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Abstract— The capability of nanolasers to generate coherent
light in small volume resonators has made them attractive to be
implemented in future ultra-compact photonic integrated circuits.
However, compared to conventional lasers, nanolasers are also
known for their broader spectral linewidths, that are usually
on the order of 1 nm. While it is well known that the broad
linewidths in light emitters originate from various noise sources,
there has been no rigorous study on evaluating the origins of
the linewidth broadening for nanolasers to date to the best of
our knowledge. In this manuscript, we investigate the impact
of fundamental thermal fluctuations on the nanolaser linewidth.
We show that such thermal fluctuations are one of the intrinsic
noise sources in a sub-wavelength metal-clad nanolaser inducing
significant linewidth broadening. We further show that with
the reduction of the nanolaser’s dimensions, i.e., mode volume,
and the increase of the ambient temperature, such linewidth
broadening is enhanced, due to the effect of more pronounced
fundamental thermal fluctuation. Specifically, we show that the
finite linewidths induced by the thermal fluctuations at room
temperature are 1.14nm and 0.16nm, for nanolasers with core
radii of 250nm and 750nm, respectively. Although our study was
performed on a metallo-dielectric nanolaser, it is reasonable to
assume that, in general, other nanolaser architectures are also
more prone to thermal fluctuations, and hence exhibit larger
finite linewidths than conventional large mode volume lasers.

Index Terms— Semiconductor nanolasers, fundamental ther-
mal fluctuations, thermal noise, Langevin method, nanolaser
linewidth.
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I. INTRODUCTION

THE miniaturization of optical resonators has established

nanolasers as promising coherent light source candidates

for future integrated nanophotonics with wide applications

in bio-sensing [1]–[3], imaging [4]–[6], far-field beam syn-

thesis [7] and optical interconnects [8]. The ultra-compact

mode volume of nanolasers also enables them to exploit

the cavity quantum electrodynamics (QED) effect [9]–[12].

In these nanocavities, conspicuous Purcell enhancement helps

to dramatically increase the modulation speed and lower

the power consumption for optical communication systems.

However, shrinking the dimension of a nanolaser can also be

detrimental to its performance. One of the intrinsic issues with

nanoscale resonators is that, fundamental thermal fluctuation

(FTF) is expected to be more pronounced in comparison to

conventional lasers. According to the fluctuation-dissipation

theorem, the variance of the temperature fluctuation ∆T is

inversely proportional to the optical mode volume V [13], [14]:

h∆T 2i = kB T 2

ρcV
(1)

where T is the classical temperature, ρ is the density of the

host material (g · cm−3), c is the specific heat capacity (J/g ·
K ), and kB is the Boltzmann constant (J/K ). In semicon-

ductor lasers, this continuous thermal fluctuation perturbs the

refractive index of the resonator through the thermo-refractive

effect, and hence causes the resonance frequency to fluctuate

around its mean. As shown in (1), the thermal noise increases

with decreasing mode volume and increasing temperature.

Consequently, the bigger noise will impose a more prominent

limitation on the frequency stability of the nanoscale light

emitters. Therefore, understanding the impact of FTF on a

nanolaser’s spectral linewidth is of crucial importance, since

FTF can be one of the dominant contributions to the broad

linewidths measured in various nanolasers, that are usually

on the order of 1nm [15]–[27]. Evaluating the linewidth

broadening caused by FTF in nanolasers would be the first step

towards engineering nanolasers to be employed in applications

where narrow linewidth is desired, such as coherent optical

communication [28] and near-field spectroscopy [29].

In this manuscript, we theoretically study the impact of

FTF on the spectral properties of metallo-dielectric nanolasers

in terms of their frequency noise and linewidth broadening.

We first introduce the nanolaser architecture to be analyzed in

Section II. Details for calculating the spectral properties of a
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nanolaser are also presented here. In Section III, to elucidate

the effect of a nanolaser’s dimension, we evaluate and compare

the frequency noise and linewidth broadening generated by

FTF in two nanolasers with different radii. The temperature-

dependent linewidth broadening is also presented and ana-

lyzed. In Section IV, we further consider how the geometry of

a nanolaser would alters its linewidth broadening induced by

FTF. Comparison between the simulation result and empirical

results reported in previous studies is also discussed. Finally,

summary and conclusions of FTF’s effect on a nanolaser’s

spectral performance are presented in Section V.

II. THEORETICAL MODEL

In semiconductor resonators, thermal fluctuations perturb

the refractive index of the constituent materials. Therefore,

the temperature fluctuation 1T (Er , t) lead to a fundamental

uncertainty of the cavity resonance via the thermo-refractive

effect. By solving the temperature-perturbed wave-equation,

the transient fluctuation of the frequency resonance 1v (t)

with respect to the center resonance frequency v0 can be

expressed as [30]:

1v (t) = −v0

n

dn

dT
1T̄ (t)

= −v0

n

dn

dT

∫

V

1T (Er , t) |E (Er)|2 dEr (2)

where 1T̄ (t) is the average thermal fluctuation over the mode

volume, EE (Er) is the normalized electric field distribution of

the eigenmode, n is the refractive index of the gain material,

and dn
/

dT is the thermo-optic coefficient. The center fre-

quency v0 can be determined by various approaches [31], [32].

In this work, v0 is found by performing a three-dimensional

(3-D) finite-element-method (FEM) simulation in COMSOL

Multiphysics. The lasing mode is expected to have the highest

quality factor and the lowest lasing threshold among the

eigenmodes that lie within the gain spectrum of InGaAsP [33].

As shown in (2), the linewidth broadening can be estimated

by determining 1T (Er , t) and E (Er). Hence, in the following

section, we first solve the electric field distribution E (Er)

within the resonator. Then, we present the theoretical approach

adopted to quantify the thermal fluctuations 1T (Er , t).

A. Metallo-Dielectric Nanolaser Architecture

The architecture of the metallo-dielectric nanolaser under

consideration throughout the manuscript is depicted in

Fig. 1(a). The nanolaser has an InGaAsP gain medium with a

radius of R1 and a height of H . The gain region is wrapped by

a SiO2 shield, whose thickness is optimized to lower the lasing

threshold [34]. The total radius of the InGaAsP core plus the

SiO2 shield is labelled as R2. The values of R1, R2 and H for

the devices N-250 and N-750 under consideration are given

in Table. I. A thick Ag cladding that covers the dielectric

shield not only allows high mode confinement (0 ∼86%),

but also facilitates the heat dissipation of the nanolaser [15],

[16], [20], [22], [35]. The metallo-dielectric nano-resonators

are designed to support a transverse electric (TE) mode.

Fig. 1. (a) 3D schematic of the metallo-dielectric nanolaser. R1 is the radius
of the gain medium InGaAsP, R2 is the total radius of InGaAsP plus SiO2
dielectric shield, and H is the height of the InGaAsP. The pillar is covered by
adequately thick Ag cladding. The values are given in Table.I. (b) Normalized
electric field distribution profile of the cross section (chosen at the center of
the gain medium InGaAsP) of N-250 obtained from 3D FEM simulation. The
black circles are the interfaces of InGaAsP/SiO2 and SiO2/Ag, respectively.
Effective confinement in the gain region can be observed.

TABLE I

DIMENSION PARAMETERS OF THE NANOLASERS FOR CALCULATION

For example, N-250 supports a first order TE011 mode,

as shown in Fig. 1(b).

To obtain the continuous electric field E (Er) of a nanolaser

shown in (2), a 3-D FEM simulation in COMSOL is first

performed to extract the discrete electric field distribution.

These discrete data are then fitted into continuous analytical

solutions, that are Bessel functions, due to the radial symmetry

of the cylindrical metallo-dielectric nanolasers. For example,

the electric field solutions of the TE011 mode of N-250,

as shown in Fig. 1(b), are the first order Bessel functions,

that can be expressed as:

E1,2 (r) = A1,2 J1

(

k1,2r
)

+ B1,2Y1

(

k1,2r
)

, 0 ≤ r ≤ R2

E3 (r) = A3 I1 (k3r) + B3K1 (k3r) , r ≥ R2 (3)

where the subscripts denote different regions, with 1 being

InGaAsP, 2 being SiO2 and 3 being Ag. Fig. 2 presents the

plotting of (3) based on the discrete FEM simulation data.

Approaches other than FEM simulations, such as in [36], can

also be applied to derive the electric field in the semiconductor

regions.

Next, we derive the thermal fluctuations solutions 1T (Er , t),

the other prerequisite for evaluating the frequency shift 1v (t).

B. Calculations of the Fundamental Thermal Noise Using

Langevin Approach

To calculate the thermal fluctuations, 1T (Er , t), a 2-D heat

transport model with the boundary conditions imposed by

the nanocavity structure is adopted. This model is based on
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Fig. 2. Transverse electric field distribution of the metallo-dielectric nanolaser
N-250. Radius of the gain region: R1 = 250nm; outer radius R2 = 350nm.
Radial coordinates greater than 350nm represent the metal cladding region.
Blue dots are the discrete value obtained from numerical simulation. Solid
black line is the corresponding fitting curve.

a general assumption that the thermal fluctuations can be

decomposed into a radial mode and a longitudinal mode.

For metallo-dielectric nanolasers, the in-plane radial mode

will be chosen for the following calculation. This choice is

validated by two facts: 1) the in-plane-mode-dominated heat

dissipation; 2) the resonant frequency of the TE mode shows

more dependence on radial properties of the resonator. The

2-D heat transport model that we intend to use is governed by

the stochastic heat transport equation. This equation includes a

Langevin noise source F (Er , t) to account for the randomness

of the thermal fluctuation [37], [38], and is expressed as:

∂1T (Er , t)

∂ t
− DT ∇2

Er 1T (Er, t) = F (Er , t) (4)

where DT (cm2s2) is the thermal diffusion constant that

we assume is homogeneous throughout each medium.

DT = η
/

ρc, in which η(W/cm · K ) is the thermal conduc-

tivity. Because the driving source F (Er , t) is uncorrelated

in space and time, the Green’s function method is applied

to derive the analytical solution for the thermal fluctuations

1T (Er , t) [38]. To compute the broadening of the emission

linewidth, the power spectral density (PSD) of the frequency

noise S f (w) needs to be evaluated (where the subscript

denotes the frequency noise). We restrict the noise source

considered in this manuscript to only FTF. Therefore, the fre-

quency noise is solely generated by thermal noise, and hence

knowing S f (w) requires knowledge of the PSD of the thermal

noise S1T (w). A Fourier transform is performed on the

corresponding Green’s function of (4) and gives:

iwG
(

Er, Er 0; iw
)

− DT ∇2
Er G

(

Er , Er 0; iw
)

= δ
(

Er − Er 0) (5)

where w is the Fourier angular frequency and r’ is

the coordinate of the spatially uncorrelated Langevin heat

source. The thermal fluctuations in the frequency domain

then can be derived from the definition of Green’s

function as:

∆T̃ (Er , w) =
∫

V

G
(

Er , Er 0; iw
)

F̃ (Er , iw) dEr 0 (6)

Equation (6) shows that, in order to obtain S1T (w) to

evaluate the parasitic frequency noise S f (w), the spectral

density of the Langevin noise source F (Er , t) is needed. The

spectral autocorrelation of the Langevin source that satisfies

the fluctuation-dissipation theorem is shown to be [39], [40]:

hF̃ (r, iw) F̃∗ (

r 0, iw0)i

= 4π DT AkBT 2

ρcV
∇r∇r 0δ

(

r − r 0) δ
(

w − w0) (7)

where A is the area of the InGaAsP cross-section. Here we

assume that the heat source lies in the gain medium, since most

of the energy is well confined to it (see Fig. 1(b)). According

to Wiener-Kintchin theorem, the single-sided PSD S1T (w) is

shown to be (see Appendix. B):

S∆T (w)

= 1

π
h∆T̃ (w) ∆T̃ ∗ (

w0)i = 4AkBT 2

ρcV

×
∫

V

∫

V

Re
[

G
(

r, r 0; iw
)] |E (r)|2

∣

∣E
(

r 0)∣
∣

2
rr 0drdr 0

(8)

The vanishing of the space-dependence of S∆T (w) is due

to the fact that spatially-dependent thermal fluctuations are

integrated over the entire mode volume, as shown in (2).

To obtain the particular solutions G
(

r, r 0; iw
)

in (8) for

each domain, appropriate boundary conditions are applied

to the general solutions. Due to the axial symmetry of the

nanolasers, the general solutions are Bessel functions of the

zeroth order. The Ag cladding acts as an effective heat

sink. Therefore, we assume that fluctuations are absent at

the SiO2/Ag interface, i.e., 1T |R2
= 0. With the detailed

boundary conditions shown in Appendix B, we arrive at the

Green’s function solutions for different regions as:

0 ≤ r ≤ r 0,
G<

1

(

r, r 0; iw
)

= g1

(

r 0) J0(kρ1r)

r 0 ≤ r ≤ R1,

G>
1

(

r, r 0; iw
)

= g2

(

r 0) J0

(

kρ1r
)

+ h2

(

r 0) H
(1)
0

(

kρ1r
)

R1 ≤ r ≤ R2,

G2

(

r, r 0; iw
)

= g3

(

r 0) J0

(

kρ2r
)

+ h3

(

r 0) Y0

(

kρ2r
)

(9)

where kρ1 = √−iw/D1, kρ2 = √−iw/D2. The Hankel

Function H
(1)
0 accounts for the decaying of the heat diffusion

away from the heat source and satisfies the singularity at the

point heat source [41]. The expressions for gi and hi are given

in Appendix. C. Our analytical solutions present the first set

of solutions of the thermal fluctuations in composite structures

with semiconductor gain and metal clad.

By substituting the solutions for the Green’s function and

the electric field as stated in (9) and (3) into (8), we can obtain

the PSD for FTF S1T (w). Subsequently, the frequency noise

S f (w) introduced by FTF and the linewidth broadening will

be calculated next.

C. Frequency Noise and Linewidth Broadening

To evaluate the PSD of the frequency noise generated

by FTF, a Fourier transform is performed on the transient
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Fig. 3. (a) PSD of the frequency noise S f ( f ) due to FTF at different ambient temperatures 300K (purple solid line), 77K (blue dashed line), and 4K (green
dash-dotted line) in N-250. The grey vertical dotted lines are the 3-dB cut-off frequency. (b) The normalized single-sided PSD S∆v (1v) of the frequency
shift to the central frequency ∆v = v − v0 (Hz) due to FTF under different ambient temperatures 300K, 77K, and 4K for N-250. The 3-dB are 67.6GHz,
18.6GHz, and 0.34GHz, that correspond to linewidth broadenings of 1.14nm, 0.31nm, and 5.4pm under 300K, 77K, and 4K, respectively.

autocorrelation of the instantaneous frequency deviation 1v(t)

in (2). Since 1v (t) = 1w(t)
/

2π , we can also relate S f ( f )

and S f (w) as:

S f (w) = 4π2S f ( f ) = 4π2

(

−v0

n

dn

dT

)2

S1T (w) (10)

where f = w/2π is the Fourier Transform basis frequency. To

evaluate the linewidth broadening, we transfer the frequency

noise into the statistics of the phase noise. The variance of the

fluctuation of the optical phase 1φ reads [42]:

h1φ2i = τ 2

π

∫ +∞

0

S f (w)
sin2

(wτ

2

)

(

wτ
/

2
)2

dw (11)

where τ is the delay time in the autocorrelation function of

the electric field, that is defined by:

hE (t) E∗ (t − τ )i = I0 exp ( j2πv0τ ) hex p ( j∆φ)i (12)

in which hex p ( j∆φ)i = ex p
(

−h1φ2i/2
)

by assuming that

1φ follows a Gaussian distribution. This can be justified by

the fact that the phase noise is introduced by many independent

noise events [43]. We assume that FTF is the only noise

source in the nanocavity, and the finite linewidth 1v is

solely generated by the thermal noise, with Schawlow-Townes-

Henry linewidth being neglected. As a result, the linewidth

broadening can be taken to be twice the 3-dB bandwidth

of the single-sided S∆v (1v)spectrum, which is the spectral

decomposition of (12). 1v = v−v0 is the frequency deviation

from the center frequency. Then, we can derive S∆v (1v) by

taking a Fourier transform of (12) yielding,

S∆v (∆v) = I0

∫ ∞

−∞
exp ( j2π∆vτ) exp

(

−h∆φ2i
2

)

dτ

(13)

In the following section, we present the calculation results

of both frequency noise and linewidth broadening using the

parameters summarized in Table. II.

TABLE II

MATERIAL PARAMETERS OF THE NANOLASERS FOR CALCULATIONS

OF THE LINEWIDTH AT 300K. [47]

III. RESULTS

In this section, numerical simulation results of the impact

of FTF on the frequency noise and linewidth broadening in

N-250 and N-750 are presented. Fig. 3(a) shows the PSD of the

frequency noise S f ( f ) of N-250 under ambient temperature

300K, 77K and 4K. The frequency noise S f ( f ) spectra behave

as a low pass filter with a 3-dB bandwidth of ∼ 6.1MHz.

As shown in Fig. 3(a), S f ( f ) at room temperature (300K)

is 4 orders of magnitude higher than that at 4K. Utilizing

(10) – (13), the normalized single-sided PSD S∆v (1v) for

the frequency shift around the center frequency ∆v = v − v0

can be calculated and shown in Fig. 3(b). From this figure,

the finite linewidth can then be read out as twice the 3-dB

bandwidth of S∆v (1v). We then convert∆v into ∆λ for a more

straight-forward understanding of the results. The linewidth

broadening caused by FTF are estimated to be 1.14nm, 0.31nm

and 5.4pm at 300K, 77K, and 4K, respectively. As we can see

for N-250,due to the ultra-small optical cavity, FTF imposes

a large limitation on the resonance stability via the thermo-

refractive effect and induces a pronounced spectral linewidth

under room temperature.
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Fig. 4. (a) Normalized electric field distribution profile of the cross section (chosen at the center of the gain medium InGaAsP) of N-750 obtained from 3D
FEM simulation. (b) PSD of the frequency noise S f ( f ) due to FTF at different ambient temperatures 300K (purple solid line), 77K (blue dashed line), and
4K (green dash-dotted line) in N-750. The grey vertical dotted lines are the 3-dB cut-off frequency. (c) The normalized single-sided PSD S1v (1v) of the
frequency shift to the central frequency 1v = v − v0 (Hz) due to FTF under different ambient temperatures 300K, 77K, and 4K for N-750. The 3-dB are
10.0GHz, 2.57GHz, and 0.13GHz, that correspond to linewidth broadenings of 0.16nm, 0.04nm, and 2pm under 300K, 77K, and 4K, respectively.

To better elucidate the impact of the decreasing mode

volume, we investigate and compare the frequency noise and

linewidth broadening in a larger cavity N-750 at the same

temperatures. While N-250 has an inner radius of R1 =250nm

and an outer radius R2 = 350nm, N-750 has R1 =750nm

and R2 = 900nm. The electric field profile of N-750 from

3-D FEM simulation is depicted in Fig. 4(a). As five lobes

in a semicircle are shown, the electric field solutions of

N-750 are the fifth-order Bessel functions. Same fitting method

described in Section II-A is adopted to derive a continuous

field distribution from the discrete data obtained from FEM

simulations.

The PSD of frequency noise spectra for the device N-750 are

presented in Fig. 4(b). To understand how the dimensions

of nanoscale cavities influence their linewidth performance,

we compare the values at the plateau for N-250 and N-750 at

the same temperature. From the observation of these results, a

slightly lower frequency noise generated by FTF could be seen

for N-750. Moreover, the 3-dB bandwidth of S f ( f ) for N-750,

which is around 1.3MHz, is noticeably smaller than that

of N-250, which is around 6.1MHz. A comparison between

Fig. 3(a) and Fig. 4(b) implies that the nanoscale cavities not

only escalate the frequency noise in low frequencies, but also

expand the bandwidth for the thermal fluctuations.

Fig. 4(c) shows the linewidth broadening caused by FTF for

N-750. We estimate the linewidth broadenings due to FTF as

0.16nm, 0.04nm and 2pm, corresponding to ambient temper-

atures of 300K, 77K and 4K, respectively. By comparing the

values of the two devices for the same temperature, the signifi-

cantly large difference between N-250 and N-750 in linewidths

is observed. This confirms the hypothesis we made in the

last section that a larger finite linewidth will be generated

due to the reduction of the device dimensions. For instance,

at room temperature (300K), N-250 has a radius 3 times

smaller than that of N-750 while showing a 7 times larger

thermal broadening compared to that of N-750. Our calculation

corroborates the idea that nanoscale optical cavities are more

prone to FTF than lasers with larger mode volumes, and

thus exhibits broader linewidths due to the parasitic frequency

noise.

Other than nanolaser’s dimension, the ambient temperature

is also a crucial factor in determining the finite linewidth

generated by FTF. Fig. 5 shows the trend of the linewidth

increasing temperature for N-250 and N-750. Discrete ambient

temperatures are chosen for revealing the trend, as metal-

clad nanolasers are reported to show lasing action under these

temperatures [20], [22], [44]–[46]. An almost linear relation

between linewidth broadening caused by FTF and ambient
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Fig. 5. Linewidth broadening of N-250 and N-750 caused by FTF at
ambient temperatures of 4K, 77K, 100K, 140K, 180K, 200K, 240K, 300K,
as reported in previous studies, and 353K, as estimated by [47]. For N-250,
the fitting curve is ∆v(GHz)=0.4511×T(K)+0.1578, with a coefficient of

determination R2 = 0.9995. For N-750, ∆v(GHz)=0.06525×T(K)+0.1488,

with R2 = 0.9993.

temperature can be seen for both N-250 and N-750. A linear

fitting for N-250 shows 1v(G H z) = 0.4511 × T (K ) +
0.1578. Similarly, for N-750 the curve can be fitted into

1v (G H z) = 0.06525 × T (K ) + 0.1488. For the purpose

of practical implementation, the fitting curves provide a good

estimation for the finite linewidths generated due to FTF at

any other temperature.

IV. DISCUSSION

We further study how the linewidth broadening from ther-

mal fluctuations depends on a nanolaser’s geometry, given that

the electric field distribution of a nanolaser and the Green’s

function solutions are both geometry-dependent. We show that

given a fixed outer radius R2, the linewidth broadening ∆v

(in Hz) due to FTF also shows a slight dependence on the

radius of the active region R1. Table. III presents the linewidth

broadening under room temperature as R1 varies around its

optimal thickness [34], i.e. lowest lasing threshold. As shown

for both R2 = 350nm and R2 = 900nm, a larger gain

radius R1 induces a smaller finite linewidth ∆v. However,

the variation of ∆v caused by the radius change is only ∼
1% of ∆v. Therefore, the linewidth broadening shows trivial

dependence on the radius of R1 with a fixed R2, on the premise

that R1 varies within its optimal region.

Although the work presented here is based purely on numer-

ical analysis, a comparison with experimental results found in

literature can still be made. The N-750 device studied in this

work is very similar to a device, whose lasing characterization

has already been reported in [20], in terms of both physical

dimension and material composition. The only difference is

that instead of InGaAsP, InGaAs is utilized as the gain mate-

rial. However, the optical and thermal properties of InGaAs

and InGaAsP are very similar. This qualifies our calculation

for N-750 as a good estimation of the FTF generated in the

reported device. At 77K, in comparison to the simulation result

of 0.04 nm found in this study, the empirical linewidth is

TABLE III

LINEWIDTH BROADENING UNDER ROOM TEMPERATURE WITH VARYING

RADIUS OF GAIN REGION AND A FIXED OUTER RADIUS

0.9nm in [20]. This indicates that FTF is not a negligible

noise source for nanolaser linewidth at this temperature. The

discrepancy can be explained by three factors: 1) The interior

temperature of the device can be much higher than the ambient

temperature while being pumped. For example, [47] shows that

the internal lattice temperature of a device can be 53K higher

than the ambient temperature during experiment. Therefore,

a broader linewidth is expected for a higher temperature.

2) Pump fluctuations also contribute to the thermal fluctuations

in a nanolaser through thermal impedance [48]. 3) The empiri-

cal linewidth reported in [20] is limited by the resolution of the

spectrometer. The actual linewidth, in principle, can be much

smaller than 0.9nm, Therefore, it can be inferred that FTF can

be a pronounced contribution to the linewidth broadening in

metallo-dielectric nanolasers.

V. CONCLUSION

In this article, we analytically and numerically investigate

the linewidth broadening for a nanolaser caused by the FTF.

We adopted a 2-D heat transport model to facilitate solving

the stochastic thermal diffusion equation, aiming at finding

the solution for the spatially and temporally dependent FTF.

For better understanding the implications of the decrease of

the mode volume, we derived the frequency noise for two

nanolasers with different radii. We observed a higher noise

floor and a larger 3-dB thermal noise modulation bandwidth

for the nanolaser with smaller radius. We also deduced the

thermal linewidth broadening due to FTF and arrived at

1.14nm, 0.31nm and 5.4pm for N-250 and 0.16nm, 0.04nm

and 2pm for N-750, both under 300K, 77K and 4K, respec-

tively. This observation corroborates that the ultra-small mode

volume of a nanolaser could be detrimental to its spectral prop-

erties as it is more prone to fundamental thermal fluctuations.

A linear dependence of linewidth broadening on the ambient

temperature could be observed for both N-250 and N-750.

In this manuscript, we specifically choose a metallo-dielectric

nanolaser for calculation. From the comparison between two

devices that have different mode volumes, it is reasonable

to assume that nanolasers in general will exhibit larger finite

linewidths than conventional lasers with larger mode volumes,

due to the pronounced FTF in nano-resonaters.
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APPENDIX

A. The Coefficient in the Particular Solutions for Electric

Field Distribution in (3)

ki =
√

(

2π
√

�i

λ

)2

−
( π

1.1
H

)2

where �i = 11.56 for InGaAsP, 2.14 for SiO2 and 130 −
3i for Silver at room temperature [15]. Here, we are given

the discrete value from 3-D FEM simulation, and we use ED

to represent the data set. We let ED0 = ED

/

max (ED) to

denote the data set that gives the normalized field distribution.

R denotes the data set of the radial coordinate of all the values.

We then have the normalization coefficient n as:

n = 1
√

2π
∫

V
r |EE0 |2dr

Let ER1 = ED0 (R = R1) and ER2 = ED0 (R = R2), we

have:

A1 = n ∗ max (J1 (k1 R))

A2 = n ∗ ER2

J1 (k2 R2) + B2Y 1(k2 R2)

B2 = n ∗ J1 (k2 R2) ∗ ER1 − J1 (k2 R1) ∗ ER2

Y1 (k2 R1) ∗ ER2 − Y1 (k2 R2) ∗ ER1

B3 = n ∗ ER2

K1(k3 R2)
B1 = A3 = 0

While for ai and bi :

ai (orbi ) = 1

n

max (ED)

max (J1 (k1 R))
Ai (or Bi)

B. Calculation of PSD of the Fundamental Thermal Noise

Using Langevin Approach and Green’s Function Method

The stochastic thermal diffusion equation reads:

∂1T (Er , t)

∂ t
− DT ∇2

Er 1T (Er, t) = F (Er , t) (B1)

The parameters here are the same as defined above. To solve

the above equation, boundary conditions are needed. To start

with, the silver layer is considered as an effective heat sink due

to its large heat conductivity, so no thermal fluctuation happens

in the metal-dielectric interface. Moreover, the temperature

fluctuation and its flux need to be continuous at the boundaries.

1T |R2 = 0

1T |R1−0 = 1T |R1+0

η1
∂1T

∂r

∣

∣

∣

∣

R1−0

= η2
∂1T

∂r

∣

∣

∣

∣

R1+0

(B2)

Because of the random nature of F (Er , t), there is no first

order characterization for it, but its second order characteriza-

tion is known as:

hF̃ (r, iw) F̃∗ (

r 0, iw0)i

= 4π DT AkBT 2

ρcV
∇r∇r 0δ

(

r − r 0) δ
(

w − w0) (B3)

This indicates that our heat source is a point source.

Since we are investigating the resonance frequency deviation

contributed by the whole cavity, thermodynamic fluctuations

of the temperature need to be integrated over the entire mode

volume:

1T̄ (t) =
∫

V

1T (r, t) |E (r)|2 rdr (B4)

Due to the stochastic nature of the internal heat source,

a Green’s function method is applied to derive the analytical

solution for the temperature fluctuation, and consequently,

the frequency noise in the nanocavity. To analyze the spectrum,

a Fourier transform is performed on (B1) and the correspond-

ing Green’s function produces:

iwG
(

Er , Er 0; iw
)

− DT ∇2
Er G

(

Er , Er 0; iw
)

= δ
(

Er − Er 0) (B5)

From the definition of Green’s function:

1T̃ (Er , iw) =
∫

V

G
(

Er , Er 0; iw
)

F̃ (Er , iw) dEr 0 (B6)

Given (B4) and (B6), using the Wiener-Khinchin theorem,

the single-sided PSD, S∆T (w), of the temperature fluctuation

can then be derived as:

S∆T (w) = 2 × 1

2π
h∆T̃ (w) ∆T̃ ∗ (

w0)i

= 1

π

∫

V

∫

V

|E (r)|2
∣

∣E
(

r 0)∣
∣

2
rr 0drdr 0

×
∫

V

∫

V

G (r, r1; iw) G∗ (

r 0, r2; iw0)

×hF̃ (r1, iw) F̃∗ (

r2, iw0)idr1dr2 (B7)

According to the Van Vliet-Fassett therorem [49],

the quadratic Green’s function can be transformed to be linear,

which gives:

< ∆T̃ (r, iw) ∆T̃ ∗ (

r 0, iw0)

≥ 4π AkBT 2

ρcV
Re

[

G
(

r, r 0; iw
)]

δ
(

w − w0) (B8)

And (B7) becomes:

S1T (w) = 4π AkB T 2

ρcV

∫

V

∫

V

Re
[

G
(

r, r 0; iw
)]

× |E (r)|2
∣

∣E
(

r 0)∣
∣

2
rr 0drdr 0 (B9)

For a pure 2D problem we transfer (B5) into cylindrical

coordinates:

d2G
(

Er , Er 0; iw
)

dr2
+ 1

r

dG
(

Er , Er 0; iw
)

dr
+ k2G

(

Er , Er 0; iw
)

= − 1

DT L
δ
(

r − r 0) δ
(

w − w0) (B10)

where k2 = −iw/DT . To obtain the analytical solution of the

Green’s function in (B10), homogeneous boundary conditions

at all medium interfaces are applied. At the point heat source,

the continuity of the Green’s Function and the discontinuity

of its derivative add two more boundary conditions, and the
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latter could be derived by doing an integration of (B10) from

r’-0 to r’+0:

G|r 0−0 = G|r 0+0 , r
∂G

∂r

∣

∣

∣

∣

r 0+0

r 0−0

= − 1

DT L

G|R1−0 = G|R1+0 , η1
∂G

∂r

∣

∣

∣

∣

R1−0

= η2
∂G

∂r

∣

∣

∣

∣

R1+0

G|R2 = 0 (B11)

Solutions for Green’s function in this radial symmetric prob-

lem are Bessel functions:

0 ≤ r ≤ r 0,

G<
1

(

r, r 0; iw
)

= g1

(

r 0) J0(kρ1r)

r 0 < r ≤ R1,

G>
1

(

r, r 0; iw
)

= g2

(

r 0) J0

(

kρ1r
)

+ h2

(

r 0) H
(1)
0

(

kρ1r
)

R1 ≤ r ≤ R2,

G2

(

r, r 0; iw
)

= g3

(

r 0) J0

(

kρ2r
)

+ h3

(

r 0) Y0

(

kρ2r
)

(B12)

C. The Coefficients in the Particular Solutions for Green’s

Function in (9)

Define:

Ji j k = Ji

(

kρ jrk

)

For instance:

J011 = J0

(

kρ1r1

)

Similarly, we define Yi j k = Yi (kρ j rk). We also define Hankel

functions as:

H0111 = H
(1)
0 (kρ1r1)

H1111 = H
(1)
1 (kρ1r1)

J01r = J0

(

kρ1r 0)

J11r = J0

(

kρ1r 0)

H011r = H
(1)
0 (kρ1r 0)

H111r = H
(1)
1 (kρ1r 0)

Define a coefficient to help simplify the expressions:

3 = η1kρ1

η2kρ2
× J021Y022 − J022Y021

J121Y022 − J022Y121

g1 = g2 J01r + h2 H011r

J01r

g2 = 3H1111 − H0111

J121 − 3J111
h2

h2 = 1

D1 H kρ1r 0
J01r

J01r H111r − H011r J11r

g3 = η1kρ1

η2kρ2
Y022 × g2 J111 + h2 H111

J121Y022 − J022Y121

h3 = − J022

Y022
g3
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