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Summary

Convergence-confinement analysis for tunneling is a standard approach for preliminary anal-
ysis of anticipated wall deformation and support design in squeezing ground. Whether this
analysis is performed using analytical (closed form) solutions or with plane strain numerical
models, a longitudinal displacement profile (LDP) is required to relate tunnel wall deforma-
tions at successive stages in the analysis to the actual physical location along the tunnel axis.
This paper presents a new and robust formulation for the LDP calculation that takes into
account the significant influence of ultimate (maximum) plastic radius. Even after all param-
eters are appropriately normalized, the LDP function varies with the size of the ultimate
plastic zone. Larger yield zones take a relatively longer normalized distance to develop,
requiring an appropriately calculated LDP. Failure to use the appropriate LDP can result in
significant errors in the specification of appropriate installation distance (from the face) for
tunnel support systems. Such errors are likely to result in failure of the temporary support.
The equations presented here are readily incorporated into analytical solutions and a graphical
template is provided for use with numerical modeling.

Keywords: Tunnelling, convergence-confinement, displacement, squeezing, ground reaction

1. Introduction

Convergence-confinement analysis (Duncan-Fama, 1993; Panet, 1993, 1995; Carranza-
Torres and Fairhurst, 2000 and others) is a widely used tool for preliminary assess-
ment of squeezing potential and support requirements for circular tunnels in a variety

Correspondence: M. S. Diederichs, Associate Professor, Queen’s University, Ontario, Canada
e-mail: mdiederi @geol.queensu.ca



132 N. Vlachopoulos, M. S. Diederichs

of geological conditions and stress states. The technique has been well documented
and will not be discussed here in detail except to summarize the concept.

An analytical plasticity solution such as that developed by Carranza-Torres and
Fairhurst (2000) is applied to a circular opening in an isotropic stress field. An
internal pressure, initially equal to the in situ stress is applied on the inside of the
excavation boundary. The pressure is incrementally relaxed until the excavation
boundary condition is that of zero normal stress. The extent of plastic yielding
and thereby, the boundary deformation is calculated at each stage of the process.
The result is a continuous representation of the deformation-internal pressure rela-
tionship for the tunnel given a particular material strength, deformability, dilation
and stress state.

The internal pressure is, of course not a representation of reality but rather a
surrogate for the effect of the gradual reduction of the radial resistance provided by
the initially present tunnel core (material inside the tunnel boundary) transitioning to
an exposed boundary with a progressively distant tunnel face and ultimately a long
open tunnel with plane strain conditions. The internal pressure that is coupled with a
given boundary displacement is a measure of the amount of support resistance
required to prevent further displacement at that point in the progressive tunneling
model.

By making the significant and possibly debatable assumption that the support
application does not change the material response, estimates of pressure-displacement
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Fig. 1. Ground reaction (convergence confinement) curve shown with support reaction curve for liner

installed at the tunnel face. The longitudinal displacement profile relates the normalized displacement to

normalized location along the tunnel axis. Tunnel section is shown for elastic region, and for plastic zone
development with and without support
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curves can be compared to estimate the factor of safety against overload (Fig. 1). The
support needs to be ““installed” at the appropriate location (distance from the face). In
order to calibrate the model so that the internal pressures or the displacements are
correlated to a real distance from the face, a longitudinal displacement profile or LDP
is required as shown in Fig. 1.

2. Longitudinal displacement profiles

In order to determine the appropriate timing for the installation of stiff support or
when optimizing the installation of support with specific displacement capacity, for
design purposes, it is important to establish the longitudinal closure or displacement
profile for the tunnel. A portion of the maximum radial displacements at the tunnel
boundary will take place before the face advances past a specific point. The tunnel
boundary will continue to displace inwards as the tunnel advances further beyond the
point in question. This longitudinal profile of closure or displacement versus distance
from the tunnel face is called the longitudinal displacement profile or LDP. An exam-
ple of a normalized LDP is shown in Fig. 1 and a tunnel specific (without normaliza-
tion) LDP is illustrated in the example in Fig. 2.

The LDP cannot be calculated using 2D plane-strain models, although the LDP
can be used to calibrate staged 2D models in which the inner tunnel core is replaced
by incrementally relaxing boundary tractions to simulate a staged ground reaction
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element model; b) axisymmetric finite element model with staged excavation; c¢) 3D finite difference model
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Fig. 4. Comparison between LDP’s calculated using axisymmetric finite element models (Fig. 3b) and 3D
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in inset. The four tunnels are Sm in radius (R7) and have maximum plastic radii (Rp) of approximately 26 m,

18 m, 12m and 8 m, respectively
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curve such as that shown in Fig. 1. A simple two-dimensional model (Fig. 3a) can be
used to calculate the maximum wall displacement (u,,,,x) and the maximum radius of
the plastic (yielding) zone (Rp).

The LDP can be calculated using axisymmetric models for uniform or isotropic
initial stress conditions and circular tunnel cross sections (Fig. 3b) of full three-
dimensional models for complex loading and geometric conditions (Fig. 3c). This
profile can be used to establish a distance-convergence relationship for 2D plane-strain
modeling or for analytical solutions (as in Carranza-Torres and Fairhurst, 2000). For
the simplified case of a circular tunnel in an isotropic stress field, a comparison
between axisymmetric modeling and full 3D analysis (using FLAC3D - Itasca,
2006) is shown in Fig. 4.

There is an important caveat to consider when using numerical analysis to com-
pute longitudinal displacement profiles. When using axisymmetric or full three-di-
mensional models to determine the longitudinal displacement profile relationship, it is
important to consider the excavation rate. A stress front builds ahead of the bullet-
shaped plastic zone and influences the rate of plastic zone development. Such models
will yield a different apparent longitudinal displacement profile depending on the size
of the excavation step. This is clearly shown in Fig. 5, where there is a significant
difference between the instantaneous excavation and the 1 m (0.2D) step simulation
(other excavation step sizes shown for comparison). For support sequencing, it is
important to simulate the actual excavation step size or, if the tunneling is continuous
(TBM), to use a small step size.

1.0 q

Radial closure/max. average closure

Distance from tunnel face/tunnel radius

Fig. 5. Example of Influence of excavation step size (as a ratio of tunnel diameter D) on the
modeled longitudinal displacement profile. Instantaneous excavation and elastic solution shown for
comparison
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3. Review of current LDP approaches

If only two-dimensional models are available or if an analytical convergence-confine-
ment solution is to be used (as in Fig. 1), it is more practical to use an analytical
function for the LDP. In order to facilitate analytical calculations of ground response
(convergence-confinement), Panet (1995) derived a relationship for the longitudinal
displacement profile based on elastic analysis:

ut = R =l+§(l—(43 )2> (1)
Unax 4 4 3 4+ 4x*
where X* = X /Ry, ug is the radial displacement at a specified longitudinal position X,
and u,,x is the maximum short term radial displacement distant from the face and
corresponding to plane strain analysis of a tunnel cross section. Ry is the tunnel radius
and X is positive into the tunnel away from the face (X = 0). The position, X, is negative
into the rock ahead of the face and is specified along the tunnel centerline.
Numerous other authors have suggested alternative expressions for the elastic
longitudinal displacement profile including Unlu and Gercek (2003) who noted that
the curve in front of the face and the curve behind the face do not follow a single
continuous functional relationship with X. The authors agree with this assertion. The
radial deformation profile with respect to distance from the face is accurately pre-
dicted for the elastic case to be:

for X* < 0;
% UR uop B.X*
_ _ A, (1 — B 2
“ Umax Umax N ( ¢ ) ( a)
for X* >0
u u
Wt = A (1= (B (A + X)) (2b)

where 1 is the radial displacement at the face location (X* = 0) and A, A, B, B, are
functions of Poisson’s Ratio:

=2 = 0.220 4 0.19;
Umax
A, = —0.220—0.19: B, = 0.73v + 0.81 (3)

A, =-022v+0.81; B, =0.3% +0.65

These preceding equations are for elastic deformation. Panet (1993, 1995), Panet and
Guenot (1982), Chern et al. (1998) and other have proposed empirical solutions for
longitudinal displacement profiles based on modeled plastic deformation of varying
intensity (correlated to various indices such as the ratio between in situ stress and
undrained cohesive strength, for example). Alternatively, an empirical ‘best fit’ to
actual measured closure data can be used (for example, based on data from Chern

et al., 1998):
ut = UR :(1—1'6'(;_)1(;)))717 (4)

umax

These relationships are summarized in Fig. 6.
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Fig. 6. Comparison of Longitudinal Displacement Profiles (LDP’s) reported in the literature, including
Egs. (1) (Panet, 1995), (2) (Unlu and Gercek, 2003) and (4) (based on Chern et al., 1998)

4. Improved LDP related to plastic zone radius

The development of radial deformation, however, is directly linked to the development
of the plastic zone as the tunnel advances. Studies by the authors have shown that the
longitudinal displacement profile function proposed by Panet (1995) and by Unlu and
Gercek (2003) is reasonable for plastic analysis provided that the radius of the plastic
zone does not exceed 2 tunnel radii and provided that the yielding zone in the tunnel
face does not interact with the developing yield zone around the tunnel walls as
illustrated in Fig. 7.

The advancing front of plastic yielding is bullet shaped in three-dimensions and
for large plastic zones (radius of plastic zone Rp>> 2 X Ry) the shape of this develop-
ing yield zone is geometrically similar for increasing maximum plastic radii. There is
no reason, therefore, to expect that a single longitudinal displacement profile will
suffice for these conditions. In order to account for the influence of increased overall
yielding on the shape of the normalized longitudinal displacement profile, the most
logical index to relate to the longitudinal displacement profile function is the normal-
ized plastic zone radius, R* = Rp/Ry.

To illustrate this problem, a series of analyses were performed involving a radial
tunnel section and an axi-symmetric analysis along the tunnel axis. The first suite of
analyses is based on a typical rockmass at 1100 m depth in a weak rockmass (e.g.
graphitic phyllite). This is case A; in Table 1 below. In this case, the initial in situ
stress is approximately 10 times the estimated rockmass uniaxial strength (UCSgry or
orm calculated according to Hoek et al., 2002). Five other rockmasses are investigated
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Tunnel Tunnel

a) b)

Fig. 7. a) Plastic yield zone developing as tunnel advances to the left (axisymmetric FEM analysis).

Maximum plastic zone radius is less than twice the tunnel radius and the wall yield zone does not interact

with the face yield zone (Panet’s 1995 longitudinal displacement profile is valid); b) wall yield zone more

than double the tunnel radius and interacts with face yield zone (Panet’s longitudinal displacement profile is
not valid)

Table 1. Rockmass parameters for longitudinal displacement profile analysis using PHASE2 (constant

Po =28 MPa)

Al Bl Cl Dl El F] Gl
Py/UCSrm 10 8 6 4 2 1 Elastic
o (MPa) 35 35 35 50 75 100
m; 7 7 7 7 7 7
v 0.25 0.25 0.25 0.25 0.25 0.25
GSI 25 35 45 48 60 74
m 0.481 0.687 0.982 1.093 1.678 2.766
s 0.0002 0.0007 0.0022 0.0031 0.0117 0.0536
a 0.531 0.516 0.508 0.507 0.503 0.501
Egxn (MPa) 1150 2183 4305 7500 11215 27647 1150
UCSgm (MPa) 2.8 35 47 7 14 28
Py (MPa) 28 28 28 28 28 28 28
Ry (m) 2.5 2.5 2.5 25 2.5 2.5 25

with increasing intact strength and/or GSI (Marinos and Hoek, 2000) giving a series
of representative cases with varying po/ UCSgy (in situ stress /rockmass strength). The
rockmass parameters are summarized in Table 1.

The rockmass strengths are estimated as per Hoek et al. (2002) and the elastic
moduli are estimated based on Hoek and Diederichs (2006). A second set of analyses
were performed based on rockmass A; (plastic) and G, (elastic) in Table 1 with
increasing depth. The resultant in situ stress levels are listed in Table 2.
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Table 2. Rockmass parameters for longitudinal displacement profile analysis using PHASE2 (constant
UCSgrm =2.8 MPa)

Az B, & D, E> F, G,
Po/UCSgm 10 8 6 4 2 1 Elastic
Py (MPa) 28 224 16.8 112 5.6 2.8 28

Table 3. Summary results for tunnel with 2.5 m radius. R* is the normalized plastic radius (Rp/Ry) while iy
is the maximum radial displacement

Po/UCSrm 10 8 6 4 2 1 Elastic
Constant P, A B, C, D, E, F, G
R* 7.5 5.1 3.5 2.3 1.5 1.2 1
Upmax (M) 2.14 0.571 0.154 0.0495 0.0148 0.00367 0.0753
Constant UCSgm A, B, C, D, E, F, G
R* 7.5 6.3 5.0 33 22 1.6 1
Umax (M) 2.14 1.25 0.632 0.242 0.0585 0.00167 0.0753

The tunnels were analyzed with Phase2 (Rocscience, 2007) in plane strain cross
section to determine the extent of the plastic zone and the maximum radial deforma-
tion in each case. In addition, the cases were analyzed via axisymmetric models with
1 m incremental advance to determine the longitudinal displacement profile in each
case as in Fig. 3b. The maximum displacements and plastic zone extents were com-
parable between the radial and longitudinal models. These summary results are pre-
sented in Table 3 and the resultant normalized longitudinal displacement profiles are
presented in Fig. 8.

By inspection of Fig. 8 it is evident that the longitudinal displacement profile does
not correlate with the stress/strength index po/UCSgMm as the set of curves in both
plots represent the same selected values for this ratio and yet have different longitu-
dinal displacement profiles. Analysis of the data, however, shows a direct correlation
with the maximum normalized plastic zone, Rp/Ry;, as expected. The correlation
between ug/umax at X/Rr=0 (at the face) and the maximum plastic radius, Rp/Rp
is shown in Fig. 9. Ignoring the influence of Poisson’s ratio (negligible compared to
plastic yielding) the best fit relationship (independent of material parameters and
stress levels) is:

u(>)k _ Uo :le—OJSR* (5)

umax
where R* = Rp/Ry.

The relationships proposed by Unlu and Gercek (2003) correctly illustrate that the
behavior ahead of the face (X <0 into the rockmass) does not follow the same con-
tinuous function as the behavior (progressive displacement) behind the face (X >0 in
the tunnel). Their functions summarized in Eq. (2), do not, however, capture the in-
fluence of a large developing plastic zone, nor does Eq. (1) by Panet (1995). Based on
the analysis in the preceding discussion, a new set of relationships are presented here
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Fig. 8. Modeled longitudinal displacement profile results for axisymmetric models: a) constant p, model
results; b) constant UCSgy model. Labeled results (A—G) correspond to models in Table 3

that capture the influence of large plastic zone development on the longitudinal dis-
placement profile. Best fit curves to the modeling results are shown in Fig. 10.
Equation (5) gives the relationship between normalized maximum plastic radius
(at tunnel completion), R*, and normalized closure u; = uo/umax at the face (X* = 0).
Equations (6) and (7) give the best fit longitudinal displacement profile for X* < 0 and
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Fig. 9. Correlation between ug‘ = Uy/Umax At X *=X /Ry = 0 (at the face) and the maximum plastic radius,
R* = Rp/Ry for analyses in Table 3. Best fit relationship given in Eq. (5)

X* >0 as a function of normalized maximum plastic zone radius. The correlation
with 2D model data is shown in Fig. 10.

u *
u* = =uy - for X" <0 (in the rockmass) (6)
Umax

where u; = uo/umay is given by Eq. (5).
w' =1-(1-uj) e for X* >0 (in the tunnel) (7)

where R* = Rp/Ry.

5. Application

The new relationships summarized in Eqgs. (5), (6) and (7) can be used to correlate
displacement to position (along the tunnel) in order to accurately sequence support
installation in staged 2D plane strain analyses (simulated tunnel advance through
tunnel boundary relaxation). For 2D analysis, u,.x and Rp need to be calculated prior
to the sequenced analysis. The sequencing of the plane strain analysis can be accom-
plished through a core replacement technique (repeated replacement of the material
within the tunnel core results in a force imbalance at the tunnel boundary that is
resolved to equilibrium during subsequent convergence increment), or by progressive-
ly relaxing the tunnel boundary tractions from in situ to zero in stages. These two
techniques are illustrated in Fig. 11. In these cases, the convergence axis values or the
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(Egs. (6) and (7)): a) constant py analysis; b) constant UCSgy analysis

convergence values at each analysis stage can be converted to location along the
tunnel using the LDP obtained from Eqs. (5), (6) and (7).

The equations can be directly incorporated into convergence-confinement anal-
ysis as maximum displacement and maximum plastic zone radius are primary
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outputs of the analytical process. The convergence or normalized closure axis or
analysis parameter can be converted using the LDP. The implications of using
an elastic LDP (such as in Eq. (1)) in cases with large yield zones (R* >2) and
wall convergence (R* >2) is illustrated in Fig. 12. In this example (R; = 5Sm,
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Fig. 12. Example comparison of Factor of Safety (F.S.) obtained through simple analytical convergence-
confinement analysis using 3 different LDP’s to guide support installation. Support (see text) is installed at
2.5m from the face in all cases. R* = 5 in this example
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Fig. 13. LDP templates to be used as an alternative to Egs. (5), (6) and (7). Lower plot is an expanded
window on the near face region

0., =30MPa, GSI=30, Depth=1000m), the calculated maximum normalized
plastic radius R* =5 and the maximum convergence, Upm., iS 1.4m (using the
methology of Carranza-Torres and Fairhurst 2000 and elastic modulus estimation
based on Hoek and Diederichs, 2006). In this example, a system of 20 cm [-Beam
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arches at 0.5 m spacing is installed at a nominal 2.5m from the face. The stiffness
and capacity of this support system is calculated according to Hoek and Brown
(1980).

If the elastically derived equation (‘“‘Panet” for example) is used in this example
the recommended timing of support installation (here shown with at 2.5 m or X* = 0.5
giving a Factor of Safety of 6.7) will be erroneous and non-conservative. If the generic
empirical formula (“‘Chern”’) from Eq. (3) is used, the apparent Factor of Safety, for
installation at 2.5 m, drops considerably to 1.25. If the LDP from Egs. (5), (6) and (7)
(““Vlachopoulos and Diederichs™) is used, then the Factor of Safety for installation at
2.5m drops to 0.6 and support failure is predicted. Recommendation for completed
support installation will be after significantly more convergence has taken place
(possibly necessitating the use of sliding joints in the support rings as discussed in
Shubert, 1996; Hoek et al., 2008).

The forgoing example is based on the assumption that the unsupported LDP can be
used to appropriately locate the point of support installation. An alternative approach
is to perform the analytical or numerical analysis with the design support pressure
(reduced by the desired factor of safety). The final deformation, u,,,x, and the final
plastic radius, Rp, of the supported tunnel can be used in Egs. (5), (6) and (7).

6. Conclusion

Using a series of numerical analyses, a new series of functions defining robust longi-
tudinal displacement profiles, as a function of maximum normalized plastic radius, has
been developed. This approach takes into consideration the effect that a large ultimate
plastic radius has on the rate of development of wall displacements with respect to
location along the tunnel. Previous LDP functions are inadequate for tunnel analysis in
very week ground at great depth. This approach is valid from the elastic case through
to complete plastic closure of the tunnel (as calculated using numerical or analytical
solutions).

Equations (5), (6) and (7) define a relationship for a complete LDP (X < > 0) that
can be incorporated directly into analytical solutions or used for calibration of staged
numerical models. As an alternative to these equations, Fig. 13 provides a graphical
template for this purpose. The equations and graphical tools presented here are for
short term displacements occurring as a function of tunnel advance only. Where time-
dependent squeezing is anticipated, this approach will need some modification fol-
lowing the guidance provided by Pan and Dong (1991). Care must be taken, in this
case, to appreciate whether the time-dependent squeezing is accompaniedan increase
in or is independent of the plastic radius.
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