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n-+m
such that ) ¢; = 0. Let 8 be the symmetric group on {1, ..., n+m}. Then
1 .

1 n+;n » &y /2
23| Seunlp S ]
2 1 1

(This is a consequence of Lemma 1 above and Lemma 2, p. 261 of [3].)

The proof of the proposition is now easy. Let ¢, = ... = ¢, = a,
Opy1 = +on = Gy = —b. Then it follows from Lemma 2 that there exists
o €8 such that

ntm
l 2 By J!z: < O, (na?+ mb?)',

1

Let E= il<g<o(f) g}y F = {j: n+1l<o(f) < n+m} Then (ii) of the
proposition holds. Statement (i) of the proposition. is an immediate con-
sequence of Lemma 1.

. Added in gronf. The theorem of this paper can also be found in the work
of G. Bachelis and J. Gilbert, Banach algebras with Rider subalgebras, Bull,
Inst. Math. Acad. Sinica 7 (1979), pp. 333-347.
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Xdentity of Taylor’s joint spectrum
and Dash’s joint spectrum

by

MUNEO CHO and MAKOTO TAKAGUCHTI (Hirosaki)

.

Abstract. In this note we show that Dash’s joint spectrum coincides with Taylor’s
joint spectrum in the cage of normal operators, and operators on a finite-dimensional
Hilbert space.

1. Since the concept of joint spectrum for a family of operators
was first introduced by R. Arens and A. P. Calderén [1], some authors
have asserted its definition and properties. The typical and successful
definitions among them have been carried out by J. L. Taylor [7}and A. T.
Dash [4]. '

Throughout this note, let H be a complex Hilbert space and B(H)
be the algebra of all continuous linear operators on H. Let A = (44, ...
very 4;) < B(H) be ‘an n-tuple of commuting operators, and A', A’ be
commutant, double commutant algebra of the set {Ag, ..., 4,} in B(H),
respectively.

Now, let {¢;,...,6,} be a set of indeterminates and denote by H*
the exterior algebra, over the complex field C, with the generators ey, ..., éu.
B will stand for the space of elements of degree p in B"(p =1, ..., n).
Then we denote by By (H) the tensor product HQ Fy. An element #Qe; A ...
cAGy € Bp(H) will be written simply @e, A ... A€ . The space Hy(H) can
be endowed with a mnatural strueture of a Hilbert space.

We define the map &5: Hy(H) - Ep_,(H) guch that

b4
85 (y) = Z’ (=1 Ay @0, A AE A NG,
. Tl
for y = we; A.. NGy € H3(H), where the gymbol ~ means that the ecorres-
ponding letter is omitted. For convenience, we put ¥ = &4 = 0. Then
we see that every 6% is a continuons linear map and 35005 = 0. Thus,
we get the sequence
gl o an—1 o2 ot 80
04 g Ay B (H) s . s B (HE) > BYH) 0.

"
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Then, J. L. Taylor [7] (cf. [2]) bhag defined 4 to be non-singular it
sequence (*) ig exact; i.e. im 6% = kerd? *forallp =1,...,n--1. And he
hag defined the joint spectrum S,(A4, H) of 4, to be the set of the point
2 = (21 ..., %,) of C" such that e —4 = (3, —4,,...,8,—~4,) is singular,
On the other hand, A. T. Dagh [4] hag defined the joint spectrum
a(d) of 4 as follows: a point & = (2, ..., 2,) of C"is in o(4) if and only
if for all By, ..., B, in 4"

i
(Y
2‘, By(e;—Ay) # 1,
i1
where I denotes the identity operator. Furthermore, u point 2 == (g, ...
-y #,) of C" is in the joint approwimate point spectrum o,(4) of 4 it and
only if there exists a sequence {x,} of unit vectors in. H such that

lzg—Adall >0 (k> o0), 4i=1,..,m,

and moreover, a point 2 = (e, ...,2,) of C" is in the joint point
spectrum o,(4) of A if and only if for some non-zero vector # in H

Aw =zm, i=1,...,n.

And a point 2 = (2, ..., 2,) of C" is in the joint approzimute compression
specirum c,(A) of A if and only if there exists a sequence {z,} of unit

vectors in H such- that
(2 — Ay *egll — 0 i=1,..,n,

It is well known that ¢,(4), ¢(4) and 8,(4 , H) are non-empty compact
sets, and that 8,(4, H) < o(4) (see Lemma 1 in [77]). Further, it is evident
that o,(4) = 0,(4)  0(4) = o(4,) X ... Xo(4,)and 0,(A) Vo, (A) = o(4)
(ef. [4], [7], [9D). '

2. In this section we shall show that Taylor’s joint spectrum 8,(4, H)
coincides with Dash's joint speectrumi o(4) in the case of commuting
normal operators. Firstly we shall generalize Vasileseu’s lemma (Lemma 2.1
in [8]) to n-tuple case.

LmmMA. Let A = (44, ..., 4,) be an n-tuple of sommuting operators
on H. If A = (4,,...,4,) is non-singular, then A*d, ... -A*4, and
AAT+ .. +A4,4Y are invertible. "

Proof. We can identity B} (H) and B! (H) with H @® ... ®H and H.
respectively. And so, if y = ,@ ... ®u,, then &, (y) = A+ ool A ’
And the dual map 8 of &, is the map from H to H@®... ®H such 1;51;11

85 (@) = Al2® ... @40
for w e H. We can easily verify that, A*d, -+ ... +AA, and A A¥+ ...

oo + 4,47 are invertible it A = (4,, ..., 4,) is non-gingular, in the same
way as Vasilescu.

(k — o0),
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From the above lemma, we can get the next theorem.

TueoREM 1. Let 4 = (Ay, ..., 4,) be an n-tuple of commuting oper-
ators on H. Then o,(A)Ve,(4) c 8,(4, H).

Proceeding further, we need the following theorem gained by Dagh.
But we shall give a gimple proof.

TaeporeM A (A, T. Dash [4]). Let 4 = (44, ...
of commuting normal operators. Then o(4) = o,(4).

Proof. It is sufficient to prove that ¢(4) < o,{(4). IL 0 = (0, ...

is not in o,(4), then 3! 4?4, is invertible. For every B in {4, ..., 4,},
i=1

yA,) be an n-tuple

»0)

(Zn‘ AYA)TATB = B an AT4)7AY.
=1 4=1

n
So, ( 3 A7A;)7"A] belongs to A" for each j =1,...,n, and

Gl

(2" AT AT A+ L+ ( Zn’ AT AN, =T
q=] i=1

Therefore, 0 is not in o(4). So, we get the proof.
Thus through Theorem 1 and Theorem A we have the following

theorem.

TuworEM 2. Let A = (4,, ..., A,) be an n-tuple of commuting normal
operators. Then S,(A, H) = a(4) = 0,(4). )

COROITARY 1. A is non-singular if and only if AYA,+ ... +434,
is invertible on H. ’ ‘

We denote the joint numerical range W(A) of A = (4,,...,4,)
by i :

W(d) = {((Alma @)y ery (4,2, ) 2l = 1} .
And, for a set W in the n-dimensional unitary space C", we denote the
convex hull and the closure of W by conv W and W, respectively. Then
we get the next corollary.

COROLLARY 2. Under the same assumption as in Theorem 2, we get
that convS,(d, H) = W(4). L

Proof. It is known that convo(4d) = W(4)
conv S, (4, H) ==—W_(I).

3. The aim of this section is to show that Taylor’s joint spectrum
coincides with Dagh’s joint spectrum in the case of commuting operators
also on a finite-dimensional Hilbert space. For the sake of its proof we
need the results gained in [3]. About Proposition B, we quote it without

(see’ [B]). Hence,


GUEST


228 M. Chd and M. Takaguchi

the proof, but about Theorem D we shall give a simple proof of it, based
upon Engel’s Theorem.

ProposiTion B (M. Cho and M. Takaguchi [3]). Let A == (44, ..., 4,)
be an n-tuple of commuting matrices and Sy, ..., 8, be semi-gimple part of
Ay, .oy A, respectively. Then .

O(4yy ooy Ay) © 0(8a, .y Sp)e
Moreover,
o (81y vy Bp) = 0p(8yy o0y Bn).

Proof. See Lemma 4 in [3].
The next theorem is the simple case of the Engel’s Theorem (cf.
Theorem 2.4, p. 136 in [6]). In this case we can simply verify.

TeroreM C. Let Ny, ..., N, be commuting wilpotent matrices. If non-
vero subspace V is imvariant for Ny, ..., N,, then there ewists a non-zero
vector @ in V such that

No=0, i=1,...,n.

Proof. We shall prove inductively. For n = 1, since N,(V) g v,
we get kerN;nV 2 {0}. So it is true for » = 1. We agsume that it is true
for n—1. We put

W={@eV: New=0,4=1,...,n-1},

then W is non-zero invariant subspace for N,,. In the same way as above
there exists & non-zero vector # in W such that N,» = 0. Therefore, it is
true for m. 80 we get the proof.

TeeorEM D (M. Cho and M. Takaguchi [3]). Let A = (44, ..., 4,)
be an n-tuple of commuting matrices. Then o(A) = a,(4d).

Proof. We-decompose these matrices 4, ..., 4, such that
A‘=S‘+N¢, 1:=1,...,%,

Where, for each. ¢, 8;, N, are semi-simple part, nilpotent part of Ay, Tes-
pectively. Then from Proposition B we get that

o{dyy ..oy Ay) < @ (8, vy 8y) = (815 vy 8y).
It the point # = (2, ..., 2,) is iIn o(8y,..., 8,), then
V= {0: 8@ = 2, i=1,...,n}

is noh-zero subspace and invariant for Ny, ..., ¥,. Hengce, from Theorem O
there exists a non-zero vector @ in V such that

New=0, i=1,..,n.
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Therefore, for this vector =,

Ap =2z, 1=1,...,n.

So we get o{8y, ..., 8,) = o,(44, ..., 4,), and hence the proof is complete.

THeOREM 3. Let A = (4,, ..., A,) be an n-tuple of commuting matrices.

Then
o(4) = 8,(4, H).

Proof. We may only prove that o,(4) = S,(4, H). If the point
2 = (%, ..., &,) 18 in o,(4), then kerdy , is non-zero subspace. Thus

imopty < kerdy 4.
8o 2 belongs to §,(4, H). Thus the proof is complete.
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