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Recent weak lensing surveys have revealed that the direct measurement of the parameter combi-
nation S8 ≡ σ8(Ωm/0.3)0.5 – where σ8 is a measure of the amplitude of matter fluctuations on 8
h−1Mpc scales – is ∼ 3σ discrepant with the value reconstructed from cosmic microwave background
(CMB) data assuming the ΛCDM model. In this article, we show that it is possible to resolve the
tension if dark matter (DM) decays with a lifetime of Γ−1 ' 55 Gyrs into one massless and one mas-
sive product, and transfers a fraction ε ' 0.7 % of its rest mass energy to the massless component.
The velocity-kick received by the massive daughter leads to a suppression of gravitational clustering
below its free-streaming length, thereby reducing the σ8 value as compared to that inferred from the
standard ΛCDM model, in a similar fashion to massive neutrino and standard warm DM. Contrarily
to the latter scenarios, the time-dependence of the power suppression and the free-streaming scale
allows the 2-body decaying DM scenario to accommodate CMB, baryon acoustic oscillation, growth
factor and un-calibrated supernova Ia data. We briefly discuss implications for DM model build-
ing, galactic small-scale structure problems and the recent Xenon-1T excess. Future experiments
measuring the growth factor to high accuracy at 0 . z . 1 can further test this scenario.

I. INTRODUCTION

The standard Λ-cold dark matter (ΛCDM) cosmolog-
ical model provides a remarkable fit to a wide variety of
observables, such as big bang nucleosynthesis (BBN), the
cosmic microwave background (CMB), large-scale struc-
tures (LSS), baryonic acoustic oscillations (BAO), and
uncalibrated supernovae of type Ia (SNIa) (see e.g. [1, 2]
for reviews). Nevertheless, tremendous experimental de-
velopments have revealed curious discrepancies between
different probes. At the heart of this study is the grow-
ing tension between the cosmological and local determi-
nation of the amplitude of the matter fluctuations on 8
h−1/Mpc scales, typically described through the param-
eter combination S8 ≡ σ8(Ωm/0.3)0.5. Within ΛCDM,
the latest S8 value inferred from a fit to CMB data [3]
is ∼ 2 − 3σ higher than that measured by a host of
weak lensing surveys such as CFHTLenS [4], HSC [5],
DES [6] and KiDS+Viking [7]. In particular, the recent
joint analysis of KIDS1000+BOSS+2dfLenS has yielded
S8 = 0.766+0.020

−0.014 [8], in ∼ 3σ discrepancy with ΛCDM
from Planck. While an unknown systematic effect at the
origin of this discrepancy is not excluded, the existence of
several independent observations disfavoring the ΛCDM
predictions strengthen the case for new physics. In this
article, we show that the S8 tension can be resolved if DM
experiences 2-body decays where the decay products are
one massive warm DM (WDM) particle and one (mass-
less) dark radiation (DR) component. We will refer to the
full model as ΛDDM. We find that it requires decaying
cold DM (DCDM) to have a lifetime of Γ−1 ' 55 Gyrs
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and to transfer a fraction ε ' 0.7 % of its rest mass en-
ergy into the DR species. Interestingly, depending on the
velocity-kick received by the massive daughter, this sce-
nario could help resolving some of the sub-galactic scales
issues in ΛCDM (e.g. Refs. [9–17]) or could explain the
recent Xenon-1T excess [18, 19].

Many authors have attempted to explain the S8 ten-
sion through new properties of DM (see, e.g., [20–35]).
Scenarios where the DM decays only into DR have been
discussed in this context, but have been shown to be at
odds with the latest Planck CMB lensing and BAO data
[36–41]. The extension of these studies to the case of
a massive daughter was recently performed in Ref. [33],
where it was suggested that this scenario could resolve
the ‘Hubble tension’ – This refers to the ∼ 5σ discrep-
ancy between the value of the current expansion rate of
the universe inferred from Planck data [3] under ΛCDM,
and that measured using the cosmic distance ladder [42–
47], although not all measurements show such discrep-
ancy [48–50]. However, a recent series of analysis has
shown that a combination of BAO, uncalibrated SNIa
[51] and Planck data [52] excludes this model. Yet, au-
thors of Refs. [33, 51, 52] have limited their analyses to
the ΛDDM background evolution, or neglected the per-
turbations of the massive daughter particles.

In this work, we perform the first thorough analysis of
the ΛDDM including a realistic treatment of linear cos-
mological perturbations. Our careful treatment of the
warm daughter perturbations allows us to pin down the
space of parameters resolving the S8-tension. Indeed, the
warm component produced by decay leads to a suppres-
sion of the matter power spectrum at late times, similar
to that of massive neutrinos or standard WDM. How-
ever, contrarily to the latter scenarios, the specific time-
dependence of the power suppression imprinted by the
decay allows to accommodate Planck, BAO, uncalibrated
SN1a and S8 measurements, though we confirm that it
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cannot simultaneously resolve the Hubble tension. Fi-
nally, we briefly discuss implications of these results for
DM model building, Xenon-1T and the ‘small-scale crisis
of CDM’.

II. COSMOLOGY OF 2-BODY DCDM

Our framework is characterized by two additional free
parameters with respect to ΛCDM: the DCDM lifetime,
Γ−1, and the fraction of DCDM rest mass energy con-
verted into DR ε = (1/2)[1 − m2

wdm/m
2
dcdm], where

0 ≤ ε ≤ 1/2. ε = 0 corresponds to the standard CDM
case (no decay), ε = 1/2 to the DM decaying solely into
DR. The general form of the background and linear per-
turbation equations for the DCDM, WDM and DR com-
ponents can be found in Ref. [36, 53]. We reproduce them
in appendix to make this article self-contained.

The dynamics of linear perturbations in the DR com-
ponent is greatly simplified by integrating its phase-space
distribution (PSD) over all the momentum degrees of
freedom [39] (after expanding it over Legendre polyno-
mials). To compute the WDM dynamics one cannot ap-
ply the same strategy, since the integral over the phase
space is not analytic. One must follow the evolution of
the full time- and momentum-dependent PSD, which re-
quires solving O(108) linear differential equations for re-
alistic cosmological analyses. We tackle this issue by de-
vising a new fluid approximation for the WDM species,
based on the treatment of massive neutrinos as a viscous
fluid by Refs. [54, 55], which integrates out the depen-
dency on momenta and reduces the hierarchy of equa-
tions to the first three multipoles on sub-Hubble scales.
All relevant equations, and details about our fluid ap-
proximation, are given in the appendix, and derived in
Ref. [56]. Additionally, we show therein that our ap-
proximation is accurate at the O(1%) level in the matter
power spectrum, and at O(0.1%) precision in the CMB
power spectra.

III. RESOLVING THE S8 TENSION WITH
DCDM

The 2-body ΛDDM scenario under study is
fully described by the following set of parameters:{

Ωbh
2, ln

(
1010As

)
, ns, τreio,Ω

ini
dcdm, H0,Log10 Γ,Log10 ε

}
.

We implement the DDM equations in the publicly avail-
able numerical code CLASS [54, 55], as described
in App. A. We use a shooting method to satisfy
the budget equation. We make use of the code
MONTEPYTHON-v3 [63, 64] to perform a Monte Carlo
Markov chain (MCMC) analysis with a Metropolis-
Hasting algorithm, testing the ΛDDM model against the
high-` CMB TT, TE, EE ‘lite’+low-` TT,EE+lensing
data from Planck [3], BAO data from 6dF [57],
SDSS DR7 [58], BOSS DR12 (including fσ8 mea-
surements) [59], eBOSS DR14 Ly-α [60, 61] and

the Pantheon SNIa catalog [62]. Because the full
KIDS1000+BOSS+2dfLenS likelihood in not yet avail-
able, we model it with a split-normal function on
S8 = 0.766+0.02

−0.014 [8]. We expect it to be a good approx-
imation given that the KiDS collaboration concluded
that their S8 value is only weakly sensitive to the
effect of non-zero neutrino masses [65], a model with
features very similar to the ΛDDM model. (Making
use of S8 = 0.755+0.019

−0.021 from KiDS450+DESY1 [65]
yields similar results.) Note that we neglect the potential
co-variance between S8 and BOSS BAO/FS data for sim-
plicity, and we checked that removing the BAO/FS data
from the analysis does not affect the result. We adopt
the uninformative priors −4 ≤ Log10(ε) ≤ Log10(0.5),
−4 ≤ Log10(Γ/[Gyr−1]) ≤ 1 and 0 ≤ Ωini

dcdm ≤ 1. To
gauge the importance of the late-time decay in the
success of the solution, we compare the ΛDDM model
with another cosmological scenario that features a power
suppression at small scales, namely massive neutrinos
(νΛCDM). We model these as three degenerate states
and vary the total mass Mν , on top of the standard
ΛCDM parameters. We assess the remaining level of
tension by computing the QDMAP (for “difference in
the maximum a posteriori”) tension metric introduced
in Ref. [66], which essentially (for flat priors) makes
use of the difference in χ2 between the fit of a given
model with and without including the S8 data point.

The tension is then estimated as
√

∆χ2 in unit of σ.
Finally, we also compute the Bayesian evidence with the
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FIG. 1. Reconstructed 2D posterior distributions of a subset
of parameters in the ΛDDM and in the νΛCDM models when
confronted to Planck CMB data [3], BOSS BAO data [57–59],
eBOSS DR14 Ly-α [60, 61], the Pantheon SNIa catalog [62]
and a prior on S8 = 0.766+0.02

−0.014 [8] (green band).



3

sampler MultiNest [67], taking 1000 live points and
a tolerance condition on the evidence for stopping the
sampling equal to 0.1. We perform model comparison
by calculating ∆logB = logB(ΛDDM)− logB(ΛCDM).

Our results are reported in Tab. I and summarized
in Fig. 1: In the ΛDDM scenario (red contours) we
find that the best-fit (when including the S8 prior)
has ε ' 0.7% and Γ−1 ' 55 Gyrs, yielding S8 '
0.767 and Ωm ' 0.31, in excellent agreement with
the KiDS1000+BOSS+2dfLenS measurement. More-
over, the decrease in S8 is driven by a smaller σ8,
while Ωm is not affected, which is also what is fa-
vored by the data. We find a strong negative cor-
relation between ε and Γ, which approximately scales
like Γ−1 ' 55 (ε/0.007)1.4 Gyrs. On the other hand,
the νΛCDM model can only achieve S8 ' 0.81, with
Mν < 0.1614 eV (95% C.L.). Remarkably, we find a
∆χ2

min ≡ χ2
min(ΛDDM)−χ2

min(νΛCDM) ' −5.5 in favor
of the ΛDDM model. The negative ∆χ2 is driven entirely
by the low S8 value (The χ2

min per experiment is reported
in App. B). The fit to other data set is barely affected
by the inclusion of a S8 prior in the ΛDDM model (but
degrades in the νΛCDM case), such that without the S8

prior, there is no preference for DDM and S8 seems un-
changed. Looking at the reconstructed S8 = 0.821+0.017

−0.011

in the ΛDDM model without the prior information, one
might naively expect S8 ' 0.767 to be largely excluded.
In fact, the combined χ2 with the prior on S8 only in-
creases by∼ +1.6 (as opposed to∼ +7.1 in the νΛCDM).
This is because S8 has a non-Gaussian posterior with a
tail extending to low values due the degeneracy between
Γ and ε. This degeneracy becomes clear when incorpo-
rating the S8 prior. As a result, the QDMAP estimator in-
dicates that the tension evolves from 2.7σ within ΛCDM
to 1.3σ within ΛDDM. Nevertheless, the model compar-
ison is slightly in favor of ΛCDM, ∆logB = −0.81, al-
though based on the modified Jeffrey’s scales [68–70] the
preference is ‘weak’ or ‘inconclusive’. We thus conclude
that, while the tension between our baseline data set and
S8 is resolved in the ΛDDM, current data do not favor
the model in a Bayesian sense1. Finally, we checked that
the ΛCDM model with two massless neutrinos and one
massive with Mν = 0.06 eV yields results very similar
to the νΛCDM model. Similarly, letting the neutrino
masses free to vary in the ΛDDM model does not affect
the results (see App. C). We also note that making use of
linear priors on ε and Γ does not affect the reconstructed
S8 value, but the scale chosen for the prior (i.e. sampling
over the original prior range or in a more restricted range
where ε ∼ O(10−2)) affects the reconstructed 2D poste-
riors of ε and Γ. We discuss these issues in more details

1 Let us point out that, assuming the ∆χ2 is χ2-distributed with 2
degrees of freedom, the ΛDDM model is favored at 93.3% (∼ 2σ)
over ΛCDM (in the combined analysis). This indicates that part
of the ‘inconclusive’ evidence is driven by our choice of wide
priors and that different choices can affect the Bayesian evidence.

FIG. 2. Top panel − Residuals in the linear matter power
spectrum P (k) at redshifts z = 0, 3, with respect to our base-
line νΛCDM model, for the best-fit ΛDDM model (red lines)
and a νΛCDM scenario yielding the same S8 (blue lines).
The gray band indicates the approximate range of comoving
wavenumbers contributing to σ8. Bottom panel − Same as
above, for the (lensed) CMB TT, EE and lensing power spec-
trum. In this case, the gray bands show Planck 1σ errors.

in App. D.

IV. BEST-FIT COSMOLOGY AND IMPACT ON
CMB AND LSS−

A C+WDM scenario like this one is expected to pro-
duce a suppression in the linear matter power spec-
trum on intermediate and small scales, with a non-trivial
shape [34, 71–73]. The cut-off scale, as in the case of mas-
sive neutrinos, is determined by the WDM free-streaming
scale kfs. At wavenumbers k > kfs, pressure becomes im-
portant and structure formation is inhibited. To better
understand the ΛDDM success in resolving the S8 ten-
sion compared to the case of massive neutrinos, we now
illustrate the impact of both models on the relevant cos-
mological observables for our study.

In the top panel of Fig. 2 we compare the residual
differences in linear matter power spectrum P (k) with
respect to our baseline νΛCDM model (first column of
Tab. I), for both the best-fit ΛDDM scenario (fourth
column of Tab. I) and a νΛCDM model with three de-
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generate massive neutrinos of total mass Mν = 0.27 eV
(we adjust ωcdm = 0.1154 whereas all other parameters
are fixed to the baseline νΛCDM model), which yields
σ8 ' 0.75 and Ωm ' 0.31, in agreement with weak
lensing data [8]. These scenarios feature two key dif-
ferences: i) a distinct redshift evolution for the power
suppression. In the ΛDDM scenario, it is less significant
at higher redshifts, since the abundance of the WDM
daughter is smaller; ii) a time-evolving cut-off scale; in

the ΛDDM model, kfs =
√

3/2H(a)/cg(a), while in the
νΛCDM it is obtained by evaluating kfs at the redshift at
which neutrinos become non-relativistic [20]. As a con-
sequence, the CMB power spectra, well constrained by
Planck, are vastly different. This is illustrated in Fig. 2
bottom panel, for both the best-fit ΛDDM scenario and
the νΛCDM model which yields the same S8 value. The
νΛCDM predicts different early-integrated Sachs-Wolfe
effects, as well as different amount of lensing, because
of a significant power suppression at z ∼ 2 − 3, where
the CMB lensing kernel peaks [74]. On the other hand,
the differences between ΛCDM and ΛDDM until z ∼ 2
are very small, explaining why Planck cannot disentangle
between the two scenarios. Detecting the DDM through
its impact on CMB power spectra will be challenging, al-
though CMB lensing measurements accurate at the ∼ 1%
level could help (e.g. with CMB-S4 [74]). We address
the reader to Ref. [56], that contains an analysis where a
DDM signal is artificially imprinted in a set of mock CMB
data, explicitly showing that such a signal – while being
below the sensitivity of current CMB surveys – would
instead be captured by CMB-S4. Furthermore, the dif-
ferences between the growth rate fσ8 in ΛDDM scenario
and ΛCDM (shown in Fig. 3) at 0 . z . 1, while below
the sensitivity of current experiments measuring, could
be measured by upcoming surveys such as Euclid [75],
LSST [76], and DESI [77].

V. SOME IMPLICATIONS OF THE DCDM

Concrete realizations of ΛDDM scenarios as the ones
considered in this work may arise for instance in the con-
text of the ‘super weakly interacting massive particle’
(superWIMP) class of exotic particle physics models [78–
80], whose super weak couplings make them evade many
observational constraints [81–83]. The decaying parti-
cle must have properties similar to CDM candidates,
which sets a lower mass bound of m & 5 keV if it is
thermally produced in the early universe [84–88], raising
to the MeV mass scale depending on couplings to stan-
dard model particles [89] (irrelevant for thermal produc-
tion in hidden sectors [90]). For non-thermally produced
fermions, the Tremaine-Gunn limit [91] of m & 1 keV
[92] applies.

Interestingly, late decays of CDM to WDM are among
the proposed cures to some observational discrepancies
with CDM on small (sub-galactic) scales after structure
formation (e.g. [9–16], and e.g. [93–98] for reviews on

small-scale issues). A detailed inspection of the effec-
tive parameter space was performed in Ref. [99], which
was later supplemented by dedicated cosmological sim-
ulations [17], showing that this scenario mostly affects
galaxy satellite/subhalo properties. In particular, a
daughter particle speed 3 × 10−5 . v ' ε . 2 × 10−3

may reduce the abundance of subhalos and their concen-
trations for a large range of lifetimes, up to ∼ 100 Gyr.
Greater speeds are disfavored from the existence of dwarf
galaxies (see also [100]), unless Γ−1 & 100 Gyrs, for which
ΛDDM does not depart from ΛCDM as far as structure
formation is concerned (this also holds for very low speeds
irrespective of Γ). Further constraining our favored range
for ΛDDM models along those lines would require to pre-
dict the non-linear matter power spectrum, which goes
beyond the scope of this paper (An improved mildly non-
linear computation could also benefit the modeling of the
lensing signal, including CMB lensing.). However, our
best-fitting parameters do fall in ranges that could partly
address small-scale CDM challenges.

Remarking from our results that the 1-σ range
for the speed of the daughter particle extends to
v ' ε ∼ 0.05, brings up the intriguing possibility
that this scenario may be connected with the excess
events in the electronic recoils recently reported by the
Xenon-1t Collaboration [18]. This excess, if interpreted
in terms of elastic interactions of DM with electrons,
would point to DM particles of mass m & 1 MeV with
unexpected high speeds of v ∼ 0.1 [19, 101]. In our
scenario, this would set the mass scale for the parent
CDM particle mdcdm = mwdm/

√
1− 2ε. This can be

achieved in both thermal and non-thermal production
scenarios for the DCDM particle, with the latter fa-
vored for mdcdm . 10 MeV to prevent it from being
warm. The contact interaction cross section of the
warm daughter with electrons is constrained to be σe ∼

FIG. 3. Growth rate of matter fluctuations for our baseline
νΛCDM model (solid line), compared to the best-fit ΛDDM
model (dashed line) and to the νΛCDM scenario yielding the
same σ8 and Ωm (dotted line). The observational constraints
are taken from Ref. [3] and references therein.
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10−45cm2(fwdm/0.1)−1(ρ�/0.4 GeV/cm3)−1(mwdm/1 MeV)
[19] (even lower for pseudo-scalar contact interactions
[102]), and should be mediated by an independent scalar
sector to ensure that the WDM particle is not produced
in the early universe. Alternatively, the massive daugh-
ter particle might be a dark photon with kinetic mixing
with photons, which could then deposit its entire mass
energy onto electrons from a photoelectric-like process
[103]. This sets mwdm ∼ 2 keV and no longer relies on
ε, which can therefore only be achieved in non-thermal
production scenarios. A possible effective Lagrangian for
this scenario could be Leff ⊃ ẽγµχ̄Ã

µξ − (κ/2)FµνFµν ,

with χ, ξ, Ãµ, and Fµν being the DM particle (a fermion
here), its daughter (possibly a massless Weyl fermion),
a dark U(1) gauge field (possibly massive), and its
associated strength field, which may find realizations
e.g. in models with a broken U(1)B−L gauge symmetry,
also proposed, incidentally, to solve small-scale CDM
issues (e.g. [104–106]).

VI. CONCLUSIONS

In this article we have studied the cosmological
phenomenology of a scenario in which CDM decays
into one WDM and one DR species. Through a
comprehensive MCMC analysis including up-to-date
data, we demonstrated that the ΛDDM scenario can
resolve the S8 tension. The inferred S8 value in the
analysis combining all data sets is in excellent agreement
with the direct measurement from WL, due to the
suppression in the gravitational clustering induced by
WDM free-streaming in a similar fashion to massive
neutrino or standard WDM cosmologies. However
contrarily to the latter, the specific time dependence of
the power suppression imprinted by the decay allows
to accommodate simultaneously all the data considered
in this work. Finally, we briefly outlined implications
and possible future developments of our study, in view
of DM model building, the ΛCDM small-scale crisis
and the recent Xenon-1T excess. Future experiments
measuring the growth rate of fluctuations at 0 . z . 1
or the CMB lensing power spectrum to ∼ 1% accuracy
will further test this scenario.
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Model νΛCDM ΛDDM

Parameter w/o S8 w/ S8 w/o S8 w/ S8

100 ωb 2.245(2.242)± 0.013 2.251(2.253)± 0.013 2.243(2.244)+0.014
−0.013 2.246(2.241)± 0.013

ωcdm or ωini
dcdm 0.1193(0.1194)± 0.0009 0.1182(0.1184)+0.0009

−0.0008 0.1195(0.1195)± 0.00095 0.1191(0.1194)+0.0009
−0.001

H0/[km/s/Mpc] 67.55(67.76)+0.46
−0.44 67.85(68.08)+0.47

−0.44 67.71(67.71)± 0.42 67.92(67.70)+0.43
−0.42

Ln(1010As) 3.052(3.045)+0.014
−0.016 3.047(3.043)+0.014

−0.015 3.051(3.052)+0.014
−0.015 3.048(3.052)+0.014

−0.016

ns 0.9676(0.9663)± 0.0037 0.9697(0.9683)+0.0037
−0.0036 0.9674(0.9672)± 0.0038 0.9682(0.9673)± 0.0037

τreio 0.058(0.055)+0.007
−0.008 0.0569(0.0549)+0.007

−0.008 0.0576(0.0582)+0.0071
−0.0076 0.0570(0.0582)+0.0071

−0.0077

Mν/eV < 0.1395 < 0.1611 − −
Log10(ε) − − −2.69(−2.97)+0.32

−1.3 −2.28(−2.16)+0.8
−0.78

Log10(Γ/[Gyr−1]) − − unconstrained (-3.86) −1.89(−1.74)+0.82
−1.5

Ωm 0.3127(0.3104)+0.0057
−0.0061 0.3083(0.3061)+0.0056

−0.006 0.3102(0.3109)+0.0056
−0.0058 0.3071(0.3099)+0.0053

−0.0058

S8 0.824(0.824)± 0.011 0.81(0.816)± 0.01 0.821(0.828)+0.017
−0.011 0.795(0.767)+0.024

−0.016

χ2
min 2053.4 2060.5 2053.4 2055.0

∆logB 0 0 -1.4 -0.81

QDMAP tension 2.7σ 1.3σ

TABLE I. The mean (best-fit) ±1σ errors of the cosmological parameters from the analysis of Planck, BAO/FS, SN1a data,
with and without a split-normal likelihood on S8 from Ref. [8]. For each model and data-set, we also report the best-fit χ2, the
level of tension estimated through the QDMAP metric [66] and the Bayesian evidence.
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Appendix A: Appendix A: Details about the fluid
approximation for the warm daughter species

Here we sketch the main equations that dictate the
evolution of the background and perturbed phase-space
distribution (p.s.d.) of the warm dark matter (for further
details, see [36]). The evolution of the background p.s.d.
f̄ is given by

∂f̄

∂τ
=
aΓN̄(τ)

4πq2
δ(q − apmax), (A1)

where N̄(τ) is the mean comoving number density of
the mother particle, N̄(τ) = (Ωini

dcdmρc/mdcdm)exp (−Γt),
and pmax is the initial physical momentum of the daugh-
ter particles, pmax = mwdmε/

√
1− 2ε. The evolution of

the perturbed p.s.d. multipoles ∆f` is given by the fol-

lowing hierarchy of equations

∂

∂τ
(∆f0) = −qkE ∆f1 + q

∂f̄

∂q

ḣ

6
+ ˙̄fδdcdm, (A2)

∂

∂τ
(∆f1) =

qk

3E [∆f0 − 2∆f2] , (A3)

∂

∂τ
(∆f2) =

qk

5E [2∆f1 − 3∆f3]− q ∂f̄
∂q

(ḣ+ 6η̇)

15
, (A4)

∂

∂τ
(∆f`) =

qk

(2`+ 1)E [`∆f`−1 − (`+ 1)∆f`+1]

(` ≥ 3).
(A5)

Here E =
√
m2

wdma
2 + q2 is the comoving energy of the

WDM, and h and η represent the usual scalar metric per-
turbations in the synchronous gauge. For integration of
the hierarchy with respect to time, it is useful to consider
τq, which is defined as the conformal time when daugh-
ter particles with comoving momentum q are born, i.e.,
q = a(τq)pmax. On times τ < τq, we set all ∆f` = 0,
since no daughter particle with comoving momentum q
could have been produced. On the crossing time τ = τq,
only the values of ∆fwdm,0(τq) and ∆fwdm,2(τq) are non-
vanishing, and we set them according to the analytical
formulas (A.5) and (A.7) from [36]. Finally, on times
τ > τq, we treat the WDM component as a massive neu-
trino species. We choose the maximum multipole `max

to truncate the hierarchies of equations according to the
scheme proposed in [107] for massive neutrinos. The per-
turbed density of the DCDM obeys the same equation as
in the CDM case [39], δ̇dcdm = −ḣ/2.
The mean density ρ̄wdm can be directly computed by in-
tegration of the background distribution f̄ over the phase
space:

ρ̄wdm(a) =
C

a4

∫ a

0

daq
e−Γtq

Hq

√
ε2a2

q + (1− 2ε)a2, (A6)

where C ≡ ρcΩ
ini
dcdmΓ, Hq ≡ H(aq), tq ≡ t(aq). The ele-

ments of the perturbed stress-energy tensor are computed
as integrals of the first p.s.d. multipoles ∆f` over mo-
menta (we follow the convention of [54]). At sub-Hubble
scales, and far away from the relativistic regime, we find
that the dynamics of the warm daughter species is well
captured if we simply consider the perturbed continuity
equation

δ̇wdm = −3H(c2syn − wwdm)δwdm − (1 + wwdm)

(
θwdm +

ḣ

2

)

+ aΓ(1− ε) ρ̄dcdm

ρ̄wdm
(δdcdm − δwdm), (A7)

and the perturbed Euler equation

θ̇wdm = −H(1− 3c2g)θwdm +
c2syn

1 + wwdm
k2δwdm − k2σwdm

− aΓ(1− ε) 1 + c2g
(1 + wwdm)

ρ̄dcdm

ρ̄wdm
θwdm. (A8)
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We have introduced the sound speed in the synchronous
gauge, c2syn ≡ δPwdm/δρwdm, and the adiabatic sound

speed, c2g ≡ ˙̄Pwdm/ ˙̄ρwdm. We find that including higher
moments (such as the shear σwdm) is not necessary to get
an accurate description, except for the purely relativis-
tic case ε = 0.5. In practice, we set σwdm to a constant
value, obtained via integration of the second PSD mul-
tipole in the Boltzmann hierarchy, just before switching
on the fluid equations. However, contrarily to what is
done in [54] for the fluid description of massive neutri-
nos, we do not assume that c2syn ' c2g for the WDM.
In fact, calculations using the full Boltzmann hierarchy
of Eqs. (A2)-(A5) reveal that c2syn exhibits a particu-
lar k-dependence (namely, some small enhancement on
scales k > kfs) that cannot be captured by a background
quantity such as c2g. To address this problem, we use the
following prescription

c2syn = c2g [1 + (1− 2ε)T (k/kfs)] , (A9)

where c2g is the adiabatic sound speed,

c2g = wwdm

(
5− pwdm

P̄wdm
− ρ̄dcdm

ρ̄wdm

aΓ
3wwdmH

ε2

(1−ε)

)

×
[
3(1 + wwdm)− ρ̄dcdm

ρ̄wdm

aΓ
H (1− ε)

]−1

, (A10)

and T (x) = 0.2
√
x is a function that was fit using the

full Boltzmann hierarchy.
In order to check the accuracy of the fluid description for
the WDM species, we compare it to the ”exact” calcu-
lation of the Boltzmann hierarchy. As an example, for
the cosmological parameters we take the values obtained
from the best-fit analysis that includes the S8 measure-
ments. We first solve the full Boltzmann hierarchy of Eqs.
(A2)-(A5), using 104 momentum bins and lmax = 17.
We then compare with the approximate calculation, that
solves the hierarchy with only 300 momentum bins and
switches-on the fluid equations (A7)-(A9) at sub-Hubble
scales kτ > 25. We plot the residuals between the ap-
proximate and exact calculation of the CMB and matter
power spectra in Fig. 4 and 5 respectively. One can see
see that the accuracy in the CMB TT and EE calculation
is well below 1%, meaning that it is safe to use the fluid
approximation for CMB analysis. By looking at Fig. 5,
one can see that the matter power spectrum is computed
at a few percent accuracy, reaching 2 − 3% errors for
the smallest scales. Nevertheless, our calculation reveals
Sapprox

8 ' 0.767 and Sfull
8 ' 0.762, i.e., a relative error

of ∼ 0.65 %, which is well below the ∼ 1.8 % relative
error of the S8 measurement from [8]. We thus conclude
that it is safe to make use of our approximate scheme for
cosmological analysis.

Appendix B: Appendix B: χ2 per experiment
obtained in the different analysis performed

FIG. 4. Residuals of the lensed CMB TT (upper) and EE
(lower) power spectra computed in the fluid approximation,
with respect to solving the full hierarchy of equations. Cos-
mological parameters are fixed to the best-fit values of the
ΛDDM model. The gray bands indicate Planck 1σ sensitiv-
ity.

FIG. 5. Residuals in the linear matter power spectrum (at
redshifts z = 0, 3) computed in the fluid approximation, with
respect to solving the full hierarchy of equations. Cosmolog-
ical parameters are fixed to the best-fit values of the ΛDDM
model. The gray band denotes the approximate range of co-
moving wavenumbers contributing to σ8.
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D. Teresi, (2020), 2006.10735.

[20] J. Lesgourgues, G. Marques-Tavares, and M. Schmaltz,
JCAP 02, 037, 1507.04351.

[21] Z. Berezhiani, A. Dolgov, and I. Tkachev, Phys. Rev. D
92, 061303 (2015), 1505.03644.

[22] Z. Chacko, Y. Cui, S. Hong, T. Okui, and Y. Tsai, JHEP
12, 108, 1609.03569.

[23] R. Murgia, S. Gariazzo, and N. Fornengo, JCAP 04,
014.

[24] T. Kobayashi, R. Murgia, A. De Simone, V. Irˇ sič, and
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Appendix C: Appendix C: Results with the neutrino
mass free in the ΛDDM cosmology

We show in Fig. 6 the 2D posterior distributions
of {S8,Ωm,Log10(Γ/Gyrs−1),Log10(ε),

∑
mν/eV} with

the (individual) neutrino mass fixed to 0.06 eV (red) or
let free to vary (blue). When considering the neutrino
mass a free parameter, we model neutrinos as three de-
generate state, while when the neutrino mass is fixed to
0.06 eV we consider one massive, two massless neutri-
nos. One can see that the results are unaffected by our
choice of keeping the neutrino mass fixed to 0.06 eV in
our fiducial analysis.

Appendix D: Results with a linear prior on Γ and ε

In our baseline analysis, we have made use of log-prior
on ε and Γ, to ease comparison with earlier work [33]
who made the same choice. In this appendix, we present
results using linear priors on the DDM parameters.

Now, let us stress that the use of log-prior is more ag-
nostic, in the sense that a log-prior is a less informative
prior than the linear prior. Indeed, a linear prior carries
a scale (given by the large error bars used in the pro-

posal distribution of the MCMC sampler), which makes
it difficult for the sampler to detect fine structure over
4 orders of magnitude with a linear scale, especially at
very small values.

Given the difference between the scale of the upper
bound on Γ/Gyrs−1 an ε (typically ∼ 10−1) and that of
the lower bound (∼ 10−3)), it is very hard to reconstruct
correctly the parameter space with a linear prior.

To illustrate this difficulty we show in Fig. 7 the results
of the linear prior analysis with two different configura-
tions: using the original prior range, and using a more
restricted range: ε ∈ [0.0001, 0.015] and Γ/Gyrs−1 ∈
[0.0001, 0.05]. In the latter case, the level of detection
is un-affected: ε and Γ are non-zero at the 2σ level,
similarly to the results with the uninformative log-prior.
However, in the former case, which weights in favor of
larger ε values, one would (wrongly) deduce an upper
limit only.

To check the impact of the lower bound of the prior on
ε, we perform additional runs with both the linear and
the log prior changing the lower boundary from ε = 10−4

to ε = 10−6. We present the results in Fig. 8. In the case
of the linear prior, one can see that the results are unaf-
fected by our choice of lower limit. In the log-prior case,
the 2D-posterior of ε− Γ is mildly affected by the lower
bound (despite the somewhat ‘ugly looking’ contours, we
reach convergence of R−1 < 0.01), but the 1D-posteriors
are largely unaffected. The main impact of extending the
lower limit is that it gives more weight to the ΛCDM like
parameter space, with a longer tail in the direction of
low ε. Additionally, it leads to a somewhat sharper bi-
modal S8 1D-distribution, rather than the heavy low-S8

tail that we see with the prior log10(ε) > −4. Note that
our tension metric is unaffected by the choice of lower-
limit, given that it relies only on the best-fit parameters.
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