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ABSTRACT Flexure hinges have been widely applied in driving mechanisms to achieve the high velocity 
of stick-slip piezoelectric actuators. However, the majority of driving mechanisms are designed with 
existing flexure hinge forms, and it is difficult for the actuators to realize the optimal velocity performance. 
Therefore, a systematic method based on the topology optimization to design flexure hinges of driving 
mechanisms is proposed in this paper for improving the velocity of the actuators. According to the working 
principle, the velocity can be increased by maximizing displacement of a driving foot along the positive 
direction of x-axis. The optimization problem of flexure hinges is described utilizing the Solid Isotropic 
Material with Penalization (SIMP) method. To illustrate the proposed method in detail, a four-bar 
mechanism with optimized flexure hinges is designed. Among them, three optimization schemes are 
implemented based on positions of flexure hinge design domains, and then deformations and equivalent 
stresses of the four-bar mechanism are investigated by simulation to find optimal flexure hinge forms. To 
prove the feasibility of the proposed method, the characteristic experiments of prototype are conducted. 
When the driving voltage and driving frequency of prototype are 100 Vp-p and 470 Hz, the maximum 
velocity is 17.50 mm/s, the maximum load is 220 g. And it is interesting to find that the prototype has no 
backward motion. Compared with the previously reported actuators with four-bar mechanisms, the velocity 
of prototype is significantly improved. 

INDEX TERMS stick-slip piezoelectric actuators, flexure hinges, driving mechanisms, SIMP method, 
velocity performance. 

I. INTRODUCTION 
Stick-slip piezoelectric actuators have merits of a high 
accuracy, rapid response and simpler mechanical structure 
[1-3], which have attracted extensive attention for scanning 
probe microscopes, optical focusing, precision machining, 
micromanipulators, robots and micro/nano mechanical tests 
[4-11]. The large motion stroke of the actuators is realized 
by displacement accumulations of a slider (or a rotor), and 
each displacement consists of a static friction stage and 
relative sliding stage between the slider and the stator 
[12,13]. Therefore, the actuators have a characteristic of 
theoretically unlimited resolution [14]. However, there are 
challenges in other characteristics of the actuators, these 
mainly include output velocities, load capacities, etc. 

As a driving part of stick-slip piezoelectric actuators, 

driving mechanisms are the key factor affecting 
performances. Therefore, driving mechanisms are designed 
to improve performances of the actuators, especially in 
terms of the velocity. For example, Li et al. designed a 
parallelogram flexure hinge mechanism, an equilateral 
triangle flexure mechanism, and an asymmetrical trapezoid 
flexure mechanism, respectively [15-17]. Cheng et al. 
proposed a trapezoid-type right circular flexure hinge 
mechanism, a mechanism with asymmetrical right-circle 
flexure hinges and a triangular displacement amplification 
mechanism with asymmetric flexure hinges, respectively 
[18-20]. Guo et al. developed a mechanism of asymmetric 
structure with circular flexure hinges and leaf flexure 
hinges [21]. From the above research, it can be found that 
flexure hinges exist in these mechanisms, and their forms 
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and positions have an important influence on the 
performance of the actuators. 

In general, when the driving mechanism of stick-slip 
piezoelectric actuators is designed, the whole structure of 
the mechanism is designed, while flexure hinges in the 
mechanism are designed with existing forms (such as 
circular flexure hinges and leaf flexure hinges) based on a 
certain experience [22-25]. This flexure hinge design 
method will not make flexure hinges play the optimal 
function in the velocity of the actuators. Therefore, a 
systematic method needs to be explored to design optimal 
flexure hinge forms of the driving mechanism to improve 
the velocity of the actuators. 

With the progress of science and technology, the 
topology optimization has developed rapidly and becomes 
an increasingly popular tool in the conceptual phase of the 
design process [26,27]. The topology optimization can find 
the optimal distribution of materials in the fixed design 
domain so as to maximize or minimize the design objective 
while satisfying a series of constraints. Theoretical 
researches of the topology optimization can go back to the 
truss theory [28]. Subsequently, various methods of the 
topology optimization were developed, such as the 
homogenization method [29], level set method [30], and 
solid isotropic material with penalization (SIMP) method 
[31-34]. Among them, the SIMP method replaces the 
structural material with the imaginary material whose 
density varies between 0 and 1, and the density is used as a 
design variable to achieve material reduction. Due to the 
simple mathematical model and high computational 
efficiency, the SIMP method has becoming more and more 
popular and it was widely used in optimization software 
[35]. Compliant mechanisms have been designed by SIMP 
method [36,37], so flexure hinges can also be designed by 
treating them as compliant mechanisms. To improve the 
velocity of stick-slip piezoelectric actuators, a systematic 
flexure hinge design method based on the topology 
optimization is innovatively proposed in this paper. 

In the rest of this paper, the optimization objective is 
determined according to the working principle of flexure 
hinges stick-slip piezoelectric actuators. Then, a four-bar 
mechanism with optimized flexure hinges is designed to 
introduce the proposed method in detail. Finally, to prove the 
feasibility of the proposed method, the characteristic 
experiments of prototype are conducted.  

II. WORKING PRINCIPLE 
The working principle of flexure hinge stick-slip 
piezoelectric actuators is shown in figure 1. Generally 
speaking, the sawtooth wave is applied as the driving signal 
to drive the actuators, and the motion process of the 
actuators in one cycle can be separated into the following 
three stages. 

Initial stage: Because the piezoelectric stack is not 
excited by the driving signal when time t = t0, it will not 
deform. At this time, the driving foot of driving 
mechanisms is directly contact with the slider in the effect 

of the maximum static friction force. 
Stick stage: From time t0 to t1, the piezoelectric stack is 

excited by the driving signal to extend slowly, which can 
cause driving mechanisms to produce deformations. The 
driving foot of driving mechanisms generates a movement 
due to the stiffness and rotation accuracy of flexure hinges. 
Under the action of static friction force, the slider can be 
driven by the driving foot to move a displacement S1 along 
the positive direction of x-axis. 

Slip stage: From time t1 to t2, the piezoelectric stack 
recovers rapidly. At this time, driving mechanisms will 
return to its original state. Due to the effect of kinetic 
friction force and inertia, the slider can move a short 
displacement S2 along the negative direction of x-axis. 

 

FIGURE 1.   The working principle of flexure hinge stick-slip 
piezoelectric actuators. 

After these three stages, a single-step displacement Sd 
(Sd=S1-S2) is produced. Repeating these three stages 
continuously, the actuators can achieve a large-stroke 
motion. Moreover, the relationship between the velocity 
and the single-step displacement can be expressed as: 

dv f S   (1) 

In equation (1), v and f represent the velocity and the 
driving frequency. The velocity v is proportional to the 
single-step displacement Sd when the driving frequency f is 
constant. Therefore, the velocity of the actuators can be 
improved by increasing Sd. Since S1 has the greatest impact 
on Sd in one work cycle of the actuators, the single-step 
displacement Sd can be increased by maximizing the 
displacement S1. At the same time, the displacement S1 of the 
slider is produced by the driving foot in the action of static 
friction. Therefore, the velocity of the actuators can be 
improved by maximizing the displacement S1 of the driving 
foot. 
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III. FLEXURE HINGE DESIGN METHOD 
To improve the velocity of stick-slip piezoelectric actuators, 
flexure hinges are designed by proposed method based on the 
topology optimization. The method includes the optimization 
problem description, topology optimization of flexure hinges 
and mechanism design and simulation analysis. 

A. OPTIMIZATION PROBLEM DESCRIPTION 
The optimization problem of flexure hinges is described 
employing SIMP method as follows: 
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Here i  is the design variable which refers to the material 

density of each element after the design domain is 
discretized into a large number of elements. Output 
displacement x

outU  is the objective function representing the 

displacement S1 of the driving foot, u is the displacement 
vector, xL  is an adjoint vector representing the load, the 

inner product of xL  and u produces x
outU . K is the stiffness 

matrix, f is the load vector, V is the volume of design 
domains, vi is the volume of element i, Vf is the volume 
fraction. min is the minimum value of i . 

Since the performance (such as stiffness and rotation 
accuracy) of flexure hinges is determined by the shape of 
cross section [37], the volume of flexure hinges is directly 
related to the performance of flexure hinges when the 
material and the thickness are the identical. So, the volume 
fraction is used as the constraint in optimization problem. 

B. TOPOLOGY OPTIMIZATION OF FLEXURE HINGES 
According to the optimization problem, the topology 
optimization of flexure hinges is achieved by using the 
Optistruct solver in Altair HyperMesh [35]. The 
optimization process is shown in figure 2 and its detailed 
description is as follows. 

As shown in figure 3, in order to introduce the topology 
optimization process in detail, a simple four-bar mechanism 
with a semicircular driving foot (the radius is 2.5mm) is 
selected to execute the topology optimization. The 2D 
model of the four-bar mechanism is built in figure 4 (a). 
Among them, four design domains of flexure hinges are 
divided, and the design domains are arranged in order of 1, 
2, 3 and 4. Four design domains have the same size, the 
length and width are 3.0 mm and 2.5 mm, respectively. 
Furthermore, except the four design domains, the other 
domains of the four-bar mechanism are the rigid domain 

(non-design domain).  

 

FIGURE 2.  Topology optimization process. 

 
FIGURE 3.  A simple four-bar mechanism with a semicircular driving 
foot 

The 2D finite element model is established in figure 4 (b). 
The meshing is executed in Altair HyperMesh, where have 
31099 quadrilateral shell elements with a size of 0.1 mm 
and 32038 nodes, and each design domain has 750 shell 
elements. At the same time, two fixing holes are 
constrained, and the input displacement of 10 μm is 
imposed. Then, the material is defined, which is aluminium 
alloy AL7075. Density, Young’s modulus, and Poisson’s 
ratio are 2810 kg/m3, 7.17 × 104 MPa, and 0.33, 
respectively. 

After the finite element model is established, the element 
density ( i ) of four design domains is defined as design 

variables, and the design constraint is the volume fraction 
(Vf). The design objective is maximum displacement of the 
top node in the positive direction of x-axis in figure 4 (b). 
Furthermore, according to different positions of the four 
design domains, three optimization schemes are proposed 
as follows. 

Scheme Ⅰ: Four design domains are analyzed one by one.
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Firstly, performing the topology optimization on design 
domain 1. Secondly, a flexure hinge is designed based on its 
optimization result. Then step through the above steps for 
design domains 2, 3, and 4. 

Scheme Ⅱ: Two design domains are analyzed together. 
Firstly, performing the topology optimization on design 
domain 1 and design domain 2. Secondly, two flexure hinges 
are designed based on their optimization result. Then, the 
topology optimization is performed on design domain 3 and 
design domain 4, and two flexure hinges are designed based 
on their optimization results. 

Scheme Ⅲ: Four design domains are analyzed together. 
The topology optimization is performed on all design 
domains. Then, four flexure hinges are designed based on 
their optimization results. 

 
FIGURE 4.  The topology optimization of flexure hinges. (a) The 2D 
model of four-bar mechanism and the design domains of flexure hinges. 
(b) The 2D finite element model. (c) Optimization result and post-
processing. 

When the results of topology optimization are generated, 
the availability of the results is judged by the equivalent 
stress, and the equivalent stress needs to meet the value 
allowed by the material of the aluminium alloy AL7075. 

Otherwise, performing re-optimization by adjusting the 
volume fraction. Moreover, the iterations of topology 
optimization in three schemes are given in table Ⅰ. 

TABLE I 
ITERATIONS OF TOPOLOGY OPTIMIZATION 

Data 
Design 

domain 1
Design 

domain 2 
Design 

domain 3
Design 

domain 4

Iterations of 
scheme Ⅰ 

19 10 19 11 

Iterations of 
scheme Ⅱ 

8 8 12 12 

Iterations of 
scheme Ⅲ 

30 30 30 30 

According to the shape of cross section of optimization 
results in figure 4 (c), the optimization results of design 
domain 1 and design domain 3 in scheme Ⅰ have less 
stiffness, and the optimization results of other design 
domains have better rotation accuracy. The optimization 
results of four design domains in scheme Ⅱ have a well 
stiffness and rotation accuracy. In scheme Ⅲ, although the 
optimization results of four design domains have a certain 
rotation accuracy, their stiffness is greater. In addition, the 
optimization process is at conceptual stage in the structural 
design process, so the optimization results need to be 
regularization design by post-processing. Based on 
manufacturing requirement, the post-processing of 
optimization results in three schemes is performed. 

C. MECHANISM DESIGN AND SIMULATION ANALYSIS 
In figure 5, in order to find optimal flexure hinge forms 
from three schemes, three four-bar mechanisms with 
optimized flexure hinges are devised and the simulation 
analysis is implemented in HyperMesh. In the simulation 
analysis, two fixing holes are constrained, and the input of 
10 μm is respectively applied under the driving foot of the 
mechanisms along the positive direction of y-axis. Three 
mechanisms are shown in figure 5 (a), (b) and (c), whose 
flexure hinges are designed by scheme Ⅰ, Ⅱ and Ⅲ, 
respectively. And the deformation of three mechanisms is 
magnified by the same multiple. 

From the simulation analysis, the displacement of driving 
foot and the equivalent stress in three four-bar mechanisms 
show a good linear growing with increase of input 
displacement in figure 6. UI, UII and UIII are the 
displacement of driving foot in the positive x-axis in three 
mechanisms which are designed based on scheme Ⅰ, Ⅱ and 
Ⅲ, respectively. The value of UI, UII and UIII are 65 μm, 84 
μm and 40 μm under the input of 10 μm. Moreover, EI, EII 
and EIII are equivalent stress corresponding to three 
mechanisms. The value of EI, EII and EIII are 98 MPa, 94 
MPa and 104 MPa, which are all within the allowable range 
of aluminium alloy AL7075. It can be seen that the UII is 
largest in the displacement of these three mechanisms. 
Therefore, optimal flexure hinge forms are found, and they 
are obtained based on scheme Ⅱ. 



This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/ACCESS.2020.3039857, IEEE
Access

 Author Name: Preparation of Papers for IEEE Access (November 2020) 

VOLUME XX, 2020 5 

 
FIGURE 5.  The simulation analysis of three four-bar mechanisms 
designed based on three schemes. (a) Scheme Ⅰ. (b) Scheme Ⅱ. (c) 
Scheme Ⅲ. 

 

FIGURE 6.  The displacement of driving foot and equivalent stress in 
three four-bar mechanisms. 

 

FIGURE 7.  The four-bar mechanism with optimal flexure hinge forms 
and its dimensions (unit: mm). 

As shown in figure 7, the four-bar mechanism with 
optimal flexure hinge forms and its dimensions are revealed. 

The radius R of the semicircular driving foot is 2.5 mm, and 
the minimum thickness T1, T2, T3 and T4 of four flexure 
hinges are 0.5, 0.5, 0.3 and 0.3 mm, respectively. The 
dimension of these four flexure hinges is built according to 
its optimization results, and the smallest size is limited by 
the machining accuracy, so it is set to 0.3mm. Furthermore, 
the thickness T5 of the bar with the driving foot is 1 mm. 

VI. EXPERIMENTS 
To validate the proposed method, a prototype of actuator 
with optimal flexure hinge forms is manufactured, and the 
characteristic experiments of prototype are executed in the 
experimental system. 

A. PROTOTYPE AND EXPERIMENTAL SYSTEM 
In figure 8, the prototype with optimal flexure hinge forms 
is composed of a slider, a base, a stator and an adjusting 
stage. Among them, the stator contains a driving 
mechanism, a shim block, a preload screw and a 
piezoelectric stack. The piezoelectric stack is assembled to 
the mechanism by applying the shim block and the preload 
screw. The locking force can be adjusted by the adjusting 
stage, and it is the maximum static friction force between 
the driving foot and the slider. 

 

FIGURE 8.  Prototype of the actuator with optimal flexure hinges. 

 

FIGURE 9.  Experimental system of the prototype. 

Figure 9 shows an experimental system of the prototype. 
The power amplifier (XE500-C, China) is employed to 
enlarge the exciting signal which is produced by the 
waveform generator (DG4162, China). A piezoelectric stack 
(AE0505D16) with the dimension of 5 mm × 5 mm × 20 mm 
is formed via NEC-Tokin. The piezoelectric stack produces 
the deformation under the excitation of the signal, resulting  
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in the continuous output motion of prototype. The stator of 
prototype pushes the slider which links standard weights by a 
steel wire and pulley. The mass of the standard weights is 
identical with the locking force, and it can be adjusted by the 
adjusting stage. The motion of the slider is gauged by a laser 
sensor (LK-H020, Japan) with a resolution of 20 nm, the 
measurement results are received by computer (PC). 

B. EXPERIMENTAL RESULTS 
When the locking forces of prototype are different, the 
connection between the velocity and the driving frequency is 
emerged in figure 10. The velocity rises with growing of the 
driving frequency when the driving voltage is 100 Vp-p. This 
trend peaks at the driving frequency of 470 Hz, then it 
decreases. When the locking forces are 1 N, 2 N and 3 N, the 
maximum velocities of prototype are 17.50 mm/s, 16.97 
mm/s and 15.44 mm/s under the driving frequency of 470 Hz. 

 

FIGURE 10.  Connection between the velocity and the driving frequency. 

There is the linear connection between the velocity and 
the driving voltage of prototype in figure 11. When the 
locking forces are 1 N, 2 N and 3 N, the velocity grows 
with the driving voltage gradually increasing under the 
driving frequency of 470 Hz. 

 

FIGURE 11.  Connection between the velocity and the driving voltage. 

The connection between the displacement and the time of 
the slider is demonstrated in figure 12 under the different 
locking forces. The prototype has a stable operation in 
every step of stick and slip stage. At the same time, it is 

interesting to find that the prototype has no backward 
motion. Figure 13 shows the connection between the 
velocity and the load. The load of prototype is measured by 
the standard weight, and the velocity reduces while the load 
going up. The maximum loads are 160 g, 190 g, 220 g 
under the locking forces of 1 N, 2 N, 3 N, respectively. 

 

FIGURE 12.  Connection between the displacement and the time of the 
slider. 

 

FIGURE 13.  Connection between the velocity and the load. 

When the locking force and driving frequency of the 
prototype are 1 N and 470 Hz, the minimum driving voltage 
is 19.2 Vp-p. From the figure 14, the resolution of the 
prototype reached 83 nm at this point. 

 
FIGURE 14.  Resolution of the prototype under locking force of 1 N.
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The performance between the prototype and the 
previously reported actuator with four-bar mechanisms is 
compared in table Ⅱ. The maximum velocity of the 
prototype is higher than the previously reported actuator 
with four-bar mechanisms. The phenomenon is consistent 
with the purpose of proposed flexure hinge design method, 
so the feasibility of the method is verified. Additionally, the 
velocity and the load of the prototype is better than the 
previously reported actuator with four-bar mechanisms 
under the locking force of 2 N. It is shows that the overall 
performance of the prototype is also excellent. 

TABLE Ⅱ 
PERFORMANCE COMPARISON BETWEEN THE PROTOTYPE AND THE 

PREVIOUSLY REPORTED ACTUATOR WITH FOUR-BAR MECHANISMS. 

Actuator 
Voltage 
(Vp-p) 

Frequency 
(Hz) 

Maximum 
velocity 
(mm/s) 

Velocity 
under 

2N 
locking 
force 

(mm/s)

Load 
under 

2N 
locking 
force 
(g) 

[20] 100 500 5.96 5.4 160 

[21] 100 490 15.04 11.75 160 

Prototype 100 470 17.50 16.97 190 

V. CONCLUTION 
In this paper, a systematic design method based on the 
topology optimization was proposed to design optimal 
flexure hinge forms for improving the velocity of stick-slip 
piezoelectric actuators. The displacement of the driving 
foot in the positive direction of x-axis was maximized based 
on the working principle. The optimization problem of 
flexure hinges was formulated using the SIMP method. 
Then, a four-bar mechanism with optimized flexure hinges 
was designed to illustrate the design process. Three 
optimization schemes were executed according to the 
position of flexure hinge design domains, and the 
deformation and equivalent stress were investigated by 
simulation analysis to find optimal flexure hinge forms. To 
test the performance of actuator with optimal flexure hinge 
forms, the characteristic experiments of prototype were 
implemented. From the experiment results, the maximum 
velocity and maximum load of the prototype are 17.50 
mm/s and 220 g when the driving voltage and driving 
frequency are 100 Vp-p and 470 Hz, respectively. The 
resolution of the prototype achieves 83 nm. And there is no 
backward motion during the slip stage of the prototype. 
Compared with the previously reported actuator with four-
bar mechanisms, the velocity of prototype with optimized 
flexure hinges was improved. It indicated that the proposed 
systematic design method was feasible, and the method can 
provide some reference in the further design of flexure 
hinge stick-slip piezoelectric actuators. 
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