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ABSTRACT 

In attempting to analyze geographic clusters of disease, one is obliged to take account of varying 
population density. Customary methods, for example calculation of rates for subregions, are unsa
tisfactory: if subregions are too large, geographic detail is lost; if too small, stable rates cannot be 
calculated. In either case, adjacency relationships among cases are not easily analyzed. The usual 
difficulties are avoided by using an innovative projection technique. On a transformed map, popu
lation density is equalized while preserving adjacency relationships, so that clusters of cases can be 
easily recognized and their statistical significance measured. In this paper a density-equalizing 
computer algorithm is briefly described, and its use illustrated in representative applications. 

KEYWORDS 

computer mapping; cartogram; density-equalizing projection; disease clusters; population density; 
statistical analysis; spatial analysis; statistical geography; computer algorithm. 

INTRODUCTION 

The investigation of the spatial distribution of cases of disease is at the roots of epidemiology. In 
the nineteenth century John Snow discovered the source of cholera by plotting cases on a map of 
London. Others investigators have also made important contributions to the understanding of the 
disease process by simply noting that cases were distributed in some sort of a pattern over a 
specific region. 

A fundamental problem associated with exploring the spatial distribution of a disease is the non
uniform distribution of human populations in most geographic regions. That is, humans tend to 
concentrate in specific areas, causing high frequency of disease to be necessarily associated with 
high densities of population, regardless of other factors that may influence the disease under study. 
One method of depicting the spatial distribution of disease, without the interfering influence of the 
non-uniform distribution of the population at risk, involves redrawing the geopolitical boundaries 
of a map. Such maps are commonly called cartograms. A cartogram can no longer be interpreted 
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in terms of geographical distance but has a distinct advantage in certain applications. 

For the study of the spatial distribution of disease, a map must be constructed so that the popula
tion "at risk" is uniformly distributed. Figures 1 and 2 show an early attempt to depict the spatial 
distribution of smallpox while, at the same time, adjusting the map for the non-uniform "at risk" 
population of the state of California. If every individual in a given population has the same pro
bability of contracting a disease, then cases of that disease, plotted on a cartogram where popula
tion density has been equalized, will be uniformly distributed on the transformed map. In other 
words, no statistically significant clusters of that disease will occur; such a situation can be 
rigorously tested with simple statistical procedures. 

The California map in Figure 2 was produced via an arbitrary transformation of the county boun
daries [1]. More recently, at Lawrence Berkeley Laboratory, a computerized radial transformation 
algorithm has been developed which can transform any geopolitical map to have equal density of 
population, or of any other selected variable. 

ALGORITHM 

We illustrate the density-equalizing algorithm in Figure 3, which shows the simplest possible case. 
On the left, the circle A and the doughnut-shaped region B have equal populations but unequal 
areas (A=lO and B=20). On the right, A and B have been radially transformed to give A' and B' 
the same area (A 1=20 and B'=20) and hence the same population density. Note that the transfor
mation changes the area but not the shape of A, and it changes the shape but not the area of B. 
(B' is a "skinnier" doughnut than B). 

In the simple case shown, the necessary changes to the radii are easily calculated. With no essen
tial differences, the same type of radial transformation can be applied to figures of any shape, not 
merely circles. In Figure 4 we illustrate the transformation for two irregularly shaped figures. 
The area of the inner figure is to be multiplied by a factor M while holding constant the area of 
the outer doughnut-shaped figure. 

An arbitrary expansion center is defined within the inner figure; in an arbitrary direction a small
angle sector is defined which spans an angle 9, and covers an area A of the inner figure and an 
area B of the outer figure. For a small angle (}, A and B can be approximately expressed in terms 
of (} and R 1 and R 2 , the distances from the expansion center to the boundary of the inner and 
outer figure respectively. The relationships are given on the left side of Figure 4. 

On the right side of Figure 4, the area A is multiplied by a factor M to give a new area A'. The 
change is accomplished by changing R 1 to R 1

1 without changing 9. In order to keep area B' the 
same as B, R 2 is changed to a new valueR{ The expressions for A' and B' in terms of(}, R 1' and 
R 2

1 appear in the top right part of Figure 4. From the expressions for A, B, A', and B', one 
obtains expressions for R 11 and R 2' that depend only on R 1 and R 2 and the magnification factor 
M; these expressions appear in the bottom right part of Figure 4. Of course R 1

1 and R 2', as well 
as R 1 and R 2, depend upon the arbitrary placement of the expansion center, and the arbitrary 
direction of the small-angle sector. 

Now the same transformation is applied to every point ion the entire map. The locations of cases 
of disease and, optionally, latitude-longitude grid points are carried along in the process. The 
transformed distances R 1' and R 2

1 define a transformed inner figure whose area isM times as large 
as the original, and one or more transformed outer figures whose areas are all unchanged. In each 
case R 2 is the length of a straight line connecting point i with the chosen expansion center, and R 1 
is the distance at which that line intersects the boundary of the inner figure. 

r. 
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Depending on the configuration of the inner figure, its expansion center, and the direction of the 
straight line to the point i being transformed, the line may intersect the boundary of the inner 
figure n times, at distances we call R u,R 12, ... R 1, (in order proceeding outward from the expansion 
center). In Figure 4 the expansion center lies inside the inner figure and all boundary points i of 
the outer figure lie outside, so the straight line always intersects the inner boundary just once { n = 
1 ). More generally, R 1 is correctly defined as follows: 

(a) expansion center inside, point i outside, n odd: R[ = +R[1-R[2+R[3-···+R[, 

(b) . . "d . . . "d R2 R 2 R 2 R 2 R2 +R2 expans1on center mst e, pomt z mst e, n even: 1 = + u- 12+ 13- ... - 1n 2 

(c) expansion center outside, point i outside, n even: R[ = -R[1+R[2-R[3+ ... +R[, 

{d) expansion center outside, point i inside, n odd: R[ = -R[1 +R[2-R[3+ ... -R[, +Rg 

Finally, the necessary magnification is applied in turn to every figure in the entire map. Given 
figures A,B,G ... one first changes the area of A without changing the areas of B,c,· ... ; then one 
changes the area of B without changing the areas of A,G, ... ; and so on. The magnification of 
figure A is taken to be 

popAfPOPtottd 

area A/ areatottd 

with corresponding expressions for M8 , M 0 , etc. This choice gives a final map which has the same 
area areatottd as the original map. 

The choice of an expansion center for each figure, and the order in which one expands (or con
tracts) the figures, are arbitrary. All possible choices yield final areas A', B',G', ... proportional to 
popA,pop8 ,pop0 , ... and preserve the original adjacency relationships among the figures. It is 
shown elsewhere that if A,B,G, ... individually have uniform population density, then A',B',G', ... 
also have uniform population density, which implies uniform population density over the entire 
transformed map [2]. 

Any plane (Cartesian) projection is suitable as a starting point in the analysis; the quantities 
areaA and areatottd indicate area as measured in that projection. In the density-equalizing process 
the shapes of all the figures are changed; spatial distortion appears to be minimized if the geo
graphic centroid of each figure is chosen as its expansion center, and if the figures requiring the 
greatest relative change in area are processed first. In theory the area transformation is exact if 
each figure is described by infinitely many boundary points; in practice the precision of the result 
is subject to computer limitations. It is conjectured that a unique transformation with minimum 
distortion would result from an infinite number of infinitesimal transformations, using an infinite 
number of expansion centers uniformly distributed over the entire map; but this is a practical 
impossibility and is not required for the applications of interest. 

An efficient implementation of the density-equalizing algorithm is a challenging problem in numer
ical computation, beyond the scope of this paper. A preliminary version has been tested on 
hardware ranging from an ffiM PC to a Cray supercomputer. It is faster than the only other 
known implementation of a density-equalizing algorithm [3], but is still prohibitively slow for 
maps larger than a few thousand points. Each of the following examples required about an hour 
of computation on a DEC VAX-11/780 minicomputer. Work is continuing to improve the present 
implementation and to make it generally available. 
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EXAMPLES 

Figure 5 shows a transformation applied to the UniLed States, which equalizes 1980 population 
density. Similarly, Figure 6 shows transformations of the state of Iowa. The top figure is a typi
cal geopolitical representation of Iowa, the middle figure is an hand-drawn cartogram [4], and the 
bottom figure is a computer-generated radial transformation. 

SAN FRANCISCO COUNTY 

Figures 7, 8 and 9 illustrate application of density-equalizing transformations to the 150 census 
tracts of the city I county of San Francisco. Figure 7 is a standard geopolitical representation of 
the 1980 census tracts with selected census tracts variously shaded {see figure caption). In Figure 8 
the same map has been transformed to yield equal population density for white males 35 to 54 
years of age. Note that the areas of high density (dotted shading) are expanded, and areas of low 
population density are decreased. Two areas, namely Golden Gate Park {the long rectangular 
area in the west) and a strictly industrial tract in the extreme southeastern corner, completely 
disappear because both have no permanent residents and are not relevant to population-related 
phenomena. Comparison of the areas having the solid shading {in Figure 8) shows the influence of 
the map transformation on predominantly black neighborhoods when adjusted for the white popu
lation only. Figure 9 is the re~ult of the same process, except that the population used to produce 
the density-equalized map was the black male population 35 to 54 years of age. A fundamental 
point to notice is that after the map has been transformed, the interior boundaries are no longer 
relevant to the spatial distribution of cases of disease. For the maps of San Francisco the census 
tract boundaries are no longer of interest, because the entire transformed map now has the same 
population density. 

Figure 10 shows 12 cases of a hypothetical "disease" with a rate of 26 cases per 100,000 population 
among white women ages 35 to 54, plotted by location on the geopolitical map of San Francisco. 
All women in San Francisco were assumed to be at exactly equal risk, and a random selection pro
duced the 13 cases of "disease" shown in Figure 10. The density-equalized map is given in Figure 
11. As expected under the hypothesis that every woman at risk has the same probability of con
tracting the "disease", no defined pattern emerges when "cases" are plotted on a transformed map. 

Although analytic techniques have changed enormously since the time of John Snow, the essence is 
the same. Cases identified as occurring in proximity are considered as an indication of the 
existence of a common risk factor. Such a finding may help to better understand a disease process 
or at least provide clues for designing additional investigations. The study of spatial distributions 
provides basic information, particularly when specific environmental agents are suspected risk fac
tors. Admittedly, the occurrences of most diseases are the combined result of a large number of 
complex factors that are not easily separated. Nevertheless, an excellent starting point for further 
exploration of the issues surrounding any disease is a careful and rigorous investigation of its spa
tial distribution. The remaining figures in this report represent observed disease distributions and 
illustrate how density-equalized maps can be used to identify non-random patterns of disease if 
and when they exist. 

Figures 12 and 13 show, on density-equalized maps, the spatial distributions of stomach and colon 
cancers, as representative results from the analysis of cancer incidence in the city I county of San 
Francisco. In each figure a circle is plotted which is located at the centroid of the cases and which 
contains 50% of the cases observed. These circles serve as a visual tool to summarize both the 
location and dispersion of the cases of disease. For both cancers, the circles are large and centered 
near the population centroid of San Francisco, indicating no remarkable non-uniformity of the 
spatial distributions. A rigorous statistical analysis of the San Francisco data is described else
where [5]. 
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CONTRA COSTA COUNTY 

Lung cancer in Contra Costa county (CA) illustrates of the use of density-equalized maps to 
explore the relationship between the distribution of a specific disease and the location of a number 
of sources of potentially dangerous pollution. Previous investigators have noted the high fre
quency of lung cancers in the northern part of Contra Costa county, where five oil refineries are 
located (see Figure 14). A series of transformed maps was produced and the distance was meas
ured from each case to the nearest plant. Figures 14 and 15 are examples of the maps used to cal
culate these distances. A complete statistical analysis is described elsewhere [6]. Although the 
transformed maps cases show a definite shift toward these refineries for some types of cancers, 
detailed interpretation of results is difficult. As mentioned, a spatial distribution is an excellent 
starting point for exploring a disease process, but is no more definitive than any analysis that con
siders only two variables out of the many complex influences involved in the phenomenon under 
study. The issues surrounding the observed excess of lung cancer in northern Contra Costa county 
have been extensively discussed ( e. g. [7]) and the transformed maps demonstrate that the associa
tions observed in the past continue to exist in more recent data. 

SANTA CLARA COUNTY 

Santa Clara county (CA) is another situation where density-equalized maps were employed to 
study the spatial distribution of a disease potentially associated with an environmental pollutant. 
In 1981 several chemical solvents were detected in the drinking water supplied to a portion of 
Santa Clara county (Figures 16 and 17). Reports of this contamination generated a number of 
health concerns, one of which was a possible increase in the frequency of cardiac defects among 
newborn infants [8]. With data collected for the years 1981 and 1982, transformed maps were 
employed to investigate a possibly non-random spatial distribution of cardiac defect cases in the 
county. For these two years every birth with a cardiac defect was plotted on a transformed map 
(Figure 17). Figures 17 and 18 show some of the results from this study. In the Santa Clara 
county study it was also possible to study a control group. That is, a series of normal births was 
collected and also plotted on the transformed maps. Figure 18 shows the centroids of the cases 
and these controls for both years. The distance between these two centroids is no larger than that 
expected by chance variation, implying that no strong geographic influence differentially affects the 
distribution of normal births and births with cardiac defects. (See [6] for a detailed description and 
analysis). A different approach, based on an a priori determination of the exposed region, shows 
some indication of clustering associated with the polluted water supply [9]. The difference in the 
conclusions drawn from the case/control approach and this alternative method apparently lies 
with the increase in statistical power achieved by identifying a specific area of exposure. 

DENVER/ JEFFERSON COUNTIES 

In another example, we consider a plant producing components for nuclear weapons located in 
Jefferson county (CO) 16 miles northwest of the city of Denver, which is one of the nation's top 
producers of plutonium. Due to the extensive use of plutonium, the Rocky Flats facility has been 
the subject of several epidemiologic investigations concerning the possibility of an excess of lung 
cancers ( e.g. [10,11]). Figures 19-30 show some of the results from statistical analysis of density
equalized map projections [6,2]. The spatial distribution of lung cancer cases from the Third 
National Cancer Survey (1970) in Denver and Jefferson counties was studied with particular refer
ence to the Rocky Flats plant (location shown in Figure 19). The basic question addressed was 
whether the average distance of lung cancer cases to the Rocky Flats plant was smaller than might 
be expected from chance variation. These analyses were carried out on a large number of sub
populations defined by sex, age and histologic lung cancer type. Visually these transformed maps 
indicate that only random distributions of lung cancer cases are occurring in the Jefferson/Denver 
county area and, specifically, no association is observed with the Rocky Flats plant. This visual 
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impression is supported by extensive and rigorous statistical analysis of the lung cancer data (see 
[2]). For example, density functions describing the average minimum and maximum distances 
from a sample of cases to the Rocky Flats plant can be estimated and used in the statistical ana
lyses (Figures 29 and 30). 

CONCLUSIONS 

A projection technique which transforms geopolitical maps so as to equalize the density of popula
tion at risk has important epidemiological applications. The most important advantage is that on 
a density-equalized map, geographic subdivisions of the study area, which have no inherent epi
demiological significance, can be ignored. One need· not calculate rates for individual subregions; 
such rates are generally unstable due to very small numbers of cases. The density-equalizing pro
jection preserves the original adjacency relationships among cases, permitting supposed clusters of 
cases to be easily recognized and their statistical significance measured. 
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INTRODUCTION 

FIGURE 1 
The distribution of smallpox cases in California (1915-1924) displayed on a geopolitical map [1]. 

FIGURE 2 
One of the first attempts to depict the distribution of a disease and at the same time remove the 

confounding influence of varying population density. 

ALGORITHM 

FIGURE 3 
A radial transformation applied to the simplest case of two areas labeled A and B, producing 

equalized densities for areas labeled A' and B'. 
FIGURE 4 

A radial transformation applied to areas A and B, which are sectors enclosed within a small 
angle (}, of two irregularly shaped areas. The transformation produces equalized densities for areas 
labeled A' and B'. 

EXAMPLES 

FIGURE 5 
Illustration of a radial transformation applied to a geopolitical map of the United States 

(above). The transformed map (below) equalizes 1980 population density. 
FIGURE 6 
~The state of Iowa: (i) a geopolitical map, (ii) map transformed to have equal population density 

(an arbitrary transformation drawn by hand) [4], and (iii) a density-equalized map projection 
resulting from a computer-generated radial transformation. 

SAN FRANCISCO COUNTY 

FIGURE 7 
A geopolitical map showing 1980 Census tracts in the city/ county of San Francisco. Dotted 

tracts = high density of white males ages 35-54; solid black tracts = high density of black males 
ages 35-54; striped tracts = small residential population. 
FIGURE 8 

Density-equalized map projection of San Francisco city/ county, based on white male population 
of ages 35-54 (1980 Census). Dotted tracts = high density of white males ages 35-54; solid black 
tracts = high density of black males ages 35-54; striped tracts = small residential population. 
FIGURE 9 

Density-equalized map projection of San Francisco city/ county, based on black male population 
of ages 35-54 (1980 Census). Solid black tracts = high density of black males ages 35-54; striped 
tracts = small residential population. 
FIGURE 10 

A geopolitical representation of San Francisco city j county with 13 cases of a hypothetical uni
formly distributed disease (squares). 
FIGURE 11 

A density-equalized map projection of San Francisco city/ county with 13 cases of a hypothetical 
uniformly distributed disease (squares). 
FIGURE 12 

A density-equalized map projection of San Francisco city /county, with 23 cases of colon cancer 
(squares) among white females aged 35 to 54, for the years 1978-1981. The circle is centered on 
the centroid of the cases and contains 50% of the cases. 
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FIGURE 13 
A density-equalized map projection of San Francisco city/county, with 6 cases of stomach cancer 

(squares) among white females aged 35 to 54, for the years 1978-1981. The circle is centered on 
the centroid of the cases and contains 50% of the cases. 

CONTRA COSTA COUNTY 

FIGURE 14 
A geopolitical map of Contra Costa county with the positions of five oil refineries indicated by 

circles. 
FIGURE 15 

Six transformed maps of Contra Costra county, showing the spatial distribution of lung cancer 
for white males and females aged 35-54, from 1979-1981 cancer incidence data. 

SANTA CLARA COUNTY 

FIGURE 16 
A geopolitical map of Santa Clara county (excluding one large and sparsely populated census 

tract). Also shown is an area of high water pollution (shaded). 
FIGURE 17 

Cardiac defect cases and corresponding controls (live births) plotted on a density-equalized map 
projection of Santa Clara county for the years 1981-82. Also shown (outlined in the southeast 
corner of the county) is an area of high pollution of the county water system -- a potential source 
of this birth defect. 
FIGURE 18 

A density-equalized map showing the distance between the centroids of the cardiac defect cases 
and corresponding controls, for 1981 and 1982 data from Santa Clara county. 

DENVER/ JEFFERSON COUNTIES 

FIGURE 19 
A geopolitical map of Jefferson and Denver counties, Colorado. The location of the Rocky Flats 

plutonium processing facility is indicated by a small circle near the northern border. 
FIGURE 20 

The locations of cases of disease plotted on a geopolitical map (untransformed) and on a 
density-equalized map (based on 1970 Census population). 
FIGURE 21 

A geopolitical map of Jefferson and Denver counties, showing the spatial distribution of lung 
cancer (Adenocarcinoma) cases among white females over 55 years old, for the years 1969 through 
1971. 
FIGURE 22 

A density-equalized map of Jefferson and Denver counties, showing the spatial distribution of 
lung cancer (Adenocarcinoma) cases among white females over 55 years old, for the years 1969 
through 1971. 
FIGURE 23 

A geopolitical map of Jefferson and Denver counties, showing the spatial distribution of lung 
cancer (Small cell) cases among white females over 55 years old, for the years 1969 through 1971. 
FIGURE 24 

A density-equalized map of Jefferson and Denver counties, showing the spatial distribution of 
lung cancer (Small cell) cases among white females over 55 years old, for the years 1969 through 
1971. 
FIGURE 25 

A density-equalized map of Jefferson and Denver counties, showing the spatial distribution of 
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leukemia cases among white males aged 35 to 54, for the years 1969 through 1971. 
FIGURE 26 

A density-equalized map of Jefferson and Denver counties, showing the spatial distribution of 
leukemia cases among white males over 55 years old, for the years 1969 through 1971. 
FIGURE 27 

A density-equalized map of Jefferson and Denver counties, showing the spatial distribution of 
leukemia cases among white females ages 35 to 54, for the years 1969 through 1971. 
FIGURE 28 

A density-equalized map of Jefferson and Denver counties, showing the spatial distribution of 
leukemia cases among white females over 55 years old, for the years 1969 through 1971. 
FIGURE 29 

Estimated density function of the average minimum distance from the Rocky Flats plant to a 
case of disease, as measured on a density-equalized map (sample size= 20). 
FIGURE 30 

Estimated density function of the average maximum distance from the Rocky Flats plant to a 
case of disease, as measured on a density-equalized map (sample size= 20). 
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Figure 3 

A Transformation (radial): Simplest Case 
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Figure 5 

Transformed by population - United States 
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Figure 6 

Iowa -- Geopolitical 

Iowa-Classic Transformation (hand drawn) 

Iowa-Radial Transformation 
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San Francisco - Geopolitical 
1980 Census Tracts 

Figure 7 
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San Francisco -Transformed 
1980 White Male Population 
ages 35-54 

Figure 8 

XBL 848-8624A 



19 

San Francisco -Transformed 
1980 Black Male Population 
ages 35-54 
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Hypothetical Cases (n = 13) 
Non-transformed San Francisco map 
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Hypothetical Cases (n = 13) 
Transformed San Francisco map 
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Colon Cancer 
White Females, ages 35 - 54 
San Francisco, 1978 - 81 
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Stomach Cancer 
White Females, ages 35 - 54 
San Francisco, 1978 - 81 
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Figure 14 

Contra Costa County 
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Figure 15 
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Figure 16 

Santa Clara County 
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Figure 18 
Santa Clara County 
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Figure 19 
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Jefferson/Denver Counties 
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Figure 21 

Lung Cancer (Adenocarcinoma) 
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Figure 22 
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Figure 23 
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Figure 24 
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Figure 25 
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Figure 27 
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Figure 28 
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' Figure 29 
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Figure 30 

Density of Maximum Distance 
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