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Using combined “LDA+image potential” calculations we show that below the vacuum level a single
graphene layer possesses a double Rydberg series of even �n+� and odd �n−� symmetry image-potential states
and argue that the widely discussed interlayer band in graphite is a consequence of the intersheet hybridization
of the first even image-potential state. In light of the present results, the unoccupied electronic states with
nearly-free-electron properties in carbon nanotubes, fullerenes, and fullerites can be understood to originate
from the image-potential states of graphene.
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Carbon is a very versatile element. In nature it can be
found in many allotropic forms, and in many of them, such
as graphite, fullerenes, and nanotubes, the carbon atoms form
strong covalent bonds through hybridization of sp2 orbitals
between three nearest neighbors in a planar or nearly planar
configuration. The simplest lattice where this arrangement is
found is graphene, a one-atom-thick carbon sheet where the
atoms form a honeycomb lattice. The recent isolation of
single graphene layers,1 and the modulation of the carrier
concentration within them2 has stimulated much interest in
the electronic properties of graphene and related
compounds.3

Most ongoing experimental and theoretical work on
graphene has focused on its electronic band structure in the
vicinity of the K point of the two-dimensional Brillouin
zone. The electronic bands crossing the Fermi level at the K
point have remarkable linear energy dispersion, which im-
parts novel physical phenomena. These bands can be de-
scribed within a parameterized tight-binding scheme, which,
however, is inadequate for the description of the unoccupied
part of the energy spectrum. There have also been some cal-
culations at the local-density approximation level,4–7 but the
detailed analysis of graphene electronic structure in the vi-
cinity of the vacuum level, to the best of our knowledge, is
lacking.

In the unoccupied spectrum of graphite, the most interest-
ing and extensively studied has been the so-called interlayer
state, which is characterized by singularly strong three-
dimensional dispersion. As its name suggests, the interlayer
state has a charge-density maximum between the basal car-
bon planes with interlayer dispersion in the 4–7.5 eV range
above the Fermi level, and nearly-free-electron-like disper-
sion parallel to them.5,8,9 The interlayer state has been ob-
served experimentally by inverse photoemission,9 inelastic
electron scattering,10 and near-edge x-ray absorption fine
structure.11,12 In a metal-atom-intercalated graphite, the oc-
cupation of the band formed by hybridization between the s
states of metal ions and the spatially overlapping interlayer
state is thought to impart superconducting properties.13 The

interlayer state has been predicted for multiwall nanotubes,
and even for the inner space of single wall nanotubes and
fullerenes.14 Recently, atomiclike unoccupied orbitals of C60
molecules discovered by low-temperature scanning tunneling
microscopy15 �STM� were attributed to the same physical
origin, the internal exchange-correlation potential of a hol-
low molecule. Other layered materials also possess similar
interlayer states, which in the case of hexagonal BN �Ref.
16� corresponds to the conduction-band minimum. Paradoxi-
cally, there is experimental12 and theoretical4 evidence that
the parent of the interlayer state exists even for a single sheet
of graphene.

In order to establish the physical origin of the interlayer
state of graphene and related materials we perform ab initio
calculations of the graphene electronic structure. Present cal-
culations show that the origin of the previously discussed
interlayer state of graphene is the lowest-energy member of a
double Rydberg series of even and odd image-potential states
converging to the vacuum level. Related image-potential
states are well known for the semi-infinite metal/vacuum
interface,17 and have been observed for pyrolytic graphite18

and metal supported nanographene.19 We further argue that
the interlayer state in graphite forms through the intersheet
hybridization of the lowest image-potential state in graphene
in a similar fashion as in the case of graphene bilayer.4 The
universal properties of the image potential suggest that the
strongly dispersing interlayer states are a common property
of layered materials.

For calculation of the electronic structure of an isolated
graphene we used a repeated-slab geometry with graphene
layers separated by large vacuum intervals. Hence the unit
cell of the system contains two carbon atoms with lateral and
perpendicular lattice constants of 2.434 and 85 Å, respec-
tively, which is sufficient for the convergence of the six
lowest-energy image-potential states. Self-consistent density-
functional calculations were performed using the plane-wave
basis set with a cutoff of 60 Ry and a 72�72�1 k grid for
the density within a local-density approximation �LDA� for
exchange-correlation potential.20 The electron-ion interaction
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was described by a norm-conserving pseudopotential.21

Whereas LDA calculations, provide fairly accurate descrip-
tion of bulk and short-range surface potentials, they fail to
reproduce the Coulomb-like image-potential tail outside the
crystal.22 Without the correct asymptotic form, this potential
cannot predict accurately a Rydberg series of image-potential
states. To overcome this problem we use an approach previ-
ously employed in the study of image-potential states at
metal surfaces.23 Adopted to the present system, it implies
the construction of a hybrid potential which coincides with
the self-consistent LDA one at �z��zo �the carbon-atom
plane is placed at z=0� and at �z��zo takes the form valid
also for 2D systems24

V�z� = −
1 − A · e−�·�z−sgn�z�·zim�

4�z − sgn�z� · zim�
. �1�

The parameters A and � are determined from the conditions:
�i� V�z� �z=zo

=Vxc�z� �z=zo
and �ii� dV�z� /dz �z=zo

=dVxc�z� /dz �z=zo
, where Vxc�z�� 1

S�SVxc�x ,y ,z�dxdy, Vxc be-
ing the LDA self-consistent exchange-correlation potential.
To fix the other two parameters, the image plane position zim
and zo, we need more constraints. A free standing graphene
sheet has two equivalent surfaces and therefore we put zim
=0. Constructed potentials for some values of zo are shown
in Fig. 1 along with the LDA and bare image potentials. We
evaluated how the results depend on the position of the
matching point zo. In Table I we report the energies of the

lowest-energy unoccupied states at �̄ with respect to the
Fermi and the vacuum levels. We assign these states as even
and odd image-potential states n�, where the signs “+” and
“−” refer to their parity with respect to reflection in the

graphene plane, and n corresponds to the number of nodes in
their wave functions on each side above and below the
graphene plane. From Table I it is clear that the energies of
these states are sensitive to the shape of the electronic poten-
tial at a distance of a few angstroms from the carbon sheet.
The potential could be further refined by an experimental
determination of these energies. We do not include in the
calculations a substrate, which can modify the results, mostly
on the substrate side. The effect of a substrate can be incor-
porated in Eq. �1� through its dielectric constant.

Figure 2 presents the energy spectra evaluated with use of
the hybrid “LDA+image-tail” potential constructed for zo
=3 a.u. With the vacuum region size employed we were

able to obtain at the �̄ point below the vacuum level up to
three members of each infinite series of image-potential
states

FIG. 1. Averaged in the �x ,y� dimensions the local part of the
LDA potential �thin solid line� of graphene versus the distance z
from the carbon-atom plane. The LDA exchange-correlation poten-
tial Vxc�z� is shown by the thin dashed line. The thin dotted line
shows the image potential Vim�z�=−1 /4z. The thick solid, dashed,
and dotted lines show the modified “LDA+image tail” potential
VM�z� constructed with the use of zo=3, 4, and 5 a.u., respectively.
Insert presents VM�z� with zo=3 a.u. �solid line� in comparison
with Vim�z� �dotted line� at the enhanced energy scale. The energies
are relative to the vacuum level.

TABLE I. Energy positions of the image-potential states in
graphene vs the matching point position, zo. For each zo value the
energies in first �second� row are given in eV with respect to the
Fermi �vacuum� level. Last two lines present the energy values
obtained in the LDA calculation �Ref. 37�.

zo

�a.u.� 1+ 1− 2+ 2− 3+ 3−

3 2.94 3.69 4.16 4.22 4.30 4.34

−1.47 −0.72 −0.25 −0.19 −0.11 −0.07

4 3.08 3.80 4.17 4.23 4.30 4.35

−1.33 −0.61 −0.24 −0.18 −0.11 −0.06

5 3.12 3.84 4.17 4.24 4.30 4.35

−1.29 −0.57 −0.24 −0.17 −0.11 −0.06

LDA 3.24 4.16 4.29 4.32 4.34 4.40

−1.17 −0.25 −0.12 −0.09 −0.07 −0.01

FIG. 2. �Color online� Graphene band structure evaluated with
the use of a modified “LDA+image tail” potential constructed for
zo=3 a.u. The bonding and antibonding carbon 	 and 
 states are
marked by corresponding symbols. Lowest image-potential states
with n=1 are highlighted by thick red �dark gray� lines. The carbon
	�
� bands that delimit energy gap for the even and odd image-
potential states are highlighted by solid blue �light gray� and dashed
green �light gray� lines, respectively. Filled and empty circles de-

limit the corresponding gaps at the �̄ point.
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En
� = − 0.85 eV/�n + an

��2, �2�

where n=1,2 ,3 , . . . is the quantum number of a series mem-
ber and an

� is the corresponding quantum defect. The higher-
energy states are shifted above the vacuum level, as seen in
Fig. 2, due to an artificial confinement imposed by the super-
cell geometry. In Fig. 2 one can see that below Evac there are
no unoccupied carbon 2s or 2p orbital-derived bands in the

vicinity of the �̄ point. The closest occupied 	 and unoccu-
pied 	� carbon 2px ,2py orbital-derived bands with energies

at �̄ of −3.2 and +8.3 eV, respectively, can be connected
with the similar bands in graphite. Their charge densities are
confined very close to the carbon sheet and therefore are only
slightly modified when the graphite crystal is formed. Their
negligible dispersion25 in graphite along the perpendicular
direction confirms this point. Because of their symmetry
these states have no effect on the image-potential states

around the �̄ point. Indeed, the even and odd image-potential
states experience different energy gaps in the band structure

of graphene. The relevant energy gaps at �̄ are between the
carbon 2s�2pz� orbital-derived 	�
� states at −19.7 �−7.8�
and +13.5 eV �+11.9 eV� �shown by filled �empty� circles
in Fig. 2� for the even �odd� image-potential states. Hence
the two image-potential states series are aligned differently
within their respective energy gaps.

The extent of interaction of the even- and odd-symmetry
image-potential states with the 	 and 
 bands is also re-
flected in different positions of their wave-function maxima
and nodes with respect to the carbon plane, as seen in Fig. 3.

For the even image-potential states the first maximum coin-
cides with that of the 	 electron density at the molecular
plane, while for the odd ones the first maxima strongly over-
lap with the 
-electron density. The first nodes of even and
odd states, respectively, appear at znode�1 a.u. and znode
�2 a.u. corresponding to the falling tails of the 	 and

-electron densities. The probability densities of even and
odd image-potential states presented in Fig. 3, correlate with
the corresponding electron density of the occupied 	 and 

carbon-derived states as required by the wave-function or-
thogonality. With increasing of quantum number n the en-
ergy splitting between even and odd states with the same n
rapidly decreases in accord with decreasing of amplitude of
the corresponding wave functions in the carbon sheet region
�e.g., compare the charge densities for the 1� and 2� states
in Fig. 3�.

Analyzing the charge-density distribution of the image-
potential states presented in Fig. 3 one can see that the maxi-
mum for the 1+ state is located at z�3.5 a.u., i.e., close to
the middle of the interlayer spacing in graphite. Therefore,
assembling graphene layers to form a graphite crystal will
affect this state the least, as compared with the higher-energy
image-potential state wave functions which extend further
into the vacuum. In light of this, the widely discussed inter-
layer band in graphite can be considered a progeny of hy-
bridization of the 1+ graphene image-potential states between
the adjacent carbon layers. The higher n members of this
family are shifted to significantly higher energies when the
graphite is formed. For hollow carbon structures derived
from graphene, the exchange-correlation potential that to a
large extent defines the properties of the 1+ state, also gives
rise to the nearly-free-electron states of nanotubes,26 and su-
peratom states of fullerenes.14,15

The present results show the range of energies available
for the image-potential states localized outside the graphene
layer. Because of the bilateral symmetry and confinement of
the graphene sheet these states in graphene are more strongly
bound in comparison with semi-infinite systems. Supporting
graphene sheet on a substrate will shift these states toward
higher energies and make them more delocalized on the
vacuum side. It is known that both suspended graphene lay-
ers and layers on a substrate are corrugated,27,28 with height
variations on the order of a few nanometers over scales of
20–50 nm. In this case the odd-even symmetry will be bro-
ken and the concave surface states will be stabilized with
respect to the convex.12 Finally, the image potential can be
modified by an applied gate voltage sufficiently close to the
layer24,29–31 or by the electric field induced by an STM
tip.28,32,33

The following picture can be gleaned from the present
results. The electronic structure of graphene can be analyzed
into carbon-valence-orbital-derived tightly localized 	 and 

states, and in addition extended unoccupied states that pri-
marily exist in the vacuum above and below the graphene
plane. For the building block of graphitic materials,
graphene, we identify for the first time the dual Rydberg-like
series of these even- and odd-symmetry states. When
graphene layers are assembled into a graphite crystal, the
interlayer band can be viewed as a consequence of trapping
and hybridization of the lowest-energy 1+ image-potential

FIG. 3. �Color online� Charge density distribution for 1+, 1−, 2+,

and 2− image-potential states at the �̄ point in the �101̄0� plane.
Dots show carbon atoms positions. Dashed horizontal lines show
the first node position of the wave functions. For comparison, on
upper-left side the charge densities for the carbon-localized 	 and 

states are presented.
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state. Moreover, the unoccupied electronic states in other
carbon-based nanostructures, like fullerenes,15 fullerites,14

and nanotubes34–36 can be understood as having the common
origin with the graphene image-potential states found in the
present work. A large extent of wave functions of the image-
potential states in the vacuum implies that they are very sen-
sitive to any change of shape or/and environment of the
graphene sheet. Hence the image-potential states of graphene
and the nearly-free-electron states of graphitic materials

derived from them present attractive objects for investigation
of how the topography, intersheet and impurity interactions
etc., affect their spectroscopic and dynamical properties.
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