e  

r e s u l t s  summed acc o rd in g  to  e q u a tio n  ( 3 .1 3 k ) ,  th e  c o n t r ib u t io n  o f  th e  

c ro s s  p ro d u c t te rm s i s  n e g l ig ib l e .  T h is c la im  i s  b a se d  upon th e  r e l a t i o n ­

s h ip  g iv e n  in  e x p re s s io n  ( 3 . k 6 ) . However, c o n s id e r  th e  re m a in in g  term s 

c o n ta in e d  in  th e  e lem en ts  o f  Qc

1S l l (a^2-)2 %
k = l i+ 1 .3

+ [-2w . . ) 2 + w

+ w
i + l , j + l

+ (-2w
I sJ+-I

i j J '

) 2  +

2

i - l  ,J+ 1  Jk (3 .1 3 7 )
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qS12 = qS21 "  26x3 -  wLl,J

IlCMCM
JP —i —) 2

2Ax; * tlrI-Hk = l

w here

Ho<°

qS l l qS 12

qS21 qS 2 2

+ wI - H J + !  " ' wI - I J + ! (3 .1 3 8 ) 

Wi + ! J + 1  + ( wi - l  J + l )2 ]k (3 .1 3 9 )

(3 .1 4 0 )

I f  th e  t r a n s d u c e r  v a r ia n c e  i s  ag a in  den o ted  by o^ ,  e x p re s s io n  (3 .4 4 )  can

be u se d  t o  approx im ate  th e  e lem en ts  o f  0 w ith  th e  r e s u l t

280%
is n  ° i  + k * i]

.A x ^  ■ (3 .1 4 1 )

S a2
qS 12 ~ qS21 “ I  -  I  + I  -  1]

= 0 (3 .1 4 2 )

28 a2

qS22 = 4ax2 ' [ 1 + 1 ^

. ! l
6x2 (3 .1 4 3 )

'In  t h i s  exatrp le  Q^1 th e  ap p ro x im atio n  f o r  Q^s i s  g iv e n  by 

128 a2
" A P T  0

Qc
C

Ax2 (3 .1 4 4 )
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The o p tim a l s e le c t io n  o f  Ax Snd--At i s  b a se d  upon- e q u a tio n  (A .30 ). 

S ince  th e  sam ples a re  in d e p e n d e n t and a re  ta k e n  from  a un ifo rm  d i s t r i ­

b u tio n  w ith  v a r ia n c e  a2 and ze ro  meanc

I 1 2
E[n(Hk )-n(H k )]

(3.1U5)

and

E[n(% Jn(Sk )]  = ( ~ ) 2 E [w2>j+1 + ( - ^ i  , ^ 1)2

+ twI , > 2 12 + 1E

(3.H6)
A t4

P re m u ltip ly in g  e q u a tio n  (3 .1 ^ 5 )  by Ĉ  and p o s tm u lt ip ly in g  by _£ y ie ld s

'c'-S (3 .1 4 7 )IZ c2 C2 <r?c2
c '  Etn(Hk ) ' a (E k ) ] c  =

Thus th e  f i r s t  two te rm s on th e  r i g h t  hand s id e  o f  e q u a tio n  (A .30) have 

been  d e te rm in e d  le a v in g  on ly  th e  l a s t t e r m  t o  be found. I f  th e  e lem en ts  

o f  o(Hk ) and a re  approx im ated  by th e  dom inant e r r o r  te rm  th e re

r e s u l t s

> ( y
AX^ . Ax2

AX2 AX2 (3.H 18)

and

o (s J

-2

(3 .1 4 9 )
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Then

[o(Hk )£  -  o Cgfc) ] a

(C1 + c2 ) ax 2 -  A t2 

Cc1 + c2 ) AK2 -  A t2

• and

[°(Hk ) £  -  OCgk )]  [o(Hk )c  -  o (gk )] -  2 [ ( c 1 + c2 )ax2 -  A t2 ]2

(3 .1 5 0 )

(3 .1 5 1 )

S u b s t i t u t io n  o f  e q u a tio n s  (3 .1 ^ 6 )  and (3 .1 ^ 7 )  in to  (A .30) and  a p p l ic a t io n  

o f  ap p ro x im atio n  (3 .1 5 1 )  y i e ld s  th e  e x p re s s io n

£ c |  _ _

A AX4 Ax2 ^ A t2+ —~ g  + 2 [('C1 + c2 )Ax2 -  A t 2 ]2 (3 .1 5 2 )

The boundary  c o n d i t io n s  s e le c te d  f o r  t h i s  exam ple w ere g iv en  e a r l i e r  in  

e q u a tio n  ( 2 .3 3 ) .  The d a ta  f o r  th e  s t a t e  v a r ia b le  was o b ta in e d  by 

c a l c u la t in g  e q u a tio n  (2 .3 ^ )  w ith  th e  p a ra m e te rs  C1 = l / i r 2 and Cg = 2/u-2 . 

The n o is e  added  to  t h i s  d a ta  had  a  v a r ia n c e  ^2 = . (0 .0 5 )^ /1 2 .  These
c

numbers w ere a l s o  s u b s t i t u t e d  i n t o  e x p re s s io n  (3 .1 5 2 ) and t h e  m in im iza tio n  

o f  was p e rfo rm e d  w ith  r e s p e c t  t o  ax and A t. The optimum com bination  

was found t o  b e  Ax = 0 .5 0  and At = 0 .2 7 . H owever, f o r  reason 's  g iv e n  

e a r l i e r ,  an u p p e r l i m i t  o f  0 .30  was p la c e d  on Ax. The o p tim a l At w ith  t h i s  

c o n s t r a i n t  on Ax i s  At = 0 .2 2 .

The r e s u l t s  o f  th e  e s t im a t io n  o f  C1 and Cg a re  d is p la y e d  in  F ig u res  

3 . ^ and 3 .5  r e s p e c t iv e l y .  The d a ta  o b ta in e d  u s in g  th e  l e a s t  sq u a res  

e s t im a to r  a n d .m o d if ie d  l e a s t  sq u a res  e s t im a to r  can be com pared w ith  th e  

a v e ra g e , w hich  i s  c a l c u la te d  from  th e  e x p re s s io n

-AVE (3 .1 5 3 )



0 .050  --

Ax =

IAVE
S =

F ig u re  3. U E s tim a tio n  o f  in  th e  l i n e a r  system  w ith  two unknown c o e f f i c i e n t s .
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A t = 0 .2 2

S =

2AVE

F ig u re  3 .5  E s tim a tio n  o f  in  th e  l i n e a r  system  w ith  two unknown c o e f f i c i e n t s .
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3 . b .3 .2  M ath em atica l Model C o n ta in in g  an E x tran eo u s’ Term

The i d e n t i f i c a t i o n  o f  a system  c o n ta in in g  an ex tra n e o u s  te rm , when 

no m easurem ent, n o is e  was p r e s e n t ,  was g iv e n  in  exam ple 2 . 3 .3 .3 , TPdw 

c o n s id e r  th e  e s t im a t io n  o f  th e  c o e f f i c i e n t  o f  th e  e x tra n e o u s  te rm  o f  th e  

same system  when th e  m easurem ents a re  c o r ru p te d  by m easurem ent n o is e .

The d is c u s s io n  o f  exam ple 3 .H .3 .1  p ro v id e s  th e  r e l a t io n s h ip s  

n e c e s s a ry  t o  p e rfo rm  th e  e s t im a t io n  in  t h i s  exam ple , e v e n .though  

e q u a tio n  (2 .3 0 )  i s  e v a lu a te d  a t  p o in ts  s e p a ra te d  by Ax u n i t s  in  sp ace  

r a t h e r  th a n  At u n i t s  i n  t im e .  T his in te r c h a n g a b i l i t y  i s  p o s s ib le  ■ 

"because th e  s t a t i s t i c s  o f  th e  m easurem ent n o is e  a re  assum ed t o  be 

unchanged f o r  th e  d i f f e r e n t  t r a n s d u c e r s . T hus, th e  m o d if ie d  l e a s t
.  A

sq u a re s  e s t im a to r  in  t h i s  exam ple i s  o b ta in e d  by s u b s t i t u t i n g  in  

e q u a tio n  (3 .1 ^ 4 )  i n t o  e q u a tio n  ( A .1 7 ) . The s e le c t io n  o f  th e  o p tim a l 

A a n d  A t may be p e rfo rm e d  by m in im iz ing  I  in  e x p re s s io n  (3 .1 5 2 ) w ith  

r e s p e c t  t o  th e s e  q u a n t i t i e s .  N o tic e  t h a t  I  in  t h i s  p rob lem  red u ces  

t o  th e  c o r r e c t  e x p re s s io n  f o r  th e  d e te rm in a tio n  o f  th e  o p tim a l Ax and 

At in  th e  d i f f u s io n  e q u a tio n  when c^ i s  s e t  e q u a l to  z e ro . The f a c t  

t h a t  (3 .1 5 2 )  w ith  Cg = .0 i s  l a r g e r  th a n  (3 ,1 0 9 )  by a  f a c t o r  o f  tw o has 

no in f lu e n c e  on th e  v a lu e s  o f  ax and At w hich m inim ize th e  perfo rm ance  

in d e x .

The d a ta  was o b ta in e d  by c a l c u la t in g  e q u a tio n  (2 .2 3 )  and  adding 

n o is e  w ith  a  v a r ia n c e  o f  ( 0 .0 5 )^ /1 2 .  The o p tim a l com bination , o f  Ax and 

A t f o r  t h i s  v a lu e  o f  v a r ia n c e  was c a lc u la te d  and found to  be 

0 .3  and 0 ,21  r e s p e c t iv e l y .  When th e  e s t im a t io n  was p e rfo rm ed  th e  d a ta



shown in  F ig u re  3 . 6  r e s u l t e d .  The cu rves p l o t t e d  f o r  th e  m o d ified  

l e a s t  sq u a re s  e s t im a to r  and l e a s t  sq u a re s  e s t im a to r  f o r  c^ w ere alm ost 

c o in c id e n t .  The av e rag e  v a lu e s  f o r  c^ and C5 w ere I n o t  shown because  

C2 exceeded  th e  ran g e  o f  th e  p lo t . .  ran g ed  from  0 .1 1 1  to

-0 .0 2 5  w ith  th e  f i n a l  e s t im a te  b e in g  0 .0 2 1 . C2Ayv v a r ie d  from 0.539 

t o  -0 .2 1 2  w ith  0 .073  b e in g  th e  e s t im a te  a t  th e  l a s t  s ta g e .

3 .5  I LL-CONDITIOHING

The- co n cep t o f  i l l - c o n d i t i o n i n g  was in tro d u c e d  in  s u b s e c tio n  2 .2 ,2 .

In  t h i s  t h e s i s  i l l - c o n d i t i o n i n g  i s  - u n d e rs to o d  t o  mean, i l l - c o n d i t i o n i n g  

w ith  r e s p e c t  t o  in v e r s io n .  When th e  m a tr ix . H in  e q u a tio n  ( 3 .1 )  i s  

w e l l - c o n d i t io n e d  w ith  r e s p e c t  t o  in v e r s io n ,  th e  in t r o d u c t io n  o f  e r r o r  

r e s u l t i n g  from f i n i t e  d if f e re n c e -  ap p rox im ation  and m easurem ent n o ise  

has  l i t t l e  e f f e c t  on th e  in v e r s e  o f  I f  H i s  i l l - c o n d i t i o n e d ,

how ever, th e s e  e r r o r s  a r e  g re a tly -  e x a g g e ra te d  when th e  in v e r s e  i s .  

c a lc u la te d .  T h is s e c t i o n . i s  devo ted  to  d e m o n s tra tin g  how i l l - c o n d i t i o n i n g  

o f  a r i s e s , what- m easures can be ta k e n  t o  m inim ize th e  in c id e n c e  o f  

i l l - c o n d i t i o n i n g ,  w hat te c h n iq u e s  a re  a v a i la b le  to  t e s t  Ĥ . f o r  i l l -  

c o n d i t io n in g ,  and th e  s ig n i f i c a n c e  o f  th e  i l l - c o n d i t i o n i n g  in  th e  

e s t im a t io n  p rob lem .

The d i f f i c u l t i e s  a r i s i n g  from  i l l - c o n d i t i o n i n g  may be  i l l u s t r a t e d  

by  th e  system

Xi  +  X2  = 2 ■ ( 3 .1 A )

x + I . Olx = 2 .0 1  
I  ^ (3 .1 5 5 )



Ax =

S = 39

F ig u re  3 .6  E s tim a tio n  o f  and when i s  th e  c o e f f i c i e n t  
e x tra n e o u s  te rm .

o f  an
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The s o lu t io n  o f  t h i s  p a i r  o f  e q u a tio n s  i s  = 1 .0 .  Now c o n s id e r

th e  change in  th e  s o lu t io n  r e s u l t in g  from a v ery  sm all change in  th e  

c o e f f i c i e n t s  o f  e q u a tio n  (3 .1 5 5 ) .  One such e q u a tio n  i s  g iv e n  by 

!.O O lx1 + x 2 = 2 .0 1  - (3 .1 5 6 )

The X1 and X5 s a t i s f y i n g  e q u a tio n s  (3.15%) and (3 .1 5 6 ) a r e  10 and - 8  

r e s p e c t iv e ly .  T hus, a  change in  th e  c o e f f i c i e n t s  o f  e q u a tio n  (3 .1 5 5 ) 

am ounting to  l e s s  th a n  one p e rc e n t r e s u l t e d  in  a t  l e a s t  a 900 p e rc e n t 

change in  th e  s o lu t io n .

The c irc u m sta n c e s  i l l u s t r a t e d  in  e q u a tio n s  (3 .15% ), (3 .1 5 5 ) and

(3 .1 5 6 )  co u ld  o ccu r in  e q u a tio n  ( 3 .1 ) .  T h is i s  e a s i l y  d em o n stra ted  by 

r e tu r n in g  t o  th e  sy stem  in  exam ple ( 2 .3 . 3 .1 ) .  When th e  m a tr ix  e q u a tio n  

i s  w r i t t e n  i n  te rm s o f  i t s  e lem en ts

(3 .1 5 7 )

(3 .1 5 8 )

(3 .1 5 9 )

(3 .1 6 0 )

such a  way t h a t  th e .d y n am ics  change 

v e ry  l i t t l e  betw een them , th e  fo llo w in g  r e la t io n s h ip s  ap p ly

uxx2 ~ ux x l  + ^ uXxI

c I

xx2 

where

v  • 'Bi
" t i  ■ ( B i

i  = I ,  2

i  = 1 ,  2 

i  = I ,  2

I f  p o in t s  I  and 2 a re  s e l e c t e d  ii

( 3 . l 6 l )
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Ux2 = ux l  + Aux l

Ut 2  = Ut l  + Aut l

(3.162)

(3 .1 6 3 )

where

Ilu X X iI^InXxiI • etc-’

When e q u a tio n s  (3 . l 6 l ) ,  (3 .1 6 2 )  and (3 .1 6 3 ) a re  s u b s t i t u t e d  in to  

e q u a tio n  (3 .1 5 7 )  th e  fo llo w in g  p a i r  o f  e q u a tio n s  r e s u l t

u X X l c I + u X l c S  =  u I l  < 3 - K W

' uXXl +  l u X X l 1 Y t uXi ♦  6 u X l l c 2  =  u t l  +  l u t l  (3 - l 6 5)

These e q u a tio n s  a re  o f  th e  same ty p e  as e q u a tio n s  (3 .1 5 ^ )  and (3 .1 5 5 ) 

and a re  l i a b l e  t o  be i l l - c o n d i t i o n e d .

I l l - c o n d i t i o n i n g  in  th e  more g e n e ra l  c a se  a r i s e s  in  e x a c t ly  th e  same 

way as  t h a t  d e m o n stra te d  a b o v e .. I f  p o in ts  a re  s e le c te d  in  tim e  and 

apace v e ry  c lo se  to g e th e r  th e  dynamics change v ery  l i t t l e .  S in ce  th e  

e lem en ts  in  each  o f  th e  W columns o f  c o n ta in  th e  same p a r t i a l  d e r i ­

v a t iv e s  e v a lu a te d  a t  N p o i n t s ,  th e  rows a re  v ery  n e a r ly  th e  same. The 

o n ly  way t h i s  u n d e s ir a b le  s i t u a t i o n  can be avo ided  is  by sp a c in g  th e  

p o in t s  f a r  enough a p a r t  t h a t  th e  dynamics change s i g n i f i c a n t l y .  T his * 

o f  c o u rs e ,  can be done by s e le c t in g  th e  p o in t s  w ith  la r g e  s p a t i a l  

s e p a ra t io n  and a llo w in g  s e v e r a l  sam ples betw een p o in t s .  However, 

s e p a r a t in g  t h e  p o in t s  in  sp ace  r e q u ir e s  a d d i t io n a l  t r a n s d u c e r s .  This i s  

n o t alw ays p o s s ib le  f o r  p h y s ic a l  or. econom ical re a s o n s . U nder th e s e  

c irc u m sta n c e s  i t  w i l l  b e  n e c e s s a ry  t o  make th e  s e p a r a t io n  in  tim e o n ly . 

T here a r e  s e v e r a l  ways o f  d e te c t in g  i l l - c o n d i t i o n i n g  o f  in
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e q u a tio n  ( 3 .1 ) .  Some o f  th e  more im p o rta n t in d i c a to r s  a re  [2 6 ]:

1 . Sm all changes in  th e  e lem en ts  o f  Hfc r e s u l t  in  la r g e  changes in  c_.

2. The d e te rm in a n t o f  H i s  very  sm a ll.

3. E lem ents o f  H a re  v e ry  la rg e  compared to  e lem en ts  o f  H .
A ' -K

4. I f  H^ci = g^ i s  s o lv e d  by p la c in g  th e  augm ented m a tr ix

in  d ia g o n a l fo rm , some e lem en ts  a lo n g  th e  main d ia g o n a l a re  v e iy  

sm a ll com pared t o  o th e r  e lem en ts  a lo n g  th e  d ia g o n a l.

5. When th e  e ig e n v a lu e s  o f  a re  c a l c u la te d ,  one o r  more o f  them 

i s  v e ry  sm a ll .

When a  m ethod i s  s e le c te d  t o  d e te c t  i l l - c o n d i t i o n i n g ,  one i s  u s u a lly  

i n t e r e s t e d  in  f in d in g  a  p ro c e d u re  w hich can be  perfo rm ed  r e a d i ly  on a 

d i g i t a l  com puter. This i s  p a r t i c u l a r l y  t r u e  when th e  c o n d it io n in g  o f  

i s  in  q u e s t io n ,  f o r  th e  i d e n t i f i c a t i o n  scheme p re s e n te d  in  t h i s  

t h e s i s  r e q u ir e s  a  d i g i t a l  com puter t o  p e rfo rm  o n - l in e  co m p u ta tio n s .

Most o f  th e  t e s t s '  f o r  c o n d itio n in g , r e q u i r e  a  com parison , o f  s e v e ra l  

q u a n t i t i e s .  A f te r  th e s e  com parisons have been co m p le ted , i t  i s  n e c e ssa ry  

t o  e s t a b l i s h  a  r i g i d  c r i t e r i a  as t o  w h e th e r  o r  n o t th e  m a tr ix  i s  i l l -  

c o n d it io n e d . F or exam ple , in  ite m  U ab o v e , th e  r e l a t i v e  s iz e  o f  a l l  

th e  m ain d ia g o n a l e lem en ts  m ust be com pared. The problem  i s  t o  e s t a b l i s h  

w hat d isc re p a n c y  in  s iz e  m ust . e x i s t  b e fo re  th e  m a tr ix - i s  d e c la re d  t o  be 

i l l - c o n d i t i o n e d .

T e s ts  in v o lv in g  th e  d e te rm in a n t o f  c ircum ven t t h i s  dilem m a, f o r  

a  s in g le  number r e s u l t s  from  th e  c a l c u la t io n .  However, u s in g  th e  v a lu e  

o f  th e  d e te rm in a n t as a  c r i t e r i a  f o r  c o n d i t io n in g  can b e  m is le a d in g .
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T his may he d em o n stra ted  by th e  system  d e s c r ib e d  in  e q u a tio n s  ( 3 . IS 1O and 

(3 .1 5 5 ) .  The d e te rm in a n t o f  th e  c o e f f i c i e n t s  on th e  l e f t  hand  s id e  o f  

t h i s  s e t  i s  0 .0 1 . When e q u a tio n s  (3 .1 5 4 ) and (3 .155 ). a re  m u l t ip l ie d  by 

100 th e  d e te rm in a n t becomes 100. Hovr, i f  th e  v a lu e  o f  th e  d e te rm in a n t 

w ere th e  o n ly  c r i t e r i a ,  th e  system  h av in g  th e  d e te rm in a n t- o f  0 .0 1  would 

ap p ea r t o  b e  i l l - c o n d i t i o n e d  and t h a t  o f  100 w e ll -c o n d it io n e d .  This 

c o n t r a d ic t s  th e  f a c t  t h a t  m u l t ip l i c a t io n  o f  a  s e t  o f  e q u a tio n s  by a 

c o n s ta n t  does n o t  e f f e c t  th e  s o lu t io n  f o r  th e  unknown.

T h is  p ro b lem  o f  s c a l in g  can be e l im in a te d  by n o rm a liz in g  th e  system  

in  some fa s h io n .  Conte [26] d e f in e s  th e  n o rm a liz e d  d e te rm in a n t o f  by

Norm|H| = ------^ ------  . (3 .1 6 6 )
IClfC2 . . . kn

w here

Ki  = th ? l  + + . . . + 1 I ,  2 ,  . . .  , I  (3 .1 6 7 )

He s t a t e s  th e  c r i t e r i a  f o r  i l l - c o n d i t i o n i n g  f o r  th e  m a tr ix  i s  

WormlHl «  I  (3 .1 6 8 )

When t h i s  t e s t  i s  a p p l ie d  to  th e  sy stem  in  e q u a tio n s  ( 3 .1 5 1+) and (3 .1 5 5 )

= /2- and k -̂ = /2 .0 2 0 1  ' x3» I

T h e re fo re

Norml H I = - i -  = 0 .005  (3 .1 6 9 )K IK2

Hence th e  s e t  i s  i l l - c o n d i t i o n e d .

T his c r i t e r i a  i s  v e ry  e a s i l y  m echanized  on th e  d i g i t a l  com puter. ' /:■ 

The t e s t  ap p e a rs  t o  be q u i te  r e l i a b l e ,  though  th e  c a lc u la t io n  o f  Nqrm|H^.| 

i s  r a th e r  le n g th y  when th e  d im ensions o f  th e  m a tr ix  a re  la r g e .
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1 1 1 -c o n d it io n in g  o f  i s  o f  m ost co ncern  when c_ i s  e s t im a te d  d i r e c t l y

from  e q u a t i o n '( 3 .1 3 ) .  S in ce

(3 .1 7 0 )

e r r o r s  in  r e s u l t i n g  from f i n i t e  d i f f e r e n c e  ap p ro x im atio n s and 

m easurem ent n o is e  cause  l a r g e  e r r o r s  in  c^ . However^ when th e  re c u r s iv e  

schemes o f  s e c t io n  3 .2  a re  u s e d , th e  e r r o r s  r e s u l t in g  from  i l l - c o n d i t i o n ­

in g  a re  n o t s e r io u s  as lo n g  as i s  w e l l -c o n d it io n e d  f o r  a lm o st a l l  k.

T h is  c la im  i s  su p p o r te d  "by r e c a l l i n g  t h a t  a l l  th e  r e c u r s iv e  schemes 

r e q u i r e  a  m a tr ix  in v e r s e  t o  he c a lc u la te d  in  E~ o n ly . B ut P~ i s  

d e f in e d  "by e q u a tio n  (A .6) t o  be

J1VA

+ hS A hS

(3 .1 7 1 )

(3 .1 7 2 )

Now i f  H i s  i l l - c o n d i t i o n e d  and i s  we 1 1 -c o n d itio n e d  th e  sumo ' S—I
o f  e q u a tio n  (3 .1 7 2 ) w i l l  be w e l l - c o n d i t io n e d .  S in ce  some o f  th e  H ^ 's

1in  e q u a tio n  (3 .1 7 1 ) a re  assumed to  be  w e l l - c o n d i t io n e d ,  Pg ^ can be 

e x p e c te d  t o  be w e ll - c o n d i t io n e d .

When th e  s a re  a l l  i l l - c o n d i t i o n e d ,  th e  above argum ent i s  no 

lo n g e r  v a l id .  H owever, th e  m a te r ia l  on i l l - c o n d i t i o n i n g  p r e s e n te d  by . 

Bellm an and K alaba [27] su g g e s ts  th e  in t r o d u c t io n  o f  a  ty p e  o f  Lagrange 

m u l t i p l i e r  t o  im prove th e  c o n d it io n in g  o f  Pg . This p rom pted  t h i s  a u th o r  

t o  c o n s id e r , th e  m in im iz a tio n  o f  th e  perfo rm an ce  in d e x

Js<A> ■5 Ul Ht I - E
k = l ^ k 1Ii ' *  \ l k - E j . i l l 2 ]

k.
(3 .1 7 3 )
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w here Xfc i s  a  p o s i t i v e  number and th e  rem ain in g  n o ta t io n  i s  d e s c r ib e d  in  

A ppendix A.I .  The m in im iz a tio n  o f  e q u a tio n  (3 .1 7 3 ) i s  p e rfo rm ed  in  

e x a c t ly  th e  same m anner as th e  m in im iza tio n  o f  eq u a tio n  ( A. I )  w ith  th e  

r e s u l t

VkSkk= l
* ■ - • 1

w here P~ . i s  d e f in e d  by th e  e x p re s s io n

( 3 . IT1O

^ s 1 -  S ' W k  + V 'k = l
(3 .1 7 5 )

- + 5SvS5S * xS1 (3 .1 7 6 ) 

C -IN o tic e  t h a t  e q u a tio n s  ( 3 . IT 1O and (A. 5) a re  i d e n t i c a l  in  form b u t P' 

i s  d e f in e d  in  a  s l i g h t l y  d i f f e r e n t  f a s h io n .  The r e c u r s iv e  r e l a t io n s h ip s  

f o r  c* in  te rm s  o f  c* . a re  l ik e w is e  i d e n t i c a l  in  form and a re  g iven  inuD —b —X

e q u a tio n  ( A. 8) .

The d i f f e r e n c e  in  th e  d e f in i t i o n s  o f  Pa i s  v ery  s i g n i f i c a n t .
3 S

Bellm an and K alaba s t a t e  t h a t  even though Z ^k^k^k i l l - c o n d i t i o n e d
S ' ' k = l

th e  a d d i t io n  o f  th e  te rm s Z X1 I  red u ces  th e  i l l - c o n d i t i o n i n g  s i g n i f i -
k = l •

c a n t ly . t h f o r t u n a t e l y , in  th e  system s s im u la te d  by th e  a u th o r ,  th e  

a d d i t io n  o f  in c re a s e d  th e  e r r o r  in  th e  i d e n t i f i c a t i o n .  The reason  

f o r  t h i s  r e s u l t  i s  b e l ie v e d  to  stem  from th e  f a c t  t h a t  o n ly  some o f  th e  

m a tr ic e s  , k = I ,  2 ,  . . . »  B w ere found t o  be  i l l - c o n d i t i o n e d .  I f  a 

sy stem  co u ld  be s im u la te d  w here a l l  th e  s w ere i l l - c o n d i t i o n e d  th e  

e s t im a to r  o f  e q u a tio n  ( 3 . IT 1O m igh t very  w e ll p ro v id e  b e t t e r  r e s u l t s  th a n  

th o s e  o f  e q u a tio n  ( A. 5) .
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3 .6  SUMMARY

The i d e n t i f i c a t i o n  o f  unknown c o n s ta n ts  in  p a r t i a l  d i f f e r e n t i a l  

e q u a tio n s  when m easurem ents- o f  th e  s t a t e  v a r ia b le s  a re  c o r ru p te d  by- 

n o is e  i s  c o n s id e re d  in  C h ap te r 3. The c l a s s i c a l  l e a s t  sq u a re s  e s tim a to r  

i s  p r e s e n te d .  The l e a s t  sq u a re s  e s t im a to r  r e q u ir e s  no a p r i o r i  know­

le d g e  o f  th e  s t a t i s t i c s  o f  th e  m easurem ent n o is e .  When th e  s t a t i s t i c s  

a re  known and th e  d i f f e r e n t i a l  e q u a tio n  i s  l i n e a r ,  a  m o d if ie d  l e a s t  

sq u a re s  e s t im a to r  may b e .u s e d .  I t  i s  shown t h a t  th e  e s t im a t io n  e r r o r  

o f  th e  m o d if ie d  l e a s t  sq u a re s  e s t im a to r  i s  g e n e ra l ly  l e s s  th a n  th e  

l e a s t  sq u a re s  e s t im a to r  e s t im a t io n  e r r o r .  This c la im  i s  su p p o r te d  by 

th e  r e s u l t s  o f  d i g i t a l  com puter s im u la t io n s .

The m ag n itu d e  o f  e r r o r s  r e s u l t i n g  from m easurem ent n o is e  and f i n i t e  

d i f f e r e n c e  ap p ro x im atio n  a re  fu n c tio n s  o f  th e  in c rem en ts  in  tim e  and 

sp ace  u se d  in  th e  f i n i t e  d if f e r e n c e  fo rm u lae . These in c re m e n ts  m ust be 

l e s s  th a n  u n i ty  t o  in s u r e  t h a t  th e  f i n i t e  d i f f e r e n c e  e r r o r s  a re  bounded. 

B ecause o f  t h i s  u p p er bound , th e  e r r o r s  r e s u l t i n g  from  m easurem ent n o is e  

are- o f  f a r  g r e a t e r  s ig n i f i c a n c e  th an  e r r o r s  a r i s i n g  from f i n i t e  d i f f e r ­

e n c e s .  The u se  o f  more a c c u ra te  f i n i t e  d i f f e r e n c e  fo rm ulae  r e q u ir in g  

a d d i t io n a l  m easurem ents o f  th e  s t a t e  v a r ia b le  in c re a s e s  th e  e s t im a tio n  

e r r o r .  An in d e x  o f  p e rfo rm an ce  i s  p r e s e n te d  w hich i s  m in im ized  w ith  

r e s p e c t  to  th e  te m p o ra l and s p a t i a l  in c re m e n ts . The m in im iz a tio n  reduces 

th e  com bined e f f e c t s  o f  th e  two ty p e s  o f  e r r o r s .

The i l l - c o n d i t i o n i n g  p rob lem  in t ro d u c e d  in  Chapter. 2 i s  d is c u s s e d  

in  f u r th e r  d e t a i l .  I t  tu r n s  o u t i l l - c o n d i t i o n i n g  d id  n o t  p r e s e n t  any
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cuI ^ i s s  in  th e  exam ples c o n s id e re d , Howevers a  perfo rm ance in d ex  

i s  g iv e n  w hich can be u sed  when c o n d itio n in g  i s  a  problem .



CHAPTER 4

DISCUSSION AND CONCLUSIONS
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1 .1  SYSTEMS WITHOUT MSASUREMSNT ITOISE

A m ethod has been  p r e s e n te d  to  i d e n t i f y  th e  p a r t i a l  d i f f e r e n t i a l  

e q u a tio n  and th e  a s s o c ia te d  boundary c o n d it io n s  d e s c r ib in g  a  d i s t r i b u t e d  

p a ra m e te r  sy stem . The m ethod r e q u ir e s  t h a t  th e  form o f  th e  p a r t i a l  

d i f f e r e n t i a l  e q u a tio n  and th e  boundary  c o n d it io n s  be known up to  a s e t  

o f  c o n s ta n t  p a ra m e te rs  w hich a re  t o  be  d e te rm in ed . When th e  p r e c i s e ,  

form  o f  th e  e q u a t io n  i s  n o t  known a p r i o r i ,  ex tra n eo u s  te rm s may be 

in c lu d e d . I t  i s  shown in  Appendix C t h a t  th e  c o e f f i c i e n t s  o f  ex tra n eo u s  

te rm s a re  i d e n t i f i e d  as ze ro es  i f  th e r e  i s  no ap p ro x im atio n  e r r o r  o r  ■ 

m easurem ent n o is e .  VThen m easurem ent n o is e  and ap p ro x im atio n  e r r o r  a re  ' 

sm a ll th e  i d e n t i f i c a t i o n  te c h n iq u e  y ie ld s  n e g l ig ib l e  v a lu e s  f o r  th e  

c o e f f i c i e n t s  o f  e x tra n e o u s  te rm s . An i d e n ti f i a b i I i t y  c o n d i t io n  i s  a l s o  

g iv e n .

The i d e n t i f i c a t i o n  p ro c e d u re  makes use o f  f i n i t e  d i f f e r e n c e s  to  

app ro x im ate  th e  d e r iv a t iv e s  a t  s p e c i f i e d  p o in t s  in  tim e and sp ace . In  

o r d e r  t o  i d e n t i f y  th e  c o e f f i c i e n t s  o f  a  p a r t i a l  d i f f e r e n t i a l  e q u a t io n , 

a  Imowledge o f  th e  a s s o c ia te d  boundary  c o n d it io n s  i s  n o t n e c e s s a ry . 

'S im i l a r ly ,  in  o rd e r  t o  i d e n t i f y  th e  c o e f f i c i e n t s  in  th e  boundary  c o n d itio n s  

a  know ledge o f  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  i s  n o t n e c e s s a ry . The 

i d e n t i f i c a t i o n  scheme can b e  u sed  t o  i d e n t i f y  th e  d i f f e r e n t i a l  e q u a tio n  

and th e  boundary  c o n d itio n s  s im u lta n e o u s ly . The i d e n t i f i c a t i o n  scheme 

r e q u i r e s  no rm al o p e ra t in g  d a ta  an d 'can  be u sed  fo r  o n - l in e  i d e n t i f i c a t i o n .  •

I t  i s  n e c e s s a ry  t o  have dynam ics w ith  r e s p e c t  to  a l l  s p a t i a l  v a r ia b le s  

t o  make a  com plete  i d e n t i f i c a t i o n  o f  th e  p a r t i a l -  d i f f e r e n t i a l  e q u a tio n .
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I f  th e r e  w ere no dynam ics w ith  r e s p e c t  t o  one o f  th e  s p a t i a l  v a r ia b le s *  

say  x , a l l  te rm s c o n ta in in g  d e r iv a t iv e s  o f  th e  s t a t e  v a r ia b le  w ith  

r e s p e c t  t o  x w ould v a n ish . Under th e s e  c irc u m stan c es  i t  w ould be 

im p o ss ib le  t o  i d e n t i f y  unknown c o n s ta n ts  a s s o c ia te d  w ith  th e s e  te rm s .

A pproxim ation  o f  p a r t i a l  d e r iv a t iv e s  by f i n i t e  d i f f e r e n c e s  i n t r o ­

duces l i m i t s  on th e  accu racy  o f  th e  i d e n t i f i c a t i o n .  T his l i m i t a t i o n  is  

a l s o  e n c o u n te re d  in  n u m e ric a l s o lu t io n  o f  p a r t i a l  d i f f e r e n t i a l  eq u a tio n s  

by f i n i t e  d i f f e r e n c e s .  In  b o th  p roblem s th e  accu racy  o f  th e  f i n i t e  

d i f f e r e n c e  fo rm ulae  i s  im proved in  th r e e  ways. (T) R ed u c tio n  o f  

d i s c r e t i z a t i o n  i n t e r v a l ,  (2 ) u se  o f  h ig h e r  o rd e r  ap p ro x im atio n s fo r  

d e r iv a t iv e s ,  and (3 ) use  o f  h ig h  accu racy  fo rm u lae . S in c e  th e  n u m e ric a l 

s o lu t io n  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  a re  s e q u e n t ia l  o r  r e c u r s iv e  

in  n a t u r e , s t a b i l i t y  o f  th e  fo rm ulae u se d  f o r  ap p ro x im a tin g th e  system  

e q u a tio n s  i s  n e c e s s a ry . T his s t a b i l i t y  req u ire m en t ru le s  o u t th e  use 

o f  some d i f f e r e n c e  fo rm ulae  f o r  n u m e ric a l s o lu t io n  o f  p a r t i a l  d i f f e r ­

e n t i a l  e q u a t io n s .  S ince  th e  i d e n t i f i c a t i o n  schemes p r e s e n te d  h e re  i s  a 

s in g le  s ta g e  p r o c e s s , s t a b i l i t y  i s  o f  no concern  and some o f  th e s e  very  

h ig h  accu racy  form ulae' can be em ployed a d v a n ta g e o u s ly .

E x p e rim en ta l r e s u l t s  f o r  i d e n t i f i c a t i o n  o f  l i n e a r  and n o n lin e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  and boundary  c o n d itio n s  w ere o b ta in e d  

u s in g  d i g i t a l  com puter s im u la t io n s .  The r e s u l t s  a re  f a v o ra b le .  An 

ex am in a tio n  o f  th e  e x p e r im e n ta l r e s u l t s  p r e s e n te d  in  C h ap te r 2 r e v e a ls  

t h a t  th e  ap p ro x im atio n  e r r o r  i s  in c re a s e d  when th e  r a t e  o f  change o f  

th e  . s t a t e  v a r ia b le  w ith  r e s p e c t  to  tim e o r  sp ace  i s  e i t h e r  v e ry  la rg e



117

o r  v ery  s m a ll .  A p o s s ib le  m ethod f o r  red u c in g  t h i s  e f f e c t  i s  an a d a p tiv e  

i d e n t i f i c a t i o n .  . That i s ,  sam ple th e  m easurem ents a t  a h ig h  r a t e  and 

p e rfo rm  th e  i d e n t i f i c a t i o n  o n ly  a f t e r  th e  .change o f  s t a t e  v a r ia b le  l i e s  

w ith in  d e te rm in ed  bounds. This w o u ld .te n d  to  e l im in a te  d a ta  ta k e n  in  

re g io n s  where th e  r e s u l t s  a re  known to  b e  p o o r.

■h .2  SYSTEMS WITH MEASUREMENT NOISE

The i d e n t i f i c a t i o n  o f  unknown c o e f f i c i e n t s  when th e  m easurem ents o f  

th e  s t a t e  v a r ia b le s  a re  c o r ru p te d  by n o is e  has been  d is c u s s e d . The 

m easurem ents a re  sam pled a t  a  p red e te rm in ed  r a t e  as r e q u ir e d  f o r  th e  

f i n i t e  d i f f e r e n c e  fo rm u lae . The n o is e  p ro d u ced  by th e  t r a n s d u c e r s  i s  

■ assumed t o  be s ta t io n a r y  and unc o r r e la te d .  F u rth e rm o re , th e  n o is e  

in t ro d u c e d  in  th e  sam ples f o r  a  g iven  t r a n s d u c e r  a re  a l s o  assumed to  be . 

s t a t i s t i c a l l y  in d e p e n d e n t.

The m easurem ent n o is e  • in t ro d u c e s  random ness in  th e  i d e n t i f i c a t i o n  

p ro c e s s .  C o n seq u en tly , an e s t im a te  o f  th e  unknown p a ra m e te rs  i s  made.

Of th e  c l a s s i c a l  e s t im a to rs  th e  l e a s t  sq u a re s  e s t im a to r  was found to  be 

b e s t  s u i t e d  f o r  th e  p rob lem . The o th e r  schemes w ere' e l im in a te d  because  

th e y  r e q u i r e  an a p r i o r i  know ledge o f  th e  s t a t i s t i c s  o f  th e  n o is e  v e c to r .  

I t  i s  e x p la in e d  why th e  n o is e  v e c to r  s t a t i s t i c s  a re  very  d i f f i c u l t  t o  

f in d  even when th e  s t a t i s t i c s  o f  th e  m easurem ent n o is e  a r e  a v a i la b le .

The l e a s t  sq u a re s  e s t im a to r  r e q u ir e s  no know ledge o f  th e  n o is e  v e c to r  

s t a t i s t i c s .  However, when th e  mean and v a r ia n c e  o f  th e  m easurem ent . 

n o is e  a re  a v a i l a b l e ,  a  m o d if ie d  l e a s t  sq u a re s  e s t im a to r  can be a p p lie d  

t o  l i n e a r  sy stem s . The convergence o f  th e  tw o e s t im a to rs  i s  com pared.
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and th e  acc u racy  o f  th e  m o d if ie d  scheme i s  shown t o  g e n e ra l ly  he s u p e r io r .  

S im ple a v e ra g in g  i s  a lso  c o n s id e re d  b ecau se  few er c a lc u la t io n s  a re  

r e q u i r e d  th a n  f o r  th e  o th e r  e s t im a to r s .  However, th e  s im u la tio n  r e s u l t s
I

show t h a t  th e  acc u racy  o b ta in e d  by a v e ra g in g  i s  g e n e r a l ly  i n f e r i o r .  The • 

l e a s t  sq u a re s  e s t im a to r  can be u sed  to  i d e n t i f y  p a r t i a l  d i f f e r e n t i a l  

e q u a tio n s  w hich  a re  n o n l in e a r  in  th e  s t a t e  v a r ia b le .  The accu racy  o f  

t h e  e s t im a t io n  can be  e x p e c te d  to  be p o o re r  th a n  th a t  o b ta in e d  in  

l i n e a r  sy s te m s . F u r th e rm o re , th e  a p p l ic a t io n  o f  th e  m o d if ie d  l e a s t  

sq u a re s  e s t im a to r  t o  th e  n o n l in e a r  p rob lem  i s  o f  q u e s t io n a b le  v a lu e .

. The e r r o r s  in  th e  i d e n t i f i c a t i o n  r e s u l t i n g  from m easurem ent n o is e  

a re  much l a r g e r  th a n  th o se  o r ig i n a t i n g  from  f i n i t e  d i f f e r e n c e  approx­

im a tio n s . The u se  o f  h ig h e r  o r d e r , ^app ro x im atio n s f o r  d e r iv a t iv e s  

d e c re a se s  th e  f i n i t e  d i f f e r e n c e  e r r o r .  However, th e  h ig h e r  o rd e r  

ap p ro x im atio n s  r e q u i r e  a d d i t io n a l  m easurem ents o f  th e  s t a t e  v a r ia b le  and 

a d d i t io n a l  te rm s a re  in t ro d u c e d  in t o  th e  e x p re s s io n s  f o r  m easurem ent 

n o is e .  As a  r e s u l t ,  th e  e r r o r s  due to  m easurem ent n o is e  a r e  in c re a s e d .

I t  sh o u ld  be  p o in te d  o u t' t h a t  t h i s  c h a r a c t e r i s t i c  o f  th e  e s t im a tio n  

i s  ad v an tag eo u s . F in i t e  d i f f e r e n c e  e q u a tio n s  w ith  low o rd e r  ap p ro x i­

m a tio n s  r e q u i r e  few er m easurem ents o f  th e  s t a t e  v a r ia b le  a n d , ' h e n c e , 

th e  number o f  m easurem ent tr a n s d u c e r s  i s  k e p t  t o  a minimum.

A m ethod f o r  m in im iz in g  th e  combined e f f e c t  o f  e r r o r s  due t o  f i n i t e  

■ d i f f e r e n c e  ap p ro x im atio n  and m easurem ent n o is e  i s  p r e s e n te d .  ' The o p tim a l 

com bination  o f  in c re m e n ts  in  tim e  and sp ace  i s  d e te rm in ed  by m in im izing  

a  p erfo rm an ce  in d e x  w ith  r e s p e c t  to  th e s e  q u a n t i t i e s .  The s p a t i a l  and
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tem p o ra l in c re m en ts  have an u p p er c o n s t r a i n t  o f  u n ity  and lo w er bounds 

e s t a b l i s h e d  by p h y s ic a l  c o n s id e r a t io n s ,  H ences th e  p erfo rm ance  in d e x  

m in im iz a tio n  f i t s  in to  th e  g e n e ra l  p rob lem  o f  n o n l in e a r  program m ing.

The te c h n iq u e  i s  d ev e lo p ed  f o r  l i n e a r  system s and i s  p o o r ly  s u i t e d  fo r  

n o n l in e a r  sy s tem s . The a p p l ic a t io n  to  l i n e a r  system s i s  d em o n stra ted . 

The p ro p o sed  i d e n t i f i c a t i o n  re q u ire s  th e  c a lc u la t io n  o f  th e  in v e rs e  

o f  a  sq u a re  m a tr ix .  I t  i s  shown t h a t  th e  m a tr ix  may"' be i l l - c o n d i t i o n e d  

w ith  r e s p e c t  t o  in v e r s io n .  The b e s t  way t o  av o id  i l l - c o n d i t i o n i n g  is  to  

s e p a ra te  th e  m easurem ents in  tim e  and sp ace  when g e n e ra t in g  th e  hows o f
A A

H- and g_. This , how ever, i s  n o t  alw ays p o s s ib le  so m ethods o f  d e te c t in g  

i 11"cond i t i &Bed m a tr ic e s  a re  p r e s e n te d .  No problem s a s s o c ia te d  w ith  

i l l - c o n d i t i o n i n g  w ere o b se rv e d  in  th e  d i g i t a l  com puter s im u la t io n s .  

H owever, a  te c h n iq u e  i s  g iv en  t o  im prove th e  accu racy  o f  e s t im a t io n  when 

th e  e f f e c t s  o f  i l l - c o n d i t i o n i n g  a re  s i g n i f i c a n t .
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5.1  ESTIMATION OF PARAMETERS WHICH CHMGE WITH- TIME M D /OH SPACE

In  th e  absence  o f  m easurem ent n o is e  th e  v e c to r  o f  unknown p a ram ete rs  

£  can be c a l c u la te d  d i r e c t l y  from e q u a tio n  ( 3 .9 ) .  I h i s  c a l c u la t io n  i s  

com plete  a t  each  s ta g e  and does n o t r e q u i r e  any know ledge o f  th e  

r e s u l t s  o f  c a l c u la t io n s  made a t  o th e r  s t a g e s .  As a  r e s u l t  th e  unknown - 

p a ra m e te rs  can be i d e n t i f i e d  when th e y  a re  chang ing  v ery  s lo w ly  w ith  

r e s p e c t  to  tim e  a n d /o r  sp a c e . In  o th e r  w o rd s , no s i g n i f i c a n t  e r r o r  is  

in t ro d u c e d  when th e  p a ra m e te r  change i s  n e g l ig ib l e  o ver th e  tim e  o r  

s p a t i a l  i n t e r v a l  r e q u ir e d  fo r  c a l c u la t io n  o f  th e  f i n i t e  d i f f e r e n c e  

e q u a tio n s  a t  each s ta g e .

When m easurem ent n o is e  i s  p r e s e n t ,  th e  l e a s t  sq u a re s  e s t im a to r  o f  

C h ap te r 3 can be  u sed  t o  e s t im a te  th e  unknown p a ra m e te rs . The d is c u s s io n  

o f  th e  convergence o f  t h i s  e s t im a to r  a p p l ie s  t o  th e  case w here £  i s  a  

c o n s ta n t .  H owever, i f  £  i s  changing  v ery  s lo w ly , th e  e s t im a t io n  can be 

r e s t a r t e d  a f t e r  a  s p e c i f i e d  number o f s t a g e s .  This approach  has s e r io u s  

• l i m i t a t i o n s  in  t h a t  th e  e s t im a te d  v a lu e  o f  th e  p a ra m e te r  r e p r e s e n ts  an 

"a v e ra g e "  o v e r  th e  e s t im a t io n  i n t e r v a l .  Thus th e  change from  s ta g e  to  

s ta g e  i s  m asked by th e  c a l c u la t io n .

An app roach  w hich  i s  more s e n s i t i v e  to  th e  change in  th e  p a ram ete rs  

from s ta g e  t o  s ta g e  i s  much more p r e f e r a b l e .  One such  scheme re q u ir e s  

a  know ledge o f  th e  n a tu r e  o f ,  th e  change o c c u rr in g  in  th e  unlmown 

p a ra m e te rs .  Aoki [22 ] d is c u s s e s  th e  case  w here th e  v e c to r  c^ s a t i s f i e s  

th e  d i f f e r e n c e  e q u a tio n

■=k 'k -1 —fc-1 k = I ,  2 ,  . . .  , S ( 5 . D
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w ith  4» b e in g  a known NxTT n o n s in g u la r  m a tr ix .  Even though  th e  r e l a t i o n ­

s h ip  betw een and c^. ^ i s  known from s ta g e  t o  s t a g e ,  t h e r e i . i s n o ;way 

o f  o b ta in in g  e x a c t ly  a t  any g iv e n  s ta g e .  T h e re fo re , some type  o f

e s t im a t io n  i s  r e q u i r e d .  The l e a s t  sq u a re s  e s t im a to r ,  a c c o rd in g  to  A ok i, 

i s  g iv e n  by th e  e x p re s s io n

0S - I i B - I + P s % ( S e %s*s.• I i S -1 (5 .2 )

where

-  *'8-1 * i - l  + W s (5 .3 )

N o tic e  t h a t  e q u a tio n  (A .8) i s  a  s p e c ia l  case  o f  (5 .2 )  r e s u l t i n g  when 0^ 

i s  t h e  i d e n t i t y  m a tr ix .

T his s t i l l  le a v e s  th e  v ery  im p o rta n t case  w here 0^ in  e q u a tio n  (5 .1 )  

i s  n o t known a p r i o r i .  Such a  p rob lem  r e p r e s e n ts  one d i r e c t i o n  o f  

i n v e s t ig a t io n  w hich  to  d a te  has n o t been  s o lv e d .

5 .2  IDENTIFICATION OE THE INTEGRAL EQUATIONS

T his t h e s i s  d e a ls  w ith  th e  i d e n t i f i c a t i o n  o f  th e  d i f f e r e n t i a l  

e q u a tio n s  c h a r a c te r i z in g  a  sy s tem , as have in v e s t ig a t io n s  by o th e r  

a u th o rs  [9$ 1 0 ,  1 1 , 1 3 ] . F re q u e n tly , how ever, i t  i s  m a th e m a tic a lly  

s im p l e r . to  work w ith  th e  i n t e g r a l  e q u a tio n s  v ic e  th e  d i f f e r e n t i a l ,  

e q u a t io n s .  T his i s  p a r t i c u l a r l y  t r u e  when f in d in g  th e  optimum c o n t ro l ­

l e r  in  an a d a p tiv e  sy stem .

In  o rd e r  t o  r e p r e s e n t  a  system  by an in t e g r a l  e q u a t io n ,  i t  i s  

n e c e s s a ry  t o  know i t s .  G re e n 's  fu n c tio n .  The G re e n 's  fu n c tio n  can be 

d e r iv e d  when th e  sy stem  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  and a s s o c ia t e d .



boundary  c o n d it io n s  a re  co m p le te ly  s p e c i f i e d .  U n fo r tu n a te ly ,  t h i s  i s  

r a r e f y  an easy  ta s k .  I t  i s ,  t h e r e f o r e ,  much more p r e f e r a b le  to  o b ta in  

th e  G re e n 's  fu n c tio n  d i r e c t l y  u s in g  norm al o p e ra t in g  d a ta .  Much work- • 

has been done in  th e  i d e n t i f i c a t i o n  o f  th e  G re e n 's  (w e ig h tin g  fu n c tio n )  

fu n c t io n  in  lum ped sy s te m s . However, th e  a u th o r  i s  n o t aware o f  any 

s tu d ie s  o f  t h i s  ty p e  h av in g  been  com pleted  f o r  d i s t r i b u t e d  sy stem s.

5 . 3  ESTIMATION OF PARAMETERS WHEN TRANSDUCER NOISE IS CORRELATED MD/OR 

NONSTATIONAHY

The e s t im a t io n  o f  p a ra m e te rs  in  th e  p re se n c e  o f  n o is e  p re s e n te d  in  

t h i s  t h e s i s  i s  b a se d  upon th e  v a l i d i t y  o f  assum ptions ( 3a) th ro u g h  

(3 d ) .  These c o n d itio n s  p re c lu d e  th e  use  o f  s e t s  o f  random sam ples 

w hich a re  n o t in d e p e n d e n t. T his dependent s i t u a t i o n  a r i s e s  when th e  

n o is e  g e n e ra te d  by d i f f e r e n t  t r a n s d u c e r s  i s  c o r r e l a te d  a n d /o r  when th e  

sam ples - fo r  a  t r a n s d u c e r  a re  n o t  s e p a ra te d  s u f f i c i e n t l y  in  tim e . .

The d e r iv a t io n  o f  th e  l e a s t  sq u a res  e s t im a to r  r e q u ir e s  no c o n d itio n s  

ab o u t th e  independence  o f  th e  n o is e .  H ence, th e  l e a s t  sq u a re s  

e s t im a to r  can be  a p p l ie d  t o  th e  e s t im a tio n  o f  p a ram ete rs  when th e  

sam ples a re  c o r r e l a t e d .  However, th e  e s t im a t io n  e r r o r  w i l l  p ro b ab ly  be 

l a r g e r  th a n  t h a t  en c o u n te re d  in  th e  u n c o r r e la te d  c a se . I f  s u f f i c i e n t  

in fo rm a tio n  co n ce rn in g  th e  dependence o f  th e  m easurem ent n o is e  i s  

a v a i l a b l e ,  an approach  s im i l a r  t o  t h a t  p r e s e n te d  in  C h ap te r 3 m ight be 

u sed  to  o b ta in  a  m o d ified  l e a s t  sq u a res  e s t im a to r .

The assum ptions p r e s e n te d  in  su b se c tio n  3 .1 .1  a ls o  e l im in a te d  th e  

ca se  where th e  s t a t i s t i c s  o f  n o is e  g e n e ra te d  by th e  t r a n s d u c e r s  i s

123
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chang ing  w ith  tim e . H ere a g a in , th e  l e a s t  sq u a res  e s t im a to r  can be 

a p p l ie d ,  b u t  th e  ac c u ra c y  o f  th e  e s t im a t io n  i s  in  do u b t. As w ith  th e  

u n c o r r e la te d  n o is e  much work rem ains t o  be done when th e  n o is e  i s  

n o n s ta t io n a r y .

5 .k  SENSITIVITY

E rro rs  due t o  f i n i t e  d i f f e r e n c e  ap p ro x im atio n s and m easurem ent 

n o is e  a re  alw ays p r e s e n t  in  th e  p ro p o sed  i d e n t i f i c a t i o n  schem e. This 

i s  t r u e  even though  th e  com bined e f f e c t  o f  th e s e  e r r o r s  can b e  reduced  

by p ro p e r  s e l e c t i o n  o f  th e  in c re m en ts  in  tim e  and sp a c e . W ith t h i s  in  

mind ,c o n s id e r  th e  p rob lem  o f  d e te rm in in g  th e  e r r o r s  in c u r r e d  in  th e  

unknown p a ra m e te r  v e c to r  _c when in fo rm a tio n  co n ce rn in g  e r r o r s  due to  

f i n i t e  d i f f e r e n c e  ap p ro x im atio n s  and m easurem ent n o is e  i s ' a v a i la b le .

The s e n s i t i v i t y  p rob lem  has been to u ch ed  on b r i e f l y  in  t h i s  t h e s i s .  

An e x p l i c i t  e x p re s s io n  f o r  th e  e r r o r  in  _c un d er th e  r e s t r i c t i o n  t h a t  

th e  e lem en ts  o f  H and a re  l i n e a r  p a r t i a l  d e r iv a t iv e s  i s  g iv en  by 

e q u a tio n  ( 3 .2 2 ) .  As was s t a t e d  in  s e c t io n  ( 3 .5 ) ,  when i s  i l l -  

c o n d it io n e d  th e  e r r o r s  p r e s e n t  in  a re  g r e a t ly  e x a g g e ra te d  in  th e  

c a l c u la t io n  o f  th e  in v e r s e .  T hus, Ac .̂ in  e q u a tio n  (3 .2 2 )  depends on 

th e  c o n d i t io n in g  o f  i n  a d d i t io n  t o  f i n i t e ,  d if f e r e n c e  ap p ro x im atio n  

and m easurem ent n o is e .

I d e a l l y ,  s e n s i t i v i t y  s ta te m e n ts  can be  made a p r io r i  by  a p p ly in g  

o n ly  a n a l y t i c  m ethods. T h is p ro v id e s  c o n s id e ra b le  i n s ig h t  in to  th e  

p rob lem  w ith o u t p e rfo rm in g  ex p en siv e  ex p erim en ts  on th e  p h y s ic a l  system .



125

In  th e  p ro p o sed  i d e n t i f i c a t i o n  te c h n iq u e  c o n s id e ra b le  -work rem ains to  

he  done in  t h i s  a re a .  F or exam ple, s e n s i t i v i t y  t o  th e  t r a n s i t i o n  from 

th e  co n tin u o u s  t o  th e  d i s c r e t e  m a th em a tic a l m odel must be in v e s t ig a t e d  

f u r th e r .  A ccord ing  t o  Tom ovic• [28 ] t h i s  p rob lem  i s  as y e t  u n so lv ed  

f o r  th e  g e n e ra l  c a se .

When more th a n  one c o n s ta n t  i s  i d e n t i f i e d ,  some o f  th e s e  p a ra m e te rs  

a re  more s e n s i t i v e  t o  e r r o r s  th a n  - 'o th e r s .  An example o f  t h i s  may be 

seen  by r e tu r n in g  t o  th e  i d e n t i f i c a t i o n  o f  c^ and c^ in  th e  n o n lin e a r  

exam ple. In  F ig u re  2 .9  th e  f i n i t e  d i f f e r e n c e  e r r o r s  had  l i t t l e , e f f e c t  

on c^ when t  was g r e a t e r  th a n  0 . It ,u n i ts ,  c ^ ,  on th e  o th e r  h and , had 

d e te c ta b le  e r r o r s  o v e r th e  same ra n g e . A s e n s i t i v i t y  s tu d y  m ight 

r e v e a l  why c^ i s  more s e n s i t i v e  to  e r r o r s .

U n t i l  i t  i s  p o s s ib le  t o  conduct an a n a ly t ic  s e n s i t i v i t y  a n a l y s i s , 

an a l t e r n a t e  s tu d y  m ight p ro v id e  w o rth w h ile  in fo rm a tio n . C onsider 

t h e  e r r o r  in  c when and a re  s c a l a r  w ith  l i n e a r  p a r t i a l  d e r i ­

v a t iv e s .  The e r r o r  r e s u l t i n g  from e r r o r s  i n  h, and g w ere g iven  by. 

e q u a t io n  (3 .9 0 ) ’. The p ro p o se d  stu d y  in v o lv e s  a  d i g i t a l  com puter 

s im u la tio n  s im i l a r  t o  th o s e  u sed  in  C h ap te r 3.

A f te r  th e  m easurem ent n o is e  w ith  a known mean and v a r ia n c e  has been

added t o  c a lc u la t io n s  o f  th e  s t a t e  v a r i a b l e , Ac^ f o r  s e v e r a l  s ta g e s  i s

c a lc u la te d  u s in g  e q u a tio n  ( 3 .9 0 ) .  The r e s u l t s  o f  t h i s  c a lc u la t io n :  w i l l

have a  random ness due to  th e  m easurem ent n o is e .  P lo t  th e  Ac. on a' k

r e l a t i v e  freq u en cy  h is to g ra m . • The r e s u l t i n g  p l o t  has some av erag e  

v a lu e  and d is p e r s io n .  Wow, by chang ing  th e  mean and v a r ia n c e  o f  th e
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m easurem ent n o is e  and c a lc u la t in g  a n o th e r  h is to g ra m  o f  A c^9 

com parison o f  th e  av erag e  v a lu e  and d is p e r s io n  can be made, 

su ch  s tu d ie s  m ig h t p ro v id e  in s ig h t  in to  how th e  e r r o r s  i n  c 

r e l a t e d  to  th e  e r r o r s  i n  h^ and g^.

a

S e v e ra l

a re
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A. I  LEAST SQUARES ESTIMATOR MD MODIFIED LEAST SQUARES ESTIMATOR

The l e a s t  sq u a re s  e s t im a to r  f o r  th e  s c a l a r  case -was p re s e n te d  in  

s u b s e c tio n  3 .2 .5 .  This s e c t io n  o f  th e  appendix  i s  dev o ted  t o  th e  

developm ent o f  th e  l e a s t  sq u a re s  e s t im a to r  in  th e  m a tr ix  c a se . The 

p rob lem  s ta te m e n t o f  s u b s e c tio n  3 .2 .1  i s  s t i l l  a p p l ic a b le - a s  i s  th e  

g e n e ra l  m a th em a tic a l model p r e s e n te d  in  s u b se c tio n  3 .2 .3 .  S in ce  th e  

developm ent c lo s e ly ,  p a r a l l e l s  t h a t  p r e s e n te d  in  s u b s e c tio n  3 .2 .5 »  th e  

d is c u s s io n  i s  n o t  d e t a i l e d .

The l e a s t  sq u a re s  e s t im a to r  i s  found by m in im iz ing  th e  perform ance 

in d e x  J g Cj;) w ith  r e s p e c t  t o  C. The perfo rm an ce  in d ex  i s  g iven  by

Js U )
J i 1 |B>

S l t II:
(A .I )

w here

IlSitI-^M : (HltI - S 1Z vltM - J y (A. 2)

and i s  a  p o s i t i v e  d e f i n i t e  sym m etric m a tr ix .  In c re a s in g  th e  m agnitude

o f  th e  e lem en ts  o f  V te n d s  t o  make th e  e s t im a to r  s e t t l e  down w ith  few erk

e s t im a te s .  H owever, f o rc in g  th e  e s t im a to r  t o  reach  a  s te a d y  s ta te - /v a lu e  

to o ,ra p id ly  may r e s u l t  in  a  g r e a t e r  e r r o r .

T ak ing  th e  d e r iv a tiv e s -  o f  e q u a tio n  ( A .l )  w ith  .re sp e c t t o  g iv e s

S .
2[ % H X H  ]£_ -  2

k = l k k * k = l

s ; A

w here J  i s  d e f in e d  
D s

r
3^2

(A .3)

(A.U)
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L et eg d en o te  th e  v a lu e  o f  £  w hich m in im izes J g C^). S in ce  th e  extremum 

o f  J g o ccu rs  when (A .3) i s  s e t  e q u a l t o  z e r o ,  c* i s  g iv e n  by

S .  
E

Jk = l
S  -  p S. L

(A .5)

w h e r e  P g  i s  d e f i n e d  b̂ /- t h e  e q u a t i o n

pS1 ■ J 15T A

P £ l + 5 S vS i=S

(A.6)

(A. 7)

The e s t im a te  a t  s ta g e  S can be  e x p re s se d  in  te rm s o f  th e  e s t im a te  . 

o f  s ta g e  S - I . T h is i s  done by f i r s t  n o t in g  e q u a tio n  (A .5) can be 

e x p re s se d

S—I

^  = pS f J 1 V i A  + 5 s'vs % l

T h e f i r s t  t e r m  i n  t h e  b r a c k e t s  i s  now  m u l t i p l i e d  b y  P " 1  ̂ P  = I ,  w i t hD-I  D—I
I  d e n o t i n g  t h e  i d e n t i t y  m a t r i x ,  t o  g e t

pŜ -pS -I  ps - i  / ;  "Vk^kJZrzJ-
s E1 SvX i ,  + 5SvS i 1

F in a l ly  s u b s t i t u t i n g  f o r  Pg from e q u a tio n  (A .7) and th e n  making u se  o f  

e q u a tio n  (A .5) y i e l d s  th e  l e a s t  sq u a re s  e s t im a to r

- 5
P0 [(P c.1 -  HfV0H0 )?S 'S iiS y" S - I  . \  HkVV k  + p SvS5 S I

k = l

pS t^ V i  -  5 s W § - i  +  5 ^ i 1

—*S—I  + p Sh S vS 1̂s S ~ h Ss S - I ? (A. 8)
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The convergence o f  th e  l e a s t  sq u a re s  e s t im a to r  i s  now c o n s id e re d . 

S u b s t i t u t in g  f o r  in  e q u a tio n  (A .5) from e q u a tio n  (3 .1 3 )  r e s u l t s  in

th e  e x p re s s io n

( A. 9)

R ep lac in g  Cfc in  e q u a tio n  (A .9) w ith  e q u a tio n  (3 .2 0 )  and r e c a l l i n g  th e
At

d e f in i t i o n  o f  one g e ts

s g -  Fs  , h  1W V s ♦ Ask )
k = l

.  S
= c + P „. Z 

k = lz. ' - S ' % % B k  ASt

When e q u a tio n  (3 .2 2 )  i s  s u b s t i t u t e d  f o r  Ac^

.  S .
c |  = c + Pg Z H'Vk ([O (Sfe) + n (g k ) ] -  [O(Hfc) + H(Hfc) M  

k = l

(A .10)

( A . l l )

I f  th e  f i n i t e  d i f f e r e n c e  e x p re s s io n s  u se d  to  ap p rox im ate  th e  e lem ents 

o f  Hfc and Jgfc have no common p o i n t s ,  U(Hfc) a n d Pi(Sfc) a re  s t a t i s t i c a l l y  

in d e p en d en t • T/7hen th e  t r a n s d u c e r  n o is e  has ze ro  mean, th e  te c h n iq u e s

o f  s u b s e c tio n  3 .2 .6  can be u se d  to  show 

S _

:  t  - s .k = l .
(A .12)

% % ° ( H , ) c  = 0
k = l (A .13)
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and

S
Z

k = lW (H k = l
(A. lit)

w ith  0_ b e in g  d e f in e d  as an Nxl n u l l  v e c to r .  B ased upon th e  r e s u l t s  o f  

ap p ro x im atio n s  (A .1 2 ) ,  (A. 13) and fA.lU):,- e q u a tio n  (A. 11 ) can be 

app rox im ated  by th e  e x p re s s io n

J=T = £ -  Pg0-S= (A. 15)

where

S .

9S = J 1ntiV ' W  <A- 16>k—I

When Qg i s  a p p ro x im a te d , i t s  e lem en ts  a re  fu n c tio n s  o f  th e  t r a n s d u c e r  

v a r ia n c e .  T his i s  i l l u s t r a t e d  by th e  exam ple 3 .4 .3 .1 .  By l e t t i n g  

deno te  th e  app rox im ated  v a lu e  o f  Qg, th e  fo llo w in g  m o d ifie d  l e a s t  

sq u a re s  e s t im a to r  i s  o b ta in e d

c**= c*-+ P-Q-CS S-S- I (A .1 7 ).

where

c** = 0 .  . (A .l8 )

When th e  t r a n s d u c e r  means a re  n o t zero  an exam ination  o f  e q u a tio n  

(A .11) shows t h a t  a l l  th e  te rm s c o n ta in in g  n(H^) and n (g ^ ) c o n tr ib u te  

t o  th e  e r r o r  te rm . However, when th e  means a re  known, th e  l e a s t  

sq u a re s  e s t im a to r  may be  r e w r i t t e n  as fo llo w s to  com pensate f o r  th e

' n o n ze ro  mean.
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L et

E fn (L 1 1 ) ]  . EfnCh12)]  . . .  E fn fh 33)]  

E fn fh 1 2 ) ]

r =

E fn C h ^ ) ]  . . .  EfnChm )]

= Efn(Hk )-] ' (A. 19)

and

§_ = (E fn fg 1 ) I EfnCg2 ) ] . . .  E fnfg3 ) ]  ] '

= E fn C ^ .)]  C A. 20)

N ext d e f in e  th e  p e rfo rm an ce  m easure "by th e  equation"

s
~  ~ (%. - '5) I Iy

k=l k ( A.21)

This in d e x  o f  p erfo rm an ce  can he m inim ized  w ith  r e s p e c t  to  w ith  th e
O

same s te p s  u se d  p re v io u s ly  fo r  JgC^,). I f  c^ deno tes th e  v a lu e  o f

w hich m in im izes J  ( C ), th e nb —
S -

c« = (Ji  - r)'Vk( ^ -  y  ■ ■ (A.22)

w ith

^r1 = - r) (A .23)
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The r e c u r s iv e  e s t im a to r  f o r  i s  g iv en  "by

j g  = 4 - 1  + %  -  D  -  (Bg - (A. 21+)

When th e  e r r o r  te rm  f o r  C  ̂ i s  ap p ro x im ate d , th e  e x p re s s io n  i s  id e n t i c a l  

to  t h a t  o b ta in e d  f o r  cjf when th e  t r a n s d u c e r s  have zero  mean.

A .2 ALTERNATE RECURSIVE FORM OF THE LEAST SQUARES ESTIMATOR

When th e  l e a s t  sq u a re s  e s t im a te  i s  a c tu a l ly  com puted, a  r e c u r s iv e  

form  o f  th e  e s t im a to r  i s  n o rm a lly  u sed . T h is makes i t  p o s s ib le  to  have 

an u p d a te d  e s t im a te  a t  each  s ta g e  w hich u t i l i z e s  a l l  th e  p a s t  in f o r ­

m a tio n . F u rth e rm o re , a  r e c o rd  o f  th e  e s t im a te  from s ta g e  to  s ta g e  

i n d i c a te s  t r e n d s  in  th e  d a t a ,  such  as th e  r a t e  a t  w hich th e  e s tim a te  

i s  re a c h in g  a s t e a d y - s ta t e  v a lu e .

The r e c u r s iv e  form o f  th e  e s t im a to r  p re s e n te d  by most a u th o rs  i s  

g iv e n  by e q u a tio n  (A .8 ) . However, th e  a u th o r  o f  t h i s  t h e s i s  p roposes 

a n o th e r  r e c u r s iv e  e s t im a to r  w hich r e q u ir e s  few er com pu ta tions th a n  does 

e q u a t io n  (A .8 ) .

-T his e s t im a to r  is  o b ta in e d  by f i r s t  d e f in in g  C, t o  be 

h  = J j 1 Hk Vk %  (A .25)

-% -!  + hSvSs S ' (A .26)

When C0 i s  s u b s t i t u t e d  in to  e q u a tio n  (A .5) th e  r e c u r s iv e  e s t im a to r  

i s  g iv en  by

pS-^es S (A .27)



Number o f  Times O p era tio n  i s  P erform ed

M atrix  O p era tio n E q u a tion ( A .8) E qu a tio n  (A .27)

I n v e r t  NxN I I

T ranspose  NxN I I

M ult, two WxW 3 2

M ult. NxN & N xl 2 2

Add two NxN I I

Add two N xl 2 I  ■

F ig u re  A.I  Comparison o f  number o f  o p e ra t io n s  r e q u ir e d  t o  c a lc u la te  
e q u a tio n  (A .8) and (A .2 7 ) .

F ig u re  A ,I  p ro v id e s  a  com parison o f  th e  number o f  o p e ra t io n s  

r e q u i r e d  to  c a l c u la te  c* u s in g  e q u a tio n s  (A .8) and (A .2 7 ) .  T his 

com parison i s  b a se d  upon th e  assum ption  t h a t  a t  s ta g e  S 1 H s V_ andD O
A —l  A
gg a re  r e a d  i n t o  th e  com puter w h ile  Pg eg ^ and Sg ^ a r e  s to r e d  

from th e  p re v io u s  c a l c u la t io n .  The d isa d v a n ta g e  o f  u s in g  e q u a tio n

(A .27) i s  th e  re q u ire m e n t t h a t  th e  H xl column v e c to r  ^ be  s to r e d  . 

f o r  use  i n  th e  n e x t  c a l c u la t io n .  However, th e  number o f  c a lc u la t io n s  

r e q u ir e d  w ith  t h i s  e s t im a to r  a re  l e s s  th a n  th o s e  r e q u ir e d  f o r  e q u a tio n  

(A .8 ) .  F ig u re  A.I  shows th e  sav in g s  i s  th e  m u l t ip l i c a t io n  o f  an WxN 

m a tr ix  w ith  a n o th e r  NxN m a tr ix  and th e  a d d i t io n  o f  two N xl m a tr ic e s .

A. 3 ■ SELECTION'OF -OPTIMAL TRANSDUCER SPACING .AND SAMPLING BATE

A m ethod i s  p r e s e n te d  t o  s e l e c t  o p tim a l Ax and At f o r  th e  s c a l a r  . 

p rob lem  in  s e c t io n  3 .3 .  T h is  r e s u l t  i s  e a s i l y  ex ten d ed  t o  th e  d e te r ­

m in a tio n  o f  o p tim a l t r a n s d u c e r  sp a c in g  and sam pling  r a t e  when th e  system
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dynam ics a re  d e s c r ib e d  by th e  m a tr ix  d i f f e r e n t i a l  e q u a tio n

Hk - = Sk k = I 1 2 ,  S (A .28)

When th e  e lem en ts  o f  and a re  l i n e a r  p a r t i a l  d i f f e r e n t i a l s , 

th e  a d d i t io n  o f  f i n i t e  d i f f e r e n c e  e r r o r s  and m easurem ent n o is e  i s  

d e s c r ib e d  by e q u a tio n s  (3 .1 3 )  th ro u g h  ( 3 .1 8 ) .  The argum ents o f  s e c t io n

3 .3  le a d in g  to  th e  s e le c t io n  o f  th e  perfo rm ance  in d e x  o f  e q u a tio n  (3 .9 5 ) 

a re  a p p l ic a b le  in  th e  m a tr ix  problem . The m a tr ix  e q u a tio n  e q u iv a le n t 

t o  th e  s c a l a r  index  o f  p erfo rm ance  i s  g iv en  by 

I a = E[.{:[n(Hk )_c -  n ( ^ ) ]  + [o(Hk )_c -  O(^fe) ] } ' .

* U n(H k ) J c -  n Ojk ) I + [o(Hk )_c -  o ^ ) ] } ]  (A .29)

The m in im iz a tio n  o f  I a i s  c a r r i e d  o u t w ith  r e s p e c t  to  Ax1 Ay1 Az and.

A t. I n  th e  s p e c ia l  case  w here n(Hk ) and n f g ^  a re  s t a t i s t i c a l l y  

in d e p en d en t and have z e ro  m ean, I a in  e q u a tio n  (A .29) can be s im p l i f ie d .  

S in ce  th e  fo llo w in g  r e la t io n s h ip s  a re  t r u e  

E[n(Hk )]  = 0  

E [ n ( g ) ] = 0
"TC. —

Etn(Hk )^nCgk )]  = 0_

E tn (S fe)^n(Hk ) ] = 0 '

e q u a tio n  (A .29) may be w r i t t e n  as 

I a = C.' Efn(Hk ) ^n(Hk ) ]c_ + E (n (g fe) ^n(Sfe) ]

+ to(Hk )jc -  o(g_k ) ]^  [O(Hk )iC -  O(^k ) ] (A. 30)

As was n e c e s s a ry  in  th e  s c a l a r  p ro b lem , th e  v a r ia n c e  o f  th e  tr a n s d u c e r



136

n o is e  must "be k n o m  a p r i o r i  and an i n i t i a l  e s t im a te  o f  c_ made. An 

a p p l ic a t io n  o f  e q u a tio n  (A .29) i s  g iv en  in  exam ple 3 . 4 . 3 . I .
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The p rob lem  o f  i d e n t i f i c a t i o n  o f  c o e f f i c i e n t s  in  a  p a r t i a l  d i f f e r ­

e n t i a l  e q u a tio n  w ith  one s t a t e  v a r ia b le  was c o n s id e re d  in  th e  body o f  

t h i s  t h e s i s .  However, c e r t a in  d i s t r i b u t e d  p a ra m e te r  system s a re  b e s t  

d e s c r ib e d  by p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  w ith  two o r  more s t a t e  

v a r i a b le s .  F or exam ple , th e  s t a t e  v a r ia b le s  in  a  system  m ight be 

te m p e ra tu re ,  p r e s s u r e , and v e lo c i ty .  Though system s d e s c r ib e d  by 

s e v e r a l  s t a t e  v a r ia b le s  a re  in h e re n t ly  more d i f f i c u l t  t o  i d e n t i f y , th e  

te c h n iq u e s  u s e d  in  th e  s in g le  v a r ia b le  case  may r e a d i ly  b e  a p p lie d .

L et th e  s t a t e  v a r ia b le s  d e s c r ib in g  a  d i s t r i b u t e d  p a ra m e te r  system  

be d en o ted  by u ^ , u ^ , . . .  U^ where th e  u ^ 's  a re  fu n c tio n s  o f  tim e  and 

th e  th r e e  s p a t i a l  v a r i a b l e s . The s e t  o f  e q u a tio n s  d e s c r ib in g  th e  system  

h a s  th e  form

cIlhIl + C12h12 + * • ‘ + ĉ m

I

cH

I______

.

cSlhYl + CY2hY2 + ••• + cYMhM
f
n®

(B .l)

w here th e  h . 's  in  e q u a tio n  ( B . l )  may c o n ta in  u ' s , t , x ,  y ,  and % and 
1

d e r iv a t iv e s  o f  th e  u 's  w ith  r e s p e c t  t o  tim e  and sp ace .

C o n sid er th e  i d e n t i f i c a t i o n  o f  the* c o e f f i c ie n t s  in  th e  i t h  .row o f  

e q u a tio n  ( B . l ) . T h is eq u a tio n .m ay  be w r i t t e n

(B .2)
Ci l h i l  + C12h i2 ' + + c iNh iN

w here th e  c. a re  th e  c o n s ta n ts  w hich m ust be i d e n t i f i e d- i l l  i 2 $ iil

and co n ta in s f ^  and th e  terms w ith  th e  known con stan ts  • • • s
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CiM* ^ nce  e q u a tio n  ( B . l )  i s  o f  th e  same form as e q u a tio n  ( 2 .3 ) ,  th e  

i d e n t i f i c a t i o n  p ro c e d u re  d ev eloped  f o r  a  s in g le  s t a t e  v a r ia b le  a p p l ie s .

The unknown c o n s ta n ts  may he found by e v a lu a t in g  e q u a tio n  (33.2) a t  

K d i f f e r e n t  p o in t s  in  tim e a n d /o r  sp a c e . The d e r iv a t iv e s  o f  th e  s t a t e  

v a r i a b le s  i n  th e  r e s u l t in g -  e q u a tio n s  can be approx im ated  by f i n i t e  

d i f f e r e n c e s .  The d a ta  r e q u i r e d  in  th e  d i f f e r e n c e  e q u a tio n s  i s  o b ta in e d  

by m aking m easurem ents o f  th e  s t a t e  v a r i a b l e , such as te m p e ra tu r e , 

p r e s s u r e  o r  v e l o c i t y ,  a t  th e  d e s i r e d  p o in t s  in  sp ace  and tim e .

The re q u ire m e n t f o r  m easurem ents o f  d i f f e r e n t  s t a t e  v a r ia b le s  a t  

th e  same p o in t  in  space p o s se s s e s  p h y s ic a l  d i f f i c u l t i e s .  The n e c e ssa ry  

t r a n s d u c e r s  .can n o t a l l  be p la c e d  e x a c t ly  a t  th e  d e s i r e d  p o i n t . Some 

s o r t  o f  c l u s t e r  o f  t r a n s d u c e r s  must be p la c e d  a t  th e  d e s i r e d  lo c a t io n .

The e r r o r s  in t ro d u c e d  by t h i s  arrangem ent depend p r im a r i ly  on th e  number 

o f  s t a t e  v a r ia b le s  and th e  m easurem ent i n t e r v a l  s e le c te d .  I f  on ly  two 

t r a n s d u c e r  a re  r e q u i r e d  and th e  s e p a r a t io n  betw een th e  s e t s  o f  

t r a n s d u c e r s  i s  l a r g e ,  l i t t l e  e r r o r  w i l l  be in tro d u c e d . H ow ever, several- 

t r a n s d u c e r s  w ith  l i t t l e  s p a c in g  betw een th e  c l u s t e r s  o f  t r a n s d u c e r s  co u ld  

r e s u l t  i n  c o n s id e ra b le  e r r o r .

■ T here i s  an a d d i t io n a l  so u rc e  o f  e r r o r  when two o r  more ty p e s  o f  

t r a n s d u c e r s  a re  lo c a te d  a t  th e  same p o in t .  The m easurem ents ta k en  by 

a  t r a n s d u c e r  may be a d v e rse ly  a f f e c te d  by th e  p h y s ic a l  p re s e n c e  o f  o th e r  

t r a n s d u c e r s . F or exam p le , l e t  one o f  th e  s t a t e  v a r ia b le s  be th e  v e lo c i ty  

o f  a  f l u i d .  The. p re s e n c e  o f  s e v e ra l  t r a n s d u c e r s  a t  th e  p o in t  in  q u e s tio n  

w ould a l t e r  th e  f l u i d  flow  and in tro d u c e  e r r o r .  I t  sh o u ld  be n o te d , 

how ever, t h a t  r e d u c t io n  o r  e l im in a t io n  o f  e r r o r s  o f  t h i s  ty p e  m ight be
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acco m p lish ed  by c le v e r  t r a n s d u c e r  d e s ig n .

The two ty p e s  o f  e r r o r s  j u s t  p r e s e n te d  c o n t r ib u te  t o  th e  m easure­

ment n o is e .  There a re  v a r io u s  o th e r  so u rc e s  o f  m easurem ent n o is e  such 

as  im p e r fe c t io n s  in  th e  t r a n s d u c e r s ,  e x te r n a l  n o is e  and in t e r a c t io n s  

betw een th e  sy stem  and t r a n s d u c e r .  The l e a s t  sq u a res  e s t im a to r  p re s e n te d  

in  t h i s  t h e s i s  can be u sed  t o  e s t im a te  th e  system  p a ra m e te rs  o f  th e  

v e c to r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n . T h is  i s  t r u e  b eca u se  and 

a re  o b ta in e d  d i r e c t l y  by p e rfo rm in g  m easurem ents on th e  sy stem  w ith  

more th a n  one ty p e  o f  t r a n s d u c e r .  The f a c t  t h a t  th e  d i f f e r e n t  ty p e s  o f 

t r a n s d u c e r s  may v e ry  w e ll  have v ery  d i f f e r e n t  s t a t i s t i c a l  p r o p e r t ie s  i s  

o f  no c o n c e rn , f o r ,  u n l ik e  th e  o th e r  c l a s s i c a l  e s t im a to r s ,  a  knowledge 

o f  th e 'n o i s e  v e c to r  ( d is c u s s e d  in  s u b s e c t io n  3 .2 .4 )  i s  n o t  r e q u ire d .
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O c c a s io n a lly  th e  e x a c t form o f  th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  

d e s c r ib in g  a  d i s t r i b u t e d  p a ra m e te r  system  i s  n o t  known a p r i o r i .  Under 

th e s e  c irc u m s ta n c e s  t h e  assumed model o f  th e  system  may in c lu d e  te rm s 

w hich  a r e  e x tra n e o u s ;  t h a t  i s ,  th e s e  te rm s a re  n o t  n e c e s s a ry  to  

d e s c r ib e  th e  dynam ics.

C o n sid e r e q u a tio n  ( 2 .6 )  when th e  c o n s ta n t  c^ i s  th e  c o e f f i c i e n t  o f  

an e x tra n e o u s  te rm . When th e  in v e r s e  o f  H e x i s t s ,  C  ̂ can b e  found by 

a p p ly in g  C ram er’s r u le .

h H  • • •  hM - I  g I

hWl **• hWN-I gN (c.l)

w here |H | d e n o te s  th e  d e te rm in a n t o f  H. S in c e  th e  te rm  c o n ta in in g  c^ i s  

e x tra n e o u s ,  th e  a c tu a l  e q u a tio n  d e s c r ib in g  th e  system  i s  g iv e n  by

Cl hi l  + C2hi2  + • • •  + cN -Ih M - I  = S i  (C .2)

When (C .2 ) i s  e v a lu a te d  a t  N d i f f e r e n t  p o i n t s ,  th e  fo llo w in g  v e c to r  

e q u a tio n  i s  o b ta in e d

Cl h l l  + C2h 12 + 0N -Ih M - I

I

/
•

. •

cIhN l + C2hN2 + • • • + cN -IhNN-I

___

(C .3 )
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S u b s t i t u t in g  t h i s  r e s u l t  in to  e q u a tio n  ( C . l )

h H  • • •  hI N - I W hI l  + C2h12 ^  + cH -Ih US-I^

bN l hNN-I^cI hN l * c2hH2 + • • •  + cI I - I hM - I )

|H|

(C.4)

S in ce  th e  N^h column in  th e  n u m era to r o f  e q u a tio n  ( C.U) i s  a 

lin e a -r ' com bination  o f  th e  p re c e d in g  (N -l)  colum nss th e  d e te rm in a n t o f  , 

th e  n u m e ra to r i s  z e ro . T hus, th e  v a lu e  o f  c^ i s  i d e n t i f i e d  as z e ro .

When th e  e lem en ts  o f  H a re  app rox im ated  .with f i n i t e  d if f e r e n c e s  

and m easurem ent n o is e  i s  added , th e  v a lu e  o f  c^ w i l l  be n o n ze ro .

However, when th e  p ro c e s s  i s  w e l l - c o n d i t io n e d  and th e  e r r o r s  due to  

ap p ro x im atio n  and m easurem ent n o is e  a re  n o t to o  l a r g e ,  th e  v a lu e  o f  c ' 

w i l l  u s u a l ly  tu r n  o u t t o  be n e g l ig ib l e  compared, to  th e  c o e f f i c i e n t s  o f  

th e  n o n ex tra n eo u s  te rm s in c lu d e d  in  th e  m odel. T his i s  d em o n stra ted

by th e  r e s u l t s  in  example 2 .3 .3 .3 .
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A h ig h  ac c u ra c y  fo rm u la  f o r  th e  i d e n t i f i c a t i o n  o f  a. in  th e  d i f f u s io n  

e q u a tio n  was p re se n te d "  in  s u b se c tio n  2 .3 .1 .  The i d e n t i f i c a t i o n  must be 

p e rfo rm e d  in  th e  absence  o f  m easurem ent n o i s e ,  b u t under th e s e  c o n d itio n s  

th e  r e s u l t s  a r e  q u i t e  good. The d isa d v a n ta g e  o f  th e  p ro c e d u re  i s  th e  

n e c e s s i ty  o f  s o lv in g  a  q u a r t i c  e q u a tio n  in  a and s e l e c t i n g  th e  c o r r e c t  

r o o t  from  th e  r e s u l t i n g  s e t  o f  fo u r  p o s s ib le  s o lu t io n s .  T h is s e c t io n  is  

d ev o ted  t o  th e  d e r iv a t io n  o f  a n o th e r  h ig h  accu racy  fo rm u la  w h ich , though 

n o t  as  a c c u ra te  as th e  q u a r t i c , r e q u ir e s  th e  s o lu t io n  o f  o n ly  a  q u a d ra t ic  

in  a .  The d e r iv a t io n  i s  su g g e s te d  by M itc h e l l  and P ea rce  [17 J and w i l l  

u t i l i z e  t h e i r  n o ta t io n .

The h ig h  accu racy  fo rm u la  p r e s e n te d  in  t h i s  s e c t io n  i s  made 

p o s s ib le  by a  u n iq u e  r e c u r s iv e  r e l a t io n s h ip  p o s se s s e d  by th e  d i f f u s io n  

e q u a t io n . When" e q u a tio n  (2 .1 3 )  i s  d i f f e r e n t i a t e d  w ith  r e s p e c t  t o  tim e  

th e r e  r e s u l t s

S u c c e s s iv e  d i f f e r e n t i a t i o n  o f  e q u a tio n  ( D .l )  w ith  r e s p e c t  to  tim e  y ie ld s  

th e  g e n e ra l  r e s u l t

at? = at I '

a2 r a2u-i 
= [ a a3F]

a 2 U  3 r S2 U 1

(D .l)

n = I ,  2 (D .2)



abou t th e  p o in t

I k  6

Novr c o n s id e r  th e  T a y lo r ’s s e r i e s  ex p an sio n  o f  u
i , j + l

u . , t h a t  i s  i  $ J

■ XV fii,V  Ir ISlllV (D .3)

■ When th e  r e l a t i o n s h ip  o f  e q u a tio n  (D .2) i s  s u b s t i t u t e d  in to  e q u a tio n  (D .3)

(D.10u i , j t i  = h . j  + f a 6 t l I r I 1 , !  * ' I r ' ' 3x4' i , j

D efine  p by th e  r e l a t io n s h ip

aAt 
P =

Then e q u a tio n  (D.U) may be e x p re s se d  by 

u . ^ +1 = U - H p B +  ( l / 2 ) p 2D + ( l / 6 ) p 3F + . . .

(D ;5)

(D .6)

w here u ,  B 1 D, F , . . .  a re  t h e  v a lu e s  o f

4 9 4U9 2u__  Ax lI X—ni Ax® —I
3 x 4 'i , j '  x B xG li1J '-

By making use  o f  s u b s t i t u t i o n s  s im i la r  to  th o s e  u sed  above., th e  fo llo w in g  

a d d i t io n a l  T a y lo r ’s s e r i e s  ex p an sio n s  a re  o b ta in e d .

Ui  j_ p  = u  -  pB + ( l / 2 ) p 2D -  ( l / 6 ) p 3F + (l/2% )p^H  -  . . .

V l sJ + V l 1J

(D.T)

2u + B + (1 /1 2 )D + (1 /3 6 0 )F + ( l /2 0 ,l6 0 ) H  + . . .  (D .8) 

2u + ( I  * 2p)BV l 1JtI + V l 1JtI

+ ( l / l 2 t p+p2 )D + [1 /360  ± ( 1 / I 2 ) p  + (1 /2 )p 2 t  ( l / 3 ) p 3 ] l  (D .9)

+ [1 /2 0 ,1 6 0  * ( l /3 6 0 ) p  + ( l /2 U )p 2 t  ( l / 6 ) p 3 + (1 /1 2 )p^]H + . . .

A .M inear r e l a t i o n s h ip  o f  th e  v a lu e s  o f  u  about th e  p o in t  i , J i s  

s e l e c t e d  such  t h a t  th e  maximum p o s s ib le  number o f  U1 B 1 D1 . . . , H 1 . . .  

a r e  e l im in a te d .  F o r th e  case  w here th r e e  s p a t i a l  m easurem ents and



t h r e e  sam ples in  tim e  a re  u se d , th e  aim i s  t o  s e l e c t  th e  p o lynom ials  in  

p ,  d en o ted  by a ,  b ,  c , d , e and f , t o  e l im in a te  term s c o n ta in in g  u , B, 

D, . . .  from  th e  e x p re s s io n

auJt ,j + tluI, + cuI1J-I + afuH-I1J + uI-I1J*

+ etV i 1JIi + V i 1JIi* * ftV i 1J-I + uI-I1J-I* - 0 (D.io) 

When th e  c o e f f i c i e n t s  o f  th e  u*s in  e q u a tio n  (D .10) a re  q u a r t i c  in  p 

I i i t c h e l l  and P ea rce  a re  a b le  t o  e l im in a te  te rm s c o n ta in in g  u , B , D, P 

and H. The r e s u l t s  a re  g iven  in  e q u a tio n s  (2 .2 0 )  and ( 2 .2 1 ) .  By 

assum ing th e  c o e f f i c i e n t s  a re  q u a d ra t ic  in  p i t  i s  p o s s ib le  t o  e l im in a te  

o n ly  u ,  B , D5. and F.

T his i s  done by f i r s t  s u b s t i t u t i n g  e q u a tio n s  ( D .6) th ro u g h  (D .9) 

in to  (D .1 0 ) . S in c e  i t  i s  n e c e s s a ry  t o  p ic k  a ,  b ,  c ,  d ,  e and f  in  

such  a  way t h a t  th e  te rm s c o n ta in in g  u ,  B, D, F and H a re  i d e n t i c a l l y  

z e r o ,  th e  fo llo w in g  r e la t io n s h ip s  m ust h o ld .

( a  + b + c + 2d + 2e + 2 f ) u  -  0 ( D . l l )

[bp -  cp + d + e ( l+ 2 p )  + f ( l - 2 p ) ] B  = 0 (D .12)

[bp2 /2  + cp2 /2  + d /12  +e( 1 /12  + p + p 2 ) + f (  1/12-p-i-p2 ) ]D = 0 (D .13)

[rbp3/g_ cp3/6  +d/36o + e ( l /3 6 0  + p /1 2  + P ^ / i2 +P ^ /3 )  '

+ f (  1 /360  -  p /1 2  + p 2 / 2  -  p 3/3 ) ]F  = 0 ( D .l4 )

In  g e n e r a l , u ,  B , D and F a re  n o n ze ro . T h e re fo re , th e  q u a n t i t i e s  

w ith in  t h e  b r a c k e ts  in  e q u a tio n s  ( D . l l )  th ro u g h  (D .l4 )  m ust be  i d e n t i -  ' 

c a l l y  z e ro .

The c o e f f i c i e n t s  a re  assumed t o  be q u a d ra t ic  in  p .  As a  r e s u l t  l e t  

2^a = a-jp + a2p  + a
(D .15)



( d . i 6)

llt8

(D .20)

(D .19)

(D .18)

(D .17)

S u b s t i t u t in g  e q u a t io n s  (D .15) th ro u g h  (D .20) in t o  e q u a tio n s  ( D . l l )  

th ro u g h  (D.lU ) r e s u l t s  in  fo u r  e q u a tio n s  w hich a re  q u a r t ic  in  p . In

o f  p v a n ish . Hence

+ b^  + ci  + ^^2 + ^ eI  + = ®

a2 *  b2 +  C2 +  2d2 +  2e2 +  2f2 = °

+ b^  + c^ + 2d^ + 2e^  + 2 f^  = 0

1 I - = I  + 2 e i  -  2 q  = 0

bg -  Cg + + B1 + P1 + 2 e 2 »  2 fg  = 0

h 3 -  C3 + d2 + e2 + 2 e 3 + fg  -  2 f 3 = 0

d3 + e3 * f 3 = °

b ^  + c^ 4- 2e^ + 2 f ^  = 0

b2 + c2 + 2e^ + 2e2 -  2f^  + 2 fg  = 0

Sb3 + Sc3 + + e J + f i  + 1^ e 5 + B3 -  f 2 + I13 ) = 0

d2 + e 2 + f 2 + 12^e 3 -  fg)  = 0

each  e q u a tio n  a ^ ,  B53 B33 f -  m ust be s e le c te d  such t h a t  c o e f f i c ie n t s3



b2 "  -C2 + 3eI  + 2e2 + S f1 -  2 f 2 = O

2b^ -- 2Cg + C1 + 6 e2 + -  ^  + 6 fg  -  Uf^ = O

dI  + eI  + 30e2 + l8 0 e _  + T1 -  SOf2 + ISO f3 = 0 

dg + e2 + SOe3 + f  2 -  SOf3 = 0

The above f i f t e e n  eq u a tio n s- c o n ta in  e ig h te e n  unknown. T h e re fo re ,  th r e e  

unknowns may be p ic k e d  a r b i t r a r i l y .  The v a lu e s  o f  C3 = I ,  ^  = 2 and 

f  =* 8 w ere p ic k e d  t o  av o id  f r a c t io n s  f o r  th e  rem a in in g  c o e f f i c i e n t s .  

The r e s u l t s  a re  sum m arized by  th e  e q u a tio n s

Ih 9

2
200p -  90p -  35 (D .21)

IO tp 2 +' 127p + 1 7 .5 (D .22)

- t p 2 -  37p  + 1 7 .5 (D .23)

-IOOp2 -  9p -  2 (D .2 t)

-52p2 + p + I (D .25)

2p2 + 8p + I (D .26)

S in c e  p = s u b s t i t u t i n g  (D .21) th ro u g h  (D .26) i n t o  (D .IO ) g iv e s  a

q u a d ra t ic  in  a.
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