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Abstract: This paper examines the impact responses of reinforced concrete �RC� beams through an experimental study and presents an

analytical model developed to predict the maximum midspan deflection and maximum impact load, which aids as an important perfor-

mance index to evaluate the damage levels of RC beams when subjected to impact loadings. The experimental study involves a drop

hammer impact test and investigates the influence of drop height and the effect of the amount of longitudinal steel reinforcement

contributes to the response of RC beams. The RC beam specimens used in the experiment comprised of under-reinforced sections

provided with sufficient amount of transverse reinforcements to allow for an overall flexural failure. The experimental impact responses

of the RC beams were simulated with two-degree-of-freedom mass-spring-damper system model, in which the loading rate effects were

duly considered. The analytical results are in good agreement with the experimental results for the RC beams that exhibited overall

flexural failure.
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Introduction

Some reinforced concrete �RC� structures must be designed for
impact loads, which may result from the crashing of compara-
tively rigid heavy objects at low velocities, such as falling rocks
in mountain areas and falling heavy loads dealt with in factories
and warehouses due to accidents. A rational examination of the
structural safety of the RC structures subjected to impact loadings
is essential to develop a performance-based impact resistant de-
sign approach, in addition to currently available design specifica-
tions for impact loadings �e.g., American Association of State
Highway and Transportation Officials �AASHTO� 1991; UK
Atomic Energy Authority �UKAEA� 1990�. Impact loading, in
general, is an extremely severe loading condition characterized by
its application of a force of great intensity within a short duration.
The behavior of a structural component under impact loading may
consist of two response phases, as shown in Fig. 1: the local
response due to the stress wave that occurs at the loading point
during a very short period after impact; and the overall response
including the free vibration effect due to the elastic-plastic defor-
mation that occurs over a long period in the whole structural
member after impact. The overall response depends predomi-
nantly on the loading rate effect and the dynamic behavior of the
structural component.

Overall failure tends to be a major issue concerning RC beams

subjected to impact loading �e.g., Hughes and Beeby 1982; Ish-
ikawa et al. 2000; Kishi et al. 2001; Yamamoto et al. 2003; Kishi
et al. 2003�. In contrast, local failure, such as penetration, scab-
bing, perforation and/or punching shear, tends to be the predomi-
nant mode of failure for RC plates subjected to impact loadings
�e.g., Miyamoto et al. 1991; Agardh and Laine 1999; Dancygier
2000; Li and Chen 2003; Zhang et al. 2005; Dancygier et al.
2007�.

A clear correlation has been established between the maximum
deformation response and the degree of flexural damage to the
RC beam subjected to impact loads based on previous research
works �Fujikake et al. 2006�. The damage levels of the RC beam
vary from no damage to moderate damage, severe damage and
complete collapse with increasing maximum deformation. There-
fore, to properly investigate the structural safety of RC beams
under impact loading, it is important to estimate both its flexural
capacity and its maximum deformation response as an important
damage index.

In this study, a drop hammer impact test was performed on
twelve specimens of RC beams. The influence of drop height and
the amount of longitudinal reinforcement on the impact responses
of the RC beams was investigated. Nonlinear analysis was carried
out to evaluate the flexural capacity of the RC beams with their
respective loading rate effects and is subsequently presented. Fi-
nally, an analytical model to determine the maximum midspan
deflection of RC beams subjected to impact loadings at its mid-
span was developed.

Experimental Program

Test Specimens

The RC beam specimens as illustrated in Fig. 2 have cross-
sectional dimensions of 250 mm in depth, 150 mm in width, and
1,700 mm in length. The details of the test RC beams are given in
Table 1. The three variations of longitudinal reinforcement pro-
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vided within the beam specimens include D13, D16, and D22
deformed bars. The yield strengths of D13, D16, and D22 were
397 MPa, 426 MPa, and 418 MPa, respectively. D10 bars spaced
75 mm apart with a yield strength of 295 MPa were used as
stirrups. The bending and shear resistances for each RC beam
were calculated based on JSCE Concrete Standard �Japan Society
of Civil Engineers �JSCE� 2002�, and tabulated in Table 2. The
shear resistance varied from 50–155% larger than its bending re-
sistance. Therefore, all RC beams are expected to be weaker in
flexure �i.e., flexure controlled beams�.

The mix proportion of the ready-mixed concrete used to cast
the RC beams is tabulated in Table 3. The aggregates used had a
maximum size of 10 mm. All tests were performed within a pe-
riod of 4 days after 70 days of casting. The concrete compressive
strength at the time of testing was 42.0 MPa.

Impact Loading Test

For impact loading, a drop hammer impact loading machine was
used, as shown in Fig. 3. A drop hammer with a mass of 400 kg
was dropped freely onto the top surface of the RC beam at mid-
span from four different heights: 0.15, 0.3, 0.6, and 1.2 m for
Series S1616 beam specimens; 0.3, 0.6, 1.2, and 2.4 m for Series
SI322 and Series S2222 beam specimens. The striking head of the
drop hammer had a hemispherical tip with a radius of 90 mm. The
RC beam was supported over a span of 1,400 mm with specially
designed devices, allowing it to freely rotate while preventing it
from moving out of displacement.

The contact force developed between the hammer and the RC
beam was measured using a dynamic load cell, which was rigidly

connected to the drop hammer. The midspan deflection response
of the RC beam was measured using a laser displacement sensor.
The sensor uses a thin rubber sheet mounted on the bottom of the
RC beam as a target to measure the response. The computer-based
data acquisition system recorded the data at a sampling rate of
100 kHz.

Experimental Results

Failure Mode

Typical failure modes obtained in the impact loading test are
shown in Fig. 4. Series S1616 beams exhibited an overall flexural
failure at all the drop heights. For Series SI322 and Series S2222
beams, the overall flexural failure was observed only at a drop
height of no more than 0.6 m �1.97 ft�. Local failure with heavily
crushed concrete near the loading point was observed at a drop
height of not less than 1.2 m. The longitudinal tension reinforce-
ment ratios are 1.26% for Series S1616 beams and 2.46% for
Series SI322 and Series S2222 beams. The balanced reinforce-
ment ratio is calculated to be 4.28%. Thus, it is noteworthy that
for the RC beam with an under-reinforced section �Pillai et al.
1999�, increasing the amount of tensile reinforcement can cause
local failure near the impact loading point. Furthermore, it is
noted that the amount of longitudinal compressive reinforcement
tends to affect the degree of the local failure since the length of
the local failure for Series S1322 beams is approximately 20%
larger than that for Series S2222 beams.

Impact Responses

Figs. 5–7 show the measured impact loads and midspan deflec-
tions in Series S1616, Series SI322, and Series S2222 beams. The
measured impact loads are characterized by an initial pulselike
waveform with comparatively high amplitude followed by a blunt
waveform with comparatively low amplitude, as shown in many
previous researches �e.g., Hughes and Beeby 1982; Ishikawa et al.
2000; Kishi et al. 2001; Yamamoto et al. 2003; Kishi et al. 2003�.

Table 1. Longitudinal Bar Arrangement

Designation

Compression side Tension side

Number and size

�mm�

Area As�

�mm2�
Number and size

�mm�

Area As

�mm2�

S1616 2-D16 397 2-D16 397

S1322 2-D13 126.7 2-D22 774

S2222 2-D22 774 2-D22 774

Table 2. Bending and Shear Resistances

Designation

Bending resistance

RM =4 Mu /L

�kN�

Shear resistance

RS=2 Vu

�kN� RS /RM

S1616 91.1 232.0 2.55

S1322 162.2 245.4 1.51

S2222 162.6 245.4 1.51
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Fig. 2. Rebar arrangement: �a� cross-sectional view; �b� side view
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Fig. 1. Impact responses of a RC member
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The peak of the initial pulselike waveform increases with an in-
crease in drop height, while the duration of the initial pulselike
waveform is approximately 2.0 ms regardless of the drop height.
The duration of the blunt waveform increases with increasing
drop height, while the peaks of the blunt waveforms were ap-
proximately identified regardless of the drop heights. There is
approximately a 1.0 ms time lag between the initial rises of the
impact load and the midspan deflection. The maximum midspan
deflection increases with an increase in drop height.

Fig. 8 shows the maximum impact load, the impulse, and the
duration of the impact load, the maximum midspan deflection,
and the time taken for the maximum midspan deflection obtained
at each drop height. The impulse and the duration of impact load

were defined, as shown in Fig. 9. At the same drop height, it is

observed that the duration of impact load, the maximum midspan

deflection, and the time taken for the maximum midspan deflec-

tion of Series SI616 beams are approximately 40% larger than

those of Series SI322 and Series S2222 beams. The maximum

impact load and the impulse at the same drop height, however, are

approximately identical despite of the differences between speci-

mens. Since the flexural rigidities �EI� of the cracked section for

Series S1616, Series SI322, and Series S2222 beams are evalu-

ated to be 4.0�103, 6.1�103, and 6.8�103 �kN·m2�, respec-

tively, the EI affect the duration of impact load, the maximum

midspan deflection, and the time taken for the maximum midspan

deflection.

Nonlinear Analysis for Flexural Capacity of
Reinforced Concrete Beam under Rapid Flexural
Loading

Basic Assumptions

This section describes the development of a nonlinear analysis to

determine the load-midspan deflection relationship of a RC beam

subjected to impact load, as shown in Fig. 10. The RC beam is

simply supported across its span L, and loaded at midspan at a

constant midspan deflection rate of �̇. The proposed analysis con-

sists of �1� the determination of the moment-curvature relation-

ship of the RC beam section by section analysis technique, in

which the strain rate effects of concrete and reinforcing steel are

considered; and �2� the calculation of the load-midspan deflection

relationship through the moment-curvature relationship.

In section analysis, the RC beam section is divided into a

number of discrete fiber elements, as shown in Fig. 11. The fol-

lowing classical assumptions are made to calculate the moment-

curvature relationship: �1� plane sections before bending remain

plane after bending; �2� stress and strain within each discrete fiber

element are constant over the element, and these values are cal-

culated at the centroid of the fiber element; �3� additional defor-

mation due to shearing force is ignored; �4� a perfect bond exists

between concrete and reinforcing steel; �5� the stress–strain curves

of concrete and reinforcing steel with strain rate effects are

known; and �6� the curvature varies with the constant curvature
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Fig. 3. Drop hammer impact test setup

Table 3. Mix Proportion

W/C

�%�

Unit weight

�kg /m3�
Air

�%�

Slump

�cm�W C S G Ad

44.5 185 416 726 943 4.16 4.5 15.5

Note: W=water; C=cement; S=sand; G=gravel; and Ad=Admixture.

(a) (b) (c)
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Fig. 4. Failure modes: �a� S1616 series; �b� S1322 series; and �c� S2222 series
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rate �̇ given as a function of the constant midspan deflection rate

�̇, to incorporate the rate dependences of the constituent materials.

Stress–Strain Relationship of Concrete with Strain
Rate Effect

As shown in Fig. 12, the following stress–strain relationship of

concrete is introduced for compression under any strain rate �̇:

� =
AX + �B − 1�X2

1 + �A − 2�X + BX2
fcd� �1�

where A, B=constants; X=normalized strain and fcd� =dynamic

compressive strength corresponding to a strain rate �̇. The rela-
tionship given by Eq. �1� is determined by three parameters,
which are the initial elastic modulus E0d, the dynamic compres-

sive strength fcd� , and the strain corresponding to the dynamic

compressive strength �cd� . Those parameters are given as a func-

tion of the strain rate �̇ as follows �Fujikake et al. 2001�:

E0d = E0� �̇

�̇sc

�0.002�log��̇/�̇sr��
1.12

�2�

fcd� = fc�� �̇

�̇s

�0.006�log �̇/�̇sr�
1.05

�3�

�cd� = �c�� �̇

�̇sc

�−0.036+0.01 log��̇/�̇sr�

�4�

where E0=initial elastic modulus for static loading �MPa�; E0

=3,320�fc�+6,900 �MPa�; �̇sc=1.2�10−5 �1/s�; fc�=compressive

strength under static loading �MPa�; �c�=strain corresponding to

fc�; and if �̇��̇sc then E0d=E0, fcd� = fc�, and �cd� =�c�. The constants
A and B and the normalized strain X are defined in Table 4 �Ue-
bayashi et al. 2001�.

It is assumed that the unloading and reloading behaviors in
compression follow a straight line with a slope equal to the initial
elastic modulus E0d, as shown in Fig. 12. In the descending
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Fig. 5. Impact response for S1616: �a� drop height=0.15 m; �b� drop height=0.3 m; �c� drop height=0.6 m; and �d� drop height=1.2 m
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branch after the dynamic compressive strength, the point corre-
sponding to 20% of the dynamic compressive strength is defined
as an ultimate state in this study.

On the other hand, as shown in Fig. 12, the stress–strain rela-
tion of concrete in tension is given as

� = E0d� � � �td �5a�

� =
� − �tu

�tu − �td

f td �td � � � �tu �5b�

� = 0 � � �tu �5c�

where f td=dynamic tensile strength at the strain rate �̇; �td

=strain corresponding to the dynamic tensile strength �=f td /E0d�;
and �tu=−4.0�10−4. The dynamic tensile strength is given as
�Ross et al. 1989�

f td = f t exp�0.00126�log10

�̇

�̇st

�3.373	 �6�

in which �̇st=1.0�10−7; f t=tensile strength under static loading

= f t=−0.23fc�
2/3 �Japan Society of Civil Engineers �JSCE� 2002�;

and if �̇��̇st then f td= f t. It is assumed that after cracking occurs,
the unloading and reloading in tension follow the straight line
with a degraded elastic modulus, as shown in Fig. 12.

Stress–Strain Relationship of Reinforcing Steel with
Strain Rate Effect

For reinforcing steel, a bilinear stress–strain relationship is
adopted, as shown in Fig. 13. It is assumed that the elastic modu-
lus Es and the strain hardening modulus Esp are independent of
loading rates following the experimental results by Limberger et
al. �1982� and Ammann et al. �1982�. The effect of the loading
rate on the yield strength is considered. The following formula-
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Fig. 6. Impact response for S1322: �a� drop height=0.3 m; �b� drop height=0.6 m; �c� drop height=1.2 m; and �d� drop height=2.4 m
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tion proposed by Takahashi �Japan Society of Civil Engineers
�JSCE� 1993� is adopted to determine dynamic yield strength
�fsyd�:

fsyd = fsys�1.202 + 0.040 � log10 �̇� � fsys �7�

where fsyd=dynamic yield strength at any strain rate �̇ and f sys

=static yield strength.
Finally, the stress–strain relationship for reinforcing steel is

given as

� = Es � � for � 	 �syd �8a�

� = fsyd + Esp�� − �syd� for � � �syd �8b�

in which �syd=strain corresponding to the dynamic yield strength:
�syd= fsyd /Es and Esp=strain hardening modulus. It is also as-
sumed that after yielding, the unloading and reloading follow the
straight line with a slope equal to Es.

Relationship between Midspan Deflection Rate and
Curvature Rate

When section analysis is performed on a simply supported RC
beam subjected to a rapid flexural load at midspan, as shown in

Fig. 10, the relationship between the midspan deflection rate ��̇�

of the RC beam and the curvature rate ��̇� at the section is re-
quired to calculate the strain rate at each fiber element in this
analysis. Based on the linear elastic theory, the relationship be-
tween the midspan deflection and the curvature, as shown in Fig.
10, can be given as �Gere 2003�

� =
M

EI
=

12

L2
� �9�

In a similar manner, it is simply assumed that the following rela-

tionship exists between the curvature rate �̇ and the midspan

deflection rate �̇
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Fig. 7. Impact response for S2222: �a� drop height=0.3 m; �b� drop height=0.6 m; �c� drop height=1.2 m; and �d� drop height=2.4 m
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�̇ =
12

L2
�̇ �10�

This assumption seems to be reasonable because the influence of
loading rate on the mechanical properties of RC is expressed as a
function of the logarithmic value of the strain rate.

Analytical Moment-Curvature Relationship

Dividing the RC section into n-fiber concrete elements and
m-fiber rebar elements, as shown in Fig. 11, an axial load and
bending moment acting on the section at any curvature � are
given as

N =

A

�dA = �
i=1

�

�c.iAc.i + �
j=1

�
�s.jAs.j �11�
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M =

A

�ydA = �
i=1

�

�c.ivc.iAc.i + �
j=1

�
�s.jvs.jAs.j �12�

where �c.i=stress acting on the ith concrete fiber element; Ac.i

=area of the ith concrete element; �s.j =stress of the jth rebar fiber
element; As.j =area of the jth rebar element; yc.i=distance from
the extreme compression fiber to the centroid of the ith concrete
fiber element; and ys.j =distance from the extreme compression
fiber to the centroid of the jth rebar fiber element. In the beam
member, the condition of N=0 must be satisfied by adjusting a
neutral axis depth y0 as no axial force is acted on the section.

From a linear distribution of strains across the section depth in
the assumptions, the strains of the ith concrete fiber element and
of the jth rebar element can be expressed as

�c.i = �y0 − yc.i� � � �13a�

�s.j = �y0 − ys.j� � � �13b�

where y0=distance from the extreme compression fiber to the
neutral axis and �=curvature of the section.

From the basic assumptions, strain rates vary linearly with

depth at the section as well. Once the curvature rate �̇ is given by
Eq. �10�, the strain rate at each fiber element is determined as

�̇c.i = ��y0 − yc.i�� � �̇ �14a�

�̇s.j = ��y0 − ys.j�� � �̇ �14b�

Therefore, the stresses of any concrete fiber element and of any
rebar element ��c.i ,�s.j� are calculated with the strains ��c.i ,�s.j�
and the strain rates ��̇c.i , �̇s.j� of the corresponding elements.

Analytical Load-Midspan Deflection Relationship

The load-midspan deflection relationship of a RC beam subjected

to rapid flexural loading at the midspan deflection rate �̇ is calcu-
lated based on the moment-curvature relationship obtained from

the section analysis at the curvature rate �̇ given by Eq. �10�. The
midspan deflection of the RC beam can be calculated by integrat-
ing the curvature distribution over one-half the length of the RC
beam. The curvature distribution is determined from the moment

distribution corresponding to the impact load applied and taking
the boundary conditions into consideration. In the calculation, a
constant curvature region with a length Lp is taking place at mid-
span for expressing the plastic deformation within a plastic hinge
region. The length of the plastic hinge region may be given as
�Mattock 1967�

Lp = d + 0.05L �15�

in which d=effective depth and L=span.

Verification

A rapid flexural loading test on the same RC beams S1616,
S1322, and S2222 used in the impact loading test were employed
to validate the developed analysis approach. In the test, the RC
beams were simply supported over a span of 1,400 mm �66.9 in.�
and loaded at midspan at the midspan deflection rates of 5.0
�10−4 and 2.0 m/s �1.64�10−3 and 6.56 ft/s�. The load acting on
the RC beam was measured through a load cell. The deformation
response of the RC beam was measured by using a laser displace-
ment transducer at midspan. In the measured load, the inertia load
evaluated from acceleration, which was derived as second-order
derivations of the measured midspan deflection with respect to
time, was eliminated from the measured load to evaluate the in-
fluence of the loading rate on the true bending resistance of the
RC beam �Banthia et al. 1989�.

The proposed analysis was applied to the experimental data.
The calculations were carried out until the extreme compression
fiber reached to the ultimate state. The elastic and strain harden-
ing modulus of the reinforcing bars were 200 GPa and 3 GPa,
respectively. The concrete compressive strength was 42 MPa.
Figs. 14–16 show the experimental and the analytical results. As
shown in Figs. 14–16, the influence of dynamic vibrations is still
observed in the experimentally obtained load-midspan deflection
relationships at the midspan deflection rate of 2.0 m/s, while the

Table 4. Constants of A and B and Normalized Strain X

Ascending portion ��	�cd� � Descending portion ����cd� �

A=E0d�cd� / fcd� , A=E0d�cd� / fcd� , B=1,

B= �A−1�2
/0.55�1−A,

X=� /�cd� X= �� /�cd� �m where m=1.04+2� �fcd� /100�2

sydf

sE

spE
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Strainsydg

sE

Fig. 13. Stress–strain relationship for reinforcing steel
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inertia loads were delaminated assuming the first mode vibration.
These vibration effects may result from the higher frequency
modes of more than the third vibration mode, which cannot be
delaminated by the inertia correction method based on the first
vibration mode. However, it can be seen that the analytical results
are in good agreement with the averaged experimental results for
all cases. The experimentally obtained load-midspan deflection
relationships have enough load carrying capacity even after
reaching a midspan deflection of 30 or 40 mm. Thus, the analyti-
cally calculated ultimate midspan deflections seem to be practical.

Analytical Evaluation of the Response of Reinforced
Concrete Beam under Impact Loading

Impact Response Analysis

The RC beam subjected to the drop hammer impact at midspan
may be modeled by two-degree-of-freedom mass-spring-damper
system, as illustrated in Fig. 17 �Fujikake 2007�. This analytical
model can represent not only the overall response of the RC beam
but also the local response at the contact point between the drop
hammer and the RC beam with the least degrees of freedom. The
spring k1 expresses the load-midspan deflection relationship of
the RC beam with loading rate effects determined from the non-
linear analysis described in the previous section. After the drop
hammer with an initial impact velocity vib hits the RC beam at
midspan, the RC beam, and the drop hammer move together with

the same velocity via. This assumes a perfectly plastic collision
�Suzuki et al. 1996�. From the conservation of momentum law,
the velocity via is given as

via =
m2

m1 + m2

vib �16�

where m1=equivalent mass of RC beam �=17
AcL /35
=60 kg:
=density of RC beam=2,400 kg /m3, Ac=sectional
area of RC beam� and m2=mass of hammer �=400 kg�. The mid-
span deflection rate of the RC beam yields a maximum value just
after impact and becomes zero at the maximum midspan deflec-
tion. Thus, the midspan deflection rate of the RC beam should be
changing continuously. In this study, the load-midspan deflection
relationship of the RC beam is evaluated on the assumption that
the RC beam deforms at the velocity via given by Eq. �16�. This
assumption is reasonable because the influence of loading rate on
the mechanical properties of the RC beam is expressed as a func-
tion of the logarithmic value of the strain rate. The contact spring
k2 is assumed to be 120,000 kN/m based on Hertz’s contact
theory �Timoshenko and Goodier 1984�. The damping coeffi-
cients c1 and c2 are assumed to be 0 and one-half of a critical
damping coefficient for the part expressing the local response
given as the following equation, respectively.

c2 =� m1m2

m1 + m2

k2 �17�

The analytical impact responses in the impact load and midspan
deflection and those obtained from the impact test are shown in
Figs. 5–7. The analytical results were shown to be in good agree-
ment with the experimental results when the RC beams exhibited
only an overall flexural failure. There was, however, a big differ-
ence between the analytical and experimental midspan deflection
responses of Series 1322 and S2222 beam specimens when sub-
jected to a drop height of 2.4 m. It exhibited both local failure
near the impact loading point and an overall flexural failure mode.
The local failure observed in the RC beams was presumed to have
been formed at the first peak of the impact load, which is approxi-
mately 400 kN. Therefore, as a result of a large consumption of
total impact energy input used to form the local failure shortly
after impact, the experimental maximum midspan deflection ap-
peared to be small as compared to that of the analytical one. The
experimental maximum midspan deflections for Series S1322 and
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S2222 beam specimens subjected to a drop height of 2.4 m are
approximately 33% and 18% smaller than the analytical ones,
respectively. The fact that the extent of the local failure for Series
S1322 beam specimens was larger than that of the Series S2222
beam specimens, it is suggested that the difference in maximum
midspan deflections between the experiment and the analysis is
lager for Series S1322 beam specimens as compared to the Series
S2222 ones.

Dissipation Energy and Analytical Model for Maximum
Midspan Deflection

Typical time variations of energy calculated by a two-degree-of-
freedom mass-spring-damper system model are shown in Fig. 18.

At the maximum midspan deflection, the strain energy stored by
spring k1 reaches its highest value; and the kinetic energy of m1

and m2 comes to zero. It should be noted that the energy dissi-
pated by dashpot c2 reaches approximately 13% of the initial

impact energy given by m2vib
2

/2. In the two-degree-of-freedom
model analysis, energy obtained by summing up the energy dis-
sipated by damper c2 and the energy stored within spring k2 until
the maximum midspan deflection is defined as dissipation energy.
Fig. 19 shows the relationship between the dissipation energy and
the drop height. The dissipation energy linearly increases with an
increase in drop height, as illustrated in Fig. 19.

On the other hand, assuming a perfectly plastic collision be-
tween the drop hammer and the RC beam, energy loss can be
calculated by

ER =
m1m2

2�m1 + m2�
vib

2 �18�

where vib=�2gh �g=acceleration of gravity, h=drop height�.
The relationship given by Eq. �18� is shown in Fig. 19. As can

be seen in Fig. 19 that the dissipation energy calculated by the
two-degree-of-freedom model fits with the relationship given by
Eq. �18�. Therefore, the following energy conservation equation
can be drawn with consideration given to dissipation energy:

m2vib
2

2
− ER + �m1 + m2�g�max =


0

�max

P���d� �19�

where g=acceleration of gravity and P ���=load �P�-midspan
deflection ��� relationship for the spring k1.

Eq. �19� provides a means to calculate the maximum midspan
deflection of a RC beam subjected to impact loading without
using the impact response analysis with the two-degree-of-
freedom system model. The maximum midspan deflections esti-
mated by the two-degree-of-freedom model analysis and Eq. �17�,
and those obtained from the impact test are shown in Fig. 20. The
analytical results were shown to be in good agreement with the
experimental results when the RC beams exhibited only an over-
all flexural failure.

Tables 5–7 summarizes the analytically obtained maximum
midspan deflections ��max� and ultimate midspan deflections ��u�,
together with the velocities of the drop hammer just before and
after impact �vib , via�. The ultimate midspan deflections for Se-
ries S1616, S1322, and S2222 beam specimens were estimated to
be about 15.7 mm, 11.5 mm, and 14.1 mm, respectively. The
ultimate drop height, defined as the drop height at which the
maximum midspan deflection equaled to the ultimate midspan
deflection, for Series S1616, S1322, and S2222 beam specimens

-1000

0

1000

2000

3000

4000

5000

6000

0 0.005 0.01 0.015 0.02 0.025

E
n
e
rg
y
(J
)

Time (s)

Dissipated energy of c
2

Strain energy of k
1

Kinetic energy of m
1
and m

2

Potential energy of m
1
and m

2

Strain energy of k
2

Initial impact energy

Fig. 18. Typical time variation of energy at drop height=1.2 m for

S1616

0

500

1000

1500

2000

0 0.5 1 1.5 2 2.5 3

S1616

S1322

S2222

D
is
s
ip
a
ti
o
n
e
n
e
rg
y
(J
)

Drop height (m)

Eq.(18)

Fig. 19. Relationship between dissipation energy and drop height

(a) (b) (c)

0

10

20

30

40

50

0 0.2 0.4 0.6 0.8 1 1.2 1.4

Experiment

Two-DOF analysis

Eq.(19)

M
a
x
im
u
m
m
id
s
p
a
n
d
e
fl
e
c
ti
o
n
(m
m
)

Drop height (m)

S1616

0

10

20

30

40

50

0 0.5 1 1.5 2 2.5 3

Experiment

Two-DOF analysis

Eq.(19)

M
a
x
im
u
m
m
id
s
p
a
n
d
e
fl
e
c
ti
o
n
(m
m
)

Drop height (m)

S1322

0

10

20

30

40

50

0 0.5 1 1.5 2 2.5 3

Experiment

Two-DOF analysis

Eq.(19)

M
a
x
im
u
m
m
id
s
p
a
n
d
e
fl
e
c
ti
o
n
(m
m
)

Drop height (m)

S2222

Fig. 20. Relationship between maximum midspan deflection and drop height: �a� S1616; �b� S1322; and �c� S2222

JOURNAL OF STRUCTURAL ENGINEERING © ASCE / AUGUST 2009 / 947



are estimated to be 0.48 m, 0.6 m, and 0.76 m, respectively. The
maximum midspan deflection exceeded the ultimate midspan de-
flection when the hammer was dropped at a height higher than the
ultimate height.

In this proposed analytical procedure, the examination of the
structural safety for the RC beam under impact loading is made
possible by comparing the analytical maximum deformation re-
sponse with its ultimate deformation capability, as shown in Fig.
21. For example, in Table 5, the maximum midspan deflections at
a drop height not more than 0.3 m are smaller than the ultimate
midspan deflections; these cases can be considered safe. The
maximum midspan deflections for Series S1322 and S2222 beam
specimens at a drop height of 2.4 m exceed the corresponding
ultimate midspan deflections, as shown in Tables 6 and 7; these
cases can be considered unsafe. It is, however, currently impos-
sible to determine the allowable impact load shown in Fig. 21 as
a criterion for the local failure. Thus, it warrants further research
on the local failure.

Conclusions

Based on the results presented in this paper, the following con-
clusions were drawn:
1. The amount of longitudinal reinforcement significantly af-

fected the failure modes of RC beams under impact loading.
The RC beam with comparatively lower amounts of longitu-
dinal steel reinforcement exhibited only overall flexural fail-
ure, while the RC beam with the comparatively higher

amounts of longitudinal reinforcement exhibited not only the
overall flexural failure but also local failure located near im-
pact loading point due to the large impact from the loading
acting on a single point.

2. The amount of longitudinal compression reinforcement af-
fected the degree of the local failure. Local failure was sub-
stantially reduced when heavy longitudinal compression
reinforcement was provided. Thus, it can be concluded that
compression reinforcement helps to increase the resistance of
a beam local response when subjected to impact loading.

3. The following characteristics of impact responses: the maxi-
mum impact load, the impulse, the duration of impact load,
the maximum midspan deflection, and the time taken for the
maximum midspan deflection increased as the drop height
was increased. The duration of impact load, the maximum
midspan deflection, and the time taken for the maximum
midspan deflection were affected by the flexural rigidity of
the RC beams.

4. A nonlinear analysis was carried out to determine the load-
midspan deflection relationship of the RC beam and the ef-
fects of loading rates were developed.

5. An analytical model was developed to determine the maxi-
mum midspan deflection. The maximum midspan deflection
is an important index for evaluating damage levels of RC
beams subjected to impact loading. The analytical model was
shown to be in good agreement with the experimental mid-
span deflection when the RC beams exhibited only an overall
flexural failure.

Table 5. �u and �max for S1616

Drop height

�m�

vib

�m/s�
via

�m/s�

�u

�mm�

�max
a

�mm�

�max
b

�mm�

0.15 1.72 1.49 15.5 5.8 6.1

0.30 2.43 2.10 15.6 10.2 10.5

0.60 3.43 2.97 15.7 18.8 19.2

1.20 4.85 4.21 15.8 36.0 36.6
aBy two-degree-of-freedom analysis.
bBy Eq. �19�.

Table 6. �u and �max for S1322

Drop height

�m�

vib

�m/s�
via

�m/s�

�u

�mm�

�max
a

�mm�

�max
b

�mm�

0.30 2.43 2.10 11.2 6.3 6.7

0.60 3.43 2.97 11.4 11.3 11.7

1.20 4.85 4.21 11.6 21.3 21.8

2.40 6.86 5.95 11.8 41.2 41.7
aBy two-degree-of-freedom analysis.
bBy Eq. �19�.

Table 7. �u and �max for S2222

Drop height

�m�

vib

�m/s�
via

�m/s�

�u

�mm�

�max
a

�mm�

�max
b

�mm�

0.30 2.43 2.10 13.9 6.3 6.6

0.60 3.43 2.97 14.0 11.2 11.5

1.20 4.85 4.21 14.1 20.7 21.1

2.40 6.86 5.95 14.3 39.6 40.1
aBy two-degree-of-freedom analysis.
bBy Eq. �19�.
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Fig. 21. Design flow of RC beam subjected to impact loading
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6. It was observed that the local failure was formed shortly after
impact by comparing the analytical midspan deflections to
those obtained from the experiments conducted.
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Notation

The following symbols are used in this paper:

A � constant for stress–strain relationship of
concrete;

Ac � cross section area of RC beam;
Ac,i � area of the ith concrete fiber element;
As,j � area of the jth rebar fiber element;

B � constant for stress–strain relationship of
concrete;

c1 � damping coefficient for overall response;
c2 � damping coefficient for local response;
d � effective depth;

Es � elastic modulus of reinforcing steel;
Esp � strain hardening modulus of reinforcing steel;
E0 � initial elastic modulus of concrete under static

loading;
E0d � initial elastic modulus of concrete at strain rate

�̇;
EI � flexural rigidity;

fc� � compressive strength of concrete under static
loading;

fcd� � dynamic compressive strength of concrete at

strain rate �̇;
f syd � dynamic yield strength of reinforcing steel at any

strain rate �̇;
f sys � yield strength of reinforcing steel under static

loading;
f t � tensile strength of concrete under static loading;

f td � dynamic tensile strength of concrete at strain rate

�̇;
g � acceleration of gravity;

k1 � load-midspan deflection relationship of RC
beam;

k2 � load-displacement relationship of contact spring;
L � span;

Lp � length of plastic hinge region;
M � bending moment;
m1 � equivalent mass of RC beam;
m2 � mass of hammer;
N � axial load;

P�t� � load eliminating inertia load;
Pi�t� � inertia load;

Pm�t� � load measured by a load cell;
P��� � load-midspan deflection relationship;

u1 � midspan deflection of RC beam;
u2 � displacement of drop hammer;
X � normalized strain;

via � velocity of hammer and RC beam just after
impact;

vib � velocity of drop hammer just before impact;
yc.i � distance from the extreme compression fiber to

the centroid of the ith concrete fiber element;
ys.j � distance from the extreme compression fiber to

the centroid of the jth rebar fiber element;
�0�t� � acceleration at midspan;

� � midspan deflection of RC beam;
�max � maximum midspan deflection of RC beam;

�u � ultimate midspan deflection of RC beam;

�̇ � midspan deflection rate of RC beam;
� � strain;

�c,i � strain of the ith concrete fiber element;
�s.j � strain of the jth rebar fiber element;
�syd � strain corresponding to dynamic yield strength of

reinforcing steel;
�td � strain corresponding to dynamic tensile strength

of concrete;
�tu � critical tensile strain of concrete �=−4.0�10−4�;
�c� � strain corresponding to static compressive

strength of concrete;

�cd� � strain corresponding to dynamic compressive
strength of concrete;

�̇ � any strain rate;

�̇c.i � strain rate of the ith concrete fiber element;

�̇sc � reference strain rate �=1.2�10−5
/s� for concrete

in compression;

�̇st � reference strain rate �=1.0�10−7
/s� for concrete

in tension;

�̇s,j � strain rate of the jth rebar fiber element;

 � density of RC beam;
� � stress;

�c.i � stress acting on ith concrete fiber element;
�s.j � stress of jth rebar fiber element;

� � curvature; and

�̇ � curvature rate.
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