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Abstract-A simple non-quasi-static small-signal equivalent 
circuit model is derived for the ideal MOSFET wave equation 
within the gradual channel approximation. This equivalent cir- 
cuit represents each Y-parameter by its dc small-signal value 
shunted by a (trans)capacitor in series with a charging 
(trans)resistor. The resistor and capacitors are selected such 
that the resulting Y-parameters admits the correct frequency 
power-series expansion. The resulting small-signal model ad- 
mits a graceful degradation outside its frequency range of va- 
lidity. When compared with the exact solution this first-order 
RC equivalent circuit is demonstrated to be valid at higher fre- 
quencies than the second-order frequency-power series or even 
second-order iterative solutions of the MOSFET equation. A 
large-signal model for the intrinsic MOSFET is derived by first 
implementing this RC topology in the time domain. Modified 
state equations similar to ones recently reported are then intro- 
duced to enforce charge conservation. Transient simulations 
with this approximate large-signal model yields results which 
compare with reported exact numerical analysis for the long- 
channel MOSFET for a wide range of bias conditions. This 
unified small- and large-signal model applies to both the three- 
and four-terminal intrinsic MOSFET in the region of the chan- 
nel where the gradual channel approximation is applicable. A 
non-quasi-static small-signal equivalent circuit for the velocity- 
saturated MOSFET wave equation is also reported. 

NOMENCLATURE 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe2/d, the gate capacitance per unit area. 
Width of the oxide or high-bandgap region. 
Channel width in the saturation region. 
Dielectric constant for the channel material. 
Average dielectric constant for the high-band- 

Electron charge. 
Gate length. 
Channel mobility. 
Threshold voltage. 
DC channel-to-source voltage at position x.  
Instantaneous gate-to-channel voltage at po- 

DC gate-to-channel voltage at position x.  

gap or oxide region. 

sition x.  
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AC gate-to-channel voltage at position x.  
Instantaneous applied voltage between the gate 

DC applied voltage between the gate and the 

Saturation velocity of electrons. 
AC applied voltage between the gate and the 

source. 
AC applied voltage between the substrate and 

the source. 
Instantaneous applied voltage between the 

drain and the source. 
DC applied voltage between the drain and the 

source. 
AC applied voltage between the drain and the 

source. 
Gate width. 

and the source. 

source. 

I. INTRODUCTION 
ITH the recent development of submicrometer gate 
technology there has been a revival of interest in 

developing analytic non-quasi-static small- and large-sig- 
nal models for the MOSFET and MODFET holding to 
high frequencies compared to the unity current gain cutoff 
frequencies zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfT. Because fT is bias-dependent, even at low 
frequencies experimental data [ 11 point to the importance 
and the need for non-quasi-static modeling in conven- 
tional analog circuits. 

Several of the high-frequency models [2]-[6] recently 
reported for the long and short channel, three- or four- 
terminal MOSFET rely on the MOSFET wave equation 
[71-[91 

a2v2(x, t)  2 av(x,  t)  
ax2 at * 

-~ - - 

Note that the MOSFET wave equation is based on the 
gradual channel approximation and is therefore only used 
in the region of the FET channel where the gradual chan- 
nel approximation holds. For the three-terminal MOSFET 
the voltage V is simply vGc - V,. See [2] for the defini- 
tion of V in the case of the four-terminal MOSFET. 

For small-signal excitation the MOSFET wave equa- 
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tion reduces to 

with VO(X> zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVG&) - V,(see [51). 
An exact solution of the small-signal MOSFET equa- 

tion was obtained in terms of Bessel functions for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk = l 
by Bums [14] (for all k see [5]). Simple approximate so- 
lutions suitable for circuit simulation have also been re- 
ported. Small-signal Y-parameters holding up to high fre- 
quencies can be obtained using the frequency power series 
introduced by Van Der Ziel [ lo]  

K~ = 8, + j w a ,  + ( ~ w ) ~ P ,  (1) 

where g ,  are the dc Y-parameters [4], [ 111. 
An alternate procedure based on an iterative scheme was 

introduced by Van Nielen [ 131 to obtain accurate approx- 
imate results of the MOSFET wave equation. Conducted 
up to second order, the iterative procedure yields for the 
three-terminal MOSFET/MODFET, small-signal Y-para- 
meters of the following form: 

(2) 
giJ + j w a ,  + (jw)2bIJ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'J = I + j w c ,  + ( jw)2dJJ . 

The same Y-parameters can also be obtained by expanding 
the Bessel functions in a frequency power series in the 
exact solution of the small-signal MOSFET wave equa- 
tion. This iterative solution was used by Bagheri and Tsi- 
vidis [2] and Bagheri [3] for deriving the small-signal 
Y-parameters of the long-channel four-terminal MOSFET 
and three-terminal MOSFET/MODFET, respectively. 
The small-signal Y-parameters obtained by an iteration of 
order two admit a frequency power-series expansion valid 
up to power two. These iterative Y-parameters hold for 
higher frequencies and have the advantage of providing a 
more graceful degradation outside their frequency range 
of validity compared to the Y-parameters obtained by the 
frequency power series [3]. 

Several transient analyses of the large-signal MOSFET 
wave equation have also been reported [ Is] ,  [16], and 
[19]. These methods are not however suited for circuit 
simulation. Chai and Paulos [6] recently extended the ap- 
plication of the iterative technique to the large-signal 
MOSFET wave equation and derived simple approximate 
state equations for the four-terminal MOSFET which are 
suitable for circuit simulation. 

In this paper we will show that a simple RC equivalent 
circuit representation of the frequency power-series 
Y-parameters also admits a graceful degradation and is 
valid for higher frequencies than the second-order itera- 
tive Y-parameters. We will use this RC model to develop 
a simple large-signal model in Section V which closely 
resembles the one reported in [6]. We will establish the 
limitations and capabilities of this simple large-signal 
model using several transient experiments. We will dem- 
onstrate in Section VI that this large-signal model en- 
forces charge conservation and will compare it to the Chai 

and Paulos model in Section VII. We will consider in Sec- 
tion VI11 alternate equivalent circuits, discuss the physi- 
cal basis for the RC equivalent circuit, and will state in 
Section IX the requirements for the optimal second-order 
RC model. We will demonstrate in Section X that the 
unified small- and large-signal model presented applies to 
both the three- and four-terminal MOSFET wave equa- 
tions. Finally, we will present in Section XI an extension 
of this non-quasi-static small-signal equivalent circuit to 
the velocity-saturated MOSFET wave equation 

11. NORMALIZED LONG-CHANNEL Y-PARAMETERS 
Consider the small-signal Y-parameters of the MOS- 

FET in the common-source configuration 

i g  = ygg(w) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz$s + Ygd(W) vds 

i d  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAydg (U> Ugs + ydd(w) Uds* 

One can easily verify that the exact small-signal 
Y-parameters obtained from the MOSFET wave equation 
can be written in terms of dimensionless parameters 

with k = VDs/(VGs - VT) ,  with go the chanpel conduc- 
tance 

and with wo a normalization frequency given by 

This normalization can also be applied to the fre- 
quency-power-series solution given in [4]. These approx- 
imate Y-parameters can then be rewritten in the following 
normalized fashion: 

The coefficients all and 9, are given in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[4] except for an 
error in a d d  which is corrected both in [5] and [17]. The 
existence of a normalized represeptation is useful as it 
permits one to establish results which are device-indepen- 
dent. This property is used in Section IV to study the range 
of validity of the equivalent circuit model proposed. 
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i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
,d 

i, 

+ I I 1 I I + 
O d  

+ 
g o  

@ i G D  GJ i pG G J i W  

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAggd(k)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@,d 
111. A SIMPLE RC EQUIVALENT CIRCUIT 

Rgd = - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
WO go( vGS i d  (k)  

REPRESENTATION gd 

To provide a graceful degradation of the Y-parameters 
for frequencies zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw larger than wo we shall intwduce a sim- 
ple RC equivalent circuit model. The physical meaning of 
this model will be discussed in Section VIII. The RC 
model selected consists of the dc (w = 0) small-signal 
parameters g ,  shunted by a capacitor C, in series with a 
charging resistor R,. The resulting intrinsic Y-parameters 
are 

The associated equivalent circuit for the intrinsic MOS- 
FET is shown in Fig. l(a). For frequencies w << 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/(RI] C, ) these Y-parameters admit the frequency-power 
series (1) 

xJ = g ,  + jwCq + w2RqC;. (3) 

We can now readily identify the resistors and capacitors 
to be 

The time constants rij = RiiCij appearing in the small- 
signal Y-parameters are then given by 

1 60 - 120k + 8 ik2  - 21k3 + 2k4 
rgg = RggCgg = - 

WO 15(2 - k)3(6 - 6k + k2)  

1 30 - 41k + 16k2 - 2k3 

WO 
Tgd = RgdCgd = - 

15(2 - k)3(3 - k) 

600 - 1440k + 1290k2 - 540k3 + 110k4 - 9k5 
30(2 - k)3(30 - 45k + 20k2 - 3k3) 

1 320 - 560k + 340k2 - 90k3 + 9k4 
rdd = Rddcdd = - 

W O  30(2 - k)3(20 - 15k + 3k2) ' 

To demonstrate the graceful degradation provided by 
this equivalent-circuit representation we have plotted in 
Fig. 2 the magnitude (Fig. 2(a)) and phase (Fig. 2(b)) of 
Yg,/go for k = 0.65, obtained with the RC equivalent cir- 
cuit (dashed-dotted line, EQ) , the exact solution (plain 
line, EXACT), the frequency power series (dashed line, 
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Fig. 2. Comparison of the amplitude (a) and phase (b) of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY,,/go f o r k  = 

0.65, obtained with the RC equivalent circuit (dashed-dotted line, E Q ) ,  
the exact solution (plain line, EXACT),  the frequency power series (dashed 
line, POWER),  and the second-order iterative Y-parameters reported in [3] 
(dashed line, E ) .  

POWER ), and the second-order iterative Y-parameters 
derived in [3] (dashed line, B). 

IV. RANGE OF VALIDITY OF THE RC SMALL-SIGNAL 
MODEL 

We wish now to establish the range of validity of the 
RC circuit representation introduced above for all bias 
conditions. For this purpose we have calculated for each 
parameter Y,] the frequencyfS%(Y,]) for which an error Err 
(Yl,) of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 %  is obtained between the exact Bessel solution 
(see for example [5]) and the approximate results. The 
error Err (YL,) is 

I Y,, (exact) - ylll (approximate) I 
Err (K]) = 

1 Y,] (exact) I 

tion of the frequency power series holds for all bias con- 
ditions up to a higher frequency than both the frequency 
power series and the iterative results. On the same curve 
we have also plotted the unity current gain cutoff fre- 
quency f T / f o  (dashed line, F T )  and the maximum fre- 
quency of oscillation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf,,,/fo (plain line, FMAX),  (fre- 
quency at which the unilateral gain is one [ 181). Both zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfr 
and fmax are calculated using the exact Bessel solution. 

All approximate small-signal models except the first- 
order iterative model hold for frequencies larger than the 
cutoff frequency f T  for all bias conditions. The RC circuit 
representation holds for frequencies larger than the max- 
imum frequency of oscillation fmax for k smaller than 
-0.9. For k larger than -0.9, f s w  is however smaller 
thanf,,,. Note that both the exact and the approximate 
models predict an infinite maximum frequency of oscil- 
lation at k = 1. Obviously in the extrinsic device the un- 
avoidable source, drain, and gate resistances and drain 
output conductance will limit fmax to a finite value. The 
infinite fmax predicted for the intrinsic FET is nonetheless 
an indication of the limited validity of the long-channel 
model. Indeed even in long-channel devices the drain- 
current saturation ultimately results from velocity satu- 
ration and not pinchoff so that we always have k < 1 in 
the unsaturated part of the channel. The readers are re- 
ferred to [ 121 for a discussion of the resonant behavior of 
the unilateral gain calculated using the short-channel 
model [5]. 

To conclude note that the normalization frequency fo is 
bias-dependent. For gate voltages approaching the thresh- 
old voltage, the normalization frequency f o  is small and 
none of these so-called high-frequency approximate 
models can account for the distributed effects arising even 
at low frequencies. 

V. LARGE-SIGNAL MODEL 

The RC equivalent circuit developed for the small-sig- 
nal MOSFET wave equation can be readily implemented 
into a primitive large-signal model. 

This is done by simply replacing g, and gd with the 
current source ZDc of the MOSFET I-V characteristics and 
by substituting for the dc gate and drain voltage VGS and 
VDS in the resistors and capacitors and in Zdc their instan- 
taneous values vGS and vDS. 

The gate, drain, and source currents are then given by 
(see Fig. l(b)) 

For the sake of comparison we have plotted in Fig. 3,  i D  = IDC + io0 + iDG 
f sx (Y, ] ) / f0  for each Y,] parameter as a function of the bias- 
ing parameter k for the frequency power-series model 
(dashed line, POWER), the second-order iterative results 
[3] (dashed line, B2), the first-order iterative results [3] 
(dashed line, Bl) ,  and the simple RC circuit representa- 

is = iG + iD 

with 

[(VCS - vT>2 - (UGS - 
c,w,p 

2L, 

tion of the frequency power-series model (dashed-dotted 
IDC = ___ line, EQ). One observes that the simple RC representa- 



1710 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ygg ERROR 5 PERCENT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIEEE TRANSACTlONS ON ELECTRON DEVICES, VOL. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA38. NO. 8, AUGUST 1991 

Ygd ERROR 5 PERCENT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig. 3. Plot offsp/,(Y,,)/fo for (a) YqB, (b) Yq,,, (c) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAKrs. and (d) Y,/(/ as a function of the biasing parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk for the frequency 
power-series model (dashed line, POWER),  the first-order iterative results [3] (dashed line. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB I ) ,  the second-order iterative 
results [3] (dashed line, B 2 ) ,  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARC equivalent circuit (dashed-dotted line, E Q ) .  Also shown are the unity current gain cutoff 
frequency f T / f o  (dashed line, F T ) ,  and the maximum frequency of oscillationf;,,,,/f, (plain line, FMAX) .  

To test this RC large-signal model we submitted it to the 
four large-signal computer experiments used by Mancini 
et al. [19] and Chai and Paulos [6] for their four-terminal 
MOSFET large-signal models. The mobility ( p  = 609 
cm2/V), and gate length (Lg = 10 pm) given in [ti] and 
[19] are used for our three-terminal MOSFET together 
with VT = 0. 

In the first test the drain voltage is vDs = 1 V and the 
gate voltage vGs varies from 2 to 10 V in 1 ns. The cur- 
rents calculated using the RC model (plain lines) are 
shown in Fig. 4(a) and (b). For comparison we have also 

plotted in Fig. 4(a) and (b) the currents obtained using the 
trans-capacitor model (dashed lines) which relies on the 
same capacitors C,J but neglect the charging resistors R ,  
= 0. 

In the second test the drain voltage is vDS = 1 V and 
the gate voltage vGS varies from 10 to 2 V in 1 ns. The 
currents calculated using the RC model (plain lines) and 
using the trans-capacitor model (dashed lines) are shown 
in Fig. 5(a) and (b). 

In the third test the gate voltage is vGS = 10 V and the 
drain voltage vDS varies from 1 to 10 V in 1 ns. The cur- 
rents calculated using the RC model (plain lines) and using 
the trans-capacitor model (dashed line) are shown in Fig. 
6(a) and (b). 

The currents calculated with the three-terminal RC 
large-signal model exhibit the same type of transient ob- 
tained with the numerical results reported by Mancini [ 191 
for the four-terminal MOSFET. The success of the RC 
model is attributed to the fact that for these biases the 
MOSFET is operating in the triode region and the C, and 
R, vary slowly with the instantaneous bias. 

In the fourth test the drain voltage is vDS = 4 V and the 
gate voltage vGS varies from 0.0001 to 10 V in 1 ns. The 
currents calculated using the RC model (plain lines) and 
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C 
U 

R 
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n 
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Fig. 4. Plot zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof (a) i,, is, and f D c  and (b) iG and i,,, calculated for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuDs = 

I V and oGS varying from 2 to I O  V in I ns using the RC model (plain 
lines), the trans-capacitor model (dashed lines), and the state equations 
(dashed-dotted lines). 

using the trans-capacitor model (dashed line) are shown 
in Fig. 7(a) and (b). 

When compared with the results reported by Mancini 
[ 191 (for the four-terminal MOSFET), the (three-termi- 
nal) RC model fails on two accounts. The RC large-signal 
model predicts a negative drain current between t = 0 and 
t = - 0.35 ns, which is not present in the exact numerical 
solution [19]. Finally it introduces a rapid increase of the 
drain and gate currents at t = 0.4 ns, when the MOSFET 
switches from the pinchoff to the triode mode. This rapid 
variation of the current, not observed in the exact solution 
[ 191, originates from the rapid variation of C ,  and R, near 
pinchoff. As we shall see this problem can be removed if 
charge conservation is enforced. 

Recently Chai and Paulos [6] reported a unified large- 
and small-signal model derived using an iterative tech- 
nique which permitted them to reproduce the numerical 
results of Mancini quite well [19]. 

For small-signal analysis, their first-order iterative 
technique reduces to the first-order iterative solution of 
the MOSFET wave equation (see [2] and [13]). Their 
work suggests the use of the following alternate set of 
differential equations: 

duGS 
~ G G  = C R g < u ~ ~ ,  U D S )  - - - 

dt dt 

0 0 . 4  0 . 8  1 . 2  

(a) 

TIME i n  n s  

PULSE RESPONSE 

0 0.4  0.8 1.2 
TIME i n  ns  

(b) 

Fig. 5 .  Plot of (a) i,, is, and I,, and (b) ic and i,, calculated for uDS = 

I V and zlG5 varying from I O  to 2 V in I ns using the RC model (plain 
lines), the trans-capacitor model (dashed lines), and the state equations 
(dashed-dotted lines). 

iGD 1 

iDGl 

* [cdd(uGS, uDS)  Rdd(uGS, uDS)iDD1. (4> 

The response of the intrinsic MOSFET to the gate and 
drain voltage ramps as predicted with these new differ- 
ential equations is shown in Figs. 4, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 ,  6, and 7(a) and 
(b) using dashed-dotted lines. It is not possible to distin- 
guish this modified RC model (dashed-dotted) from the 
RC model (plain lines) except in Fig. 7(a) and (b) where 
a smoother response in agreement with the numerical sim- 
ulation [19] results when the MOSFET enters the triode 
mode. 

The modified large-signal model still predicts a nega- 
tive drain current in Fig. 7. As is explained by Mancini 
et al. [19] the drain current cannot be negative for large 
drain voltages. Indeed for large drain voltages, when the 

. 

device is biased in the saturation region, a fraction of the 
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Fig. 6. Plot of (a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi,, is, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI,, and (b) iG and i,, calculated for z~~~ = 

10 V and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuDs varying from I to 10 V in  1 ns using the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARC model (plain 
lines), and trans-capacitor model (dashed lines), and the state equations 
(dashed-dotted lines). 

applied drain voltage is dropped in the built-in potential 
barrier in the drain region. The resulting increase in the 
potential barrier at the drain prevents the electrons from 
diffusing from the drain to the channel to charge the chan- 
nel. A negative drain current charging the depleted chan- 
nel is however possible in the triode mode (Figs. 4 and 5 )  
since in this case the built-in potential barrier is not in- 
creased by the drain voltage (see, for example, [20]). The 
simple wave equation used here [4] does not account in 
its boundary conditions for diffusion and cannot therefore 
predict this effect. Note that large built-in potentials at the 
drain arise only when the device is biased in saturation 
(pinch-off). Therefore, both the small- and large-signal 
RC models proposed here should be correct for the unsat- 
urated MOSFET and moderately saturated (long-channel) 
MOSFET. A more complicated equivalent circuit is re- 
quired for the saturated MOSFET (see Section XI). Note 
that the use of improved boundary conditions to drive the 
state equations presented here might not be sufficient by 
itself to avoid the negative drain current in Fig. 7. Chai 
and Paulos, who used such boundary conditions for the 
long-channel MOSFET, still found it necessary to assume 
the result (set the drain current to zero when it would be 
negative) on a physical basis rather than derive it from 
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Fig. 7. Plot of (a) iD, is, and I,, and (b) ic and iDG calculated for ZJDS = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 V and uGs varying from 0.0001 to 10 V in 1 ns using the RC model (plain 
lines), the trans-capacitor model (dashed lines), and the state equations 
(dashed-dotted lines). 

sible reason for the failure to reproduce the exact response 
(no negative current) in Fig. 7 is that for small gate volt- 
ages V, the frequency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfo becomes very small and the 
channel of the MOSFET quickly behaves like a true trans- 
mission line. Indeed the (RC) state equations derived 
above cannot be used for excitation with frequency com- 
ponents much in excess offo (orfsw). Note however that 
the non-quasi-static state equations generate a current re- 
sponse (dashed-dotted line) far superior to the quasi-static 
model (dashed line). 

VI. CHARGE CONSERVATION 
Charge conservation is an important issue in circuit 

simulation. The charge A Q transferred to a device through 
a terminal X in a time A t  by an in-going current i x ( t )  is 
simply given by 

Aqx = ix( t )  dt. I' 
Global charge conservation in the FET model results from 
Kirchhoff's current law is = iG + io as is verified by in- 
tegration over time. This global charge conservation does 
not however prevent the gate and channel of a large-signal 

their state equations (see [6, Appendix 111. Another pos- FET model from continuously accumulating charge over 
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time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[2 11. Such an accumulation of charge in the channel 
is inconsistent with the assumption of dc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI-V character- 
istics which are not history-dependent. Furthermore, it is 
known that such unphysical charge accumulation ad- 
versely affects the external circuits in a circuit simulator 

The gate (or channel) charge QG in the MOSFET in 
[261* 

steady state is given by 

Q G ( ~ / ~ s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVDS) 

The variation of the gate charge predicted by the dc model 
from the steady-state bias conditions 1 to 2 is 

AQc(1, 2, = Q G [ ~ G S ( ~ ) ,  vDS(2)1 

- Q G [ ~ G S < ~ > ,  vDS(l>l. 

Let us verify that the FET state equations (4) predict a 
variation of gate and channel charge which is compatible 
with the dc model. The instantaneous charge transferred 
to the gate AqG (which is also the charge accumulated in 
the FET channel) is 

Aqc(t1, t 2 )  = [:: iG dt [r ( ~ G G  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ G D )  dt 

where A QG (t l  , t2)  is 

( 5 )  

The variation of the instantaneous gate charge is then 

If the device is in steady state at time t l  and t2, iGG and 
iGD must be zero at these times, and we have A q G ( t l ,  t z )  
= A Q G < ~ I ,  t 2 ) .  

One can easily verify that the capacitor C,, and Cgd can 
be obtained from the gate (or channel) charge QG by 

Since in the unsaturated MOSFET (0 I k < 1) the gate 
charge QG admits continuous partial derivatives, its time 
derivative is then given by 

AQG(tl, t 2 )  as defined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  can now be written 

- Q G [ u G S ( ~ I ) ,  u ~ s ( t J l  

which is path-independent. It results that AqG(t l ,  t 2 )  is 
equal to A QG (1, 2)  if the FET is in the steady-state bias- 
ing conditions 1 and 2 at times t l  and t 2 ,  respectively. 

The modified large-signal model using the differential 
equation topology inspired by Chai and Paulos model [6] 
enforces the desired conservation of charge for the unsat- 
urated FET. Charge conservation is also enforced in the 
saturated MOSFET (uDS(t) > uGS(t) - VT).  Indeed, the 
saturated MOSFET follows the same state equations since 
we use k = 1 to calculate the RC elements in saturation. 
Using k = 1 is equivalent to applying an effective drain 
voltage uDS(t)  = vGs(t) - V,. However, as we would 
expect in an ideal pinched-off MOSFET, this effective 
time-varying drain-to-source voltage uDS ( t )  does not in- 
duce any charging currents in the saturated FET since we 
have Cgd(k = 1) = c&(k = 1) = 0. 

VII. COMPARISON WITH THE CHAI AND PAULOS 
LARGE-SIGNAL MODEL 

Let us now compare our large-signal model with the 

The capacitor Cdg and c d d  can be obtained from the par- 
large-signal model reported by Chai and Paulos [6 ] .  

tial derivatives of a charge QD 

where QD is the portion of the gate (or channel) charge 
Q, associated with the drain and given by 
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These identities cannot be used here to reduce the number 
of differential equations. The large-signal model intro- 
duced here therefore requires four differential equations 
instead of the two in the Chai and Paulos large-signal 
model [6]. This originates from the fact that their first- 
order iterative model relies on the single relaxation time 
constant zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr whereas our model uses four different relaxa- 
tion time constants rgg zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= RgsCg,, rgd = RgdCgd, rdg = 

Rdg c{g, and rdd = RddCdd. 
Using the identities 

QI - T ~ D C  = QD 

Q2 + T ~ D C  = QG + QD 

relating the charges Q, and Q2 defined in [6] to QD and 
Q,, respectively, the two state equations derived by Chai 
and Paulos [6] can be rewritten after a few manipulations 

By setting rgg = rgd = Tdg = rdd = r ,  one can then easily 
verify that the large-signal model proposed here reduces 
exactly to the Chai and Paulos model. The use of four 
differential equations instead of two is expected to in- 
crease the frequency range. This is demonstrated for the 
small-signal parameters in Figs. 3(a)-(d), where the first- 
order Y-parameters (EQ)  resulting from the four differ- 
ential equations (4) are seen to be valid for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk > 0.1 to a 
frequencyf,%, 4 to 12 times that of the first-order iterative 
Y-parameters (Bl) resulting from the two differential 
equations (6). This is also noticeable in the time domain 
in [6, figs. 1 ,  2, and 31 where approximate and exact re- 
sponses are compared. The approximate transient re- 
sponse at t = 1 ns seems to overestimate the exact relax- 
ation time by approximately a factor of two. Indeed, the 
exact relaxation-time constants riJ are approximately half 
r as can be seen in Fig. 8 where the different relaxation- 
time constants rgg, rgd, ?-&, and Tdd are compared with r 
for all biasing conditions (0 I k I 1 ) .  

VIII. ALTERNATE EQUIVALENT CIRCUITS 

Given the frequency power series (1) or even the ex- 
pansion (2) it is not possible to extract a unique small- 
signal equivalent circuit model. 

Consider the following equivalent circuit model for Ydg: 

Ydg = ( g m  + jwCl)e-Jw'rL. 

It is possible to select the transmission line delay rTL and 
the capacitor C1 or the RC delay 7 R c  such that these alter- 
nate equivalent circuits admit the desired frequency power 
series of the form (1). Physical considerations indicate 

TIME CONSTANT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVS K 
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Fig. 8. Plot of rnn, T~,,, T ~ ~ .  and rdd (plain lines) and r ([2] and [ 6 ] )  (dashed 
lines) normalized by 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ w o  versus the biasing parameter k .  

ceptable representations of the frequency power-series 
Y-parameters for the unsaturated MOSFET. For frequen- 
cies w up to wo the unsaturated three-terminal MOSFET/ 
MODFET behaves like a lumped device. Any phase shift 
present in the device cannot therefore arise from a trans- 
mission-line-type delay rTL. It also seems natural to use 
resistors and capacitors since only the Poisson equations 
are solved in this simple model. Note that Rgd, Rdg and 
Cgd, Cdg are negative. However, both time-delay con- 
stants Rgd c g d  and R+ c d g  remain positive. 

Despite its limitations, the smooth transient analysis re- 
ported in Section V agrees well with the numerical sim- 
ulation of Mancini [ 191 and the large-signal model of Chai 
and Paulos [6]. This clearly supports the choice of an 
RC-based small-signal equivalent circuit over a transmis- 
sion-line-delay representation for the unsaturated MOD- 
FET at the frequencies for which the frequency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf power 
series is valid (f < hX). , 

An alternative RC implementation of the frequency 
power-series Y-parameter can be generated with the fol- 
lowing topology: 

j w  CI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
gm + 

1 + jwrRc 1 + jwRIC1' ydg = (7) 

A large-signal implementation of this alternate RC circuit 
representation was studied for various RC delays rRC. It 
did not yield as smooth a transient performance as the 
simple RC equivalent circuit and was ruled out. Indeed, 
this popular circuit topology strongly departs from the to- 
pology derived rigorously by Chai and Paulos [6]. 

IX. THE OPTIMAL SECOND-ORDER EQUIVALENT 
CIRCUIT 

The simple RC equivalent circuit shown in Fig. 9(a) is 
valid when the frequency considered is small enough so 
that the unsaturated MOSFET behaves like a lumped de- 
vice. At high frequencies, transmission line effects be- 
come important and a second-order equivalent circuit be- 
comes desirable. 

A second-order RC equivalent circuit can be obtained 
however that these popular equivalent circuits are not ac- if we rewrite the second-order iterative Y-parameters of 
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(b) 

Fiz. 9: First-order (a) and second-order (b) RC equivalent circuits for Y,, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf i , , .  the frequency-dependent component of a Y-parameter Y,,. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(2) under the form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
jwa; + (jw)2bi 

(8) y.. = g.. + 
” ‘I 1 + jwc i  + ( jw)2di  

using ah = a ,  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg,c, and bb = b,j - g,d,. Our discus- 
sion in the previous section suggests that the RC equiva- 
lent circuit shown in Fig. 9(b) is the preferred (most phys- 
ical) equivalent-circuit representation of - g, in (8) 
for the unsaturated MOSFET. 

In order to generate an optimal second-order equivalent 
circuit the Y-parameters of Fig. 9(b) must admit a fre- 
quency power-series expansion valid up to ( j ~ ) ~ .  

The second-order iterative Y-parameters [3], although 
of the correct topology, admit a frequency power-series 
expansion valid only up to ( j w ) * .  Indeed, the optimal first- 
order RC equivalent circuit was found in Section IV to 
hold up to higher frequencies than the second-order iter- 
ative Y-parameters [3]. 

We have verified that the optimal second-order 
Y-parameters exist and indeed have a much higher fre- 
quency range of validity than the fourth-order iterative 
Y-parameters obtained with the iterative method. In par- 
ticular, they offer an excellent graceful degradation. These 
optimal second-order Y-parameters and their associated 
small-signal equivalent circuits will be reported else- 
where [24]. 

X. THE FOUR-TERMINAL MOSFET 

The work reported here was initially developed for the 
MODFET (see [4] and [5]), a high-performance hetero- 
junction FET (HFET) which behaves much like an ideal 
three-termimal MOSFET. We will now demonstrate that 
the three-terminal Y-parameters (exact or approximate), 
the small-signal equivalent circuit, and the large-signal 
state equations reported here can be readily applied with- 
out modification to the four-terminal MOSFET model de- 
veloped by Bagheri and Tsividis [2]. Indeed, their model 
is based on the same MOSFET wave equations, provided 

we use the following normalization constants: 

vow - VOW,) 

VO (0) 
k =  

1715 

CL vow 
W O = - -  

1 + 6  L;  

where 6 is a bias-dependent constant associated with the 
bulk capacitance (see [2]). The dc boundary conditions 
V,(O) and Vo(LE)  are obtained in [2, Appendix I] using 
an iterative procedure. The gate current ig(4), the sub- 
strate current ib (4) , and the drain current id (4) for the four- 
terminal MOSFET are given by [23] 

where ig(3) and id(3) are the three-terminal currents 

ig(3) = Y&) u(0) + Ygd(3>(u(0> - a,)) 
id(3) = ydg(3) u(0) + ydd(3)(u(0) - 

Note that we have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi, (4) + ib (4) = i, (3). The Y-parameters 
YJ(4) of the four-terminal MOSFET can then be evalu- 
ated in terms of the three-terminal MOSFET Y-parameters 
Yv(3) once the boundary conditions v(0) and u(Lg)  are 
known. 

In the strong-inversion limit the ac boundary conditions 
u(0)  and u(LJ simplify to 

0) = ugs(3) = ugJ4) + 6%(4) 

( L g )  = ugv (3) - uds (3) 

= ugs(4) + aubs(4) - (1  + 6)uds(4). 

The small-signal currents of the four-terminal MOSFET 
are then simply given by 

1 6 
Y,,(3) + j w c  w L - ] vgs (4) 

g g l + 6  
i,(4) = - 

[ I  + 6  

6 
Ygg(3) - j w c  w L - ] vbs (4) g g l + 6  
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6 
Ygg(3) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjwC W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL - 

g g l + 6  
ib(4) = - 

6 
[ I  + 6  u,s (4) 

IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. 38, NO. 8, AUGUST 1991 

id(4) = [ydg(3)1 ugs(4) f [(I + 6 )  ydd(3)l u d ~ ( ~ )  

+ [6 ydg (311 Vbs (4) ' 

The Y-parameters of the four- and three-terminal MOS- 
FET are seen to be related by simple relations in strong 
inversion. This can be easily generalized to any mode of 
operation by using the constants zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH, given in 121. A large- 
signal model is easily constructed from this small-signal 
model. 

XI. THE VELOCITY-SATURATED MOSFET WAVE 
EQUATION 

The small-signal model presented above for the intrin- 
sic MOSFET holds only for the region of the channel for 
which the gradual channel approximation (GCA) holds. 
However, in saturation it becomes necessary to account 
for the contribution of the built-in potential. A more com- 
plex equivalent circuit results in which the equivalent cir- 
cuit introduced for the MOSFET wave equation is now 
just a subcircuit. 

Let us demonstrate this approach for the velocity-sat- 
urated MOSFET wave equation we recently reported 151. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In this conventional MODFET model the FET channel is 
divided into the GCA and saturation regions of length X ,  
= L, - 1 and I ,  respectively. In the saturation region the 
electron velocity is assumed to saturate (to a value zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU , )  

while the GCA is failing. The channel potential in the 
saturation region is then assumed to be supported uniquely 
by the electron distribution in the channel. An exact so- 
lution of the wave equation was obtained in [5 ]  in terms 
of Bessel functions. Rewriting the resulting Y-parameters 
I.;,(sat) in terms of the Y-parameters of the GCA region 
yJ(3) of reduced gate length X ,  = L, - I ,  the following 
expressions are obtained (the details of the derivation will 
be reported elsewhere 1251): 

(1 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe-JwT.' - Z,(w) YI2(3)) 

where 7s = vs/Z is the transit time of the saturation re- 
gion, Z(w) an impedance specified below, and 6, and ys 
are two constants given by 

1 

1 + PZDclA 
y s = 1 - 6 , =  

with 

2X,U - k,) A =  
(2ks - ka>(vGS - VT> 

4Xs(l - k,)' 

GdoS(2k, - ~;>'(VGS - Vr) '  
B =  

Note that k, = Vc,(X,)/(V~s - VT) and Gdos = 

,U C, W, ( Vcs - VT)  / X s  are the values used for k and the 
drain conductance gd, respectively, in the .GCA 
Y-Parameters zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx, (3) given in Section 111. 

These Y-parameters can be represented by the equiva- 
lent circuit given in Fig. 10 where the impedance &(U) 
is approximated by a first-order RC network providing the 
correct second-order frequency power-series expansion 

R.s2 
1 + j,CJR,2 

Z, = RSI + (9) 

with 

. , 

01' 
c, = - r., 

8 

using P = ~ / E ~ U ,  W,ds 1.51. The resulting equivalent cir- 
cuit provides an optimal first-order non-quasi-static 
equivalent circuit admitting the correct second-order fre- 
quency power expansion as well as a graceful degrada- 
tion. This is demonstrated in Fig. 11 for an intrinsic 
MODFET with the parameters given in Table I and for an 
intrinsic bias of V,, = 3 V and VG, = 0 V. The phase 
and amplitude of Y2] versus frequency calculated using 
this first-order RC equivalent circuit (dashed-dotted line, 
EQUZ), the exact solution (plain line, EXACT), and the 
frequency power-series approximation (dashed line, 
POWER) are compared in Fig. 1 l(a) and (b). The optimal 
first-order RC model (EQUZ) is seen to hold to a much 
higher frequency than the frequency power-series approx- 
imation (POWER). 

The development of a large-signal model from this 
small-signal topology is now conceivable [22]. 

XII. CONCLUSION 

We have presented a simple RC equivalent circuit for 
the frequency power-series Y-parameters of the intrinsic 
three-terminal MOSFET. This first-order RC equivalent 
circuit was found to hold to higher frequencies than the 
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Fig. 10. First-order non-quasi-static equivalent circuit for the velocity-saturated MOSFET wave equation. 
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Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 1 ,  Comparison of the amplitude (a) and phase (b) of k2, for VDs = 

3 V and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVGs = 0 V, obtained with the RCequivalent circuit (dashed-dotted 
line, EQUI) ,  the exact solution (plain line, EXACT) ,  and the frequency 
power series (dashed line, POWER).  

frequency power series from which it is derived or the 
more complicated second-order iterative Y-parameters re- 
ported by [ 3 ] .  Like the iterative Y-parameters, this RC 
equivalent circuit features a graceful degradation of the 
small-signal parameters at high frequencies. Although 
quite simple the RC equivalent circuit selected departs 
from conventional equivalent circuit models which usu- 
ally rely on a transmission line or RC delay for the drain 
transconductance and a C or series RC feedback element 

TABLE I 
DEVICE PARAMETERS FOR THE INTRINSIC SHORT-CHANNEL MODFET 

Parameters Value 

gate length (pm) 
gate width (pm) 
mobility (cm2/V . s) 
saturation velocity (m/s) 
threshold voltage (V) 
gate-to-channel spacing (A)  
channel width in saturation (A) 
channel dielectric constant 
gate dielectric constant 

1 
290 

4400 
3.45 x 10s 

-0.3 
430 

1500 
13.1 eo 

12.2 € 0  

between the drain and gate and an inductor in series with 
the drain conductance. 

This RC equivalent circuit was used to develop a large- 
signal model and was submitted to four different transient 
tests. The transient analysis has met with some encour- 
aging success for the unsaturated MOSFET. Some dis- 
crepancies were observed when the long-channel MOS- 
FET was operated in the pinchoff (saturation) region. A 
smoother response was obtained with a modified topology 
for the current differential equations, inspired by the re- 
cent work by Chai and Paulos [6]. This modified 
signal model was shown to enforce charge consertration. 
This result supports the concept that a non-quasi-static 
large-signal model conserving charge cannot be imple- 
mented with an equivalent-circuit model using voltage- 
dependent time-invariant resistances and capacitances. 

It was demonstrated that the RC equivalent circuit re- 
ported here can be readily implemented in the long-chan- 
ne1 four-terminal MOSFET model reported in [2] since 
the latter model is based on the same MOSFET wave 
equation. The Y-parameters qJ (4) of the four-terminal 
MOSFET can be expressed in terms of the Y-parameters 
l',(3) of the three-terminal MOSFET and the constants 6 
and H, given in [2]. 

Similarly we extended this non-quasi-static small-sig- 
nal equivalent circuit model to the short-channel velocity- 
saturated MOSFET wave equation [5]. The resulting 
equivalent circuit provided a graceful degradation of the 
small-signal Y-parameters at high frequencies. 
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To conclude note that the equivalent circuits reported 
here were derived for the ideal MOSFET/MODFET 
model which assumes that the gate capacitance, the 
threshold voltage, the mobility, and the saturation veloc- 
ity are not bias-dependent. Useful FET models can usu- 
ally be obtained (see zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 2 ] ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 5 ] ,  and [6]) by introducing a 
posteriori the effective bias dependence or state equations 
(if frequency-dependent zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[26]) of these parameters. 
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