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Abstract: We deal with some impulsive Caputo-Fabrizio fractional differential equations in b-metric spaces.
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1 Introduction and preliminaries

In the last two decades, differential equations of fractional order (fractional differential equations) take the
great interest of the researchers due to wide application potential in various disciplines, see e.g. [1-9].
Indeed, differential equations subject to impulses have various applications [10—12]. Major developments
are considered in the books [1,12], the papers [1,2,13-16], and references therein.

On the other hand, the fixed point theory has made serious progress in the last few decades. One of the
most improvements is to show the validity of the fixed point theorem in the setting of a b-metric space that
is a natural extension of standard metric space. Roughly speaking, by replacing the triangle inequality
axiom of the metric notion, Czerwik [17,18] observed this new structure. Several authors reported inter-
esting fixed point results in the framework of complete b-metric spaces, see e.g., [19-36].

In this manuscript, we shall investigate the Cauchy problem of Caputo-Fabrizio impulsive fractional
differential equations

DY w|©®) = fO, w®), ek, k=0,..,m,
w8 = w©®) + Lw®), k=1,..,m, 1)
w(0) = wo,

where Ip =[0,91], It = 9%, Fks1l, k=1,....m, 0=99< 91 << < ps1=T, wo R, f: [ xR - R,

k=0,...,mL;:R - R, k=1,..., mare given continuous functions, C%gk is the Caputo-Fabrizio deriva-
tive of order r € (0, 1). Indeed, we aim to initiate a study of problem (1) in the framework of b-metric spaces.
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LetI:= [0, T], T > 0, and the Banach space C := {f: I —» R, f continuous} with the norm

[ulloo = suplu(9).
el

L(I, R) denote the Banach space of measurable functions u that are Lebesgue integrable, with the norm
T
Il = [hucoias.
0

Definition 1.1. For a function ¢ € LI(I), the Caputo-Fabrizio fractional integral of order 0 < r < 1 is

21 -71)
Mr)2-71)

9
CFr _ 2r
O PO + pt— I¢(s)ds, 9> 0,
0

where M(r) is a normalization constant depending on r.
Analogously, for a function ¢ € CY(I), the Caputo-Fabrizio fractional derivative of order 0 < r < 1 is

9

CF v _(Z—r)M(r) (_L _ j ’

[ ’D(p](ﬂ)—iz(l_r) Iexp l—r(s S)|p'(s)ds, Jel.
0

Note that (CT’D’)(fp) = 0 if and only if ¢ is a constant function.

Example 1.2. [7]
(1) For ¢(9) =9 and 0 < r < 1, we have

[CfiDrpr(B) = @(1 - exp(—i&j}

(2) Foro(t)=e¥, ¢>0and0 < r < 1, we have

( D(p](&) €+(1_€)re (1 exp|—¢ 1—r'9'

Lemma 1.3. For Y € L\(I), the given linear problem

{[@%gw}w) P9, Jel, @
w(0) = wo,
admits the following solution:
9
W) = wo - aP(O) + ap(®) + b, [Wis)ds, 3)
0
where
o 21-1) b — 2r
T-nM@)’ T @-nM@)’

Proof. Let w satisfy (2). On account of Proposition 1 in [38]; the equation
Dhw|(9) = Y(©)

implies that

9
w(t) — w(0) = &,(P(S) — P(O) + b, jlp(s)ds.
0
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Taking the initial condition w(0) = w, into account, we find that
9
W) = wo — & P(0) + a,h(9) + b, Il,b(s)ds.
0

Hence, we get (3). O
We set R§ = [0, c0).

Definition 1.4. [22,23] For a non empty set M, and ¢ > 1, a distance ? : M x M — R§ is called b-metric if
(bM1) o(u,v) = 0 if and only if y = v;

(bM2) o(u, v) = o(v, u);

(bM3) o(i, &) < c[o(u, v) + 0(v, &)I;

for all u, v, & € M. The tripled (M, 0, c) is called a b-metric space.

Example 1.5. [22,23] Let 0 : C(I) x C(I) —» R{, be defined by

Ww, ) = (W - @] = sup lw®@) - @), forall w,w e C).
9el

It is clear that 9 is a b-metric with ¢ = 2.

Example 1.6. [22,23] Let X = [0, 1] and 0 : X x X — R be defined by
Ww,w) = |w?-w?, forall w,weX.
Clearly, 0 is not a metric, but is a b-metric space with r > 2.

We use @ to indicate the set of all continuous and increasing function ¢ : R§ — R{ such that: ¢p(cu) <
cp(u) < cu, for ¢ > 1 and ¢(0) = 0. We denote by F the family of all nondecreasing functions A : R —

[O, %) for some ¢ > 1.
Definition 1.7. [22,23] For a b-metric space (M, 9, c), an operator F: M — M is called a generalized
a-¢-Geraghty contraction-type mapping whenever there exist a : M x M — R{ and some L > 0 such that
a(u, v)$ (o(F), F(v)) < A(@Du, v) (D, v)) + Lp(N(y, v)), (4)
for all u, v € M, where A € ¥, ¢pyp € @, where
N(x, y) = min{o(x, y), 9(x, F(x)), o(y, F(y))},

and

D(x, y) = max{a(x, ¥, 26, F), a(y, F(y)), 28 W) + 2y, Fx) }

2s
Remark 1.8. In the case when L = 0 in Definition 1.7, and the fact that
(x,y) < D(x, y),
for all x, y € M, inequality (4) becomes
a(u, v) (co(F(u), F(v)) < A(p@u, v) p(0d(u, v)). (5)
Definition 1.9. [22,23,25] Let M be a non-empty set, F: M - M and a : M x M — R{ be given mappings.
We say that F is a-admissible if for all u, v € M, we have

a(u, Fu) 21 = a(F(p), FX() > 1.
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Definition 1.10. [22,23] Leta : M x M — R{, where (M, 0, ¢) is a b-metric space. We say that M is an a-regular
if for each sequence {x,},ey in M with a(xy, x,.1) = 1 for all n and x, — x as n — oo, there exists a sub-
sequence {Xpg)lken Of {Xn}n With a(x,u), x) > 1 for all k.

Theorem 1.11. [22,23,25] Suppose a self-mapping F on complete b-metric space (M, 0, c) forms a generalized
a-¢-Geraghty contraction-type mapping with the following additional assumptions:
(i) F is a-admissible;
(if) there exists u, € M such that a(u,, F(uy) = 1;
(iii) either M is a-regular or F is continuous.
Then T has a fixed point. In addition, if
(iv) for all fixed points u, v of F, either a(u, v) > 1 or a(v, u) > 1,
then F has a unique fixed point.

2 Main results

Consider the Banach space
PCe={w:I1>R:weCly), k=0,..,m, and there exist w(9y) and w(Iy),
k=1, ...,m, with w(9;) = w9},
normed by

lwlpe = suplw(I)l.
Yel

Let (PC, 0, 2) be the complete b-metric space with ¢ = 2, such that 0 : € x PE — R is given by:

(w, @) = (@ - @)l = suplw(9) - @I)P.

9el

Then (B¢, 0, 2) is a b-metric space in the sense of Definition 1.4.

Definition 2.1. By a solution of problem (1) we mean a function w € B¢ that satisfies w(9;) = w(I;) +
L)), k =1,..., m, the equation [C"f’ ggkw](f)) =9, w@),9 €L, k=0,...,m, on L, and the condition

w(0) = wg.

Lemma 2.2. Let h : I — R be a continuous function. A function w € ‘B¢ is a solution of the fractional integral
equation:

9
() = wo — a,h(0) + a,h(9) + b,jh(s)ds, if el
0 (6)

X 9
w(9) = wo - ah(0) + Y L) + ah(9) + b,jh(s)ds, if9el, k=1,...,m,
0

i=1
if and only if w is a solution of the problem

FDh | =h©), ek, k=0,..,m,

w8 = w®;) + Lw®;), k=1,...,m, @)
w(0) = wo.
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Proof. Assume u satisfies (7). If 9 € I, then
|7 Dpw|(9) = h(9).

Lemma 1.3 implies that

9
W(9) = wo — ah(0) + a,h(9) + b, Ih(s)ds.
0

If 9 € I, then
|7 D)) = h(9).

Lemma 1.3 implies that
9

W) = () - ah@®) + ah®) + b, jh(s)ds.
9

Thus,

9
@(9) = Lw(®) + () - ah(9) + a,h(9) + b,J-h(s)ds
9

9 9
= Li(w(9))) + wo — a,h(0) + a,h(9]) + b,Jh(s)ds - a,h(9y) + a,h(9) + b,jh(s)ds
0

9
9
= L) + wo - ah(0) + ah(9) + b,Ih(s)ds.
0
If 9 € I, then
T D},0|(9) = h(©).

Then,

9
W) = W(S) — ah(S) + a,h(9) + b,jh(s)ds
9>

9
= L@(3) + (%) - a,h(9) + a,h(d) + b,jh(s)ds
92

95 9
= Ly (w(97)) + Ly(w(9;)) + wo — a,h(0) + a,h(95) + b,Ih(s)ds — a,h(9,) + a,h(9) + b,jh(s)ds
0 9,

9
— L&) + L(@®) + wo — a,h(0) + a,h(9) + b, j h(s)ds.
0

If 9 € I, we get (6).
Conversely, assume that w satisfies (6). If 9 € I, then

9
w(9) = wo — ah(0) + a,h(9) + b, Ih(s)ds.
0

Thus, w(0) = w, and since ¥ D! is the left inverse of “ I' we get (" DLw|(9) = h(9).
te 0 )
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Now, if 9 € I, k = 1,..., m, we get [OFBDkaJ(S) = h(9). Also,
W) = w(8) + L(w(8y)).

Hence, if w satisfies (6) then we get (7). O
If h(9) = f(9, w(9)) in Lemma 2.2, then we can conclude:

Lemma 2.3. A function w is a solution of problem (1), if and only if w satisfies the following integral equation:

9

w) =c + af9, w()) + b,'[f(s, w(s)ds, if 9el,,
0

(8

i=1

r 9
w@) =c+ ZLi(w(S{)) + a,f(9, w(9)) + b,jf(s, w(s)ds, if ek, k=1,...,m,
0

where ¢ = wy — a,f(0, wo).
Assumptions: Here, we list the necessary assumptions to state our main theorem in a proper form.
(Ax1) There exist ¢ € ® and p, gi : ‘B x P& — R such that for each w, @ € PC;
If(9, w) - f(9, @) < p(w, ®)llw - Blpe
and
ILi(w) - L(@)| < q(w, ®)|w - @lpe,
with
9 2

k
Y aw, ) + a.pw, @) + b, Ip(w, @)ds| < ¢(l(w - @) llpe)-
i=1 0

(Ax2) There exist p, € P&, a function 6 : PC x PC — R and ¢ € P, such that
r 9
8| M), YLiko(0 ) + (9. k() + b [F(s. po(o)ds | > o.
i=1 o
(Ax3) For each 9 €1, and p, v € BE, we have: §(u(9), v(9)) > 0 implies
9 9
8| af(9, u9) + brff(s,y(S))ds, af(9, v(9)) + er.f(s, v(s)ds (=0
0 0
and

K 9 k 9
8| Y Liu(8) + a,f(9, u(9) + brjf(S, us)ds, Y L) + af(9, v(9)) + brjf(S, v(s))ds | = 0.
i=1 0 i=1 0

(Ax4) BC is 5-regular. That is, for every sequence {y,}neny € PC with y, — pasn — oo, there exists a sub-
sequence {M, . tken Of {p,}n with 8(u,, ., p) > 1 for all k.
(Ax5) For all fixed solutions u, v of problem (1), either 6(u, v) = 0 or 6(v, p) > 0.
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Theorem 2.4. Under assumptions (Ax)-(Ax,), problem (1) has at least one solution defined on 1. Moreover,
if (Axs) holds, then (1) has a unique solution.

Proof. Let the operator Y : ‘B& — PC be defined by

9
Yw)(9) = ¢ + afQ, w®) + b,_[ s, w(s)ds, if 9 €I,
0

) 9 9
Yw)(9) =c + ZLi(w(B{)) + a,f(9, w(9) + b,'[f(s, w(s)ds, if9el, k=1,...,m.
i=1 0
Let a : PC x PE — R be the function defined by:
aw,w) =1, if w),w) >0, el
a(w,w) =0, else.
Our following result is based on Theorem 1.11.
First, we prove that Y is a generalized a-¢-Geraghty contraction operator:
Let w, @ € BC. For each 9 € Iy, we have
9
(Yw)(@) - Y@)(I)| < a;|f (9, wI)) - (I, @) + br'[ If(s, w(s)) - f(s, m(s) |ds
0
9
< a,p(w, o) (lw(9) - DO)IP): + b,jp(w, o) (lw(s) - @(s)[?):ds
0
t
< 4,p(w, ®) (I - ®)llye)? + b,fp(w, @) (|(w - ) [yc)2ds.
0
Thus, from (Ax) we get
9 2
a(w, @)|(Yw)(9) - Yo)(9)? < aa(w, @) (0 - ©)*|pep(w, ) + bra(w, @) (@ - ©)]x _[p(w, w)d,s
0 e

< @ - @ lpe (@ - @)llpe).
This gives
a(w, @) (Y (), Y(@) < A (P (w, @) p(d(w, @) < A($(D(w, @) $(D(w, ®)) + Lp(Y(w, @), (10)
where A € F, ¢, P € © with A(9) = %8, L =0and ¢9) =) = 9.

On the other hand, foreach 9 e I, : k=1,..., m, we have

‘ 9
IYw)(9) - Yo)I)| < Y L&) - L@ + alf 9, w(9) - f(9, @I + brjlf(s, w(s)) - f(s, w(s)lds
0

i=1

K 9
< Y giw, ) (lw(©®) - 2©)P): + ap(w, ®) (w(9) - DO)IP): + b,jp«u, o) (lw(s) - @(s)P)2ds
i=1

k ¢ ’

< Y gi(w, ) (|(@ - ©)?lpe)? + ap(@, ©) (I - ®Plye)? + b,fp(w, @) (l(w - ®)?|lpe)2ds.

i=1 0

Hence, we obtain (10). So, Y is generalized a-¢-Geraghty contraction.
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Next, we verify that Y is a-admissible:
Let w, @ € PC such that a(w, @) > 1. For each J € I, we have

S(w(9), m(9)) = 0.

This implies from (Ax;) that §(Yw(9), Yw(9)) > 0, which gives a(Y(w), Y(@)) > 1. Hence, Y is a-admissible.
Now, from (Ax,), there exists u, € C(I) such that a(uy, Y(u,)) > 1.

Finally, from (Ax,), ‘B¢ is a-regular. Indeed, for a given sequence {y,}pen € P& with y, — pasn — oo,
there exists a subsequence {H,,(k)}keN of {u,}n with 5(yn(k), ) = 1 for all k. This gives (i W) > 1for all k.

Applying now Theorem 1.11, we conclude that Y has at least one fixed point, which is a solution of
problem (1). Moreover, (Axs), implies that if w and @ are fixed points of Y, then either 6(w, @) > O or
6(mw, w) = 0. Thus, we obtain that either a(w, @) > 1 or a(w, w) > 1. Hence, problem (1) has a unique solu-
tion. O

3 An example

Let the impulsive Caputo-Fabrizio fractional differential equation

(CFngkw)(,g) =f9, w@), 9el, k=0,...,m,
W) = W) + @), k=1,..,m, ()
w(0) =0,

where I = [0, 1], r € (0, 1),

F60,00) = LSRR 90,1
and
L) = 29O gy,
3e

Let (Pe([0, 1]), 0, 2) be the complete b-metric space, such that 9 : PE([0, 1]) x PE([0, 1]) — R} is
given by:

(w, @) = (W - @)l = sup lw(9) - @I
9¢[0,1]

For each w, @ € ([0, 1]), we have

lw () — ()|
3e° ’

Let 9 € (0, 1], and w, @ € PE([0, 1]). If |w(I)| < |@(9)|, then

ILi(@(8;)) = L@ = k=1,..,m.

1+sin(w@)) 1+ sin(@))
40+ @) 40+ @)

If (9, @) - (9, @)=

<

llw(@) -l + %Isin(lw(t‘?)l) - sin([@(9))

+ =

llw@)Isin(l@3))) - [@@)Isin(jw(&)))]
<lw() - @) + %Isin(lw(t‘))l) - sin(j@(9)))|
+ [[@@)Isin(j@3))) - [@@)Isin(jw(@)))I
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~ 1) -~ 2®)| + (1 + @) isin(w®)) - sin(@E))]
< W) - @O + %(1 + @)

sin (nw(w |2—|w(8)|j ’ ‘ cos (|w(9)|+2 @) |j‘

X

<2+ |olpe) lw - @|pe.

The case when [@(9)| < |w(9), we get

If (9, @) - f(9, @) < 2 + llwlpe) lw - Dlipe.

Hence,

If (9, w(9) - (9, )| < min{2 + Wlgpe, 2 + [|@lpe}lw - Dlgpe.

Thus, hypothesis (Ax) is satisfied with

and

p(w, w) = min{2 + |wlpe, 2 + |@lpe}

1
q(w, W) = ﬁ

Define the functions A(9) = %‘9, @) = 9, a : PE([0, 1]) x PE([0, 1]) — R with

aw,w) =1, if (w(),w3) =0, 9el,
a(lw,w) =0, else,

and 6 : PE([0, 1]) x PE([0, 1]) — R with §(w, @) = |wllpe - [@lpe.

Hypothesis (Ax) is satisfied with u,(9) = 0. Also, (Ax3) holds from the definition of the function 8.

Hence, there exists at least one solution of (11).

Moreover, (Ax;) is satisfied. Indeed, if w and @ are solutions of (11), then either §(w, @) > 0 or6(@, w) > O.

This implies that either a(w, @) > 1 or a(w, w) > 1. Consequently, problem (11) has a unique solution.

Conflict of interest: Authors state no conflict of interest.
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