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1 Abstract—A virtual synchronous generator (VSG) control 

based on adaptive virtual inertia is proposed to improve dynamic 

frequency regulation of microgrid. When the system frequency 

deviates from the nominal steady-state value, the adaptive inertia 

control can exhibit a large inertia to slow the dynamic process 

and thus improve frequency nadir. And when the system 

frequency starts to return, a small inertia is shaped to accelerate 

system dynamics with a quick transient process. As a result, this 

flexible inertia property combines the merits of large inertia and 

small inertia, which contributes to the improvement of dynamic 

frequency response. The stability of the proposed algorithm is 

proved by Lyapunov stability theory, and the guidelines on the 

key control parameters are provided. Finally, both hardware-in-

loop (HIL) and experimental results demonstrate the 

effectiveness of the proposed control algorithm. 

 
Index Terms--AC microgrid, adaptive virtual inertia, 

frequency stability, virtual synchronous generator (VSG). 

I.  INTRODUCTION 

ISTRIBUTED generation (DG) is an attractive option in 
modern electricity production because of its energy 

sustainable and environmental friendly [1]. For most DGs, 
photovoltaic, wind, fuel cells, micro-turbine and storage units 
are normally connected through power electronic interfaces to 
form an autonomous microgrid system [2], as shown in Fig. 1. 
Microgrids can operate in both grid-connected mode and 
islanded mode [3]. In grid-connected mode, the microgrid 
voltage/frequency and supply-demand power balance are 
mainly held by the utility grid. While in the islanded mode, the 
inverter-based DGs should be responsible for keeping the 
voltage/frequency stability and maintaining the proper power 
sharing according to their corresponded ratings [4]. 

In the last three decades, the droop-concept-based control 
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laws have become significant solutions in inverter-based 
microgrids due to the salient features of communication-free 
and plug-and-play capability [5]-[6]. Conventionally, the 

active power-frequency (P-) droop and reactive power-
voltage droop (Q-V) are deployed to generate frequency and 
voltage reference for an inverter-based DG according to 
output power commands. Hence, each DG contributes to the 
regulation of system voltage and frequency [7]. However, due 
to the lack of rotating kinetic energy like in synchronous 
generator (SG), the droop-controlled inverter-based microgrid 
has small inertia, which is detrimental to the dynamic 
frequency stability [8]. Especially when the penetration of 
static DG units is gradually increased, it would lead to poor 
voltage/frequency response and even be prone to instability 
during large disturbances [9]. 

 
To address this issue, the virtual synchronous generator 

(VSG) has provided an appropriate solution [10]-[18].    By 
adding energy storages alongside DGs, the virtual inertia 
emulation technique is adopted into the photovoltaic system 
[10]-[11] and full-converter wind turbines [12]-[13]. In 2007, 
Beck and Hesse [14] conducted the first implementation of 
VSG. Later, some improved virtual inertia control methods 
have been proposed to achieve damping power oscillation [15], 
frequency robustness [16], satisfactory frequency response 
[17], and power decoupling [18]. In particular, Zhong [19] has 
built a creative synchronverter for inverter-based DGs. Then, 
the stability and parameter design of synchronverter are 
analyzed in grid-connected mode [20] and islanded mode [21]. 
To obtain a better stability performance of synchronverter, [22] 
proposed five modifications of virtual inductor, virtual 
capacitor and anti-windup. Besides, some comparative studies 
of these control algorithms were described in theoretical 
reviews [23]-[24]. 

In order to further explore the benefits of VSG, some recent 
studies on the adjustable inertia and damping technology [25]-
[29] are carried out. As inverter-based DGs are not limited to 
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Fig. 1. A general scheme of an inverter-based AC microgrid. 



0885-8993 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TPEL.2019.2923734, IEEE

Transactions on Power Electronics

 

2 
 

physical constraints against SG, the inertia and damping 
parameters can be flexibly designed in real-time [25]. In [26], 
Jaber and Toshifumi took a significant step from a fixed 
virtual inertia to an alternate inertia. Two independent values 
of inertia moment are chosen by judging the states of the 
relative angular velocity difference and its change-rate. 
Although [26] results in a faster and more stable performance, 
the influence of frequency derivative term is neglected, and 
there are only two values of inertia. So, the model describes a 
switching system, which is susceptible to interferences. In [27], 
the droop gain is modified as a function of frequency 
derivative term, whose essence is in fact a variable inertia. The 
frequency deviation is reduced under disturbances. But only 
frequency derivative term is fully considered, without the 
direction of frequency deviation. In [28], a fuzzy secondary 
controller based virtual inertia control scheme is proposed to 
enhance the voltage/frequency dynamic response of 
microgrids. However, no theoretical analysis on the fuzzy 
decision table, which is slightly complicated, is conducted. In 
[29], the benefits of large inertia and small inertia are 
comprehensively discussed, and a concept of distributed 
power system virtual inertia is proposed for grid-connected 
converters. Despite the effectiveness of controlled virtual 
inertia methods [25]-[29], they all have to acquire the 
frequency derivative (df/dt) to realize the variable virtual 
inertia, which is sensitive to measurement noise [30], [31]. 

To overcome the above disadvantages, we propose an 
adaptive virtual inertia method to support the frequency 
stability, as the one in [32], and with new capacities. A large 
inertia is implemented when the frequency deviates from the 
nominal value, while a small inertia is adopted to accelerate 
system dynamics when the frequency returns back the nominal 
frequency. As the proposed method combines the advantages 
of both large inertia and small inertia, the improved frequency 
regulation performance is obtained. Compared to the 
conventional VSG control methods with variable inertia [25]-
[28], the proposed control has three main improvements:  
 A concise and unified mathematical equation of 

adaptive virtual inertia. In [25]-[28], the inertia moment has 
some scattered small-large values, which is an intuitive and 
qualitative analysis. Instead, the solution in this study adopts 
a concise and unified mathematical equation to describe the 
dynamic of inertia. 
 A practical control method without derivative action.   
In [25]-[28], the inertia moment is given by sampling and 
determining of frequency derivative (df/dt), which may 
suffer from high-frequency noises. In this study, the 
proposed algorithm conquers this chattering deficit without 
frequency derivative action 

 Strict stability proof and detailed design guidelines.      

In this work, the stability of the proposed nonlinear control 
algorithm is analyzed by Lyapunov stability theory [33], and 
guidelines for designing key parameters of equivalent swing 
equation are provided. 

The rest of the paper is organized as follows: Section II 
discusses the analogy between droop control and virtual 
synchronous generator. The proposed adaptive virtual inertia 

is presented in Section III. Section IV analyzes the 
convergence of the control algorithm. Then, the guidelines on 
the control system design are given in Section V. Hardware-
in-loop (HIL) and experimental results are revealed in 
Sections VI and VII, respectively. Finally, conclusions are 
given in Section VIII. 

II.  ANALOGY BETWEEN DROOP CONTROL AND VIRTUAL 

SYNCHRONOUS GENERATOR  

To facilitate load sharing and improve system reliability, 
the conventional droop control methods are very popular in 
parallel inverter systems, as shown in Fig. 2. The frequency 
and magnitude of the output voltage reference depend on 
output active power and reactive power, respectively. 

* *( )              
1

m
P P

s
 


  


(1)

 

* *( )             
1

n
V V Q Q

s
  


(2)

 

where * and *
V  indicate the reference values of  and V at 

nominal condition; 
*

P and *
Q  stand for the nominal power 

references;  is the time constant of the low-pass filter (LPF) 

which filters out the averaged active and reactive powers; P 
and Q are output active and reactive powers; m and n are the 
P-   and Q-V droop coefficients, which are chosen as follows: 

max min max min

max min max min

;               
V V

m n
P P Q Q

  
 

 
(3) 

where ωmax and ωmin are the maximum and minimum values of 
the allowable angular frequency; Vmax and Vmin are the 
maximum and minimum values of the permissible voltage 
amplitude; Pmax and Pmin are the maximum and minimum 
capacities of the active power; Qmax and Qmin are maximum 
and minimum capacities of the reactive power. 

(a)

0 P

V

minP maxP

*
 max

min

P *

(b)

0 QQ *

*
V

Vmin
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minQ maxQ

 
Fig. 2. Conventional droop characteristics for AC microgrid. (a) P- droop 
control. (b) Q-V droop control. 

Rewrite (1) as follows 
*

* *( ) 1
( )           

d
P P

m dt m

    
    (4) 

By comparing (4) with the traditional 2-order swing 

equation of a SG, the inertia term J and damp term D  are 

equivalent to 

1
;                                 

m
J D

m m


  (5) 

From (4)-(5), the droop control is functionally equivalent to 
a VSG with a small inertia [34]. Meanwhile, inertia moment 
depends on the time constant of the LPF.  
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Fig. 3.  Typical VSG control diagram of an inverter-based DG. 

Fig. 3 presents a typical VSG control scheme of inverter-
based DG, which includes a power control loop and dual 
closed voltage-current loops. The outer power control loop 
includes an active power control of VSG and a reactive power 
droop control. A fixed virtual impedance is adopted to 
decouple P/Q and to reduce the impact of the line impedance 
mismatch [35]. It is implemented by using the high-pass filter 
instead of a pure derivative operation [35]. Moreover, virtual 
impedance also has an effect on the system stability, transient 
response, and power flow performance [36], [37]. 

III.  PROPOSED ALGORITHM OF ADAPTIVE VIRTUAL INERTIA 

A.  Comparison between SG and Droop-based DG 

Inertia is a measure of an object’s reaction to changes. In 
conventional SG of power system, the rotor can slowly release 
rotational kinetic energy (around 10s) when the disturbance 
occurs, such as, unbalanced supply-demand power. In other 
words, the SG has a large inertia, which implies a capability of 
over-load and disturbance rejection. However, for a microgrid, 
the inverter-based DGs have a fast response speed (about 
10ms). If only conventional droop control is adopted in the 
inverter-based DGs, a small inertia would lead to sharp 
frequency variation, with load change and source uncertainty. 
To improve the dynamic frequency regulation, the control 
strategies of DGs should mimic not only primary frequency 
control but also the virtual inertia control. 

TABLE I. 
Potential Advantages/Drawbacks of Large/Small Inertia Based Control 
 Advantages/ Drawbacks 

Large 
Inertia 
(SG) 

 Decrease the frequency deviation in transient process; 
  Have an over-load capability to some extent. 

 Require a high power storage capacity ;  
  Lead to power oscillation easily; 
 Decelerate the dynamic process of frequency returning. 

Small 
Inertia 
(Droop

-based 

DG) 

 Run quickly to ensure transient load sharing; 
 Accelerate the process of frequency returning. 

 Cause big frequency deviation subject to sudden change. 

 
The potential advantages and drawbacks of large/small 

inertia based control are discussed in Table I. A relatively 
large inertia can decrease the frequency deviation in transient 
process, but the corresponding storage is required and power 
oscillations is triggered easily. Especially when the system 
operates with a large frequency deviation, it aggravates the 
process of frequency returning. On the other hand, system 
with a small inertia can react quickly to ensure the transient 
load sharing and ameliorate the frequency returning process, 
but it may lead to severe frequency deviation when load 

demand suddenly changes. 
To fully integrate advantages of large inertia and small 

inertia, this study focuses on two issues: 1) how to design a 
proper value of inertia moment J according to real-time 
operation states? 2) How to realize the control algorithm for 
DGs in a practical way to avoid a derivative action? 

B.  Proposed Adaptive Virtual Inertia 

To address the first issue, an adaptive virtual inertia 
algorithm is presented in this section. Fig.4 shows the 
frequency curve deviating from the nominal steady-state value 
(50Hz) and returning to nominal value under a small 
disturbance. The nominal steady-state (50/60Hz) is unchanged. 
As shown in Fig. 4 and Table II, the system should have a 
slow response when the frequency deviates from the nominal 
reference, and thus a large inertia should be adopted. On the 
other hand, a small inertia should be adopted to accelerate 
system dynamics when the frequency returns back the nominal 
frequency. To that end, a concise and unified mathematical 
equation of the adaptive virtual inertia is constructed as follow 

*
0 ( )                              

d
J J k

dt

    (6)
 

From (6), the constructed inertia has two terms. The first 
term J0 is the nominal constant inertia, and the second term 

*( )( / )k d dt   is the adaptive compensation inertia. k is a 

positive inertia compensation coefficient, which can adjust the 
response speed of the frequency dynamic. Actually, the total 
moment of inertia is modified based on the relative angular 

velocity (-*) and its change-rate (d/dt) in real-time. 

Specially, in the nominal steady-state(=*), the second term 
of adaptive compensation inertia would be 0, and the total 
inertia is equal to J0. 

t

 (rad/s)

0

*

1t 2t 3t 4t 5t

Fast returning, 
small inertia.

Slow deviating, 
large inertia.

 
Fig. 4.  Adaptive virtual inertia with a large inertia in frequency deviating and 

a small inertia in frequency returning. 

TABLE II. 
Design Principles of Virtual Inertia at Different Operation States 

Segment s=-* d/dt  State Inertia J 

t1-t2 > 0 > 0 Deviating Large value 

t2-t3 > 0 < 0 Returning Small value 

t3-t4 < 0 < 0 Deviating Large value 

t4-t5 < 0 > 0 Returning Small value 

C.  Practical Control Scheme without Derivative Action 

In (6), it is worth noting that the adaptive inertia value 
would be inaccurate if we calculate it directly since the 
frequency derivative is sensitive to measurement noise [30]-
[31]. Thus, we need to find a practical and effective method to 
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address the second issue. 
Substituting the constructed inertia (6) into the typical VSG 

control (4)-(5) yields 

*
0( )        s s

s m s

d d
J k P P D

dt dt

 
          (7) 

where *
P is the nominal power reference, and s

 represents the 

slip frequency 
*                                  

s
    (8) 

Rewriting (7) yields 
2

0( )        
s s s m s rsrv

k J D P             (9) 
*                           

rsrv
P P P  (10) 

where P is the output active power. Prsrv is the reserved power, 
which implies the difference between nominal power and 
actual output power. 

Obviously, equation (9) is a quadratic equation in the 

variable s
 . According to the Vieta Theorem, two roots are 

solved 
2

0 0 4 ( )
=

2

s m s rsrv

s

s

J J k D P

k

 



   

              (11) 

As both ( ) 0
s s

   and ( ) 0
s s

    may exist in (6), only 

one root of (11) is effective, derived as follow 
2

0 0 4 ( )
( , )=

2

s m s rsrv

s s rsrv

s

J J k D P
f P

k

 
 


   

  (12) 

To avoid the singular point ( 0
s

  ), rewrite (12) by 

numerator rationalization 

2
0 0

2( )
( , )  

4 ( )

m s rsrv

s s rsrv

s s rsrv

D P
f P

J k D P J


 

 

 
 

  
 (13) 

Then, the improved active power-frequency (P-) control 
based on adaptive virtual inertia algorithm is obtained by 
combining (8) and (13). 

* * ( , )
s s rsrv

f P dt                       (14) 

From (14), the angular frequency reference is a function of 
output active power. The detailed control scheme with 
adaptive virtual inertia is presented in Fig. 5. The control input 
is the real-time active power. The control output is the angular 
frequency reference. The control function (14) is derived from 
(6)-(7), and its design principle is shown in Table II. 
Compared with the power loop of a typical VSG in Fig. 3, the 
control algorithm with adaptive virtual inertia is added. It is 
worth noting that only output active power is fed-back in Fig. 
5, where the frequency derivative term is avoided. Thus, the 
proposed control scheme is simple and practical. 

Improved Active Power Outer Loop 

 
Fig. 5.  Improved active power outer loop based on adaptive virtual inertia. 

IV.  STABILITY PROOF OF PROPOSED ALGORITHM 

A.  Single Inverter-based DG in Grid-Connected Mode 

The stability of the proposed control algorithm will be 
investigated based on Lyapunov stability theorem. The model 
of a single DG connected to an infinite bus, is firstly built to 
study the steady and transient states [38] as shown in Fig. 6.  

l
jX

1V 

S P jQ 

* *
V 

 
Fig. 6.  Equivalent circuit of a DG unit connected to an infinite bus. 

Assume that the line impedance is highly inductive [35], 
and the inverter-based DG is well designed with a salient 
time-scale separation [48]. Then, the delivered power from a 
DG to the bus is given by (15). 

*

sin                         
l

VV
P

X
 (15) 

* *
1 ( )                   dt        (16) 

whereV , 1 and  are the output voltage amplitude, angle and 

angular frequency of an inverter-based DG; *
V , * and * are 

the voltage amplitude, angle and angular frequency of the bus, 

respectively. l
X is the line reactance,  is the power angle. 

Combining (9) and the power transmission characteristic 
(15) yields 

*
2 *

0( ) sin        
s s s m s

l

VV
k J D P

X
        (17) 

Rewrite (17) in the form as 
*

*
* 2

0

1
sin ( )

s

s m s s

l

VV
P D k

J X

   

   

   


 
    

 

      (18) 

Note that the term of adaptive virtual inertia can also be 

regarded as a positive damping 
2

s
k  in (18). In the other 

words, the system damping changes from original Dm to 
2( )

m s
D k  after using adaptive virtual inertia control.  

Then, the state variables 1 2 0[   ] [( )   ]T T

s
x x      are 

chosen. Rewrite (18) as 

 
1 2

2
2 0 1 0 2 2sin sin( ) ( )

m

x x

x a a x b D k x x 


     

    (19) 

where 
*

0 *

*

0 0

arcsin

1
0;     0

l

l

P X

VV

VV
a b

J X J






    


                     (20) 

A candidate Lyapunov function is constructed as follows  

 12
2 1 0 0 10

1
( ) ( ) sin( ) sin

2

x

E x x a x dx           (21) 

Equation (21) is positive definite under the condition that
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1 02x      . ( )E x is obtained as 

 2 2
2 2( ) ( ) ( ) 0

m
E x b D k x x                    (22) 

According to (22) and La Salle's Invariance Principle, we 
have proved that the proposed control algorithm is convergent 
under the domain of attraction 

0 0                                     (23)
 

B.  Synchronization of Multiple DGs in Islanded Mode  

Multiple inverter-based DGs must synchronize with each 
other to guarantee the stable operation [39]. The case in 
islanded mode is different from that in grid-connected mode 
where an infinite bus is assumed. But, in islanded mode, there 
is an interaction among DGs, and the common bus is slack, 
which is determinated by all DGs [36]. Herein, the model of 
multiple DGs using adaptive virtual inertia is analyzed to 
verify the frequency synchronization. 

As shown in Fig. 7, Vi, i and i are output voltage 
amplitude, angle and angular frequency of i-th DG, 
respectively.  Z0 and θ0 is the load impedance amplitude and 
angle at the public point. Zi and θi is the line impedance 
amplitude and angle between i-th DG and the public point. 
According to the power flow calculation, the output real 
power Pi of i-th DG can be obtained as follow 

Public 
Load

. . . . . .

1 1V 

2 2V 

n nV 

3 3V 

1 1Z 

p p
V 

DG1 P1,Q1

P2,Q2 P3,Q3

Pn,Qn

DG3

DGn

DG2

2 2Z  3 3Z 

n nZ 

0 0Z 

0 0V 

 
Fig. 7.  Schematic of multiple parallel DGs with a public load. 

2

1,

= cos cos( + ) 
| | | |

n
i ji

i ii i j ij

j j iii ij

VVV
P

Z Z
   

 

       (24) 

where 

0 0,

(1 / );   1 / (1 / )

Im( ) Im( )
arctan ;     arctan

Re( ) Re( )

n n

ij i j k ii ik

k k k i

ij ii
ij ii

ij ii

Z Z Z Z Z Z

Z Z

Z Z
 

  

  
   

 

  


 
   (25) 

Usually, as the line impedance is mainly inductive (θi ≈π/2) 
and the load impedance is far greater than the line impedance 

(Z0 ≫ Zi, i{1,2n}), (26) can be derived from (25) 

2
ij

                                      (26) 

Substituting (26) into (24) yields 

1,

sin( ) 
n

i ii ij i j

j j i

P k k  
 

                    (27) 

where kii and kij are positive coefficients. 

2

= cos ;     =
| | | |

i ji

ii ii ij

ii ij

VVV
k k

Z Z
                          (28) 

As the power angle ij i j    is always small [38],

sin ij ij  .Then, (27) can be simplified as 

1,

( ) 
n

i ii ij i j

j j i

P k k  
 

                           (29) 

According to (9)-(10), the dynamic of the proposed control 
algorithm can be accessed for i-th DG. 

2 *
0( )

si si si m si i
k J D P P                          (30) 

where 
*

si i
    .  

Set si si
  , and the dynamic of i-th DG is obtained by 

combining (29) and (30) 

2 *
0

1,

( ) ( )
n

si si si m si ii ij si sj

j j i

k J D P k k     
 

        (31) 

where 
* *( )

si sj i j i j
                              (32) 

For a system with n parallel DGs, the system dynamics are 
presented as follows 

*
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*
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*

1,
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j j n
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g P k k
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      (33) 

where 
2

0( , ) ( )
si si si si si m si

g k J D                    (34) 

The form of (33)-(34) is subject to the two-way coupling 
configuration of Van der Pol oscillators [40]-[41]. The 

convergence of ( , )
si si

g    for a single DG has been proved by 

(17)-(23) in the Part A of this section. For the coupling 
multiple DGs, equations (33)-(34) meet the commonly studied 
update rule of (35) in multi-agent system and nonlinear 
networked system [42]-[45]. 

1

( )
n

i ij i j

j

x a x x


                          (35) 

As a result, the angles 1 2, , ,
s s sn

   will converge and 

synchronize with each other, which means that 

1 2 n
     in steady state [40]. 

V.  DESIGN GUIDELINES FOR KEY CONTROL PARAMETERS  

In this section, the design guidelines for some key control 
parameters are given, including the droop damping coefficient 
Dm, inertia coefficient J0, and inertia compensation coefficient 
k. Generally, the inertia moment implies a capability of the 
instant maximum power output. Thus, the inertia coefficient J0 
should be designed according to the power capacity of the 
individual inverter [46]. In addition, the coefficient Dm should 
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be designed by the power sharing among the multiple inverters 
in the microgrid. 

A.  Design Guideline for Droop Damping Coefficient Dm 

According to the droop characteristic, the system angular 
frequency should lie in the allowable range [ωmin, ωmax]. Thus, 
the P-   droop coefficient m in (1)-(3) should meet  

max min

max min

0 m
P P

 
 


                          (36) 

From (5), that is, 

max min

max min

1
m

P P
D

m  


 


                         (37) 

Moreover, when choosing Dm, a general design guideline 
should be guaranteed to ensure the power sharing among 

multiple inverters according to * * *
1 1 2 2 i i

m P m P m P    [5]. 
* * *

1 2 1 2: : : : : :
m m mi i

D D D P P P                (38) 

where *
i

P  stands for the rated power capacity of DG-i. 

B.  Design Guideline for Inertia Coefficient J0 

Improper virtual inertia may lead to the power oscillation 
[34]. So it is necessary to investigate the frequency dynamic in 
consideration of inertia and damping function together. In the 

nominal steady-state *( )  , the term of adaptive 

compensation inertia *( )( / )k d dt   would be 0, and the 

total inertia J is equal to J0 in (6). Neglecting the positive 
damping effect of adaptive compensation inertia (k=0), the 
dynamic of the nominal steady-state is obtained from (17) 

*
*

0 sin        
m

l

VV
J D P

X
                    (39) 

Linearization of (39) at the steady-state point yields 

 
*

0cos
0

o m

l

VV
J D

X


                          (40) 

For a typical 2nd-order model of (40), the natural frequency 

n
 and damping ratio  are obtained as 

*
0

*
0 0 0

cos
 ;    

2 cos
m l

n

l

VV D X

J X J VV


 


            (41) 

From (41), the damping ratio of the system depends on the 

operation points, the values of inertia term 0J and damping 

term m
D . As ζ ∈[0.1, 1.414] should be met to get a satisfactory 

transient response [38], the inertia coefficient J0 should be 
chosen as follow: 

2 2 2

0* 2 2 * * 2
0

0.125 25

( ) 4 cos ( )
m l m l m l

D X D X D X
J

V VV V 
             (42) 

C.  Design Guideline for Inertia Compensation Coefficient k 

In (13), the angular acceleration s
  must be a real number 

rather than an imaginary number to ensure the validity of the 
proposed control. Hence, the following condition must hold 
identically.  

2
0 4 ( ) 0

s m s rsrv
J k D P                          (43) 

Especially for two worst cases in Fig. 2, 

2 * *
0 max min

2 * *
0 min max

4 ( );   ;

4 ( );   ;

s m s rsrv s rsrv

s m s rsrv s rsrv

J k D P when P P P

J k D P when P P P

    

    

      


       

(44) 

In the steady-state as shown in Fig. 2, there exists 
* *

min max

* *
max min

= ( )

( )

m

m

P P D

P P D

 

 

   


                              

(45) 

Combining (44) and (45) yields 
* 2

2
0

8 ( )
err

m

k P
J

D


                                  

(46) 

where *
errP  is the permissible maximum power error 

 * * *
min maxmax ,

err
P P P P P  

                   

(47) 

From (46), the range of the inertia compensation coefficient 
k is given by 

2
0

* 2

( )
0  

8( )
m

err

D J
k

P
 

                              

(48) 

In (6), a relatively large value of compensation coefficient k 
is favorable to exhibit the effectiveness of adaptive inertia 
control. Thus, k should be chosen as an upper bound from (48). 

D.  Parameter Design to Limit Excessive RoCoF 

Over-fast returning of frequency may trigger the 
undesirable rate-of-change-of-frequency (RoCoF) protection 
relays of generator units [30]. Thus, the local control variable 

( s
 ) of RoCoF in (12) should be less than the permissible 

maximum RoCoF value max
s

 . 

2
0 0 max

4 ( )

2

s m s rsrv

s s

s

J J k D P

k

 
 


   

          (49) 

In (49), * * * *
max min max min[ , ];  [ , ]s rsrvP P P P P          . 

Considering two worst cases where the load is switched from 
no-load/full-load to normal-load, the DG frequency would 
have a fastest returning and the RoCoF would have a 
maximum value. This is, (49) should hold under the conditions: 

1) * *
max min;  s P P P      ; 2) * *

min max;  s P P P      . 

Then, rewriting (49) yields 

 max 2 max
0( )

s m s s
D k J                         (50) 

where s
 is the permissible maximum frequency deviation. 

 * *
min maxmax ,

s
      

                   

(51) 

According to (50), the coefficients Dm, J0, and k should be 
synthetically designed to prevent excessive RoCoF levels. 

E.  Adaptive Inertia Bound [Jmin, Jmax] to Avoid Long-Term 

Over-Capacity of Converters 

Inertia provision is closely related to the available capacity 
of power sources and inverters [12]. Thus, a bound [Jmin, Jmax] 
of adaptive inertia value is necessary. Then, the parameter 
constraint is derived from (6) 

min 0 max( )            
s s

J J J k J         (52)
 where Jmax is indicated by the available power capacity of 

converters [12]. Jmin is indicated as the minimum value in (46) 
and (50) to ensure the effectiveness of proposed control 
algorithm [30]. 
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In order to guarantee the bound in (52), k should also meet 
(53) by combining (49)-(52). 

0 min max 0

max max
0 min ,

s s s s

J J J J
k

   
  

   
 

             (53)
 

VI.  HARDWARE-IN -LOOP (HIL) RESULTS 

The proposed adaptive virtual inertia control is verified by 
real-time HIL tests. As seen in Fig. 8, the HIL system includes 

two sections: physical circuits and controller. The physical 
circuits are realized by the real-time simulator OP5600 whose 

time-step is 20s, which can accurately mimic the dynamics 
of the real-power components. The controller is the real-
hardware dSPACE 1202 Microlab-Box, whose sampling 
frequency is 20 kHZ. 
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Fig. 9.  Schematic diagram of improved power outer loop based on adaptive virtual inertia control algorithm. 

 
(a) Picture of the HIL platform. 
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(b) Diagram of the HIL platform. 

Fig. 8. Hardware-in-loop (HIL) platform. 

TABLE III. 
HIL Test Parameters 

Parameter Symbol Value 

System Parameters 

Nominal frequency 
Nominal voltage 
Rated active power 
Rated reactive power 

f* 

V* 

P* 

Q* 

50 Hz 
311 V 
2 kW 
2 kvar 

Control Parameters 

Virtual inductance 
Power filter time constant 
P- droop coefficient 
Q-V droop coefficient 
Droop Damp coefficient 
Small inertia coefficient 
Large inertia coefficient 
Compensation coefficient 

Xv 

τ 
m 

n 

Dm 

J0 

J0 

k 

1. 8  
1/60 

1/600 
0.01 
600 
10 

100 
0.18 

Fig.9 shows the model of two parallel DGs. The HIL 
parameters are listed in Table III. All control parameters of 
two DGs are identical except different line impedances 
(Z1=0.8+j1.2 ; Z2=1+j1.56 ). The damp coefficient Dm is 
chosen according to (37)-(38). The small/large inertia 
coefficients J0 are designed from (42). The inertia 
compensation coefficient k is calculated by (48). To avoid 
oscillation, the system is designed to be over-damped. 

(a) Small Constant Inertia J0_sml=10, k=0
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(b) Large  Constant Inertia J0_lrg=100, k=0
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Fig. 10. Output active powers of two DGs under resistive time-varying load. 
(a) Small inertia (J0_sml=10, k=0). (b) Large inertia (J0_lrg=100, k=0). (c)  
Adaptive inertia (J0_adp=100, k=0.18). 

A.  Comparisons under Resistive Time-Varying Load 

Fig. 10 and Fig. 11 show the HIL results under resistive 
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time-varying load. To verify the validity of the proposed 
control, three groups of parameters are applied: (a) small 
constant inertia J0_sml=10, k=0; (b) large constant inertia 
J0_lrg=100, k=0; (c) adaptive inertia J0_adp=100, k=0.18. The 
first case with a small constant inertia represents the 
conventional droop control from (4)-(5). The second case with 
a large constant inertia implies the conventional VSG control.  
The third case with an adaptive inertia represents the proposed 
control. 

Fig. 10 presents the output active power of two DGs. The 
load demand changes every 1 second. It has an increase in 0.4s 
and has a decrease in 2.4s with respect to the normal load 
power 4 kW. As two DGs have the same capacity and same 
control parameters, the active power responses of three cases 
are similar in Fig. 10, and the accurate active power sharing is 
always achieved. Furthermore, it is worth noting that the 
active power under large constant inertia has a slightly 
oscillation in Fig.10 (b). However, after adopting the adaptive 
inertia control, the power oscillation is ameliorated in Fig.10 
(c), which reveals that adaptive virtual inertia also has a 
function of power oscillation damping as shown in (18). 
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Fig. 11. Comparison of three tests under time-varying load. (a) System 

frequency. (b) Inertia value of DG-1. (c) Zoomed-in inertia at t[1.36s, 1.56s]. 

Fig. 11 illustrates the comparison of three HIL results under 
time-varying load. From the frequency response in Fig. 11(a), 
the deviating time and returning time of three cases are 
demonstrated in Table IV. In the first case with a small 
constant inertia control, both the returning time and deviating 
time are about 0.05s, which means that the system has a very 
fast response. In the second case with a large constant inertia, 
both the returning time and deviating time are about 0.6s, 
which reveals that the system has a very slow response. When 
adopting the proposed control, the system has a shorter 
returning time 0.2s and a longer deviating time 0.75s than that 
of the large inertia. That is, the system frequency can be 

deviated slowly with a relatively large inertia and returned 
quickly with a relatively small inertia in Fig. 11(b). Moreover, 
it is noted that both DGs change their inertia simultaneously as 
they have same control parameters and power rating. Fig. 11(b) 
just shows the inertia of DG-1 for comparisons. Since the 
frequency derivative term is not enabled in the proposed 
control (13)-(14), the inertia regulation exhibits a smooth 
dynamic process from the thumbnail of Fig. 11(c). 

TABLE IV. 
Comparison of Three HIL Results 

Scenarios Features 

(1) 

Small 

inertia 

(2) 

Large 

inertia 

(3) 

Adaptive 

inertia 

A.  Under 
time-varying 

load 

J  Value 10 100 [20, 125] 

Returning 
time 

0.05s 0.6s 0.2s  

Deviating 
time 

0.05s 0.6s 0.75s  

B. Under 
frequent load 

variation 

J  Value 10 100 [20, 125] 

Maximum 
frequency 
deviation 

0.22 Hz 0.038 Hz 0.016 Hz 
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Fig. 12. Total load power demand under frequent-variation load.  
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Fig. 13. Frequency comparison of three tests under frequent-variation load.  

B.  Comparisons under Frequent-Variation Load 

To further test the performances of the proposed control, 
three comparative cases are carried out under frequent-
variation load. Fig. 12 shows the total power demand of the 
variable load. Fig. 13 and Table IV discuss the comparison of 
three HIL results under frequent-variation load. In the first 
case with a small constant inertia control, the maximum 
frequency deviation is about 0.22 Hz. In the second case with 
a large constant inertia control, the maximum frequency 
deviation is about 0.038 Hz. However, for the adaptive virtual 
inertia, the maximum frequency deviation is just about 0.016 
Hz. As a result, the nominal operation frequency is guaranteed 
as much as possible under variable loads. Thus, compared 
with the conventional droop and VSG controls, the proposed 
method improves the frequency nadir and dynamic response 
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under load variation. 

C.  Comparisons under Induction Motor (IM) 

In this sub-section, three comparative tests are carried out 
under the load of squirrel-cage induction motor (IM). The 

inertia moment of IM is 0.089 kgm2. The nominal power of 
IM is 2.2 kW. Fig. 15 shows the total load power when IM is 
connected to the system at t=0.8s and is switched out at t=2.8s. 
Before 0.8s, the system operates with a 4kW resistive load. 
After starting-up the IM load at t=0.8s, a large inrush current 
is observed in Fig. 14, and the peak value of starting-up stator 
current is almost twice as large as the nominal current. It is 
noted that a method of rotor series-resistance is adopted to 
avoid an over-large current [47]. 

Fig. 16 shows the frequency performances of three HIL 
results under IM load. In the first case with a small constant 
inertia control, the system frequency has a very fast response, 
and is sensitive to the load oscillation during IM starting-up. 
In the second case with a large constant inertia, the system 
frequency has a very slow response in both frequency 
deviating and returning process. When adopting the proposed 
adaptive control, the system frequency can be deviated slowly 
and returned quickly in Fig. 16.  As a result, the proposed 
adaptive inertia control is still effective under IM load. 
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Fig. 14. Phase-A stator current of IM at starting-up time.  
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Fig. 15. Total load power demand under IM load.  
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Fig. 16. System frequency comparison of three tests under IM load.  

D.  Comparison with alternating inertia method [26] 

The purpose of this case is to verify the advantages of 
proposed control strategy compared with the existing 
alternating inertia method. In [26], two large/small inertia 
values are indicated by judging states of the relative angular 
frequency difference ( *

s
    ) and its change-rate ( s ). 

Thus, the method in [26] have to acquire the frequency 

derivative (df/dt) to realize the alternating inertia. In the 
contrast test, the basic control parameters are set to the same 
with the former, such as a small constant inertia J0_sml=10, and 
a large constant inertia J0_lrg=100. 

To test the robustness performances of proposed control, 
high-frequency noises are imposed into the system operation 
frequency. The comparison results are shown in Fig. 17. Both 
two methods have a slow frequency deviating and a fast 
frequency returning under load changes in Fig. 17(a). 
Meanwhile, the proposed method has a slightly better 
performance during two dynamic processes. The main cause 
of this phenomenon is that the alternating inertia in Fig. 17(b) 
is sensitive to high-frequency noises. For example, during the 

frequency deviating process at t[0.4s, 1.4s], the alternating 
inertia is not always a large inertia value due to the inaccurate 

interference of s . Similarly, during the frequency returning 

process at t[1.4s, 2s], the alternating inertia is not always a 
small inertia value, which has an adverse effect on dynamic 
response. 
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Fig. 17. Comparison with alternating inertia method [26]. (a) System 
frequency with high-frequency noises. (b) Inertia value of DG-1. 
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Fig. 18. Results of proposed control with three DGs. (a) Output active powers. 
(b) Output frequencies. 

E.  Proposed Adaptive Inertia Control with Three DGs 

Fig. 18 shows the performances of proposed adaptive inertia 
with three DGs. From Fig. 18(a), the proper active power 
sharing is achieved among three DGs. Moreover, DGs can 
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synchronize with each other in Fig. 18(b), which verifies the 
synchronization analysis of multiple DGs in (30)-(35). 

F.  Proposed Adaptive Inertia Control with RoCoF Limitation 

To validate the practical RoCoF limitation in Section V.D, a 

permissible maximum RoCoF value 2 Hz/s  is set [30], and 

the coefficient k is changed from 0.18 to 0.08 in this case 
according to (50). The testing process under resistive time-
varying load is same with Section VI.A. The comparison 
results with/without RoCof limitation are shown in Fig. 19. 
From the frequency response in Fig. 19 (a), an over-fast 
frequency returning is be restrained after considering the 
RoCof limitation. Thus, an undesirable RoCoF protection 
tripping can be overcome in practical application. Moreover, 
Fig. 19 (b) reveals that the inertia coefficients have a 
decreased value under frequency returning and an increased 
value under frequency deviating, which verifies the 
effectiveness of adaptive inertia control. Meanwhile, it is clear 
that the inertia variation range of k=0.08 is smaller than that of 

k=0.18. Particularly for frequency returning at t[1.4s, 2.4s] 

and t[3.4s, 4s], an over-small inertia value is prevented to 
guarantee a lower bound of inertia and limit excessive RoCoF. 
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Fig. 19. Comparison results of proposed control with/without RoCoF 
limitation. (a) System frequency. (b) Inertia value of DG-1. 
 

TABLE V. 
Experimental Parameters 

Parameter Symbol Value 

System Parameters 

Nominal frequency 
Nominal voltage 
Rated active power 
Rated reactive power 

f* 

V* 

P* 

Q* 

50 Hz 
96 V 
80 W 
80 var 

Control Parameters 

Virtual inductance 
Power filter time constant 
P- droop coefficient 
Q-V droop coefficient 
Droop Damp coefficient 
Small inertia coefficient 
Large inertia coefficient 
Compensation coefficient 

Xv 

τ 
m 

n 

Dm 

J0 

J0 

k 

1.5  
1/60 
1/60 
0.01 
60 
4 

30 
1.05 

 

VII.  EXPERIMENTAL RESULTS 

A prototype shown in Fig. 20 is built to verify the 
effectiveness of the proposed method. It comprises two DGs 
based on the single phase voltage source inverters which are 
controlled by digital signal processors (TMS320f28335) and 
the sampling rate is 12.8 kHz. The rated system voltage is 96 
V/ 50 Hz. The rated power of each DG is 80 W/ 80 var. The 
experimental parameters are listed in Table V. All control 
parameters of two DGs are identical.  

To verify the proposed control, three groups of parameters 
are tested: (a) small constant inertia J0_sml=4, k=0; (b) large 
constant inertia J0_lrg=30, k=0; (c) proposed adaptive inertia 
J0_adp=30, k=1.05. The voltage and current waveforms of three 
tests under time-varying load are shown in Fig. 21. The upper 
zoomed-out windows of three figures in Fig. 21(a)-(c) shows 
the same load-switching process. The lower zoomed-in 
windows of three figures in Fig. 21 have three different time 
instants in order to present the more details of dynamic current 
performance under different load switching transition. For 
instance, the details of Fig. 21(a) illustrate the voltage/current 
waveforms under the load switching from heavy-load to 
normal-load. Meanwhile, Fig. 21(b) shows the voltage/current 
waveforms when the load is switched from no-load to normal-
load. Finally, Fig.21(c) shows the voltage/current waveforms 
from normal-load to heavy-load. 

 
Fig. 20. Experimental prototype of parallel inverters system setup. 

In each test, the waveforms from top to down are the output 
voltage (U1) of inverter 1, the output voltage (U2) of inverter 2, 
the output current (I1) of inverter 1 and the output current (I2) 
of inverter 2, respectively. According to Fig. 14, the output 
active power of experimental results are calculated as shown 
in Fig. 22. Although the control parameters are different under 
three cases, the power responses are similar because two DGs 
are mostly the same. In the other words, the proposed control 
does not affect the power dynamic response and the power 
sharing accuracy of the steady-state. 

Fig. 23 and Table VI describes the comparison of three 
experimental results under time-varying load. In the first case 
with a small constant inertia control, both the returning time 
and deviating time are about 0.1s with a fast response. In the 
second case with a large constant inertia control, both the 
returning time and deviating time are about 2.5s, and a 
relatively slow response is attained. 
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Fig. 21. Voltage/current waveforms of three tests under same time-varying 
load. (a) Small inertia (J0_sml=4, k=0). (b) Large inertia (J0_lrg=30, k=0). (c)  
Adaptive inertia (J0_adp=30, k=1.05). 

 
Fig. 22. Active power of experimental result under time-varying load. (a) 
Small inertia (J0_sml=4, k=0). (b) Large inertia (J0_lrg=30, k=0). (c)  Adaptive 
inertia (J0_adp=30, k=1.05). 
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Fig. 23. Comparison of three experimental results under time-varying load. (a) 
System frequency. (b) Inertia value of DG-1. 

TABLE VI. 
Comparison of Three Experimental Results 

Scenarios Features 

(1) 

Small 

inertia 

(2) 

Large 

inertia 

(3) 

Adaptive 

inertia 

Under time-
varying load 

J  Value 4 30 [6, 37] 

Returning 
time 

0.1s 2.5s 0.5s 

Deviating 
time 

0.1s 2.5s 3.5s 

While for the proposed adaptive inertia control, the system 
has a shorter returning time 0.5s and a longer deviating time 
3.5s than that of the large inertia. That is, the system 
frequency can be deviated slowly with a relatively large inertia 
and returned quickly with a relatively small inertia in Fig. 
23(b). Furthermore, it is noted that both DGs change their 
inertia simultaneously as they have same control parameters 
and power rating. Fig. 23(b) just shows the inertia of DG-1 for 
three experiment comparisons. Since the direct frequency 
derivative term of (6) is not used in the final proposed control 
scheme (13)-(14), the smooth inertia dynamic is enabled in 
Fig. 23(b). Thus, some high-frequency interferences can be 
avoided, and the control algorithm is practical and robust. 

VIII.  CONCLUSION 

This study introduces an adaptive virtual inertia control 
algorithm to improve dynamic frequency regulation of VSG-
based microgrids. The advantages of the proposed control 
algorithm include: 1) a concise and unified mathematical 
equation of the adaptive virtual inertia is constructed, and 2) a 
practical control algorithm is proposed to avoid the direct 
frequency derivative action. Under certain power disturbances, 
the proposed control has the advantages of both large inertia 
and small inertia. When the system frequency is deviating 
away from the nominal value, a large inertia is performed to 
slow the dynamic process and improve frequency nadir. When 
the frequency is returning to the nominal value, a small inertia 
is shaped to quickly accelerate system dynamics. Thus, the 
frequency regulation performance is greatly improved. The 
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effectiveness of the proposed control is verified under three 
load types, including resistive time-varying load, frequent-
variation load, and induction motor load. On the whole, the 
proposed method supports frequency dynamics and promotes 
high penetrations of distributed generations. 
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