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IMBEDDING COMPACT 3-MANIFOLDS IN E?3

TOM KNOBLAUCH

ABSTRACT. We show that in a large finite disjoint collection of com-
pacta in a closed orientable 3-manifold there is a compactum that imbeds
in E3. However, given a closed 3 manifold Ma, there is a pair of compact
3-manifolds (L, N) such that L contains infinitely many disjoint copies
of N but N does not imbed in M.

It is sometimes useful to know that a subset of a 3-manifold can be im-
bedded in E3. For example, it is sometimes desirable to use a linking ar-
gument in a neighborhood of an element of a decomposition. We will prove
that in a large enough disjoint collection of compacta in a closed orientable
3-manifold there is a compactum with a neighborhood that imbeds in E3.

We will then show that no closed 3-manifold is an imbedding manifold for
nonorientable 3-manifolds in the sense that E? is for orientable 3-manifolds.

Definitions. A surface is a closed connected 2-manifold. A surface §
is incompressible in the 3-manifold M3 means (1) S is not a 2-sphere and
if DC M3 is a disk with D NS = BdD, then BdD bounds a disk in §; or
(2) § is a 2-sphere that bounds no 3-cell in ‘M3. The surfaces Sl and 52
are said to bound a parallelity component U of M> and the disjoint collec-
tion of surfaces {SI, Sy Sn} if U is a component of M3 — U ?:151"

U is homeomorphic to §, x I, and BdU =S,US,.

We assign some constants to a given compact 3-manifold M3. Let
BI(HI(M3, G)) be the rank of H](MS, G). When G = 7 we sometimes write
just B,. Also let a be the maximum number of disjoint nonparallel incom-

pressible 2-sided surfaces in M3. We know a exists by [1].

Theorem 1. Suppose M3 is a closed orientable 3-manifold and {Cl,
cee, Ca+ﬁ1+2} is a disjoint collection of compacta in M3. Then there is a
C, with a neighborhood imbeddable in E3.

Proof. Let {U,,.-., Ua+,81+2} be a disjoint collection of compact poly-
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hedral 3-manifolds such that U, is a neighborhood of C_ for each i. We
will show that some U, imbeds in E>.

We first alter the U’s. If for some i there is a component of Bd U,
that is a compressible surface not a 2-sphere, then we can find a disk D
so that D N Bd U,. = BdD for some j, and either D C U]. ot DN (U?:'?IHUI.)
= BdD.

In the first case we alter the collection by replacing U]. by U]. - N(D),
where N(D) is a regular neighborhood of D in U , and in the second case
we replace U; by U U N(D), where N(D) is a regular neighborhood of D
in M3 _ Ua+B1+2U Since each such step reduces the sum ES ec(x(S) -2)2,
with C the collection of surfaces in |J ;1:{31+2Bd U, (where x stands for

Euler characteristic), in a finite number of steps we get a disjoint collec-
tion {V,.--, Vaig +7} of compact 3-manifolds so that each component of
each Bd V, is incompressible in M3 or a 2-sphere bounding a 3<ell.

Lemma 2. If M3 is a closed 3-manifold and {Vl,- cey Va+2} is a dis-
joint collection of compact connected 3 manifolds in M3 such that each
component of each BdV is incompressible in M3, then there is an i, such

that V, 1is the product of a surface and an interval.
0

Proof. Let

M 1 Saramn

}
be the collection of boundary components of the V,’s. We know M3 -
U Ia_+2+k5 has at most a + 3 + k components, so M3 U,a_+2 V. has at
most & + 1 components {W,,..., W,} with [ <k + 1. We now change the
collection (1) by removing, for each W]., one surface S, C Bd W].. Our col-
lection still contains at least a + 1 surfaces and so there are two surfaces,
call them S, and §,, such that §, and S, bound V, a parallelity component
of the changed collection [1]. Notice that S,US, is not the entite boundary
of any W. Then there is an 7 such that V, C V Now by [1, p. 91], Bd v,
has exactly two components and V, is topoPoglcally the product of a sur-
face and an interval. 0

Let {X, X,,-+-, X,,} be a collection of components of |J ?:’?IH V.
Ve claim that some X imbeds in E3. We first consider all components of
U ::'12 Bd X . If some component is a 2-sphere bounding a 3<ell, then either
that 3cell contains an X, or else we can add the 3—ell to the appropriate
X]. to get a new collection of a + 2 disjoint compact connected 3-mani-
folds. Eventually we have either some X in a 3-cell or all the boundary
components incompressible and Lemma 2 applies to establish the claim.
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It follows from the claim that at most a + 1 of the V,’s have compo-
nents that do not imbed in E3, and therefore at least Bl +1 of the V's
obtained from the U,’s can be imbedded in E3. So we may assume that each
of

2) vy, vﬁlni

can be imbedded in E3.
Notice that we can go step by step in M3 from the collection (2) to

the collection
(3) '{Uls”.a Uﬁ1+1}

by performing the operations preceding Lemma 2 backwards, so that each
step consists of adding a 1-handle to a compact 3-manifold or removing a
regular neighborhood of a properly imbedded arc from (digging a tunnel in)

a compact 3-manifold.

Lemma 3. If we reconstruct (3) from (2) as above, then there is an io
so that in the reconstruction of U; . whenever we attach a 1-handle to a con-.
nected compact 3-manifold, we Qttach both ends to the same boundary com-

ponent.

Proof. Suppose that in the reconstruction of U, for each i, we attach a
1-handle H,; to the compact connected 3-manifold M, with one end on boun-
dary component §. and one end on another boundary component. Then we
can draw a simple closed curve J. CM,UH, made up of an arc in H; and an
arc in M, so that the intersection number of J, and §; is one. In subsequent
steps we dig all tunnels to miss | .

Since we have more than 3, curves, there is a nontrivial relation in
H M3, 7),

nl[]1]+-.-+nﬁl+1[]ﬁl+1]=0,

where [J] is the element of Hl(M3, Z) represented by |. We may assume
n, #0 and that |, is the last such curve formed in the sequence going
from (2) to (3). The relation tells us that the intersection number of -

and the 1-manifold 2, J, U ... Unﬁ +1],8 +, is zero, where n.] . is the
1-manifold con51stmg of n. copies of I; near J But J.NS, =g for

i #1 and the intersection number of ]1 and Sl is one. We have arrived at

a contradiction and the lemma is proved.
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We now complete the proof of Theorem 1. For each V. in the collec-
tion (2) we attempt to mimic in E3 the step by step reconstruction of Ui
from V. occurring in M3,

There is no problem if the ends of a 1-handle are to be attached to
different components of a compact 3-manifold; we imbed one component in
E3, and then we imbed the other component in the proper complementary
domain of the first, being careful to imbed so that the boundary components
to which the 1-handle is to be attached are adjacent.

We face a‘problem only if the ends of a 1-handle are attached to dif-
ferent boundary components of a compact connected 3-manifold. By Lemma
3 we may assume this problem never occurs in the construction of U, from
V,» and so U, can be imbedded in E3.

Notice that U, is constructed from the product of orientable surfaces
with an interval by removing 3-cells from the interior, adding 1-handles, and
drilling tunnels.

The referee has pointed out the followihg corollary to Theorem 1.

Corollary. Let M> be a closed 3-manifold that is not sufficiently large
(that is, M3 contains no incompressible surfaces). If X, and X, are dis -

joint compacta in M3, then one of X, and X, imbeds in E3.

Proof. It follows from [2, p. 774] that M3 is orientable and BI(M EN
0. Since M3 is not sufficiently large, a = 0 and the Corollary follows from
Theorem 1.

In contrast, if we drop the orientability hypothesis from Theorem 1,
then given a closed 3-manifold W3, we can construct a pair of compact 3-
manifolds (L, N) with the following properties:

(1) L contains infinitely many disjoint copies of N, and

(2) N cannot be imbedded in w3,

We first construct a sequence of auxiliary pairs {(L, N)|i=1,2,...1}
We let N, =L, =P x 1, the product of a projective plane and an interval.
If i > 2, the construction of L, begins with i copies of P x I. We label
them P x I|1 <j < i}. We then connect P, x 0 with P, x0 by a 1-handle
H for each j with 2<j<i Thisis L, We construct N from a copy of
L by removing regular neighborhoods of i — 1 disjoint arcs {4, |2 <j<i},
where A has one end in P x 1 and one end in P x 1. The arc A runs
from P] x 1 through H atound an orientation revetsmg curve in P x I,
and back through Hj, around an orientation reversing curve in P x 1, and
back through H]. to P, x L
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Now given W3 let

- 3
K =38, Z3)'
Then we choose N to be the disjoint union

N=N 'UN2K+1 K

k1Y Ny U K+2%

and we let L be the disjoint union

L=Lygy1 YVEhjger Vo VLK+ 1K

Property (1). To prove that (L, N) has Property 1 it is clearly
enough to imbed infinitely many disjoint copies of N, in L for a given i.

As above we write Li as

Li=(() pjx,)u<QH,).
\j=1 i=2

We construct N, |, our first copy of N, starting with U ’:=le x 4, 4l.
Then P x % is joined to Pj x Y% by a 1-+handle running through H]. for
2 <j<i. The tunnels are drilled by removing appropriate arcs. The Nl.'2
starts with | J ;.zle x [3/4, 7/8]. Then P x % is joined to P x % by a
1-handle running through the jth tunnel in N; 4 for each j with 2 <j<i
The tunnels are then drilled to complete N; 5 The rest of the construction
is clear.

Property (2). Suppose N can be imbedded in W3. Let B be

1,2iK+2i-1

the boundary component of N , that intersects P, x 1 for each :

21K +21~
with i=1,2,..., K+ 1, and let Bz,ziK+2i-1 be the other boundary com-

ponent of N,;, ,.i—1 . By our choice of K there is a smallest 7 such that

3 r—1 . .
Bl’21K+27—1 separates W’ - | i 1Bl’zzK“z--l . We let
B, =B , B.,=B and N'=N .
1 l,2rK+2'—1 2 2,2’K+27_1 2’K+27_1

T

Then we let U and V be the components of M3 - U i=lBl 2iK +2i-1

with N' C U.
Lemma 4. B8,(H (U, Z,) <B(H (U NV, Z,)+B(H U LV, L) -
B(H (V, Z,)).

Proof. The Mayer-Vietoris sequence
PE ok
—HONV,Z)—H(0,Z)®H{,2)IlH 00UV, Z)—
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generates the short exact sequence
0 —H(T NV, Z)Keri* > H (U, Z,) ®H(V,Z;) > Imj" —0,
so we can think of HI(U nv, Z3)|Ker i* as a subgroup of Hl(ﬁ, Z3) ®
Hl(v, Z3) and
(H,(T, 2,) ® H (V, Z)(H (T 0 V, Z,)|Ker i*)=Im;*.
Then HI(U, Z3) @Hl(‘—/, Z3) has as many generators as HI(U NV, Z3XKer *
and Im j* combined, which implies the conclusion of the lemma.

Lemma 5. If V is a compact 3-manifold with nonempty boundary, then
BH (V,Z)) > 1 -% x (Bd V).

Proof. We know by [3, p. 233] that 2x(V) = x(Bd V) (where x stands for
Euler characteristic). For compact 3-manifolds, x(V) = Bo -B,+B,- [33
and B;>1 and }33:0. So we have 1 —/31+B2§%X(BdV) or B,>1-
¥X(BdV).

By Lemmas 4 and 5 we have

B(H,(U, Z,) < ;(ZiK +27oD) r K- (1 + % ;(ZiK + 271 z))

(where ie Sif B, , [ CBdV)
1,2°K +2°
=%<Z(2i1<+2"-1-2)>+1<+|s|-1
S
1 (& ;
<3 Zz‘1<+2'"1-2)+1<+r—1=2'K+2'“‘-1!/2.
i=1

We know that BI(HI(BI’ Z3)) =2K + 271 _ 1, so there isa g €
H (B, Z,) with g #0 and j,g =0 in H (U, Z,), where j, is the inclusion
induced homomorphism. :

Now consider the Mayer-Vietoris sequence
r* ' —— S* 7
—H(B, Z)—->H (N, Z,) &H,(U-N,Z)—H(U,L).
Since s,(i g, 0) = j,g = 0, where i, is here the homomorphism induced by
the inclusion of BN’ in N’', there is an / € H (B,, Z,) such that 7,/ =

(i,8 0) or i l=ig in Hl(N', ZS)'
We now investigate Hl(N', 7). Let a; be the orientation reversing
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curve in P]. x 1 and bi be the orientation reversing curve in P]. x 0 for
each j with 1 <j<2'K + 2"~ 1. If the curves are oriented properly and if
[aj] and [b].] represent the homology classes of a and b]. in HI(N', 7),
then [6.] = 3[a].] in HI(N', Z) by our construction of the tunnels in N’
Therefore [bi] =0 in Hl(N', ZS)’ Since the [b,.]’s generate H (B, Z3)
we have 7, H,(B,, Z3) =0 in HI(N', Z3) and i,.g=17.0/=0 in Hl(N', Z3)
so B(H,(N",Z,)) <2'K + 27! — 1. But since i,g =0 in H (N', Z),

BiH(N,Z) <2K+ 2771 -2,
However by Lemma 5
B, (H (N, Z.,)) > B,(H (N}, Z)) > 1 - %X (Bd N')
=1-%02-27K-2"N=2K+27" - 1.
The last two inequalities are incompatible, and Property (2) is established.
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