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Identities in tensor products
of Banach algebras

R. J. Loy

Let A4;, A2 be Banach algebras, 4; ® A, their algebraic tensor

product over the complex field. If ”'“a is an algebra norm on
Ay ® Ay we write 4, @h A, for the ”-”a—completion of

Ay ® A, . In this note we study the existence of identities and

approximate identities in 4; @h Ay versus their existence in

Ay and A, . Some of the results obtained are already known,
but our method of proof appears new, though it is quite

elementary.

1. Preliminaries

The four results collected here are probably already known in one

form or another; the proofs are included for completeness.
PROPOSITION 1. Let A be a Banach algebra, {ek}, {fu} nets in A
such that “exx—xﬂ +0, ”xfu-x” > 0 uniformly on the unit Dall of A .

Then A has an identity.

Proof. Take s € {ex} such that [lsz-zf = %- for |lzffl =1 . Then
s 1is not a left topological divisor of zero, for otherwise there would be

= s . . 1
{xn} <4, llzJl =1, with sz > 0 , contradicting stn—xnﬂ =5 for

each 7 . Similarly there is ¢ € A which is not a right topological

divisor of zero.
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Now for each positive integer #n take e, € {ex} s fh € {fu} such

1
that Henx—xH ==, foh-x“ < % for |{lz]l <1 . Then certainly
; 1 1 - . 1 1 .
H(en—em)tn < E;»+ E]“tﬂ , Hs(fh-fh)“ < &;*‘;J”S“ and so, by the choice

of s and ¢t , {en}, {fh} are Cauchy, and so converge to elements

e, f € A. But then e and f are respectively left and right

identities for 4 , and so e = f 1is an identity.

We will also require the following modification of Proposition 1. As

usual Vv, ~ denote spectral radius and Gelfand transform respectively.
PROPOSITION 2. Let A be a commutative Banach algebra, {ek} a
net in A such that v(e,z-x) + 0 wniformly for v(z) <1 . Then there

1.

11}

i8 an idempotent e € A with @&

Proof. By the same argument as in Proposition 1 there is a sequence

{e,} ¢ 4 with v(e,@-z) > 0 uniformly for v(z) =1 , and vie,-e ) >0 .
It follows that {2n} converges uniformly to the constant function 1 on

the carrier space of A4 , which is thus compact. Also, for =n

sufficiently large én is bounded away from zero, and the elementary
argument of [5], pp. 171-2 now furnishes the desired idempotent e

PROPOSITION 3. Let A be a Banach algebra which does not consist
entively of right (left) topological divisors of zero. If A has a left
(right) approximate identity {dp} then it has a bounded left (right)

approximate identity. Indeed, if A is commutative and {dp} 18
countable, then {dp} 18 bounded.

Proof. Let F be the family of all finite subsets of A4 , and
define a directed set A = {(F, 6) : F € F, 1 > 8§ > 0} where

(Fy, 8;) = (Fp, 8;) if Fy; < F, and &8, =6; . Take 2 € A not a right
topological divisor of zero. Then for A = (F, §) ¢ A , take e, € {dd}

such that Hexy—yH <8 for y ¢ Fu{z}, so that if x € 4, 1>¢€ >0,
nekx-xﬂ < g provided X = ({x}, €) . It follows that {ex} is a left

approximate identity in A . Also, Hexz“ <1+ jlz]] for all A , so
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that, by the choice of 3z , {ek} is bounded.

The last statement is proved in [6], p. 279.

REMARK. The converse is false: LI(O, 1) is a radical algebra under
convolution, so that all elements are topological divisors of zero, but

has a (countable) bounded approximate identity.

Now let U;, U; be seminormed spaces under p;, pp respectively.

Corresponding to the normed case define seminorms pY, p)\ on Uy ®U; by

b (@) = ne{] 2 ledpaloy) ¢ w = [y @0,

px(x) = sup“f @] (ui)“’Z(vi) ) u; ®vi’ ¢ € U;s ”%”p =1,

J J
send).

As in the normed case pY is the greatest seminorm p on U; ® U, such

that p(u ®v) = py(u)po(v), u € U;, v € U 3 and so in particular
p>\ =< pY . Using the terminology of [1] a seminorm p on U; ® U, will
be called admissible if there are positive constants m, ¥ such that

< <
mp, =P = MPY

PROPOSITION 4. Let Uj’ pj s J =1, 2 be as above, and p an

admissible seminorm on U; ® U, , with m as above. If

n
x = izl u; ® v, €Uy ® Uy with {v;} (or {ui}) linearly independent,

then pl(ui)pz(vi) f%rp(x) , 1=1,2, ..., n.

Proof. Take 1 =< <=n . If pl(ui)pz(vi) = 0 the result is

immediate for this < , otherwise the Hahn-Banach theorem furnishes

(pj € U; , J =1, 2 such that |l<pji]pj =1, wz(vk) = 6ikp2(vk) ,
wl[ui) = pl(ui) . But then for w =) 8, ®t, €U ®U; ,

91 @ op(w) thl(sk)cpz[tk} sp,w) = #(w) , and so

91 & po(a) = pl(“i)l’2 (v,b) = r_lrtp(x)
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2. The general (non-commutative) case
For the remainder of this paper Aj will denote a Banach algebra
with norm H'HJ. , spectral radius Vi J=1,2; H-Ha will be an
algebra norm on A; ® 4, with spectral radius vy If A 1is commutative

its carrier space, with the Gelfand topology, will be denoted @A

THEOREM 1. Let I|-|]a be an admissible algebra norm on A, @ A, .
Then 4, ®a Ay has an identity ¢ tf and only if Ay, A, have
identities e, f, and L = e ® f .

Proof. Suppose that 4, ®a A, has an identity ¢ , the converse
being immediate. Let €& > 0 , and take x = z €4 ® A, with

fiz-cii, <€ . Then if z = J u; ®v, and s @®¢tl =1,

quis®vit's®ta<€’ stui®wi's®t“a<€’

Now let u‘;.s ® vé. . 2 su}(’ ® vz be alternative expressions for

)X u;s @ vt , Y su; ® tv, respectively, where v{ =v{ = ¢ and {v‘;.} R

{v;é} are linearly independent sets. Then

Z‘ Su”@‘()"
ko Kk

ot<€’

(ujs-s) ® t + Z ws@®vl <e, l(sul-s)®@¢t +
Jze J Jila

s . €
and so by Proposition L (luls-silitll, < % > lsuy-slilitlls <  » Where

m| -H)\ < ll-“a < MH-HY . Now uj, u] depend on t only, not upon s , and

so, noting that if {|s]]; =1 then |[s® tIIOl < M|jt]l, , it follows that

lujs-slly = Ze , fsul-slly =%, ror fsil, =1 . Taking
=1, 2 L ~ {e} , {e'}c h
e =1, S ot g e we thus obtain sequences en . en € 4) suc

such that Hens-slll -0, Hse;l-slil + 0 uniformly on the unit ball of
A, , so that by Proposition 1 A4 has an identity e .

Similarly A, has an identity f , whence e ® f is an identity on
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Ay @% A, and so must equal ¢ .

By an equally simple argument we have the following.
THEOREM 2. Let “'“a be an admissible algebra norm on A, & A, .

If A, and A, each possess a bounded left (right) approximate identity
then so does Ay ®, 42 - Conversely, if 4, ®, 42 has a left (right)

approximate identity then so do A, and A, .
Proof. Let mH-”A < ”'“a < M“-IIY , and take {ex} , {fu} bounded

left approximate identities in A, and 4, respectively, with

supHeAHI =c, supruHZ < ¢ for some C . Then the set
le, ® fu} € 4 ® Az 1is bounded, suple, ® fulla < MC? , and with the

product direction is a left approximate identity in 4; ® 4, (under
H-“a). Since A; ® Ay is dense in 4; ® A, it follows easily that

{eA(g fu} is a bounded left approximate identity in 4; ® 4 .

Conversely, let {dp} be a left approximate identity in 4, ® 4, -

Let F be a finite subset of 4] , K =max{|lsl|; : s € F} +1, §>0,
and take ¢t € 4, , |itll; =1 . Choose =z € {dp} such that

. Sm :

||x(s®t)—s®tl|a<-27, s € F , and then take Z“i®vi€A1®AZ
. om m

with ”x - Z u; ® vi o < - But then “Z uis ® v?:t -8® t”a < w

for all s € F . Proceeding as in Theorem 1 it follows that there is
u € A; with |lus-slly < 8§ for s € F . Now proceed as in Proposition 3,

but without the element =z , to obtain a net {ex} , consisting of such
u , wvhich is a left approximate identity in A4,
Similarly A, has a left approximate identity.

REMARK. The first half of this result appears known, it is used
implicitly in [4], Theorem 2.2. The present author has been unable to

determine whether addition of the hypothesis of boundedness of {dp} in
the converse half would ensure boundedness cf the resulting nets {ex} s

{f;} in A}, A, respectively. However, if A; and A, are commutative
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and {dp} is countable and unbounded then not both {ex} s {fh} are
bounded, for otherwise {eA @)fu} is a bounded approximate identity in
Ay Ch Ay , contradicting [6], p. 279. In the general case, if 4; and 4,

do not consist entirely of right (left) topological divisors of zero then
Proposition 3 shows that they have bounded left (right) approximate

identities, and hence so does 4, @h Az . Thus if 4, and A4; are

commutative and {dp} is countable, then {dp} is bounded.

3. The commutative case
The first result concerning identities in 4, Ch Ay was that of

Gelbaum [2], Theorem L, who considered the case 4;, 4, commutative

semisimple, and H-Ha = H-”Y . This case is included in Theorem 1 above.
Recently Lardy and Lindberg [3] have defined an algebra norm “'”a on
AL ® 4, to be a spectral tensor norm in the case va(u ® v) = vylu)va(v) ,

u € A; , v € Ap . They showed that the natural map of into

4
Ay Ch Ay

$

4, x ¢A2 is surjective if and only if “'”a is spectral, and in this

case A @h As has an identity if and only if A4; and 4, have

identities. In this section we obtain an elementary proof of this result.
LEMMA. Let A4y, A, be commtative Banach algebras, H-Ha an

algebra norm on Ay ® A2 . Then H-Ha 18 a speetral tensor norm if and

only if Yy is an admissible seminorm on A) ® 4, , taking the seminorms

Vi, Vo on A4y, A . Indeed, H-Ha 18 spectral if and only if vy =Yy
Proof. Suppose ”'“a is spectral. Then by [3], Theorem 1, every
multiplicative linear functional on A; € 4, is H-Ha-continuous, and so

if .’L'GA1®A2,

va(x) sup{|e(z)| : ¢ € (4, ®4,)* , 9 multiplicative}

sup{]o ® ¥(z)]| : (9, V) €, @AZ}

< vx(x)
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Now let x = Z u; C)vi , and take € > 0 . Then there are wj € A; .

1, 2, with v () = |} eilu)ez(v;)| + e . sSince

”(P“ = l b J
L

lo1(u)| = vi(u) , u € 4, , there is ¢} € B, vith

\wi[z uiQZ(vi)Ji z l¢1[z uiQZ(ui))l so that

vx(x) < \Z ¢i(ui)¢2(vi)

+ € . Similarly, there is o} ¢ ¢, with
2

vx(x) = iz ¢i(ui)wé(vi) + €= Va(x) + €, Since € > 0 is arbitrary it
follows that vx(x) < va(x) - Thus v =V,  and so v, 1is certainly
admissible.

Suppose conversely that va is admissible, with va = va , and that
H-Ha is not spectral. Since va(u ® v) = vi(u)vy(v) for all wu € 4, ,
v € Ay , there must be u, v with ,\)a(u® v) < kvy{u)vy(v) for some k ,
0 <k<1. But then

n
Vy @ ® V") = K (W), (V) = kn\)A W' ®v") =< %-va (" ® v") , which is

impossible for n sufficiently large. Thus ”'“a is spectral, and so by

the above Vv = v, .
o A

THEOREM 3 (Lardy and Lindberg). Let A, 4, be commutative Banach

algebras, H-Ha an algebra norm on Ay ® A, . If H-Ma ig a spectral
tensor norm then A, @h Ay has an identity if and only if A1 and A,
have identities.

Proof. Suppose 4; Ch Ao has an identity, the converse being
immediate. Arguing as in Theorem 1, but using V;, Vs, Vo in place of
B-lli, -l ana H-ll, , there is f{e,} € 4 with vi(e s-s) >0

uniformly for Vv;(8) =<1 . But then by Proposition 2 there is an
idempotent e € 4; with & = 1 . Similarly there is an idempotent
f € 4, with % 21 . The result now follows as in [3], Theorem L.
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