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Abstract

Hole drilling or contour milling for the large and complex workpieces such as automobile panels and aircraft fuse-
lages makes a high combined demand on machining accuracy, stiffness and workspace of machining equipment.
Therefore, a 5-DOF (degrees of freedom) parallel kinematic machine (PKM) with redundant constraints is proposed.
Based on the kinematics analysis of the parallel mechanism using intermediate variables, the kinematics problems
of the PKM are solved through equivalent kinematics model. The structural stiffness matrix method is adopted to
model the stiffness of the parallel mechanism of the PKM, where the stiffness of each joint and branch component
is obtained by stiffness formula and finite element analysis. And the stiffness model of the parallel mechanism is
improved by correction coefficient matrix, each element of which is constructed as a polynomial function of three
independent end variables of the parallel mechanism. The terminal stiffness matrices obtained by simulation result
are used to determine the coefficients of polynomial function by least square fitting to describe the correction coef-
ficient over the workspace of the parallel mechanism quantitatively. The experiment results prove that the modifica-
tion method can greatly improve the stiffness model of the parallel mechanism. To enhance the machining accuracy
of the PKM, the proposed kinematics model and the improved stiffness model are utilized to optimize the working
stiffness of parallel machine by searching the best relative position of parallel machine and workpiece. A plate work-
piece taken as example is examined in the case study section, which demonstrates the effectiveness of optimization
method.

Keywords: PKM, 5-DOF, Equivalent kinematics model, Intermediate variables, Stiffness correction coefficient, Optimal
working stiffness

1 Introduction

The parallel kinematic machine (PKM) is composed of
parallel mechanism and series mechanism, which have
both the characteristics of these two types of mechanism.
Therefore, compared with the conventional industrial
robot, the PKM has more advantages in material removal
applications, which require higher stiffness and precision of
machining equipment in a relatively large workspace than
other applications, such as feeding, welding and printing.
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Recently, there are increasing practical applications of
PKMs in the industries of automobile and aviation [1-3].
Many PKMs with different structures have been pro-
posed, among which the most representative ones are
Tricept mechanism and Exechon mechanism [4, 5]. Bi
etal. [6, 7] proposed an Exechon parallel mechanism with
redundant constraints, which had three DOF, and pre-
sented a method of solving the kinematics problem for
Exechon parallel mechanism by using intermediate vari-
ables to establish the relation between joint variables and
end variables. Zhang et al. [8, 9] proposed a Tricept par-
allel mechanism, the stiffness of which was enhanced by
a passive chain, and used various intelligent algorithms
to evaluate the positive kinematics solution of a 3-DOF
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parallel mechanism with redundant actuation and found
that v-SVM was the most efficient algorithm.

As an effective way to evaluate the performance of
PKM, stiffness analysis is usually separated into the anal-
ysis on terminal stiffness of parallel mechanism and joint
stiffness of series mechanism [10-13]. Bi et al. [14] used
finite element method and structural stiffness matrix to
solve the terminal stiffness of Exechon parallel mecha-
nism. Dumas [15] introduced a general method for cal-
culating the stiffness of any 6-DOF series robot by fining
out its joint stiffness.

Based on the stiffness analysis, the stiffness model can
be transferred into computer algorithms for applica-
tions on mechanical design and machining. Fan et al. [16]
related to the design of PKM for optimal static stiffness
using computer simulation. He et al. [17] proposed a new
stiffness orientation method, which was used to optimize
milling path and improve stability of the robotic mill-
ing system. Li et al. [18] used robot stiffness model and
dynamic milling force model to optimize the cutter path
and clamping position in robotic milling process.

In this paper, a new type of redundant constrained
PKM is proposed, and its kinematics and stiffness are
studied in detail. Section 2 analyzes the structure of the
PKM. Section 3 introduces its kinematics solution. The
improved stiffness model of the parallel mechanism is
established in Section 4. The following section shows the
effectiveness of the improved stiffness model and analy-
sis on the stiffness of the parallel mechanism. Section 6
develops an application of the kinematics model and
the improved stiffness model to improve the machining
accuracy of the PKM. In Section 7, some findings of this
research are concluded.

2 Structure of PKM

As shown in Figure 1, the PKM with redundant con-
straints is composed of a base, a fixed platform, three
limbs, a moving platform, two rotary joints and a spin-
dle. Limb1 and limb2 are two symmetrical linear motion
chains, which are connected with the fixed platform at
one end via a Hooke hinge, and with the moving plat-
form at the other end via a rotary pair. The third linear
motion chain limb3 is connected to the fixed platform
in the form of a rotary pair and to the moving platform
via a spherical pair. The two rotary joints are mounted in
series on the moving platform of the parallel mechanism,
the rotary axes of which are perpendicular to each other.
The spindle is mounted on the end of the PKM via a
flange, which serves as the end-effector to drive the mill-
ing cutter.

Page 2 of 12
Limb2
Limb1
—N Limb3
Fixed :
platform Moving
platform
Base @ — Rotary joint

Figure 1 Structure of the PKM
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Figure 2 Parametric model of the parallel mechanism

As an important feature of this new PKM, the para-
metric model of the parallel mechanism is shown in
Figure 2, where B,, B, and B; are the junctions of limbl,
limb2, limb3 and fixed platform, respectively; A;, A,
and A, are the junctions of limbl, limb2, limb3 and
moving platform, respectively. The joint variables g;
(i=1, .., 3) of three branches represent the lengths of
lines A,B,, A,B, and A;B;. AA;A,A; and AB,B,B; are
isosceles triangles, where sides B;B; and A;A; are equal
to sides B,B; and A,A,, respectively. Points A and B
are the midpoints of sides A;A, and B;B,. The lengths
of sides BB,, BB;, AA, and AA; are by, b,, a; and a,,
respectively. Coordinate systems B-xyz and A-uvw are
established on the fixed platform and the moving plat-
form, respectively. For coordinate system B-xyz, the
direction of x axis points from point B to point B; and
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the direction of y axis points from point B to point B,.
For coordinate system A-uvw, the direction of u axis
points from point A to point A; and the direction of v
axis points from point A to point A,. Besides the vec-
tors u;, and u,, coincide with the rotary axes of the first
joint of Hooke hinges of limb1 and limb2, respectively;
the vectors u;, and u,, coincide with the rotary axes of
the second joint of Hooke hinges of limb1 and limb2,
respectively; the vectors r;, r, and r; coincide with the
rotary axes of rotary joints of limb1, limb2 and limb3,
respectively.

The Kutzbach Grubler formula are commonly used to
calculate the degrees of freedom (DOF) of the mecha-
nism and it is expressed as

g
M=6n-g-1D+Y f (1)
1

where M is the number of DOF of the mechanism; # is
the number of the rigid bodies in the mechanism, g is the
number of joints; and f; is the number of DOF for joint i.

Without consideration of the redundancy of constraints
in the proposed the parallel mechanism, its DOF is equal
to 1 according to Eq. (1), which should be adjusted to 3
by analyzing the extra DOF caused by redundant con-
straints [6, 7]. And then DOF of the whole PKM amounts
to 5, counting 2 DOF of two rotary joints mounted on the
end of the parallel mechanism.

There are only 6 passive pairs in the proposed PKM
less than those in Tricept mechanism, which is beneficial
to the decrease in motion error caused by passive pairs
clearance and the practical application of PKM [19]. The
kinematic pairs in Exechon mechanism which connect
limb3 to the fixed platform and to the moving platform
are interchanged in the proposed PKM, which makes it
possible to use one-piece precision spherical pair instead
of three rotation pairs and thus avoid the assembly error.

3 Kinematics Modeling

In this paper, the kinematics analysis of the PKM is car-
ried out by solving the equivalent kinematics model.
Here, the parallel mechanism is regarded as a joint of the
PKM and then it is equivalent to a 3-joint series mecha-
nism. The first step of kinematics analysis is to establish
DH model for the 3-joint series mechanism equivalent to
the PKM. And then the kinematics analysis of the parallel
mechanism of the PKM is discussed in detail to obtain
the kinematics model of the PKM.

3.1 Kinematics Model of the PKM

The position and pose matrix T}, and T), of the PKM
and the parallel mechanism in coordinate system B-xyz
are solved by xyz and zyx Euler angles respectively.
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The position and pose variation matrices T;; and Ty,
(i = 1,2) of two series joints can be obtained by estab-
lishing standard DH model according to the parameters
listed in Table 1, where B and « are the amounts of rota-
tion around z and x axes, respectively; d and b are the
amounts of movement along z and x axes, respectively
[20].

And then position and pose matrix 7} of the PKM
can be calculated by Eq. (2) according to the principle of
coordinate transformation:

Th =TpTsu1Ts12Ts21Ts22. ()

By multiplying the inverse matrix of T,, and T,; on
both sides of Eq. (2), the joint variables of the series
mechanism and the end variables of the parallel mecha-
nism can be obtained by letting the corresponding ele-
ments of matrix on both sides of the equation equal to
each other. According to the end variables of the parallel
mechanism, the inverse kinematics of the parallel mecha-
nism is analyzed. And thus, the inverse kinematics solu-
tion of the PKM is achieved.

3.2 Kinematics Model of the Parallel Mechanism

To solve the kinematics model of the PKM, the kinemat-
ics model of the parallel mechanism is solved by the
method of intermediate variables to determine its posi-
tion and pose matrix T,

Through the analysis on the structure of the paral-
lel mechanism, it can be known that the direction of u
axis of coordinate system A-uvw is perpendicular to the
directions of y axis of coordinate system B-xyz and vector
A1Bj; the direction of y axis of coordinate system B-xyz
is perpendicular to the direction of vector A3Bs. Accord-
ing to these constraint conditions, Eq. (3) is shown as
below, which indicates that the workspace of the parallel
mechanism is a plane:

¢ =0,
YO:()) (3)
Xo = Zp X tan 0.

As shown in Figure 3, three intermediate variables are

designed here through the analysis of the parallel mecha-
nism, which include distance L between points A and B,

Table 1 Parameters of DH model of two series joints

B() d (mm) a(®) b (mm)
1 0 0 0 —20
2 B 417 90 —35
3 B> 0 —90 —150
4 0 190 0 0
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Figure 3 Schematic diagram of the parallel mechanism

angle E between lines A;A, and B,B,, angle G between
planes A,;B,B, and B,B,B;. Thus, the kinematics problem
of the parallel mechanism can be solved by relating end
variables to intermediate variables and also intermediate
variables to joint variables, respectively.

Eq. (4) can be derived according to the geometric rela-
tions shown in Figure 3, where line AB is perpendicular
to lines B;B, and AA;. And the values of L and E can be
obtained by the equation.

{ (L+a; x sinE)% + (by —ay x cosE)? = q%, @

(L —ay x sinE)? + (by — a1 x cosE)? = q%.

Eq. (5) can be obtained from the geometric relations
shown in Figure 3:

G1 = atan(ay/L),

N =/L?+a},
Gy = acos((N? + b3 — q2)/(2 x N x by)),
G =G+ Gs.

(5)

Based on the above analysis, the values of intermediate
variables L, E, G can be obtained according to the values
of joint variables ¢;, ¢, and ¢g;. And then the values of
end variables 6, o, and Z; can be evaluated according to
the values of L, E and G via Eq. (6). Thus, the kinematics
problem of the parallel mechanism is solved.

4 Kinetostatic Modeling

The stiffness modeling of PKM includes the stiffness
modeling of parallel mechanism and series mechanism.
The paper focus on the stiffness modeling of parallel
mechanism, because the stiffness of series mechanism
has little impact on the stiffness of PKM [14]. And PKM
has different forms of series mechanism for different
applications, it is not meaningful to study the stiffness
modeling of series mechanism [21]. As for the stiffness
modeling of parallel mechanism, the stiffness modeling
method for Exechon parallel mechanism is adopted to
achieve the basic stiffness model [5, 21, 22]. In order to
improve the accuracy of the basic stiffness model, cor-
rection coefficient matrix of the basic stiffness model
is solved by regression analysis method to optimize the
stiffness model and get the improved stiffness model.

4.1 Basic Stiffness Model of Parallel Mechanism

The terminal stiffness matrix of the parallel mechanism
is affected by its three branches, each of which includes
three parts. Limbl and limb2 include Hooke hinge U,
prismatic joint P and rotary joint R. Limb3 includes
rotary joint R, prismatic joint P and spherical joint S.
Therefore, it can be determined by analyzing the stiffness
of three branches. As shown in Figure 4, the connect-
ing joints in the parallel mechanism are replaced by the
springs with equivalent stiffness. And the prismatic joint
is regarded as a cantilever beam which is composed by a
lead screw connected in parallel with a connecting rod.
The fixed platform and the moving platform are regarded
as rigid bodies. Thus, the terminal stiffness matrix of the
parallel mechanism K|, can be obtained without consid-
ering the influence of frictional force and damping force
between the connecting members.
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To solve the stiffness of the parallel mechanism, the
stiffness of each joint is solved firstly by finite element
analysis and structural stiffness analysis [21], which can
be expressed as Eq. (7):

Ky; = diag[ ki kiyi Kkizi ki ki ki 1, i=1,..., 3,
K,; = diag[ Kxi kryi kizi O ki kewi 1, i=1,..., 3,
Ky = diag[ Kuxi kuyi kuzi 0 0 kywi 1, i = 1,2,

K, = diag[ ksy ksy ksz 0 00 ],

7)
where subscript | represents the link of each branch; sub-
script r represents the rotary joint R; subscript u represents
the Hooke hinge U; subscript s represents the spherical
joint S; subscript i represents the number of each branch.
And the values of k,,,;, k,,,;» ki kg ks, and kg, are zero.

Based on the above analysis of joint stiffness of each
branch, the terminal stiffness matrix of the parallel mech-
anism can be obtained by the structural stiffness matrix.
The parallel mechanism can be divided into four units,
the nodes of which are points A;, A,, A; and A. Hence,
the structural stiffness matrix K of the parallel mecha-
nism can be expressed as Eq. (8):

Kii 0 0 Kug
. 0 Ky 0 Koy
K= 0 0 K33 Kz |’ ®)
Ky Ky Ky3 Kyq
where K;;(i =1,..., 4) is the stiffness of four nodes;
K4(i=1,..., 3) is the coupling stiffness relating the
first three nodes to the fourth node; K;s(i=1,..., 3)is

the coupling stiffness relating the fourth node to the first
three nodes.

The elements K;;(i =1,..., 4) in structural stiffness
matrix K are acquired through the analysis on force rela-
tion and displacement relation between the first three
nodes A, A,, A; and the fourth node A, and the deforma-
tion compatibility conditions of the parallel mechanism.
The specific steps for solving Kj; is not listed here, which
can be found by the stiffness modeling of Exechon PKM
5,21, 22].

It can be found that structural stiffness matrix K is
non-diagonal, which indicates that the terminal stiffness
of the parallel mechanism is effected by the stiffnesses of
three branches. The terminal stiffness matrix K of the
parallel mechanism in coordinate system A-uvw can be
determined by flexibility matrix [21]:

Table 2 Levels of three independent end variables
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where T}, = diag[R,, R,l, R, represents the first 3 x 3
block of matrix T, K} represents the last 6 x 6 block of
the inverse matrix of K.

4.2 Improved Stiffness Model of the Parallel Mechanism
In order to improve the stiffness model of the parallel
mechanism, the correction coefficient matrix is intro-
duced, each element of which is a function of three inde-
pendent end variables of the parallel mechanism. Based
on the stiffness data of simulation result, the polynomial
function is constructed to fit the correction coefficient of
stiffness calculated by stiffness model, which establishes
the basis of the improved stiffness model. The construc-
tion method is presented in detail and verified by its good
effect on improving the precision of stiffness model.
Because the diagonal elements in the stiffness matrix
are the principle stiffness values, the non-diagonal ele-
ments are the coupled stiffness values, so we only ana-
lyze the principle stiffness values for content limitation
[21]. The correction coefficient matrix C,is defined as a
diagonal matrix shown in Eq. (10) accordingly. Then the
improved stiffness matrix K, can be acquired by calcu-
lating the dot product of correction coefficient matrix C,
and stiffness matrix K|, obtained by stiffness model.

Km=Cp. x Kp, (10
C,, = diag[cp11, €p22, Cp335 Cpads Cps5 Cpes - )
Each diagonal element cp;;(i = 1,..., 6) of correction

coefficient matrix C, can be expressed by a polynomial
function of three independent end variables 6, o and Z, of
the parallel mechanism.

The terminal stiffness matrix K, of the parallel mecha-
nism obtained by stiffness measurement experiment [23]
or finite element analysis [24] is regarded as the improve-
ment goal of stiffness model. In order to acquire the
stiffness matrices of the parallel mechanism at a series
of position and poses, an orthogonal experiment is con-
ducted. The orthogonal experiment is designed by using
the first three columns of L,4(7®) orthogonal experiment
table to divide three variables 6, o and Z; into seven
levels, which can reduce the complexity of the experi-
ment and also characterize the workspace of the parallel

1 2 3 4 5 6 7
0() —15 —10 -5 0 5 10 15
o () —15 - 10 -5 0 5 10 15
Zy (mm) 500 510 520 530 540 550 560
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mechanism. To cover the workspace as much as possible,
the levels of each variable can be distributed as Table 2.

According to the orthogonal experiment, the termi-
nal stiffness matrix of the parallel mechanism K|, and K,
at each position and pose of orthogonal experiment can
be acquired by stiffness model and finite element analy-
sis, respectively. And then correction coefficient matrix
C, at these position and poses can be acquired by dividing
each element of matrix K, by the corresponding element
of matrix K|, which can be used as the raw data of correc-
tion coefficient to be fitted. The relation between correct
coefficients c,; and three independent end variables are
discussed through the qualitative analysis of experimen-
tal results firstly, and then the mathematical expression of
each correction coefficient c,; with respect to three inde-
pendent end variables is acquired by using the least squares
method to fit the raw data of correction coefficient.

Correction coefficient c,;; is taken as an example to
analyze its functional relation with three independent
end variables. The data of orthogonal experiment can
be divided into 7 groups by the values of variable 6 from
— 15° to 15°. Figure 5(a) shows the mean of correction
coefficient c,;; of each group, which indicates an approxi-
mate quadratic function relation between correction
coefficient c,;; and variable 6. Similarly, a quadratic func-
tion relation between correction coefficient c,;; and vari-
able o and a linear function relation between correction
coefficient c,;; and variable Z, are found through analyz-
ing Figure 5(b) and (c).

Similarly, through the analysis on the rest main diago-
nal elements of correction coefficient matrix, it can be
found that all the diagonal elements c,; have the quad-
ratic function relation with variables 6 and o, and the
linear relation with variable Z,. Therefore, the vector of
correction coefficients c,; can be expressed by Eq. (11):

[ep11, €p22, Cp33s Cpads Cpss, Cposl” = [€1, €2, €3, €4, e5,€6]". X ep’,
e; = [ei1, eip, €:3, €ia, €55, €i6, €i7, €ig, €9], i = 1,..., 6,
ep =[02,0,62,0,2,0 x 0,0 x Zo,0 X Zo, 1],
(11)
In each group of orthogonal experiment, one vari-
able keeps unchanged while the other two variables are
assigned seven different combinations of values. When
the combination of values of the rest two variables has
an obvious effect on the relation between the correction
coefficient and the first variable, the correction coef-
ficient cannot change with the first variable in a certain
regular pattern. Therefore, the combined items of any
two variables in Eq. (11), which have less influence on the
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correction coefficient, can be ignored to simplify the fit-
ting function.

The relation between correction coefficient c,;; and
three independent end variables 6, o, Z; are shown in Fig-
ure 6. The data with the same marker in each subFigure
come from the experiments with the same value of the
corresponding variable. It can be seen from Figure 6(a)
and (c) that correction coefficient c,;; changes regularly
with variables 6 and Z,. But the relation between correc-
tion coefficient c,;; and variable o shown in Figure 6(b)



Shen et al. Chin. J. Mech. Eng. (2020) 33:40

0.65
0.6/

omo ooo
o O 000

2 0.55¢
B
~
0.5}
0.455

0.43
o
0.35 . ; : 2 .
-15 10 -5 0 5 10 15
a1
a Relation of ¢y with the combination of variables ¢ and
2o

Teem e »
E 3 A A
oY o o aog

+ 44+ +

0.65
0.6 T x
o 0.55
u::_
0.5
0.450
0.4 2
0.35

5 10 -5 0 5 10 15
al®

-
0O m
L s J
Do

+ + +
o

oK MK

b Relation of ep11 with the combination of variables @ and Zo

0.65
3 &
06x B
* o o
= 0.55% , a 5
(-9 - x
0.5+ -4 = % 3§
+ + + L
0.450 i ,
Y & o +
0.4 g s
(=]
0.35
500 510 520 530 540 550 560
Zo(mm)

€ Relation of ¢y with the combination of variables & and
a

o =15"+ =10 » =5 x §=0° 0 =5" 0 §=10" ¢ f=15]
Figure 6 Relation of ¢y, with the combination of any two variables
of6,0,2,

is irregular. Therefore, the combined items of variables
0 and o, variables o and Z, play a very small role in the
fitting function, which can be negligible by setting their
coefficient to zero. The combined items of variables 6 and
Z, has such a marked impact on correction coefficient
cp11 that it cannot be ignored in Eq. (11).

Similarly, through the analysis on the other main diag-
onal elements of the correction coefficient matrix, it can
be found that the influence of combined items of varia-
bles 6 and o and variables 6 and Z; are much smaller than
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that of variables o and Z, on correction coefficients c,,,,
¢p33 and Cye6. And the combined item of variables 6 and
Z, plays a more important role on the fitting function of
correction coefficient c,,, than that of variables 6 and o,
and variables ¢ and Z,. The combined items of any two
variables all have little impact on correction coefficient
Cps5°

Therefore, the fitting functions of correction coeffi-
cients cp;i(i =1,---, 6) about three independent end
variables can be expressed as Eq. (12):

92
4
Cp11 el e e els es5 0 e;7 0 e )
o
Cp22 e exn e eu es5 0 0 e €9
o
Cp33 €31 e3x €33 exu e 0 0 e e39
= X Zy
Cpas ey es es3 e e5 0 es7 0 e
0 xo
Cps5 es1 ey €53 ess  es5 0 0 0 es
0 x Zy
Cp66 €1 €2 €63 ea €65 O 0 e eeo
o xZy
1]

The coefficients e;(i=1,..., 6,j=1,..., 9) in the
above equation can be evaluated by least square fit-
ting based on 49 sets data of orthogonal simulation
experiments. Thus, the quantitative functional relations
between six main diagonal elements of correction coef-
ficient matrix and three end variables are obtained, which
are used to correct the linear stiffnesses and torsional
stiffnesses along x, y and z axes in coordinate system
A-uvw of the end of the parallel mechanism at different
position and poses.

5 Verification and Analysis on Stiffness

of the Parallel Mechanism
As an important performance of PKM, stiffness should be
fixed attention on especially in mechanical machining. In
order to further apply the improved stiffness model, it is
necessary to verify the accuracy and also study the stiff-
ness distribution of parallel mechanism in the workspace.

5.1 Verification of Improved Stiffness Model
The verification of improved stiffness model includes two
parts: the effectiveness of fitting correction coefficient in
improving the accuracy of basic stiffness model; the accu-
racy of improved stiffness model by comparing with the
stiffness obtained by ANSYS finite element simulation.
To evaluate the effect of correction coefficient matrix
on the improvement of basic stiffness model of the par-
allel mechanism, verification experiment is conducted
at more position and poses to achieve richer experiment
data for regression analysis. Besides the 49 position and
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poses of orthogonal experiment, the additional 25 posi-
tion and poses of the parallel mechanism which cover its
workspace as widely as possible are selected to calculate
the end stiffness matrices K, K, and K, by the basic stiff-
ness model, the improved stiffness model and finite ele-
ment analysis, respectively.

Correction effect matrix ME, defined as Eq. (13), is
introduced to evaluate the correction effect of correc-
tion coefficients c,;;(i = 1,..., 6) quantitatively. If the
values of me;; are positive, it indicates that the stiffness
from improved stiffness model is closer to the stiffness
obtained by ANSYS finite simulation than the one from
basic stiffness model. The larger the value of me; is, the
better the correction effect of correction coefficient.

ME = diag[mei1, meaa, mes3, meaa, mess, meee|,
{meii =1—(KI'— k&K — k&), i=1,..., 6,

(13)
where K, ki, k7, are the main diagonal elements of stiff-
ness matrices obtained by basic stiffness model, improved

stiffness model and finite element analysis, respectively.
As listed in Table 3, if correction effect me;; ranges from
0.9 to 1, the correction effect of correction coefficients c,;
is satisfactory; if correction effect me; ranges from 0.6 to
0.9, the correction effect is acceptable; if correction effect

me;; ranges from 0 to 0.6, the correction effect is poor.

According to Table 3, the minimum of correction effect
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position and poses selected in orthogonal experiment to
characterize the entire workspace of the parallel mecha-
nism resulting in the relatively poor fitting precision of cor-
rection coefficient at the position and poses in verification
experiment. Therefore, the correction effect can be obvi-
ously enhanced by appropriately increasing the number of
level in orthogonal experiment to obtain the high-precision
fitting correction coefficient.

In order to verify the accuracy of improved stiffness
model, the relative errors of main diagonal elements of

improved stiffness model re;(i = 1,. .., 6) are defined as
Eq. (14). The closer to zero the values of re; is, the more
accurate the improved stiffness model.

m a

Lﬂiz‘xloo%, i=1,..., 6.
ki

rejj =

(14)

The values of re; can be solved through the analysis
on experimental data obtained by orthogonal experi-
ment and verification experiment, which are shown in
Table 4. The means of relative errors are all smaller than

Table 4 Statistics on relative errors re; of main diagonal
elements of stiffness matrix

me;; is equal to 0.32, which proves that the modification Mean Stdev Max Min
method can effectively decrease the differnce between the (e | 233 085 457 045
stiffness obtained by basic stiffness model and finite ele- e, 8.82 183 1433 082
ment analysis. By comparing the mean and distribution of ress 567 081 12.99 0.20
correction effect me; in orthogonal experiment and verifi- (e » 111 005 259 0.02
cation experiment, it can be seen that the correction effect ress 235 0.04 432 0.19
in verification experiment is not as good as that in orthogo- e, 110 0.04 162 0.06
nal experiment. It is due to the relatively small number of
Table 3 Correction effect me; of correction coefficient c,; on main diagonal elements of stiffness matrix
Correction effect Mean Stdev Max Min Distribution
[0.9, 1] [0.6,0.9) [0, 0.6)
Orthogonal experiment me;, 0.96 0.01 098 095 49 0 0
me,, 0.90 012 1.00 053 36 12 1
mes; 0.98 0.01 1.00 097 49 0 0
Mey, 100 0.00 100 1.00 49 0 0
mess 1.00 0.00 1.00 1.00 49 0 0
Megg 1.00 0.00 1.00 0.99 49 0 0
Verification experiment mey, 0.83 0.12 1.00 037 3 20 2
mey, 0.69 0.16 091 032 1 18 6
mes; 068 007 073 044 0 23 2
mey, 0.99 0.00 1.00 0.99 25 0 0
mess 0.99 0.00 0.99 0.98 25 0 0
Megg 093 0.02 0.98 0.86 24 1 0
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Figure 7 Distribution of stiffness over the workspace of the parallel
mechanism

10%, which indicates that the improved stiffness model
is accurate enough to describe the stiffness of the par-
allel mechanism in the mass. Through the analysis on
standard deviation, maximum and minimum of re;;, the
deviation of re,, is relatively large. It indicates that the
improved stiffness model doesn’t describe the liner stiff-
ness along y axis in coordinate system A-uvw as effec-
tively as others.

5.2 Analysis on the Stiffness of the Parallel Mechanism

To visualize the stiffness of the parallel mechanism, the
distribution of stiffness over its workspace is calculated
based on the improved stiffness model and then plotted.

It can be seen from the kinematics analysis that the
workspace of the parallel mechanism is a plane Y,=0,
which is xz plane of coordinate system B-xyz. The distri-
bution of the main diagonal elements of stiffness matrix
over the workspace is shown in Figure 7.

By comparing the distribution of stiffness k3, k5, and
k35, it can be seen that the linear stiffness of the par-
allel mechanism is relatively large in area X, € [— 400,
— 200], which is located at the extreme position and
pose of workspace. When X, keeps fixed, the linear
stiffness of the parallel mechanism decreases with the
increment of Z,. The value of k33 is about one order of
magnitude higher than that of k7, and k%3, which indi-
cates that the linear stiffness along z axis of coordinate
system A-uvw of the parallel mechanism is the highest
and the linear stiffnesses along x and y axes are similar
in value.

By comparing the distribution of stiffness kj;, k75 and
kit it can be seen that the values of k; and kZ; are large
in area X, € [200, 400] and the value of kg is large in
area X, € [— 400, — 200], which are all located at the
extreme position and poses of workspace. As shown
in Figure 7, the linear stiffnesses of the parallel mech-
anism is much better than its rotational stiffnesses so
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that the parallel mechanism can sustain greater forces
in the directions of x, y and z axes of coordinate system
A-uvw rather than moments around x, y and z axes.

In the application of PKM in machining, the work-
ing stiffness in which the stiffness of parallel mecha-
nism plays a key role is usually taken into account for
the good machining quality. Therefore, according to
the characteristics of stiffness distribution, the working
stiffness of PKM in its application can be improved by
optimizing its working position and pose. For example,
in the robotic machining, the flange or fixture used to
install the motorized spindle into the end of robot can
be designed to ensure that the main force is applied
along z axis of parallel mechanism, which can reduce
the influence of deformation on the machining preci-
sion [25]. Moreover, the external axis also can help to
optimize the machining position and pose of PKM for
higher working stiffness. The following section presents
the application of improved stiffness model to optimize
the relative position of the workpiece and the PKM via
external axis for the improvement of working stiffness
of the PKM.

6 Application of Improved Stiffness Model

In order to expand the workspace of PKM for the
machining of large-scale workpieces, the additional
machinery are usually integrated into the machining sys-
tem as the external axes of PKM [26-31]. However, there
are few researches on the control and planning of move-
ment of additional machinery which is generally deter-
mined by manual work according to the on-site teaching.
Therefore, based on the improved stiffness model and
the kinematics model, a way to find the most appropri-
ate position of the additional machinery which makes the
best working stiffness of the PKM is proposed.

6.1 Optimization Algorithm on Position of Additional
Machinery
The external axes of PKM can be the linear axis along
x, y or z axis of world coordinate system, the rotation
axis around x, y or z axis of world coordinate system or
any combination of them. However, too many external
axes will increase the cost and difficulties in control of
machining application. Therefore, the common addi-
tional machinery used to expand the workspace of PKM
include: the cross slide table [26—-28] providing two exter-
nal linear axes; both the positioner [29, 30] and the slew-
ing platform [31] providing an external rotation axis.
Taking the cross slide as an example, the most appro-
priate position of the additional machinery which makes
the best working stiffness of the PKM can be determined
by the following steps.
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(1) Establish four coordinate systems.

The coordinate system B-xyz is established on the fixed
platform of the parallel mechanism; the world coor-
dinate system W-xyz is established on the ground as
intermediate transformation coordinate system; the
cross slide table coordinate system C-xyz is estab-
lished for controlling the motion of cross slide table;
the worktable coordinate system U-xyz is established
for describing the trajectory to be machined.

(2) Determine the object to be optimized.

According to the form of external axes, the object to
be optimized is defined as dx and dy, which are the
x and y coordinate values of the origin of workta-
ble coordinate system U-xyz in world coordinate
system W-xyz. According to the travel of cross slide
table, dx and dy should be chosen in the allowable
range [dxmin’ dxmax] and [dymin’ dymax]'

(3) Get the position and pose matrices of machining
trajectory in coordinate system B-xyz.

The position and pose matrices of machining trajec-
tory are usually given in coordinate system U-xyz as
T9% according to the three-dimensional model of
workpiece, which should be transformed into coor-
dinate system B-xyz through Eq. (15):

TP (dx, dy) = (TY )™ x T (dx, dy) x T 7%,
(15)
where i is the number of machining position and
poses; T)Eiy is the transformation matrix of coordi-
nate system B-xyz relative to the world coordinate
system W-xyz; TLVIV(dx, dy) is the transformation
matrix of the worktable coordinate system U-xyz
relative to the world coordinate system W-xyz.
(4) Establish the optimization model.

Based on the position and pose matrices TP*7%(dx,
dy) obtained in step (3), the stiffness matrices of
the parallel mechanism at each position and pose
can be obtained by the improved stiffness model
obtained in Section 4.2 and then the objective func-
tion can be constructed as Eq. (16):

n

1
Min(C(dx,dy)) = » — ,
= (17 dy))
(16)
where K; (Tf_xy “(dx, dy)) is the sum of the princi-

ple stiffness values of the parallel mechanism of
machining position and pose i.
(5) Search the optimal solution.
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(5.1) Randomly generate a population including
multiple candidate solutions (dx, dy) within
their corresponding allowance range.

(5.2) Calculate the position and pose matrices

TiB'xyZ(dx, dy) by Eq. (14).

Determine whether solution (dx, dy) is the fea-
sible solution by whether position and pose
matrices TP™*(dx, dy) are all in the workspace
of the PKM.

Calculate the value of objective function by Eq.
(15) for each candidate solution (dx, dy). Keep
the minimum value of objective function as the
current optimal value and the corresponding
solution (dx, dy) as the current optimal solution.
Determine whether the number of iterations
reaches the set value. If the set value is not reached,
generate the next generation of group consisting of
multiple candidate solutions (dx, dy) by crossover
and mutation operation, and then return to step
(5.2). If the set value is reached, end the optimiza-
tion and then output the optimal solution (dx, dy).

(5.3)

(5.4)

(5.5)

To facilitate the motion control of cross slide table, it is
necessary to convert the optimal position (dx, dy) of workta-
ble in world coordinate system W-xyz into that in cross slide
table coordinate system C-xyz by coordinate transformation.

6.2 Case Study
To verify the optimization method mentioned above, the
plate workpiece shown in Figure 8 is taken as an example
where there are two series of holes distributed in areas A
and B respectively. The cross slide table drives the work-
piece to let every series of holes to be machined enter
the workspace of the PKM one after another. Thus, the
movement of cross slide table is optimized to determine
the relative position of the workpiece and the PKM which
always makes the best working stiffness.

In the optimization, the values of objective function
C (dx, dy) for areas A and B keep decreasing, which

Parallel kinematic machine

Holes to be machined

Part Worktable Cross Slide

Figure 8 Optimization of working stiffness of the PKM in hole
machining
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Table 5 Stiffness and position variables of the parallel mechanism for drilling each hole when the worktable locates

at the optimal position

No. of holes kT k3, 48 kay 48 kee Xo (mm) Z, (mm)
(107 N/m) (107 N/m) (108 N/m) (10° N-m/rad) (10° N-m/rad) (10°N-m/rad)
1 2.02 132 167 536 531 452 —307.38 36345
2 202 130 1.64 477 485 448 — 23279 375.90
3 224 151 1.70 483 466 463 — 26339 31572
4 226 152 173 5.55 5.25 467 —33800  300.14
5 195 123 162 461 512 445 — 15624 43325
6 203 129 1.65 469 543 453 — 18417 44783
7 2.20 138 171 483 542 462 — 20645 458.46

indicates the growing working stiffness for machining
two series of holes. The improvement of working stiffness
is described by the ratio Q of the difference between the
optimized stiffness and the maximum stiffness to the dif-
ference between the lowest stiftness recorded during the
optimization and the maximum stiffness. If the value of
ratio Q is less than 1, the working stiffness is improved.
The smaller the value of ratio Q, the better the optimiza-
tion efficiency. The average value of ratio Q of six stift-
nesses of machining trajectory in area A is 0.73 and that
in area B is 0.74, which indicates that the optimized
working stiffness comes much closer to the maximum
stiffness. The best positions (dx, dy) of the worktable
for machining two series of holes in areas A and B are
(— 176, 300) and (— 152, — 136), respectively. The great
difference between two best positions demonstrates the
significance of the proposed optimization method in
enhancing the working stiffness of the PKM.

By comparing the data listed in Table 5 with the dis-
tribution of stiffness over the workspace of the parallel
mechanism shown in Figure 7, it can be seen that all the
values of stiffness k7, ky5, k35, ki and kgg after optimizing
the position of worktable concentrate near their maximal
values except the values of stiffness k7.

When the worktable locates at position (— 176, 300)
in W-xyz, the PKM drills holes 1 to 4 with the position
variable X, of the parallel mechanism ranging from — 400
to — 200, where other than stiffness k% almost any other
stiffness is relatively high. It conforms with the finding
discussed in Section 5.2. When the worktable locates at
position (— 152, — 136) in W-xyz, the PKM drills holes 5
to 7 with the position variable X, of the parallel mecha-
nism ranging from — 210 to — 150, where the stiffness
is a little poorer. It is because the disturbed holes 5 to 7
cannot be drilled together by the PKM with the position
variable X, of the parallel mechanism ranging from — 400
to — 200. Therefore, a series of suboptimal positions of
the parallel mechanism is found, which ensures the best
working stiffness of the PKM when the series of holes in
area B is machined without moving the worktable.

This case proves that the proposed optimization
method can solve the best position of worktable to obtain
the highest working stiffness of the parallel mechanism
and also ensure the machining trajectory in the work-
space of the PKM.

7 Conclusions

The studies on kinematics modeling and stiffness mod-
eling of a novel 5-DOF PKM with redundant constraints
are conducted, which promote the theoretical research
method of the PKM and improve its application in the
field of machining.

(1) To facilitate the study on kinematics, the parallel
mechanism of the PKM is transformed into a joint
of the PKM, which is equivalent to a 3-joint series
mechanism. The kinematics analysis is firstly car-
ried out on the equivalent series mechanism of the
PKM and then on the parallel mechanism.

(2) Correction coefficient matrix is introduced to
improve the basic stiffness model of the paral-
lel mechanism. Based on the data from orthogo-
nal simulation experiment, the qualitative relation
between correction coefficients and three inde-
pendent end variables of the parallel mechanism
is described by polynomial fitting function. The
results of verification experiment prove the effec-
tiveness of the modification method on improving
the precision of main diagonal elements of stiffness
matrix over the workspace of the parallel mecha-
nism.

(3) Through the research on the application of kin-
ematic model and improved stiffness model of
the parallel mechanism in the field of machin-
ing, the working stiffness of the PKM is optimized
by searching the best relative position of the PKM
and workpiece to be machined for improving the
machining accuracy.
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