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Improving energies by using exact electron densities
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The exact electronic ground-state density and external potential are used to improve the accuracy of ap-
proximate density functionals. Our approach combines the advantages that the exact exchange-correlation
energy functional is more local for full-coupling strength than for the coupling-constant average, and that
knowledge of the exact virial can be used to reduce the exchange energy error by a factor of 2.

PACS numbsgs): 31.15.Ew, 71.15.Mb, 31.25.Eb, 71.30v

Recently, several methodé—8] have been devised that, virial, the error made by the functional approximation to the
for a given external potential and its exact ground-state exchange energy is reduced by a factor of 2, as in(E4).of
densityp, yield the exact Kohn-Sham potential. SubtractionRef. [13]. Furthermore, because Coulomb-correlated elec-
of the external and Hartree potentials then leaves the exattons avoid each other, the=1 on-top =0) hole is
exchange-correlation potentiad, xc([p];r) = 6Exc/p(r), deeper than its coupling-constant average. But the system-

whose virial yield§9] averaged hole satisfies the charge conservation rule
Jd3u{pxc(u))=—1, so deeper holes are shorter ranged.
Local spin-density(LSD [14]) and semilocalsuch as Per-
| g3 . )=
f d*rp(r- Voxe(lpliN) =Exc* Te. @ dew and WandPW91) [15]] approximations to the system-

averaged hole are typically most accurate at smdlll6],

whereEyc is the exchange-correlation energy ahglis the  and least accurate at largeg[17], as one would expect intu-
correlation contribution to the kinetic energy. We show be-itively. Thus LSD and PW91 typically work bett¢t 8] for
low how to use the exaatxc(r) to extractExc (and hence Eyc,_; than forEyc. We therefore make these approxima-
the total energymore accurately than by any currently usedtions for Exc ,~; in Eg. (3), undoing the coupling-constant
approximate spin-density functional. average as in Refl19]. In Table | we give the results of Eq.

We decompose the exchange-correlation energy of3) applied to both LSD and PW91, for the few atoms for
a system in terms of the coupling constant in the electronwhich the Kohn-Sham potential has been reliably calculated
electron repulsion, AM/[r—r’|, and in terms of the
separation between points in the system, We TABLE I. Total energy errors in millihartrees for several atoms.
define Exc,=NJSd3u(pxc(u))/2u, where (pxc,(u))  We compare functional approximatiofisSD and PW91 with im-
=(1/N)fd3rp(r)pxm(r,r+u) is the system-averaged provements theredinarked by a primeusing Eq.(3). HA denotes
exchange-correlation hole at coupling constartL0]. [The  the two-electron Hooke’s atoifil6], with spring constank=1/4.
external potential is alsh-dependent, being chosen to keep Unless otherwise noted, the approximate functioBgt -, is
the densityp(r) independent ok [11]; at A =0, it becomes evaluated on the Hartree-Fock den{Qﬁ]._The last column is t_he
the Kohn-Sham potentidl.The coupling-constant average exactEyc (from Ref.[20], unless otherwise notgdalso in milli-
yields the exact exchange-correlation energyl,19, hartrees(1 mhartree= 0.0272 eV= 0.627 kcal/mole.

Exc=féd>\EXC,)\. At A=1, the wave function is the full

. . . Atom LSD LSD PW91 PW91 Exc
interacting wave function, and
H2 22 5 -2 -3 -312
Exca=1=Exc—Tc- 2 H-2 14 3 -2 1 -428
, , HA? 27 5 8 1 -554
Adding Egs.(1) and(2) leads to the exact relation He 71 20 5 2 1068
1 Li 138 41 6 -2 -1827
++

Exc=3| Exca-1- J drp(nr-Voxe([plin|. (3 Be 24 78 23 ° -z
Be 236 86 33 17 272
227 81 24 12 -2772

In Eq. (3), we suggest using the exackc(r) and density
p(r) to evaluate the virial, and a spin-density functional ap-y
proximation forEyc , -, . Because Eq.3) employs the exact

460 170 10 5 -6780
700 280 -20 10 -12480

@ApproximateEyc , -1 evaluated on exact density.
PExact results from Ref.24].
*Permanent address after July 1, 1996: Department of ChemistrgExact results from Ref.22].
Rutgers University, Camden, NJ 08102. Exact results from Ref.6].
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[6,20—23. We see that both LSD and PW91 errors are typi-
cally reduced, often by a factor of 2 to 3. Eo:f d3rp(r)u(r)

In constructing the table, the virial had to be evaluated on
the exact densitysee below, but we evaluated the density 1 3
functional Exc ,~; on the spin-restricted Hartree-Fock den- ts5 J drp(Nr-Vo(r)+U+Exc -1, (4
sity, for convenience sake. For the Be atom, in which the
difference between the Hartree-Fock and exact densities is
greatest, we show. results fo_r the densit.y functionals evaIUWhereE »is the total electronic ground-state energy, &his
?ted on tiothhdensmes.'Wegllnd thhat', while the resdults of tEhe:he Hartree energyfd® [d® ' p(r)p(r')/2|r—r'|. For an
unctionals change noticeably, the improvement due to q:51tom, the virial theorem of Ed4) asserts that the total en-
(3) is present in either case. This justifies our use of Hartree- ; . . ; :
Fock densities for the functional evaluation in other parts oIy IS half the potential energy. SinEgc, \~1/2 is approxi-

the table, where these differences are expected to be mugﬂated in either Eq(3) or Eq. (4), these equations make the
smaller. Same absolute errors. However, to go back and exEggt

To see whyvyc(r) and its virial had to be constructed fror_n E o requires _knowledgg ofs, the noninteracting ki-
from the exact density, consider the results when inexa etic energy. Again, to obtain _the accuracy of _Table | rom
densities are used. Application of Eql) to the self- g. (4), the Hartree-Fock density can be used instead of the

consistent density and potential for an approximate func'eX?/S;dcﬁgig%nI):]Qi:]hetﬁ\;?lwﬁli?; E(??i()cfke=lr.esents a svs-
tional yields the functional approximation ®yc+Tc, SO y 9 ’ P y

that Eq.(3) simply recovers the original approximation. On tematic improvement on both LSD and PW31 exchange cor-

the other hand, if we start from the Hartree-Fock density, thgelation, it does not provide a new functional in the normal
corresponding potential is essentially the exagi(r), sense. This is because the procedures used here require as

and the right-hand side of Eql) becomes essentially input both the exact density and the external potential of the
o . system. There is no obvious way to modify them to produce
the exactEy. (We assume the slight differences be.tweenayself-consistent scheme thyaielt):i/s the ex;yct densitypand
the exact exchange-only and _ Hartree-FocI_< densities t9nr0u9h Eq.(4). a highly accurate energy. Equatiof and '
IEE crlleggg:)brfxihn? ;%iﬁ].)f(l)r;siﬁgd \I/?rtigl EglgB)iE;héi)H?/ir(tarlzi- (4) may become of more direct interest once sufficiently ac-
Exc=(Exca-1tEx)/2. (In the particular case where curate experimental valence densities are availg2#é

Exc—1 is calculated within LSD, this is Becke’s half-and-  This work has been supported by National Science Foun-
half hybrid [25-27.) This procedure typically improves dation Grant No. DMR95-2135&.B. and J.P.B, and by a
upon the energy of LSD, but is not as good as using the exagfrant from the National Institute of Standards and Technol-
virial in Eqg. (3), except when Ec+T)/Ec~0, i.e., in the ogy (M.L.). We thank Matthias Ernzerhof for providing us
tightly bound or high-density limit. with an accurate configuration-interaction density for Be,
In fact, if the exact density and external potential areand Cyrus Umrigar for an accurate quantum Monte Carlo
known, the accuracy of E¢3) may be obtained for the total density for H™ [21]. While this work was being prepared, we
energy directly, without constructingyc(r) at all. For this  were informed that an alternative solution to the question
purpose, the exact relation of E(.4) of Ref.[13] may be addressed here was being pursued by R.C. Morrison and

rewritten as R.G. Parf29].
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