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In this paper the Leray— Schauder nonlinear alternative combined with the semigroup theory is used to
investigate the existence of mild solutions for first order impulsive semilinear functional differential equati-
ons in Banach spaces.

Buxopucmosyemucs neainitina anemeprnamusa Jlepe — lllayoepa pazom 3 meopiero naniezpyn 04 6u-
BYEHHA NUMAHHA ICHYBAHHA HEXCOPCMKUX PO36 A3KI8 IMNYAbCHUX HANIBAIHIUHUX PYHKUIOHAABHUX OU-
GepenyianbHux pieHANL NEPULO20 NOPAOKY 8 OAHAXOBUX NPOCMOPAX.

1. Introduction. This paper is concerned with the existence of mild solutions for the impulsive
semilinear functional differential equation of the form:

v —A)y = f(t,y), te€ J=[0b], t #tg, k=1,...,m, (1)
y(t;:) = Ik(y(tl;)% k=1,...,m, (2)
y(t) = ¢(t)7 te [—7’, 0]7 (3)

where f : J x C([-r,0],F) — E isagiven map, ¢ € C([-r,0],E), A(t),t € J, alinear
closed operator from a dense subspace D(A(t)) of E into E and F a real Banach space with the
norm |- |, 0 =ty <t < ... <ty <tmp1 =0, I € C(E,E), k =1,2,...,m, y(t,) and
y(t;) represent the left and right limits of y(¢) at t = t, respectively.
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For any continuous function y defined on [—r,b] — {¢1,...,t,} and any ¢t € J, we denote by
y¢ the element of C'([—r, 0], E') defined by

y(0) = y(t+0), 6 € [-r0].

Here y,(-) represents the history of the state from time ¢ — r, up to the present time ¢.

Many evolution processes and phenomena experience changes of state abrupt through
short-term perturbations. Since the durations of the perturbations are negligible in compari-
son with the duration of each process, it is quite natural to assume that these perturbations act
in terms of impulses. See the monographs of Lakshmikantham et al. [1], and Samoilenko and
Perestyuk [2] and the papers of Erbe et al. [3], Kirane and Rogovchenko [4], Liu et al. [5] and
Liu and Zhang [6] various properties of their solutions are studied and a large bibliography is
proposed. For the existence of Caratheodory solutions to the problem (1) —(3) with A = 0 we
refer the reader to the paper of Benchohra et al. [7].

This paper will be divided into three sections. In Section 2 we will recall briefly some basic
definitions and preliminary results which will be used throughout Section 3. In Section 3 we
establish an existence theorem for (1) —(3). Our approach is based on the nonlinear alternative
of Leray —Schauder type [8] combined with the semigroup theory [9]. In our results we do not
assume any type of monotonicity condition on I, k = 1,...,m, which is usually the situation
in the literature, see for instance, [3 —5]. This paper extends to the semilinear and the functional
cases some results obtained by Frigon and O’Regan in [10].

2. Preliminaries. We will briefly recall some basic definitions and preliminary results that
we will use in the sequel. Let E be a real Banach. B(FE) denotes the Banach space of bounded
linear operators from E into E.

A measurable function y : J — FE is Bochner integrable if and only if |y| is Lebesgue
integrable. For properties of the Bochner integral, we refer to Yosida [11].

LY(J, E) denotes the Banach space of functions y : J — E which are Bochner integrable
normed by

b
ol = [lo®lar forall y e LI(LE).
0

Let X be a Banach space. A map G : X — X is said to be completely continuous if it is
continuous and G(B) is relatively compact for every bounded subset B C X.

Definition 2.1. The map f : J x C([-r,0], E) — E is said to be an L'-Caratheodory if

(i) t — f(t, ) is measurable for each w € C([-r,0], E);

(ii) w — f(t,u) is continuous for almost all t € J,

(iii) for each ¢ > 0, there exists hy, € L'(J,Ry) such that |f(t,u)| < hy(t) for all ||u| < q
and for almost allt € J.

In order to define the mild solution of (1) —(3) we shall consider the following space

Q={y : [-r,b] — E:y, € C(Jx, E),k =0,...,m, and there exist
y(ty)and y(t),k = 1,...,m, withy(t;) = y(tx)}
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which is a Banach space with the norm

[Ylle = max{{|lyxllcc, k = 0,...,m},

where y is the restriction of y to Jy, = (t, tx41], K = 0,...,m.

Before we give the definition of a mild solution of problem (1) —(3), we make the following
assumption on A(¢) in (1):

(Hy1) A(:) : t — A(t), t € J,is continuous such that

, Yy € D(AQ)),

where T'(t,s) € B(F) for each (¢,s) € v := {(t,5);0 < s <t < b}, satisfying

(i) T(t,t) = I (I is the identity operator in E),

(ii) T'(¢t,s)T(s,r) = T(t,r)for0 <r < s <t <D,

(iii) the mapping (t,s) — T'(t, s)y is strongly continuous in v for each y € E; moreover
there exists a positive constant M such that for any (¢, s) € v, ||T(¢,s)|| < M.

Definition 2.2. A function y € Q) is said to be a mild solution of (1) —(3) (see [5]) if

[ $(t), t e [-r0];

T(t,0)$(0) + / T(t,5)f (s, y)ds, € [0,11];

0
t

I (y(ty,)) —|—/T(t, s)f(s,ys)ds, te€ Jg, k=1,...,m.

tg

Our main result is based on the following:

Lemma 2.1 (Nonlinear Alternative [8]). Let X be a Banach space with C C X convex.
Assume U is a relatively open subset of C with 0 € U and G : U — C'is a compact map. Then
either,

(i) G has a fixed point in U; or
(ii) thereis a pointu € OU and X € (0,1) with u = \G(u).

Remark 2.1. By U and OU we denote the closure of U and the boundary of U respectively.

3. Main result. We are now in a position to state and prove our existence result for the IVP
(H-3).

Theorem 3.1. Letty = 0, t,,11 = b. Suppose:

(Hs) f:JxC([-r,0], E) — Eis an L'-Caratheodory map;

(H3) there exist a continuous nondecreasing function ¢ : [0,00) — (0,00) and p €
€ L'(J,R,) such that

|[f(t,u)| < p(t)yY(||ul|) fora.e. t € Jand each v € C([—r,0], E)
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with
tk o0
dr
p(s)ds < /, k=1,....m+1;
/v ()
te_1 N1

here No = M| ¢|| and for k =2,...,m+ 1 we have

lk—1
Nk—l = sup |Ik_1(y)|, Mk_g :FI;L M / p(S)dS
YE[—My_2, M}, _5] o,
with
Tod
T
Ti(z) = ——, 22N, Led{l,... . m+1};
&= [ 5 { )

N1

(Hy) for each bounded set B C C([—r,b], E) and for each t € J the set

h@%»+/ﬂwM®%MwyeB

12
is relatively compactin E, k = 0,...,m.
Then the problem (1)—(3) has at least one mild solution y € ).

Remark 3.1. (i) (Hs) is satisfied if for example ¢(u) = u + 1, for u > 0.

(i) If7'(¢t,s), (t,s) € v, is compact, then (Hy) is satisfied.

(iii) The condition (Hy) is also satisfied if the function f maps bounded sets into relatively
compact sets in C'(J, E).

(iv) If the Banach space F is finite dimentional, then the condition (H,) is automatically
satisfied.

Proof of the theorem. The proof is given in several steps.
Step 1. Consider the problem (1) —(3) on [—r, ¢4]

v — Alt)y = f(t,y), ae. t € Jo, 4)

y(t) = o(t), t € [-r,0]. ©)

We shall show that the possible mild solutions of (4), (5) are a priori bounded, that is there
exists a constant by such that, if y € € is a mild solution of (4), (5), then

sup{|y(t)| : t € [-r,0]U Jo} < bg.
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Let y be a (possible) solution to (4), (5). Then for each t € [0, 1]

t

y(t) — T(t,0)4(0) = / T(t, 5)f (s, ys)ds.

0

From (Hj3) we get

()] < M|l¢] +M/p(8)¢(||ys||)d5, t € [0,t].
0

We consider the function 1y defined by
wo(t) = supf{ly(s)| : —r < s <t}, 0 <t <ty
Let t* € [—r,t] be such that p(t) = |y(¢*)|. If t* € [0,t1], by the previous inequality we have

fort € [0, tl]

po(t) < M9l + M [ plo)is(uo(s))ds.
0

If t* € [—r,0] then po(t) = ||¢| and the previous inequality holds since M > 1.
Let us take the right-hand side of the above inequality as v (¢), then we have
vo(0) = M||¢]| = No, po(t) < wvo(t), t€[0,t],
and
v(t) = Mp(t)¥(uo(t), t € [0,t].
Using the nondecreasing character of 1) we get
vo(t) < Mp(t)y(vo(t), t € [0,t1].

This implies for each t € [0,¢] that

In view of (H3), we obtain

t1
luo(t*)] < T'7* M/p(s)ds = M.
0
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Since for every ¢t € [0, 1], ||ye]| < po(t), we have

sup y(t)] < max([|¢[|, Mo) = bo.
te[—r,t1]

We transform this problem into a fixed point problem. A mild solution to (4), (5) is a fixed point
of the operator G : C([—r,t1], E) — C([—r, 1], E) defined by

¢(t)’ te [_T7 O};

T(t,0)6(0) + / T(t, 5)f(5,ys)ds, t € Jo.
0

Gy)(t) =

We shall show that G satisfies the assumptions of Lemma 2.2.

Claim 1. G sends bounded sets into bounded sets in C(Jy, E).

Let B, :== {y € C(Jo,E) : |lyll.« = sup|y(t)] < ¢} be a bounded set in Cy(Jy, E) and
y € B,. Then for eacht € Jy o

t

ﬂww—Tme®+/T@®ﬂww®

0

Thus for each t € Jy we get

IWMMSMWHM/WMM@S
0

< Ml¢|l + Mp(g)llpll .-

Claim 2. G sends bounded sets in C(Jy, E) into equicontinuous sets.

Letry,7m2 € Jo, r1 < 72, By be a bounded set in Cy(Jo, E) as in Claim 1 and y € B,. Then
|G(y)(r2) — G(y)(r1)] < [(T'(r2,0)9(0) — T'(r1,0)$(0)[+
792 T2

+ /[T(rg,s)—T(rl,s)]f(s,ys)ds + /T(rl,s)f(s,ys)ds <

0 1
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< [(T(r2,0)9(0) = T(r1,0)0(0) |+

T2

r2
+ /\T(rg,s) —T(r1,5)|hg(s)ds + M/hq(s)ds
0 r1
The right-hand side is independent of y € B, and tends to zero as ro — 71 — 0.
The equicontinuity for the cases r; < r9 < 0andr; < 0 < ry are obvious.
Claim 3. G is continuous.

Let {y,} be a sequence such that y,, — y in C(Jy, E). Then there is an integer ¢ such that
lynllo < gforalln € IN and ||y|loc < g,80y, € B;andy € B,.

We have then by the dominated convergence theorem

1G () — G()lloe < M sup / 1£(5,9ms) — f(5,50)lds| — 0, asn — co.
teJo

Thus G is continuous.
Set

U=1{yeC(-rtlE) : |yl < bo+1}.

As a consequence of Claims 1, 2 and 3 and (H,) together with the Arzela— Ascoli theorem we
can conclude that G : U — C([—r,t1], F) is a completely continuous map.

From the choice of U there is no y € 90U such thaty = AG(y) for any A € (0,1).

As a consequence of Lemma 2.1 we deduce that G has a fixed point yy € U which is a mild
solution of (4), (5).

Step 2. Consider now the following problem on J; := [t, t2]:

y/ - A(t)y = f(ta yt)a ae. t e Jla (6)

y(t) = Li(y(ty))- (7
Let y be a (possible) mild solution to (6), (7). Then for each ¢ € [t1, t2]

t

u(t) — L(y(t7)) = / T(t, ) f (s, ys)ds.

t1

From (Hj3) we get

O < swp (RG] + M / O(luelds. t € 0.1
te[—r,t1]
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We consider the function x; defined by
pi(t) = supf{ly(s)| : t1 < s < t}, t1 <t <ta.

Let t* € [t1,t] be such that u1(¢t) = |y(t*)|. Then we have for ¢ € [t1, t2]

pi(t) < Ni + M / p()(jua (s))ds.

t1
Let us take the right-hand side of the above inequality as v; (¢), then we have
vi(t) = N1, pa(t) < oil), t € [t o],

and

vi(t) = Mp(t)(ua(t), t € [t ta].
Using the nondecreasing character of i) we get
vi(t) < Mp(t)(uvi(t), t € [t1,ta].
This implies for each ¢ € [t1,t9] that
v1(t)

/ JZ) < MZp(s)ds.

Ny

In view of (H3), we obtain

to

oy (£9)] < T7! M/p(s)ds — M.

t1

Since for every ¢ € [t1,t2], [|ye]| < pi(t), we have

sup |y(t)| < M.
tE(t1,t2]

A mild solution to (6), (7) is a fixed point of the operator G : C(J;, E) — C(J1, F) defined
by
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Set
U={ye€C(J,E): |lyllc < M +1}.

As in Step 1 we can show that G : U — C(Jy, E) is a completely continuous map.
From the choice of U there is no y € 90U such thaty = AG(y) for any A € (0,1).

As a consequence of Lemma 2.1 we deduce that G has a fixed point y; € U which is a mild
solution of (6), (7).

Step 3. Continue this process and construct solutions y;, € C(Ji, E),k = 2,...,m, to
y/ - A(t)y = f(t7yt)7 ae te Jk?a (8)
y(th) = Ie(y(ty))- )
Then
yO(t)a t e [_T7t1];

y1(t), t € (t1,ta];

ymfl(t)y t € (tmflatm];
Ym(t),  t € (tm,b],

is a mild solution of (1)-(3).
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