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Improved Ab Initio Effective Core Potentials for

Molecular Calculations

Phillip A. Christiansen, Yoon S. Lee, and Kenneth S. Pitzer

Departmént of Chemistry and Lawrence Berkeley Labofatory,
University of California, Berkeley, CA 94720

ABSTRACT

We have investigated thé sources of error in b¢nd lengths
and dissociation energies compﬁted from ab initio effective .
potentials derived from Phillips-Kleinman type pséﬁdo-orbitals.
We propose an alternate pseudo-orbital, effective potential
treatment with the primary objective of agreement with all-
electron ﬁoieéular éalculations; This new tfeatment forﬁes
the pseudo-brbitals to matchvprecisély the Hartree-Foék
"orbitals in the valence region and thereby eliminates the
major cause of error in the earlier calculations.. Effective
core potentials derived from these revised pSeudo-orbitals
were used to coﬁpute potential energy curves for the ground
states of FZ, ng and LiCf% and the results are compared with
previous all-electron and effective poténtial calculations.
Our effective potentials yield dissdciatiOn ehergies and bond
lengths which are in excellent agreement with the all-electron
values. Furthermore, in contrast to other procedures, our
revised effective potentials result in an excellent description

of the inner repulsive walls of the dissociation curves.
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I. Introduction
Sinte the pioneering pseudo-pbtential'Studies of Phillips

ande.‘leinmanl’-and'of‘Week'sand-Rice2 a great deal of effort

- has gone 1nto the development of ab 1n1t10 effectlve potentral

procedures for 1nvest1gat1ng the valence structure of_molecular
syetems contaihing 1arge numbers of electron§.3;;2 These

- procedures are.based on the aSsumptions that, first, 'the
polarlzatlon of the core orbltals ‘upon molecular formation is

| ~of negligible 1mportance re1at1ve to the valence effects'

(this is the frozen core approx1mat10n) and-secondly, that

the effeets tﬁat the cofe electrons dq'have upon'tﬁe‘molecular -
Valence.orbitais (including overlap effects) can Be weil
approximated using a potential expreSSed'as a sum of loeal_
_functions-multiplied by-prpjection‘operators.e Althoughvthesea
pfocedﬁres_have;tremendouslyvbroadened the sCoﬁe qf moleéular
ealculations,,incenSistencies_relative to.aileelectron calcu-
lations have become apparent in the last few years. ' The most
troublesome of these is the shoftenihg of'bend 1ehgths-and
deepenlng of potential wells (relatlve to all-electron results)
sometimes .seen in potential surface calculatlons. ‘Thls problem
became d15courag1ng1y apparent in the calculatlons -of Kahn

et al. 12 onvF2 and in the recent calculatlons of Hay, Wadt

and Kahn13 on Fz_and CQZ.A The”problem has also,been observed
in calculations on hea?ierfdiatemic\molecules,14’15’For Ce,

Hay et al., using effective botentials develeped by Kahn,
obtained a bohdvlengthvthat_was short-by‘neérly 0;3 bohr and

a dissociation_energy that was.too'large be about 70%. They

dbtained similar fesults'for‘Fz,vthoughenet as exaggerated.



SCF calculatiOns.for F, andiczz in‘whi¢h‘on1y the valence
orbitals were optimized (the core orbitals having been obtained
from atomic caltulations)‘indicated';hat, for the bond lengths
employed in the‘sfudies by Kahn et al. and Hay et al., the
error in the boténtial curves due to th% frozen core approxi-
mation was relatively small;16

During the course of their study, Hay, Wadt and Kahn-
conéluded that the error in their C2, and F, calculations
arose from long-range negative tails in their chlorine 3d
and fluorine 2p efféctive potentials and suggested ad hoc
procedures for eliminating them. Using their revised poten-
tials they obtained greatly improved dissociation curves for
F, and Cg

2’
remained in their computed bond lengths for Clz and LiCf.

but errors in the neighborhood_of 0.1 bohr still

This error, albng with the somewhat inconsistent nature of
their corrections (relative to their effective potenfial
formalismj indicated to us that the problem needed to be
investigated in a more fundaméntal_mahner.

In the present paper we havé investigated the origins of
the difficulties discussed by‘Hay et él. in terms of their
effective potential formalism. We then suggest an alternative
effective potential (EP) procedure which is formally more
satisfaétory than the corrections of Hay ét al. and which in
practice yields:dissociation'curves for FZ’ Clz énd LiCg
which are in excellent agreement with all-electron (AE) calcu-

lations, even for relatively small internuclear separations.



~ Although out discussion is based:primayily_on the Kahn
procedure, most of our findings are equally applicable to
“other formalisms in which the EP's afevdefined in terms of

Phillipstleinmen'type pseudo-qrbitals;

ITI. Long Range Effectlve Potent1a1 BehaV1or_
12

Ig the Kahn forma11sm, the f1rst step 1s to 501V617‘HUf
_meticaily the atom1c Hartree Fock’(HF)-equatlons for accuratel
vrepresentatlons of the.HF.orbltals aﬁd orbital-energies, tThe
normalized valence pseudo-orbitals'*v‘are”then defiﬁgqias
11inear'combinatiqné_of the valence end’core HF‘orBitelsv¢v;¢c
of a given_quuahtum'numbefv(as in,Phillips and Kleinmah),

: core - o
Xy = Cyoy *+ 1 Cco. ¢

The expan51on coeff1c1ents‘1n (1) are chosen such that x is
smooth and nodeless near the or1g1n.r Note that since Xy must
be normallzed and the ¢V>and~¢c are.all orthonormal orbltals,
the coefficient C, must be smaller than unityeuniess;all of
the C. are zero - a sitﬁetien which“ariees onlytwhen.there

‘are no core orbitals of the samefsymmetry as ¢,

The effective potential UEP is obtained by requiriﬁg.
that it reprpduce the pseudo-orbital x#,and'the'true eigen}. @
value €y of the Hartree-Fock orbital,
1.2 2. EP . PS . . _ . |
(- 7 V‘ T * u * wval) Xv = EvXyr . (21

where Z is the atomlc number and Wpil is the potentlal

(comprising the usual coulomb and exchange,terms)Adue,to the



interaction of an electron in Xy with the other electrons in the
occupied pseudo-orbitals. The local potential is then given by

EECRRICHEE LERE SR SHRRTY )

If we keep in mind that the core orbitals become négligible
in the outer valence region and if Cv is less than ﬁnity, then it
is apparent ffom equation (1) that the émplitudevof the pseudo-
orbital in the tail region must be smaller than that of the cor-
responding HF orbital. If rc_is the radius‘at which the most dif-
fuse core orbital becomes negligibly small, theh,_fof r larger

than T, the pseudo-orbital is given by

Xy (r) = C o, (x). | , (4)
If we substitute (4) into equation (2) we see that UEP becomes
EP _ HF HF _ PS
U™ = Weore * Wva1 = Wyare T>Tes (5)
where WHF and WHF are.fhe sums of the coulomb and exchange'poten—
core val e
tials arising from the HF core and valence orbitals respeétively.
However, for large values of r, W?Ere must have the form
N _
HF ~ _C -
WCore T’ (6)

where NC is the number of core electrons. Thus, any explanation

for the excessive lorig-range negative tails in the fluorine and

X , . HF PS
chlorine EP's must be in terms of anl and anl' | (Hay et al.

eliminated the long-range tail in their Chlorine d potential by

PS

val with HF orbitals,

replacing the s and p pseudo-orbitals in W

PS _ HF

val = Wya1* However the d

in which case W



petential though 1t decays as N /r for large T, is then
1ncon51stent w1th the s and P potentlals )

| From equatlon (4) oneé can see that, in effect, hyvforming
-Ph1111ps Klelnman pseudo orbltals one transfers valence ‘
electron den51ty from the valence reglon into the core. For
this reason thevPhllllps-Kle1nman pseudo—orbltals alone can:'
~ not accurately.accennt for the interaction of electrons .in
the valence region.'.This deficiency'intfoducea, throughv3'
~equation (3), a.leng*range tail in the EP. Onebcanﬂeee-this
effect, in part,'in the,coulomb.potential arisingvfrom a
Phillibs—Kleinman pseudo-orbital. From'C4)vit can be easily
shown that the diffefence:of the'spherically averagedtcoulomb'
potentialsls,for corfesanding HF-cfbitals and-Phlllips-
Kleinman pseudo-orbitals-is,givenjby :

o2

SSICS BERN AT COWR S (8D I loy (t)l (t-rt)de, wore. ()
| ; |

HF -
val val

) over a11 other occupled valence

The expression in equatlon (5) (W )‘15 g1ven by the

‘sum of terms (JHF -
orb1tals'together with correspond1ng,aspher1cal coulomb and
exchange terms. Since_the integral in:equation (7) is o
necessarily positive and the factOr.(Cé-l)visrnegative, all

Of the (JHFv-V PS)-terms are negative. 'Thus, from.equation
(5), one sees that these terms 1ntroduce a negatlve contri-
bution to the effectlve potent1a1 arls1ng from the. d1fference '

between the pseudo- and HF orbltalsvln_the outer part of the

atom. - These terms account fof a large fraction of the excessive'



‘e

negative potential that Hay et al. found in the Kahn EP for
chlorine. The fact that the tail'is at least partiaily
coulombic implies that, in general, it cahnot be ignored as
an artifact of the local potential approximatioﬁ. Furthermore,
since thé expansions fdr the corresponding exchangé and
aspherical coylomb potentials will, for most cases, contain
powers of r which are different from those that occur in the
spherical coulomb potential, it appears thaf perfect cancel-
lation with equation (7) is unlikely. |

From equations (2) and (3) it is clear that the negative
tail in thevEP is a necessary part of its long-range behavior
if the EP is to accurately reproduce the Hartrée-Fock atomic
orbital energies. However, for orbitals other than those from
which it was derived, the potential is only an approximation
and may lead to erroneous regults. bne‘wouid expect this to
be particularly true in molecular calculations where the tail
of the potential extends into the bonding region and into fhe
space of other atoms. |

The above discussion suggests that there are fundamental
problems associated with the use of Phillips-Kleinman type
pseudo-orbitals for generating effective potentials for molec-
ular calculations. These problems are due to the déviation
of the tail behavior of the EPS relative<to the "point charge"
potential one would expect from the HF core orbitals. From
equation (4) and (7) it is clear that at least part of this
deviation is due to the mismatch of the pseudo and HF orbitals

in the valence region and can in general be eliminated only



' if‘x and o are requ1red to be 1dent1ca1 in that reglon;

For these reasons, ‘we abandon the Ph1111ps Klelnman
'method of generat1ng pseudo orbltals and - adopt the s1mple
;_ obJectlve of close agreement w1th all electron molecular
calculat1ons for a system of pseudo orb1tals and effectlve
g'potent1als._ We retain equatlon (3) and subsequent portlons
" of the usual EP treatment, ‘e.g., Kahn et al.,}2 but abandon;
;equation (1) and require'instead'that'the pseudo—orb1ta1'

- match exactly the HF valence orb1ta1 outs1de the core reglon.

,Thus we deflne :;
Xv=¢v+vav ) - . - (8)

'wherevthe function f is zerovoutslde”the,COrerregion»énd is
otherwlée chosen to canCel.the'oscillations of ¢§ in the core
region so that x, will.be.smooth and have no radial nodes.
Thus ‘we effectively partition ¢ hinto cOrefand vaience terms;
For molecular calculat1ons one d1rect1y optlmlzes only the
.molecular counterpart of the valence term, x .yl o
Although there are no expl1c1t core valence orthogonal1ty
conditions which:the orbltals,_xv, must satlsfy,_the.partlf
tionlng in equationv(S) suggests that there are implicit_.
overlap requirements.v In the EP approx1mat1on one assumes
that these requirements are enforced by the shape of the
potentlal in the core reglon.,JHowever,.for molecular,calcu-,
lations,-if_the_potential,is,not,eufficient1y=large,,one'might
expect perturbations‘fromvother centers to.alter the;form-ofr

the molecular orbitals'in the core region such that a breakdown



in the implied overlap-conditibns might occur. Since the
magnitude of the potential'dépends foughly on the reciprocal
of Xy» One can force'the EP to be largevin the core region
by choosing x, to be small near the origin. Furthermore, if
Xy were large near the origin or contained unnecessary oscil-
lations then one would need a significéntly larger basis set
for molecular calculations. Fdr these reasons, in addition
to the réquirement that Xy énd ¢v'be identical in the valence
region, we also wish Xy to be smooth and as small as possible
in the core region.

.. Although pseudo-orbitals of_the_above form have been.

19,20

proposed in the past, the advantages for molecular calcu-

lations have not been well documented.

IITI. Improved pseudo?érbitais and pdtentials

'Ih this éeétion we will describe.é pfocedure for gener-
ating pseudo-orbitals which retain exactly the behavior of
the HF valence orbitals in the valence region, but are smooth
and nodeless, with xv(r')/r2 going to zero at the origin.‘ We
will also diéCuss the long-range behavior of the resulting
effective potentials. | o

We generate the radial factor for our pseudo-ofbifals.
in fwo secfions; The outer one, which spans the region from
some matching point, T oatch® C° infinity 1is juét the numéricai
HF valence orbital in that region. In the‘inner region (from
zero- to rmatch)‘we define our psgudoforbital by é five term_'

polynomial expansion in r with a leading power of 2+2. The

expansion coefficients are chosen so as to match the amplitude



10 .

“and f1rst three der1vat1ves of the two sect1ons at rmatch and
also to make the total pseudo orb1ta1 normalized 'rmatch is
E chosen to bevthe 1nnermost point at wh1ch the matching results

- in a'nodeless-radlal pseudosorbltal-WIth no morefthan two
Hp_inflekions in ite-entire-range.f This procedure.giVes‘our"
pseudo-orbitaIS'a unique definition which limits the devia-
tion from the exact HF orbital to- as small a region around
the or1g1n as p0551b1e. |

It is clear from this def1n1t10n of the pseudo orb1ta1

that for r Values-greater than r the C and ré in

match’ |
equations (4) and- (7) must be replaced by unity and rmatch :

respectlvely. Therefore for r greater than r .the

match’
‘difference between .the spherical parts of . the pseudo- and HF
coulomblc potentlals will be zero.j | | |

_The calculation of the correspondlng quant1t1es for the
:exchange,andvasphericalvcoulomb’potentials1is_not.near1y so

simple. However for the cases we have examined, these terms

are very small for valuesvofﬂr that are'muchfgreater than Toatch®

IV. Calculations and Results
We have used the psendo?orbital selection'procedUre-
descrlbed in the last section along w1th the EP generating

.programs of Kahn'et a1 12 ‘to compute rev1sed EP's for fluorine ' Y

and chlqrine. We used these'potentlals, expanded in terms of : '
. Y

gausSian funCtions along with gau551an ba51s sets to compute
potential curves’ for FZ; sz and L1C2 and compare our results
with other EP calculatlons.12 13 We assess the reliabllity of

our potentials by compariSOn with AE calculations.l>
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Our s and p atomic orbitals (and indirectly pseudo-
orbitals) for fluorine and chlorine were obtained from numerical

HF calculations17 on the ground states of the neutral atoms.

The chlorine 3d orbital was obtained from a similar calculation

> 34,

using the *p multiplet of the configuration (Ne;_3s:3p
Our s and p basis sets were:obtained by a least-squares

fitting of'our-atomic pséudo-orbitals with three or four primi-

tive gaussian functions. For F and C% we included a single

set of primitive d functions with expoﬁenfs of 0.9 and 0.837

respectively.ls, In addition, fOr.calculétions on LiC% we

21)

added a set of diffuse p functions (the eXponent was 0.049
fér the chlorine atom. For Li we used'the (3s2p). contracted

21

gaussian basis set. of Dunhing and Hay. Although our fluorine

and chlorine s and p basis sets differ considerably from those

13 the more diffuse functions are .

employed by Haf et al.
similar enough that we believe a comparison of molecular results
is valid. All of our calculations were carried out in terms

of two cdnfiguration MCSCF wavéfuhctions identical in form to

13 and Kahn.lz

those used by Hay
In Table I we list our caléulated equilibrium bond lengths

and dissociation energies for FZQ'CZZ and LiC% along with all-’

electron (AE) and EP results from references 12 and 13. For

F, our bond length differs from the AE value by about the same

amount as did that of Hay et al., 0.02 bohr, but in the opposite

‘direction. Both values are in much‘better_agreement with the

AE results than are those based on the EP of Kahn et al. (The

fluorine EPS of Hay and Kahn differ only in that_HaY:et al.



| truncated the-tailrbehaviof of the potential.) Our vélue for_
.:Dé'fbr FZ isvgohsiderably better than those computed from the
EP's of either Hay orvKahn; | |

For Cg, ahdeiCvae obtaiﬂed éignifiCaﬁtly better bond
"lengths than did Hayvvet al. Fof both cases our errors,
relative to the AE values, Wérevarbund 0.01 bohr or smaller
'j(Hay's values were in error by close to 0;1_bohr);~ Also for -
both ngvand,Licz our values for the dissoCiation energy dif-
fer from the AE value by about half'as much'as do those of
Hay et al.IF(The valué for De for sz.derivéd frdm the Kahn
EP is too large by nearly é factor of two.)

The diffefehce between our calculations and the previous

"EP calculations becomes most apparent at small internuclear

separations. In Tables II thfough»IV-we list the dissociation

potential energy curves (rélafive to separated atoms) for FZ’.
.CZZ and LiCf. Although Hay et ai. obtaiﬁed,reasonabienbond
lengths and dissociation energies for FZ,'as'can be seen in
Table II, fheir curve deviates considerably from the AE éurve
for bond distances shorter thanvaboutlz.é bohr. At 2.2 bohr
the Hay EP underestimates thevenérgy_by‘about 0.007 hartrees.
The problem is much more serious'for C22 where at 3.0 bohr

the Hay EPIunderestimates thé'energy by moré than 0.03 hartree.
This is contrafy to.what onévwogld'expect froh the original-
fro;en core approximationvéinte‘core.polarizatiqn shou1d re-.
duce the energy. By.coﬁparison, for Botthlz‘andsz our EP
overestimates the energy by abouf 0.00Z‘hartree_at the shortest
bond 1engths,te$tedt—'a'very.small'error.in_fhe.expected dir-

ection. Not only do we get better behavior in the equilibrium

12

o



region but_wé_also get a much better‘representation of the
inner repulsive wall bf the potential curve.

In figures 1 through 3 Qe have plotted the EP and AE
dissociations curves for FZ’ sz andeiCi. . Clearly, in all
cases, our dissociation curves match more unifbrmly'the‘AE
curves than do the EP.dissociation curves of either Hay or

Kahn. 

V. Summary

We have shown that effective potential caléulations of
molecular properties can reliably yield resulté in close
agfeement with all-electrdn calculations only if the'atbmic.
pseudo-orbitals retaih the correct radial distriﬁﬁtion'of
charge in the valence region given‘byvall-électron atomic
calculations. ‘ | | |

Pseudo-orbitals obtained by the Phillips;Kleinman
method move some electron density from the valence.to the
core region (if there are core orbitals_df'the same symmetry)
and this shift of charge leads to excessi#e long-range'
negative tails in the resulting effective'potentials. In
turn in molecular calculétiohs, thé interatomic potential
curve is too low at.short distances 1eading to -an excessive
dissociation energy and too short an-equilibrium bond distance.

With the objective that calculations of "valence level"
molecular properties based on effective potentials should'
lead, as nearly as possible,*to'the same resuits és all-
electron calculations, we adopt a simple, unambiguous

procedure for generating pseudo-orbitals from HF atomic

13



14

orbitalé'in a:manner that fétéihs exaCt eqﬁality‘in the outer
‘_port1on of the atom. The usual equatlon is retalned for the
generatlon of effectlve potentlals from pseudo- orbltals,'
orbital energles, etc. The use of,our‘pSeudOAQrbltals with.
Kahn's effective potential fofmaiismvin'méleéulatvcalculations
results in potential energyvcutveé which are in'eXcellent |
agteément with allréiectfon calculations. The mdstrnoticeable_
imprbvement relative to recent results of Hay et al and:Kahn

et al is in the region of short inter-nuclear separation.
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Table I. Bond Lengths (bohr) and Diésociation Energies
(kcal/mole) for the Ground States of F,, C%; and
LiC% from 2-configurations MCSCF wavefunctions

Potential F

) ce, LiCs
R, D, R, D R, D,
ALl Electron® 2.84 14.8 4.04  27.0 4.02  86.6
Hay EP? | 2.82  16.1  3.94 24.6 3.95  87.1
Kahn EPP '2;}0 21.2 3.76 ?’45;7 4,00 85.7
Present - 2.86 14,6 4.04:: 25.7“ 4.03  86.9
a

Values were taken from Hay et al., reference 13,

Values were computed by Hay  et'a1.'using potentials
from Kahn et al., reference 12,



‘Table II. Potential Energy-Curves for the Ground State of
F, from 2-configuration MCSCF Wavefunctions

Values taken from Hay ét,al.)

reference 13.

~ R(bohr) o I o }Energies (hartreés)“ '
' B ’All-electrOnafv | ] Hé&éf | Present
2.2 ~ 0.0570 0.0501 0.0592
2.4 o0.0031 -0.0018 ©0.0052
2.6~ -0.0183 -0.0215 . -0.0170
2.8 ~ -0.0234 -0.0256 -0.0230
3.0 © -0.0215 -0.0228 -0.0213
5.4 -0.0124 20,0129 -0.0124
200 . 0.0 0.0 0.0
a



Table III. Potential Energy Curves for the Ground State of
sz from 2-configuration MCSCF Wavefunctions

R(bohr) : - Energies (hartréesl'

All-Electron®  Hay? 'Kahnb Présent )
3.0 | 0.1147 - 0.0813 0.0247 0.1166
3.5 -0.0210 -0.0260 -0.0676 -0.0199
3.756  -0.0387 | ~0.0378 -0.0729 ~0.0369
4.0 -0.0430 -0.0391 -0.0687 -0.0408
4.25 -0.0408 -0.0353 -0.0603 - -0.0388
4.5 -0.0353 -0.0292 -0.0503 -0.0336
5.0 -0.0217 -0.0165 20,0315 -0.0208
6.0 -0,0045  -0.0029 -0.0098  -0.0042
20.0 0.0 0.0 0.0 0.0
ad

Values were taken from Hay et al., reference 13.

b Values were computed by Hay_et:al. ﬁsing potentials

from Kahn et al.,reference 12.
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. Table IV;.

Potent1a1 Energy Curves for the ‘Ground State of

L1C2 from 2~ conflguratlon MCSCF Wavefunctlons
R(bohf) _ Energles (hartrees) _
| | All-Electrona_- Haya Kahnb' - Present
3.75 -0.1351 -0.1375 -0.1330 . -0.1353
4.00 -0.1380 ©-0.1387 ° -0.1365 ~ -0.1385
4,25 -0.1360 -0.1356 ~  -0.1330  -0.1366
20.0 0.0 0.0 0.0 0.0
% Values were taken frbmvHay‘et al., reference 13.

b Values were computed by Hay et al., -using potentlals‘
from Kahn et al., reference 12. : o .
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Figure Captions

Figure 1.

Figure 2,

vFigure 3.

Potential energy curves for the ground

‘state of_'F2 from all-electron (AE) and
effective potential (EP) calculations

using 2-configuration MCSCF wavefunctions.

Potential energy curves for the ground
- state of sz from all-electron (AE) and
effective potential (EP) calculations

using 2-configuration MCSCF wavefunctions.

Potential energy curVes‘fdr the ground

state of LiC% .from all-electron (AE)
and effective potential. (EP) ;alculations:

using 2-configuration MCSCF wavefunctions.
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