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ABSTRACT The previous work relating to the numerical-analytical coupling method for steady-state 
thermal analysis of the laminated PCB structure is first briefly reviewed. The Fourier-series analytical 
solution of temperature and the finite volume method were linked together for thermally modeling the PCB. 
For further modeling the PCB with components, thermal-resistance parameters of the components are then 
used for correlating components’ temperatures with the variable arrays in the coupling equations. For 
further considering radiation heat transfer between the PCB and the ambient, an iterative method is 
proposed. The radiation-equivalent heat transfer coefficient for each surface cell and each component can 
be updated during the iteration. Moreover, for improving the efficiency, the multigrid strategy is integrated 
in the coupling method for generating discrete cells of three levels in the metal layer and PCB surface 
region. To testify the iterative method, the model of a simple one-layer structure is compared with that built 
in COMSOL Multiphysics. The modeling results of the PCB of a phantom DC-DC power supply under 
radiation heat transfer are also given and discussed, and the modeling accuracy is approximately derived 
based on Richardson’s extrapolation. 

INDEX TERMS Thermal Modeling of the PCB, Radiation Heat Transfer, Fourier-series Analytical 
Solution, Finite Volume Method, Multigrid Method, Iterative Method, Thermal Resistance of Components 

I. INTRODUCTION 
Thermal modeling of the PCB has been considered as an 
effective way to evaluate the capability of thermal diffusion 
of the PCB and to estimate components’ temperature [1-14]. 
Historically, some modeling methods of analyzing the 
effective thermal conductivity of the PCB structure were 
investigated, such as the method of deriving the lumped 
thermal conductivity of the PCB [1,2] and the method of 
deriving the discrete thermal conductivity of orthogonal 
anisotropy (x, y, z direction in Cartesian coordinate) based 
on the PCB wiring diagram [3,4]. In recent years, 
equivalent thermal-resistance models of the PCB [5-7] have 
been also researched. Two analytical thermal-resistance 
models and design optimization methods were proposed for 
optimizing the layout of PCB vias and thermal pads under 
the IC [5]. Based on the layerwise equivalent thermal 
resistance of the nanosatellite PCB, both the detailed and 

simplified modeling methods for thermal analysis of the 
PCB have been typically proposed [6,7]. 

On the other hand, FloTHERM from Mentor and Icepak 
from ANSYS were also developed for PCB thermal-
simulation. FloTHERM is mainly based on the effective 
thermal conductivity that relates to the copper-coverage rate 
in the PCB and the empirical method according to the 
analysis of over 140 PCB configurations [8,9]. But such 
method may result in slightly over-estimating the 
temperature of the component [9].    

Icepak is based on the Finite Element Method (FEM). 
The FEM-based software is generally considered as having 
higher calculation accuracy, but often the structure must be 
wholly discretized, which may influence the operation 
efficiency [10].  

The thermal modeling method introduced in this paper 
was first proposed [11-12] based on coupling the Fourier-
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series analytical solution of temperature and the FVM 
(Finite Volume Method)-based discretization. With such 
coupling method, the laminated PCB structure is not 
necessary to be wholly discretized, but only the metal layer 
and surface region. The electrical-thermal analysis of Joule 
heating in PCB tracks was included as well [11-13]. A test 
solver based on the coupling method was first developed in 
MATLAB with the uniform grid in Cartesian coordinate [12-
13]. The precision of the coupling method has been verified 
through the modeling comparison with COMSOL [12-14]. 
In Section II, a brief introduction of the coupling method is 
given. 

However, the operation efficiency of the modeling 
method was significantly influenced by the uniform-grid 
numerical discretization. Hence, the multigrid method is 
applied. In Section III, generation steps of the three-level 
multigrid and possible adjacent scenarios of three-level 
metal cells are explained. 

On the other hand, thermal-resistance parameters of 
components are used for taking into account components’ 
coverage and their contribution to the heat spreading in the 
PCB as well as estimating their temperatures. The 
components’ temperatures are correlated with the variable 
arrays of temperature and heat flux in the coupling matrix 
equations. The corresponding mathematical processing is 
presented in Section IV. 

The Fourier-series analytical solution of temperature was 
mainly derived based on the assumed average heat transfer 
coefficient (HTC) of the PCB surface [13,14]. But under 
such simplified assumption, radiation heat transfer cannot 
be directly analyzed in the model. Hence, as another 
improvement, an iterative method for correlating the HTC 
and radiation heat transfer is discussed in Section V. 
Compared with the COMSOL model, the verification of the 
method is given in Section VI. 

The PCB of a phantom DC-DC power supply was 
modeled with the improved coupling method. The circuit 
and PCB were automatically generated by the online tool TI 
WEBENCH@Power Supply. Thermal parameters and 
three-level discrete map of the PCB can be found in the first 
part of Section VII, where the comparison of operation 
burden between the uniform grid and multigrid can be 
found as well. In the second part of Section VII, the 
modeling results are given and analyzed. The accuracy of 
the modeling results is also discussed and approximately 
derived based on Richardson’s extrapolation.  

II.  PREVIOUS WORK OF THE NUMERICAL-
ANALYTICAL COUPLING METHOD FOR STEADY-
STATE THERMAL ANALYSIS OF THE PCB STRUCTURE 
Discretizing the whole structure is a shortcoming in 
numerical methods [10,15,16]. Instead, the classic Fourier-
series method [12-14,17-21] has immunity to the aspect ratio 
between the whole structure and heat sources, so that the 
structure is usually not necessary to be fully discretized and 

only the temperature distribution of expected regions or 
points have to be solved.  

The Fourier-series analytical solution used in the coupling 
method was first derived for developing the analytical 
thermal-solver ‘DJOSER’ [17,18], which was used for 
thermal analysis of power devices. In recent years, the classic 
analytical method has been still applied for establishing 
thermal models of the SiC module [19] and GaN device [20], 
as well as the jet-impingement cooling of a microprocessor 
chip [21]. Compared to the FEM, higher computational 
efficiency of the analytical solution was testified [20,21], and 
easier integration with optimization tools for 
microelectronics can be obtained [21]. 

In the coupling method, the analytical solution was applied 
first for the insulating layer in the core of the PCB based on 
Cartesian coordinate [13,14]. The Finite Volume Method 
(FVM) was then applied for taking into account the non-
homogeneity of the core structure, especially the heat-
spreading contribution of metal layers and vias [12,13].  

A. ANALYTICAL SOLUTION  
 

 
FIGURE 1.  Structure schematic of a rectangular PCB with one core  

Due to high thermal conductivity and μm-level thickness, 
the temperature differences between the top and bottom 
surfaces of the metal layer are approximately ignored in the 
coupling method. Hence, for the kind of PCB structure with 
one core and two metal layers as shown in Fig. 1, the heat 
transfer between the core and the ambient can be 
approximately equivalent to that between the insulating 
layer and the ambient. On the other hand, the lateral heat-
spreading contribution of the vias is mostly limited by the 
surrounding insulating material, and vias’ contribution to 
the thermal conduction between metal layers are taken into 
account in the numerical analysis [12-14]. Hence, the 
insulating layer can be first assumed to be homogenous, 
and the governed equation for steady-state heat transfer of 
the insulating layer can be expressed as follows: 

2 0T             (1) 
in which, T is the temperature variation compared with the 
ambient temperature. The temperature distributions of both 
the top and bottom sides can represent respectively that of 
the attached metal layers, and thus are usually expected to 
be derived. Thermal boundary conditions of the insulating 
layer can be simplified as follows: 
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in which, Lx, Ly, and Lin are the layer lengths along three 
axes respectively; ki is the thermal conductivity of the layer; 
qiu(x,y) is the distribution of the vertical (z-axis) heat flux 
transferred from the top side, whereas similarly qid(x,y) is 
defined for the bottom side; hu and hd are the average HTCs 
that approximately represent the heat transfer from the top 
and bottom sides to the ambient respectively. The thermal 
resistance of the soldermask can be also taken into account 
in the HTC. Adiabatic condition is assumed at thin edges of 
the layer.  

The upper double-side equation can be considered as the 
superposition of the topside and bottom-side groups: 
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in which, θ is the sub-variable of T under the only thermal 
contribution of qiu(x,y); η is the other sub-variable of T 
when qid(x,y) is only considered. 

The analytical solution of each group can be expressed in 
the form of Fourier series. For example, for the top-side 
group, θ can be expressed as: 
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in which, βn, μm, and γn,m are the eigenvalues in the series; n 
and m are ordinal numbers; C1, C2, Cn,m, and Cγn,m are the 
coefficients. By substituting (4) in the topside thermal 
boundary conditions, several coefficients can be derived: 
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in which, Hd and Hu are the intermediate constants. 
Next, by substituting (4) into the condition at top surface 

(z=0) and applying Fourier integration method, other 
coefficients can be derived: 
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in which, qiu,i refers to the approximate uniform heat flux in 
the ith square discrete region; dq is the edge length of each 
discrete region; δm and δn are constant coefficients.  

(7) 
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 Finally, as shown in (7), the analytical solution of θ at 
any expected position in the insulating layer can be 
expressed in the product form of the array Ru(x,y,z) of 
thermal-resistance kind and qu, the array form of qiu(x,y). 
C’qiu,i is the cell coefficient of the array Ru(x,y,z); N1 is the 
number of discrete regions; C1’ is the z-dependent 
coefficient including both C1 and C2; Cn,m,qiu,i is the cell 
coefficient for deriving C’qiu,i; n and m are the ordinal 
numbers of eigenvalues; Ne is the number of eigenvalue 
groups. In the similar way, the analytical solution of η at 
any expected position in the insulating layer can be derived 
under the only thermal contribution of qid(x,y). 

Therefore, based on the analytical solution, the 
temperature distribution on both the top and bottom 
surfaces of the insulating layer can be expressed in the form 
of matrix equations: 
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(8) 

in which, the arrays Tu and Td denote respectively the 
temperature distribution on the top and bottom surfaces; θu 
and ηu are the sub-variables of Tu; θd and ηd are the sub-
variables of Td; qd is the array form of qid(x,y); Ru,u refers to 
the coefficient matrix relating to Tu and qu; Ru,uqu represents 
the thermal effect of qu to the top surface; in the similar way, 
Rd,uqu represents the thermal effect of qu to the bottom 
surface; Ru,dqd and Rd,dqd represent respectively the thermal 
effect of qd to the top and bottom surfaces. 

B.  NUMERICAL-ANALYTICAL MODELING STRATEGY 
CONSIDERING THE HEAT SPREADING IN METAL 
LAYERS 
Due to much higher thermal conductivity of the material of 
the metal layer compared to that of the insulating layer, the 
heat spreading through metal layers and the vertical thermal 
conduction through vias cannot be neglected. The FVM [16] 
under Cartesian coordinate was integrated for discretizing the 
metal layer into a number of cells, so that the heat spreading 
can be approximately described through the truncation of 
Taylor series with 2nd order precision [14,16].  

The steady-state heat transfer equation for a discrete cell in 
the metal layer as shown in Fig. 2 can be expressed in the 
form of Poisson's equation: 

2 2 2

2 2 2 0J

m

qT T T
x y z k

  
   

  
           (9) 

in which, qJ is the volume density of Joule-heating rate and 
km is the thermal conductivity of the metal material. 

 
FIGURE 2.  Schematic of the heat transfer through discrete cells in the 
metal layer  

By integrating (9) and applying Gauss’s divergence 
theorem, we can further derive the following integration of 
six surfaces of the central cell shown in Fig. 2: 

2( )e w n s u d c c mq dA q dA q dA q dA q dA q dA q l d             (10) 

in which, lc is the edge length; A is the variable of surface 
area; dm is the thickness of the cell; qc is the volume density 
of Joule-heating rate in the cell; qu is the heat flux transferred 
from the top and usually represents the heat flux transferred 
from the components through pins or pads; qd is the net heat 
flux transferred to the insulating layer; qe, qw, qn and qs are 
the heat flux normal to four side surfaces respectively. 
    By applying the central difference approximation method 
[16], the integration form (10) of the governed equation can 
be further simplified in (11) through the truncation of Taylor 
series with second-order precision. As shown in Fig. 2, TE, 
TW, TN and TS denote the temperatures of four adjacent cells 
respectively. If the central metal cell is connected with 
another metal layer through a via, there will be another part 
of the heat flux through the via as shown in (11). ψNv,z 
denotes the thermal resistance through the via, and TC,dv 
denotes the temperature of the connected metal cell in the 
other metal layer. 

As similar to the processing of the analytical solution, the 
heat-spreading equation (11) for each metal cell can be 
summarized together in the form of matrix equations: 
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in which, subscripts u and d refer to the top and bottom 
sides respectively; subscript M refers to the metal layer; 
subscript V refers to the metal cell connected through the 
via; MM denotes the coefficient matrix that gathers all the 
coefficients of temperature variables in each heat-spreading 
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equation of one metal layer, whereas MV is the coefficient 
matrix relating to temperature variables of the cells of the 
other layer connected through vias; qMJ denotes the array of 
the heat flux relating to qc and qu; qM denotes the array of 
the heat flux relating to qd and represents the heat flux 
transferred from the metal layer to the insulating layer.  

Since the temperature difference between the top side and 
bottom side of a metal cell is neglected, the temperature of a 
metal cell can refer to the temperature of the attached region 
of the insulating layer. Hence, the temperature distribution in 
the metal layer can be also expressed in the form of the 
analytical solution like (8): 









dMMdMduMMuMddM

dMMdMuuMMuMuuM

qRqRT
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in which, subscript Mu and Md refer to the top and bottom 
metal layers respectively; RMu,Mu refers to the coefficient 
matrix relating to TM,u and qM,u; RMu,MuqM,u represents the 
thermal effect of qM,u to the attached insulating region of the 
top metal layer; in the similar way, RMd,MuqM,u represents the 
thermal effect of qM,u to the bottom attached insulating 
region; RMu,MdqM,d and RMd,MdqM,d represents the thermal 
effect of qd to the attached insulating region on the top and 
bottom sides respectively. Moreover, by combining (13) 
and (12), the group of equations for deriving the 
temperature distribution in metal layers can be constructed: 
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Hence, four unknown arrays TM,u, TM,d, qM,u, and qM,d can be 
solved from the group of equations. 

The integration of the FVM-based numerical analysis of 
the heat spreading in metal layers also represents the 
consideration of the thermal influence of the metal layer to 
the insulating layer, as including a complement thermal 
boundary condition of the insulating layer. Based on the 
coupling method, several one-layer and two-layer PCB 
models were built and acceptable accuracies were verified 
after comparing with COMSOL models [12-14]. 

III.  THREE-LEVEL MULTIGRID 
However, in the previous coupling strategy, the metal layer 
and other surface regions were discretized based on the 
regular grid of uniform density. The number of discrete 
cells was directly equal to the number of pixels of the 
corresponding region in the layout map. Hence, when the 
resolution of the layout map was relatively high, the 
uniform grid usually led to a large number of cells, which 
formed a huge computation burden.  

In order to improve the operation efficiency, the 
multigrid method can be applied. With multiple densities in 
the grid, the multigrid can significantly reduce the number 

of discrete cells, and thus has been widely applied for 
computational thermal analysis of ICs [22,23].  

The uniform grid has been substituted by a three-level 
multigrid. There are three steps for generating the multigrid. 
The level-1 grid is first generated in the same way as the 
one-level uniform grid, thus having the same density as the 
layout map. Then each group of four adjacent cells that are 
able to form a bigger square cell are unified to generate the 
grid of level-2. Since the density of heat spreading could be 
much higher in the cells of the footprint pad or under the 
components, such cells are not unified during the 
generation of the level-2 grid. Last, in the similar way, the 
cells in the level-3 grid are generated by unifying the cells 
of the level-2 grid. A schematic of the three-level multigrid 
is shown in Fig. 3. 

Under the three-level multigrid, the calculation for the 
coefficients given in (7) has to depend on the actual size of 
the cells. On the other hand, when some metal cells of 
different sizes are adjacent to each other, in the 
corresponding heat-spreading equation (11) of each adjacent 
cell, some coefficients describing the thermal-conductance 
between cells have to be modified too. Hence, after 
generating the multigrid the surrounding scenario of each 
metal cell has to be identified. 

 
FIGURE 3.  Schematic of the three-level multigrid. 

First, as shown in Fig. 4 a cell is possible to be surrounded 
by the cells of the same type. In summary, there is only 1 
possible scenario when the cell is surrounded by four cells of 
the same size; there are 4 possible scenarios (PS) when the 
cell is surrounded by three cells of the same size; there are 6 
PS when the cell is surrounded by two cells of the same size; 
and there are 4 PS when the cell is attached by only one cell 
of the same size.  

 
FIGURE 4.  Possible scenarios for a cell surrounded by the cells of the 
same type. 

Second, as shown in Fig. 5 one cell is possible to be 
surrounded by the cells of 4 times bigger. In summary, there 
are 8 PS when the cell is only attached by one cell of 4 times 
bigger; there are 4 PS when the cell is surrounded by two 
cells of 4 times bigger.  
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Third, similarly as shown in Fig. 6 one cell is possible to 
be surrounded by the cells of 16 times bigger. After 
searching for all the PS mentioned above, the surrounding 
scenarios for each metal cell can be found.  

 
FIGURE 5.  Possible scenarios for a cell surrounded by the cells of 4 
times bigger. 

 
FIGURE 6.  Possible scenarios for a cell surrounded by the cells of 16 
times bigger. 

IV. CORRELATING COMPONENTS’ TEMPERATURES 
WITH THE VARIABLES IN COUPLING EQUATIONS  
As shown in (2), two average HTCs were assumed for 
respectively simplifying the thermal boundary conditions of 
the top and bottom PCB surfaces in the coupling method. 
However, the fact is that some surface regions are covered 
by the components and do not exchange heat directly with 
the ambient. Hence, the influence of components’ coverage 
on the thermal distribution of the PCB structure was not 
taken into account, and the temperature information of the 
components was not possible to be solved. On the other 
hand, the contribution of thermal conduction of the 
component to the heat spreading in the PCB cannot be 
analyzed either. 

In order to correct the assumed boundary conditions, on 
one hand, the non-existent heat exchange represented by the 
average HTC for the area occupied by components can be 
compensated by considering such flux as the extra heat flux 
transferred into the area. For example, for a cell covered by 
the component on the top surface, the extra compensated 
heat flux can be expressed as the product of the HTC hu and 
cell temperature TC:  

Cuex Thq          (15) 
On the other hand, thermal-resistance parameters of the 

components can be used for calculating the thermal 
conduction between the PCB and component junction, as 
well as between the ambient and components. One 
parameter is the total thermal resistance between the 
junction and bottom footprint pads (or pins), and can be 
usually denoted by RθJC or RθJC(bot) [24]. The pads (or pins) 

as a part of the metal layer can be discretized numerically, 
thus the average thermal resistance between the junction 
and each discretized pad (or pin) cell of one component can 
be calculated as follows: 

θJCpcpcθJC, RNR            (16) 
in which, Npc is the number of pad (or pin) cells of the 
component. Then the temperature difference between the 
junction and the mth pad (or pin) cell can be described as: 

pcθJC,mpc,mpc,J RPT-T             (17) 
in which, Ppc,m refers to the rate of heat transfer between 
them.  

Another thermal-resistance parameter is the total thermal 
resistance between the junction and case top of a 
component, and is usually denoted by RθJC(top) [24]. RθJC(top) 
can be used for deriving the rate of heat transfer from the 
case top to the ambient, denoted by Ptop. The product of the 
HTC htop, the area Stop and average temperature Ttop of the 
case top can also represent Ptop:  

toptoptop
θJC(top)

topJ
top TSh

R
TT

P 



)(          (18) 

Then, the junction temperature TJ can be derived: 

toptopθJC(top)toptoptopJ CTRShTT  )1(            (19) 

in which, Ctop denotes the summarized constant coefficient.  
Next, substitute TJ back in (17), Ppc,m can be expressed as: 

pcθJC,

mpc,toptop
mpc, R

TCT
P

)( 
           (20) 

Obviously, the sum of Ppc,m of all pad  (or pin) cells and 
Ptop is equal to the total heating power generated by the 
component:  
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Furthermore, Ttop can be derived and substituted back in 
(20) to express Ppc,m using the temperature of each pad (or 
pin) cell Tpc,m: 
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in which, Ctop,Npc denotes the summarized constant 
coefficient representing the denominator of the expression 
of Ttop. Then Ppc,m and qex of each pad (or pin) cell can be 
included in the array qMJ of (12), and the terms with Tpc,m in 
the expression of Ppc,m can be further correlated to the 
temperature array TM of the corresponding metal layer: 
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      (24) 

in which, subscripts u and d still refer to the top and bottom 
sides respectively; the array qP relates to the first constant 
term in the expression of Ppc,m for each pad (or pin) cell of a 
component and the Joule-heat rate in metal cells; the 
coefficient matrix MR relates to the coefficients of Tpc,m in 
the second and third terms in the expression of Ppc,m; 
subscripts Mcov-u and Mcov-d refer to the covered regions 
of the top and bottom metal layers respectively; MMcov-uTM,u 
represents the array including the compensated heat flux qex 
for the metal cells on the top side covered by the 
component; the term MMcov-dTM,d is thus relating to the 
covered metal cells on the bottom side; other coefficients or 
arrays keep the same meanings respectively as explained 
for (12).  

Due to the existence of metal pads or pins, the covered 
region usually does not contact with the component but is 
separated from the component by a slim “air film”. Hence, 
such region can be approximately considered thermally 
insulated to the component due to the much higher thermal 
resistance of the “film” compared to RθJC. The heat 
transferred between components and the PCB can be thus 
assumed only through metal pads or pins. Moreover, in 
order to take into account qex for the covered insulating 
region, the corresponding temperature distribution of the 
region has to be the new unknown variable in the group of 
coupling equations.  

Therefore, the group of matrix equations for the coupling 

solution can be further updated to the form shown in (25). 
In the group equations, first four equations relate to the 
analytical solution; the subscripts Icov-u and Icov-d refer to 
the covered insulating regions on the top and bottom sides 
respectively; the subscripts Mcov-u, Mcov-d, u, d, Mu and 
Md keep the same meanings respectively as before; the 
product of the coefficient matrix MIcov-u and TIcov-u refers to 
the array qex,Icov-u, which is relating to qex of the covered 
insulating region on the top side; qex,Icov-d is defined and 
expressed in the similar way of qex,Icov-u; qex,Icov-u or qex,Icov-d 
is further multiplied with the corresponding matrix 
coefficient R to represent their thermal contribution to the 
corresponding analytical solution of the temperature 
distribution.  

In this way, the temperatures of the component junction 
and case top, as well as the heat transfer between the 
component and the ambient, are correlated with the 
temperatures of pad (or pin) cells and can be derived after 
solving the temperature distribution of the metal layer. The 
influence of components’ coverage is also considered. 
Hence, the PCB structure and components as a whole can 
be thermally modeled and analyzed.  

V. AN ITERATIVE METHOD FOR CONSIDERING 
RADIATION HEAT TRANSFER 
According to Stefan-Boltzmann law, when not exposed to 
the sun, the density of the net rate of radiation heat transfer of 
a surface can be expressed as follows: 

)( 44
aSr TTq             (26) 

in which, ε denotes the emissivity of the surface; σ denotes 
Stefan-Boltzmann constant; Ts denotes the absolute 
temperature of the surface; Ta denotes the absolute 
temperature of the ambient. But such nonlinear relation 
cannot be directly taken into account in the coupling 
modeling method. Nevertheless, after the PCB reaches 
thermal steady state, the numerically equivalent HTC relating 
to the steady-state radiation heat transfer for each discrete 
surface cell or each component can be derived. Hence, if 
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such kind of equivalent HTC is found, the non-linear relation 
of (26) will be possible to be converted to a linear boundary 
condition: 

)()( 44
aSeaSr TThTTq              (27) 

in which, he denotes the radiation-equivalent HTC under 
thermal steady state.  

An iterative algorithm as shown in Fig. 7 is proposed for 
searching for the radiation-equivalent HTC of each 
component and each discrete cell under thermal steady state. 
In the block diagram, the temperature array of discrete cells 
Tsc and the array of the case-top temperature of components 
Ttop are first derived under the hypothesis of a unique average 
HTC huni (such as hu or hd shown in (2)) of the PCB surface. 
Second, the array of the density of net radiation power from 
the corresponding PCB surface to the ambient, denoted by qr, 
is approximately derived based on Ts and Ttop. In the third 
step, the radiation-equivalent HTC for each discrete cell and 
each component is calculated and its difference compared to 
huni is gathered in the array Hdif. Next, iterative calculations 
for Ts, Ttop, qr, and Hdif are executed till the absolute 

maximum error of Hdif between two rounds of iteration, 
denoted by he,max, is no bigger than a preset acceptable error 
he,ac. The compensated HTC of the covered cell discussed in 
Section IV can be also included in Hdif as the constant 
element, but will not be the candidate for calculating he,max. 
Any specific emissivity of a cell or a component can be also 
set because the net radiation rate is calculated for each cell 
and component during the iteration.  

With integration of the iterative method for radiation, the 
group of coupling equations (25) for the double-side PCB 
can be further updated to the form given in (28). The first 
four equations relate to the analytical solution; the fifth and 
sixth equations relate to the lateral heat spreading in metal 
layers; the seventh and eighth equations relate to the heat flux 
transferred from the components to the pads with 
consideration of the thermal resistance of components; 
subscript I refers to the insulating region not attached by the 
metal layer, whereas subscripts Iu and Id refer to such kind of 
region on the top and bottom sides respectively; qex-r refers to 
the array including the compensated heat flux for the discrete 
region due to components’ coverage and radiation heat 
transfer; such compensated heat flux is represented by the 
product of the coefficient matrix MHdif and the corresponding 
temperature array; other subscripts, variables and coefficients 
keep the same meanings respectively as before. The 
unknown arrays include TM,u, TM,d, TI,u, TI,d, qM,u, and qM,d. In 
each round of iteration, the radiation-equivalent HTC for 
each discrete surface cell and each component can be 
updated. The iteration is running till the maximum difference 
of each HTC between two consecutive rounds is no bigger 
than the preset acceptable error he,ac. 

VI. A ONE-LAYER MODEL FOR TESTING THE 
ITERATIVE METHOD 
The test solver developed in MATLAB for the coupling 
method has been further improved based on the methods 
mentioned in previous sections. A simple one-layer FR-4 
structure shown in Fig. 8 was modeled in both the test solver 
and COMSOL to test the mechanism and accuracy of the 

Tsc&Ttop under huni  qr  Hdif 
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FIGURE 7.  Iterative algorithm for deriving the radiation-equivalent HTC. 
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iterative method. The dimension of the board is 56mm x 
63mm x 1.6mm. The yellow region refers to the metal layer 
of 35µm thick copper. The heat was assumed uniformly 
transferred into this region with the rate of 0.5W, thus the 
uniform heat flux is 4761.9W/m2. The only way of heat 
transfer between the board and the ambient was assumed as 
the radiation from the top surface.  

 

FIGURE 8.  Layout of the simple one-layer structure. 

The emissivity through the top surface was assumed 
uniform and set to 0.9, which is approximately suitable for 
the epoxy-based soldermask [5] and the plastic package 
material of ICs [25,26]. Based on the rule of generating 
three-level discrete cells introduced in Section III, the heating 
region was not discretized with the three-level multigrid, but 
only the green region. In the test solver, the layout map with 
the resolution of 448 x 504 was first modeled, with 6720 
cells in the metal region and 13692 cells in the green region. 

The ambient temperature was set to 0°C. Thermal 
conductivities of FR-4 and copper were respectively set to 
0.3W/mK and 400W/mK the same as given in COMSOL. 
he,ac was set to 0.01 W/m2K. 200 groups of eigenvalues were 
set, and further increasing the number of eigenvalues 
changed little the hotspot temperature. 

The model was analyzed under two different cases, with or 
without the calculation of the heat spreading in the metal 
layer. The case “without the metal layer” can be used for 
testing the iterative method when only the analytical solution 
was solved. The case “with the metal layer” can be used for 
testing both the iterative method and the numerical-analytical 
coupling strategy.  

In COMSOL, the ‘General Heat Transfer’ module was 
used to model the 3D structure. A fine mesh was obtained 
with 80,492 elements in the structure and 4230 elements in 
the heating region. Further refining the mesh generated little 
difference in the results.  

The simulated temperature maps of the heating region 
under two cases are shown in Fig. 9 and Fig. 10 respectively. 
For the case “without the metal layer”, both the color-scale 
maps of temperature from two programs are quite consistent. 
Two curves of the temperature along the line x=0.033m in 
the yellow region are overlapping to each other. The 
differences between them are negligible.  

For the case “with the metal layer”, the heat-spreading 
analysis of the metal layer was included. By analyzing the 
data of those two curves shown in Fig.10(e), along the line of 
x=0.033m, the maximum absolute difference of temperature 

is about 0.41°C, and the average is about 0.36°C. For further 
deriving the accuracy based on Richardson’s extrapolation 
[15], the models under other two layout resolutions were also 
built. The precondition to approximately derive the error is 
the monotone convergence of the results under three 
consecutive grid densities. Then the exponent relating to the 
error can be computed through the following logarithmic 
calculation with e base from the results of three consecutive 
grids [15]: 
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(a)            (b) 

(c) 

 
  (d)             (e) 

FIGURE 9.  Comparison of the temperature map of the heating region 
without the metal layer: (a) Test solver, (b) COMSOL, (c) Comparison of 
the temperature along the line of x=0.033mm, (d) Zoom-in figure of (c) 
around y=0.0324mm, (e) Zoom-in figure of (c) around y=0.0255mm. 
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in which, ϕlc, ϕ2lc, and ϕ4lc refer to the solutions under three 
cell lengths of lc, 2lc, and 4lc respectively. Then the error of 
ϕlc can be approximately derived： 
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2 1
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l l
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         (30) 

Based on the first three maps shown in Fig.10, the error 
of the hotspot temperature under the resolution 448 x 504 is 
about -0.45°C. Thus, the approximate hotspot temperature 
is about 129.05°C and its difference from that of COMSOL 
is quite small. Hence, integrating the iterative method for 
radiation heat transfer in the coupling method is feasible. 

          
       (a)                  (b) 

 
      (c)                (d) 

(e) 

FIGURE 10.  Comparison of the temperature maps of the heating region 
with the metal layer: (a) under 112 x 126 layout from the test solver (b) 
under 224 x 252 layout from the test solver, (c) under 448 x 504 layout 
from the test solver, (d) COMSOL, (e) Comparison of the temperature 
along the line of x=0.033mm between the results of (c) and (d). 

VII. THE MODEL OF A PHANTOM POWER-SUPPLY PCB  

A. PARAMETERS 
The PCB of a phantom DC-DC power supply for 
microphones was modeled in the test solver as well. The 
input range of the circuit is from 9V to 13V, and the output 
is 48V. The circuit and PCB layout shown in Fig. 11 and 
Fig. 12 were automatically generated by the online tool TI 
WEBENCH@Power Supply. Besides, the bill of materials, 
characteristic charts, and components’ dissipating power 
can be also obtained from the online tool.  

  
(a)                            (b) 

FIGURE 12.  Layout maps of the power-supply PCB generated from the 
online tool: (a) Top side, (b) Bottom side. 

The layout maps of the two-layer PCB were originally 
generated in the size of 62.5mm x 64mm. Then in order to 
have a more compact dimension, the size of the PCB was 
further reduced to 37.6mm x 47.6mm as shown in Fig. 13. 
The resolution of the layout map is 376 x 476, thus the unit 
length of one pixel is 0.1mm. Under the one-level uniform 
grid there are totally 142300 and 159568 cells in the metal 
layers on the top and bottom sides respectively. 

  
(a)                                 (b) 

FIGURE 13.  Compact layout maps of the power-supply PCB: (a) Top 
metal layer, (b) Bottom metal layer. 

After applying the three-level multigrid, the number of 
metal cells reduced to 35722 and 15937 each. Fig. 14 
shows the discrete-cell maps of the metal layer on both 
sides with yellow level-3 cells (biggest), green level-2 cells, 
and blue level-1 cells (smallest). Under such three-level 
multigrid, only for the calculation of the heat spreading in 
two metal layers as shown in (12), the number of product 
operation of matrix elements can decrease from 1.822511 
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(2(142300 + 159568)2) to 5.33739 (2(35722+15937)2), 
about 97% decrements. Obviously, the operation burden for 
preparing all the matrix coefficients in the group of 
equations can be reduced significantly as well. 

There are 21 components in the PCB. Table I shows their 
parameters of the thermal resistance as well as the 
dissipating power under 11V input and 48V/0.05A output. 
For the controlling IC U1, both RθJC and RθJC(top) are given in 
the datasheet. For the MOSFET M1 and diode D1, in the 
datasheets only the corresponding RθJC are given, so their 
RθJC(top) were conservatively assumed as the thermal 
resistance from the top to the bottom of the device by using 
the thermal conductivity of the general packaging mold 
compound 0.63W/mK [27]. 

 
(a)                           (b) 

FIGURE 14.  Discrete-cell maps of the metal layers under the three-level 
multigrid: (a) Top metal layer, (b) Bottom metal layer. 

For the SMD inductor L1, Coilcraft Inc. has announced 
that since this kind of inductor has a variety of thermal flow 
paths and multiple heat sources (the winding and core), 
there is not a definite junction inside and the parameters 
relating to thermal resistance are usually not supported [28]. 
On the other hand, due to the existence of the insulating 

coating material over the winding wire as well as the 
possible space between the winding and core, the thermal 
conduction through them is hard to be scaled, so that RθJC(top) 
of L1 was first assumed to be infinity.  

However, two pads of the inductor L1 are connected by 
both the metal windings and the insulating material of the 
package as shown in Fig. 15. Hence, at least the thermal 
resistance between two pads can be conservatively 
estimated by analyzing these two parts. The dimension of 
the inductor is 12mm x 12mm and the thickness of the 
insulating part between two pads is 0.635mm. The thermal 
resistance of this part was analyzed in the test solver by 
running the program of calculating the electrical potential 
distribution of the metal layer. 

      
(a)                     (b) 

FIGURE 15.  (a) Schematic of L1’s bottom side, (b) Analog distribution 
of electrical potential (V) of the insulating material between two pads. 

Fig. 15(b) shows the simulated distribution of the 
electrical potential under the assumed 1A current and 1.72 
x 10-8S/m electrical conductivity. The analog electrical 
resistance 2.09 x 10-5Ω was derived, thus the thermal 
resistance 1928°C/W was further derived with the thermal 
conductivity 0.63W/mK of the general packaging mold 
compound. On the other hand, the equivalent thermal 
resistance of the copper winding (RDC=0.289Ω) was more 
than 42000°C/W, so its thermal-conduction contribution 

FIGURE 11.   Circuit schematic of the DC-DC power supply 
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was neglected. The middle plane of the insulating material 
between two pads was assumed as the virtual junction 
region, thus L1’s RθJC was assumed to be 482 °C/W (one 
fourth of 1928 °C/W), as the thermal resistance from two 
pads to the middle plane.  

TABLE I 
TYPE, DISSIPATING POWER Pd, RθJC AND RθJC(top) OF THE COMPONENTS 

Components (Type) Pd(mW) RθJC(°C/W) RθJC(top)(°C/W) 
M1 (CSD19538Q3A) 338.07 5.5 153.6 
U1 (TPS40211DGQR) 57.33 15.6 50.5 
Rfb2 (RC0603FR-0747KL) 48.76 63 0 
D1 (10BQ100TRPBF) 25.9 22 235.8 
L1 (MSS1210-334KEB) 16.98 482 —— 
Cout (EEE-FK1J220XP) 0.366 2.47 0 
Coutx(C3225X7R2A225K230AB 
-1210) 

0.008 6.85 0 

Cin (C1608X7R1V105K080AC 
-0603) 

0.001 30.89 0 

Ciflt (CL21C151JBANNNC-0805) 0 27.18 0 
Cbp (C0805C105K4RACTU  
-0805) 

0 17.79 0 

Css (GRM155R61A154KE19D  
-0402) 

0 60.92 0 

Ccomp2(CGA4C2C0G1H562J060AA 
-0805) 

0 22.83 0 

Ccomp (GRM21BR72A473KA01L 
-0805) 

0 20.80 0 

Crc (CL21C101JBANNNC  
-0805) 

0 27.71 0 

Cbyp (TMK212BJ474KD-T  
-0805)  

0 18.45 0 

Riflt (CRCW04021K00FKED  
-0402) 

0 90 0 

Rcomp (CRCW040218K2FKED  
-0402) 

0 90 0 

Rrc (CRCW0402301KFKED  
-0402) 

0 90 0 

Rg (CRCW040224R9FKED  
-0402)) 

0 90 0 

Rfb1 (CRCW0402255RFKED  
-0402) 

0 90 0 

Rsense(ERJ-3RSFR12V-0603) 0 63 0 

The thermal resistance RθJC for SMD resistors can be 
found in a report from Vishay [29], which has listed such 
parameters under different sizes. RθJC(top) for each SMD 
resistor was approximately neglected due to their slim 
structures and small size.  

RθJC for each SMD ceramic capacitor cannot be found in 
the datasheet but was roughly estimated based on ATC’s 
technical report [30]. Based on the internal multi-layer 
structure of the capacitor, the thermal resistance Θcap between 
the middle heat-generation plane and two pads was analyzed 
[30]. The assumption of the heat-generation plane implied 
the ignorance of RθJC(top) of the SMD ceramic capacitor. 
Several capacitors of series 100A and 100B from ATC were 
analyzed [30], and their structure parameters and Θcap are 
reproduced in Table II. 

 

TABLE II 
CAPACITOR PARAMETERS IN ATC’S REPORT [30] AND ESTIMATED Kcap 
Series 100A 100B 
Capacitance (pF) 1 100 1 100 1000 
Length (mm) 1 2.2 
Acap (mm2) 2 7 
Θcap (°C/W) 13.7 11.4 7.9 7.2 5.9 
kcap (W/mmK) 0.0091 0.0110 0.0099 0.0109 0.0133 

The equivalent thermal conductivity of the capacitor kcap 
was derived for each capacitor shown in the table. Between 
the capacitance and kcap, there seems to be a relation that kcap 
changes not much under different size with the same 
capacitance. Then, by using the Curve Fitting Tool of 
MATLAB, the approximate relation between kcap and the 
capacitance (nF) can be derived: 

04809.00129.0  C kcap          (31) 
Such inference was further used for estimating RθJC of the 
ceramic capacitors in the power-supply PCB.  

Cout is an electrolytic capacitor, of which the inner 
vertical (axial) thermal conductivity (about 100 W/mK) is 
much larger than the radial (about 0.21 W/mK) [31] due to 
its multilayer-wrapped electrode structure inside. Hence, 
RθJC and RθJC(top) of the electrolytic capacitor can be 
approximately derived by only analyzing the vertical 
thermal conduction. As shown in the thermal analysis of an 
electrolytic capacitor with the power loss between 0.2W 
and 1.2W under the air velocity between 0 and 1m/s [32], 
the temperature difference between the top case and core 
was always less than 1°C, thus the top case was considered 
as the best point to reflect the electrolytic capacitor’s core 
temperature. Hence, RθJC(top) of Cout can be also 
approximately neglected.  

The power-supply PCB was modeled and simulated under 
the similar boundary conditions as the one-layer structure 
model discussed in Section VI. The group number of 
eigenvalues was set to 200 as well. Radiation from the top 
side was considered as the only way of heat transfer between 
the board and the ambient. As introduced in Section VI, the 
emissivity can be approximately set to 0.9 for both the 
epoxy-based soldermask [5] and the plastic package material 
of ICs [25,26]. Thus, the emissivities of M1, D1 and U1 were 
also set to 0.9. According to the emissivity measurement of 
several kinds of components, the average emissivity of each 
kind of component was calculated [26]. Hence, based on the 
average [26], the emissivities of the electrolytic capacitor and 
SMD resistors were set to 0.88, and that of the ceramic 
capacitor was set to 0.94.   

B. MODELING RESULTS 
The temperature maps of 376 x 476 resolution for both the 
top and bottom sides under the ambient temperature (Ta) of  
20°C are shown in Fig. 16. The junction temperature TJ and 
maximum pad temperature Tpad_max of each component at 
different Ta are listed in Table III. 
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        (a)                      (b) 

 
(c) 

FIGURE 16.  Temperature maps of the PCB of the phantom power 
supply at Ta=20°C: (a) Top side, (b) Top layer surface, (c) Bottom side. 

    TABLE III 
TJ AND Tpad_max OF COMPONENTS AT DIFFERENT Ta 

Components 
Ta = 0 °C Ta = 20 °C Ta = 40 °C 

TJ (°C) Tpad_max 
(°C) TJ (°C) Tpad_max 

(°C) TJ (°C) Tpad_max 
(°C) 

M1  69.21 68.19 81.42 80.40 94.79 93.77 
U1 57.09 57.23 69.32 69.46 82.73 82.87 
Rfb2  65.86 63.09 78.10 75.33 91.50 88.73 
D1 56.20 57.10 68.44 69.33 81.85 82.73 
L1 64.07 60.08 76.32 72.30 89.73 85.69 
Cout  51.53 51.63 63.80 63.90 77.25 77.35 
Coutx 51.03 51.13 63.31 63.41 76.76 76.86 
Cin 51.72 51.92 63.99 64.19 77.43 77.63 
Ciflt 55.11 55.35 67.35 67.59 80.75 80.99 
Cbp 55.81 55.86 68.04 68.09 81.44 81.49 
Css  53.27 53.56 65.53 65.81 78.95 79.24 
Ccomp2 56.14 56.58 68.38 68.81 81.78 82.22 
Ccomp  55.35 55.54 67.60 67.78 81.00 81.19 
Crc  55.27 55.55 67.51 67.79 80.93 81.20 
Cbyp  55.54 55.65 67.77 67.88 81.18 81.29 
Riflt  55.06 55.10 67.30 67.33 80.70 80.73 
Rcomp 55.56 55.84 67.80 68.08 81.21 81.49 
Rrc 54.37 54.78 66.61 67.02 79.93 80.43 
Rg 58.28 59.09 70.50 71.31 83.79 84.70 
Rfb1 56.90 58.55 69.13 70.79 82.53 84.19 
Rsense 57.87 60.43 70.10 72.65 83.51 86.04 

During the iteration, he,ac was set to 0.01 W/mK. The 
temperature arrays under three ambient temperatures all 
converged to the last results after 9 rounds of iteration. In 
the end of the iteration, firstly the total heating power of the 
components can be calculated by using the relations given 
in Section IV to testify its consistency to the total setting 
dissipation power 487.415mW. Based on components’ 
thermal-resistance parameters, junction and case-top 

temperatures, pad-cell temperatures and the radiation-
equivalent HTC, the total heating power of the components 
was all approximately equal to 487.415mW under each case 
of Ta with only tiny difference less than 10-10 mW. Second, 
the total rate of radiation heat transfer can be also calculated 
based on the temperature map of the top side. Under each 
case of Ta, the total radiation rate was all between 487.1mW 
and 487.3mW. The little difference from 487.415mW is 
partly due to the little error of the radiation-equivalent HTC. 
The other reason is the application of the three-level 
multigrid, because the temperatures of the level-3 cell and 
level-2 cell approximately represent the temperatures of the 
corresponding 16 cells and 4 cells respectively.  

 
        (a)                      (b) 

 
(c) 

FIGURE 17.  Temperature maps of the top layer surface at Ta=40°C 
under three resolutions: (a) 94 x 119, (b) 188 x 238, (c) 376 x 476. 

For deriving the accuracy of the model based on 
Richardson’s extrapolation, the layout maps were also 
modeled and analyzed under other two resolutions, 94 x 
119 and 188 x 238. The temperature maps of the top layer 
surface obtained under each resolution at Ta=40°C are 
shown in Fig. 17. The similar distributions and little 
differences between the temperature results under three 
discrete densities further testify the consistency, stability, 
and convergence [15] of the proposed method. 

The junction temperature of the MOSFET TJ_M1, the 
maximum temperature in the top metal layer TM_max, and the 
minimum cell length lc,min under each resolution are listed in 
Table IV. The error of TM_max based on Richardson’s 
extrapolation under the resolution 376 x 476 is about -
0.0882°C, thus the approximate value of TM_max is about 
93.69°C. Since the difference between TJ_M1 and TM_max is 
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close to 1°C, the approximate value of TJ_M1 is about 
94.69°C. 

TABLE IV 
TM_max AND TJ_M1 AT Ta=40°C UNDER THREE RESOLUTIONS 
Map Resolution 94 x 119 188 x 238 376 x 476 
lc,min (mm) 0.4 0.2 0.1 
TJ_M1 (°C) 94.9703 94.8725 94.7909 
TM_max (°C) 93.9878 93.8498 93.7751 

As assumed before, the radiation from the inductor was 
ignored. In order to test the possible influence of such 
ignorance, the radiation from the inductor was taken into 
account by assuming zero RθJC(top) of the inductor. The 
simulated temperature maps are shown in Fig. 18. 

 
        (a)                      (b) 
FIGURE 18.  Temperature maps at Ta=40°C with assumed zero RθJtop of 
the inductor: (a) Top side, (b) Top layer surface. 

Under the assumption of zero RθJC(top) of the inductor, its 
top surface temperature is close to 72°C. Moreover, the 
error of TM_max is about -0.22°C and its approximate value is 
about 91.20°C. Hence, under those assumed components’ 
thermal parameters and boundary conditions, neglecting the 
radiation from the inductor does not generate large error in 
the hotspot temperature, even though the inductor has a big 
surface. This could be mainly due to the much lower 
dissipation power of the inductor.  

According to upper modeling results, the radiation from 
the components is about between 6% and 13% of the total 
radiation under each case of boundary conditions, whereas 
the percentage of the radiation from the metal layer region  
is about more than 70%. Obviously, the heat-spreading 
contribution of the metal layer is significant. Hence, the 
PCB should not be designed by only considering 
compactness, but sometimes the surface area should be left 
big enough for heat spreading and the heat transfer between 
the PCB and the ambient.  

On the other hand, TJ of some components are lower than 
their Tpad_max. This is because these components can be 
mainly considered as thermal-conduction paths rather than 
heating sources, especially those without heat dissipation or 
with relatively low thermal resistance and much lower  
dissipation power.  

VIII. CONCLUSION 

The numerical-analytical coupling method for steady-
state thermal analysis of the PCB has been further improved 
to include the analysis of radiation heat transfer, predict the 
temperature information of components, and consider the 
reality of components’ coverage on the PCB surface. 
Instead of the one-level uniform grid, the multigrid strategy 
has been applied for generating discrete cells of three levels, 
and the operation burden can be decreased significantly. By 
using components’ RθJC and RθJC(top), their junction 
temperatures and average case-top temperatures can be 
correlated with the temperature distribution of the layer 
surface. Finally, the laminated structure and components of 
the PCB as a whole can be thermally modeled. The 
numerical-analytical modeling strategy may be possible to 
be used for the analysis of other engineering problems. 

Radiation heat transfer has been correlated with the 
radiation-equivalent heat transfer coefficient of each 
discrete cell and component’s case top in the proposed 
iterative method. Based on the little difference of the 
modeling results between the test solver and COMSOL for 
a simple one-layer structure, the mechanism of the iterative 
method has been testified to be feasible. The iterative 
method may be further used for solving other temperature-
dependent heat transfer problems. 

Based on the modeling results of the phantom DC-DC 
power supply PCB, the consistency, stability, convergence, 
and conservation of the improved modeling method has 
been further verified. Certainly, if the manufacturers of 
components declare thermal parameters more clearly and 
comprehensively, the thermal model of the PCB can be 
built more accurately. The components with lower thermal 
resistance and much lower dissipation power can be mainly 
considered as the thermal-conduction paths contributing to 
the heat spreading in the PCB. On the other hand, the heat 
spreading of the metal layers in the PCB can be significant, 
and the PCB surface may contribute most to the radiation 
heat transfer compared to the components. Hence, 
squeezing the size of the PCB may not only depend on 
electrical design rules of the layout, but also thermal 
analysis. 
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