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Impurity Induced Infrared Lattice Vibration Absorption
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Impurities are known to affect vibrational properties of crystals by modifying the distri-
bution of normal mode frequencies and altering the nature of the atomic displacements in
the neighborhood of the impurities. We have calculated the effects of isotopic impurities on
the lattice vibrational optical absorption of both monatomic and diatomic linear chains of
alternately charged particles. It is found that even with the harmonic approximation and the
use of the cyclic boundary condition, the presence of impurities leads to a broad absorption
of the low frequency side of the main maximum. This is in contrast with the delta-function
type of absorption at the optical frequency predicted by these models in the absence of impu-
rities. For those cases in which discrete frequencies associated with localized vibrational
modes occur, absorption at these isolated frequencies also occurs. This latter absorption can
take place at frequencies higher than that of the main maximum. A discussion will be given
of the relation between the results of our calculations and available experimental data.

§ 1. Introduction

Various examples are known of optical absorpiion lines in solids which are
due to the effect of impurities on the lattice vibrations. For example silicon con-
taining oxygen impurities exhibits” an infrared absorption line which has been
‘qualitatively associated with a Si-O stretching vibration. Pick® has observed an
infrared absorption line in each of several alkali halide crystals containing hydride
ions and has attributed these lines to vibrations localized at the hydride ions.
Recently Braunstein” has observed infrared impurity absorption lines in a series
of germanium-silicon alloys.

In the present paper a theoretical investigation based on lattice dynamics is
given of the effect of impurities on the infrared lattice-vibrational optical absorption.
Qualitatively, introduction of an impurity can lead to a change in mass and a
change in force constants associated with a given site. In addition, polarizabilities
and effective charges may be modified. Of these changes only the change in mass
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can be controlled precisely and predictably, so we have restricted our attention to
effects due to the change in mass of the impurity.

In a series of papers Montroll, Potts, Maradudin and collaborators®®®" have
investigated the effect of impurities on the normal vibrational modes of crystal

lattices.
First let us consider a monatomic linear chain
of atoms with mass M and coupled by nearest
neighbor Hooke’s law forces.® If one of the
atoms is replaced by an atom of mass M'=
(1—&)M with the force constants unchanged,
the normal mode frequencies can be described
schematically as in Fig. 1. For a lighter
impurity atom, 0 <&<1, a discrete frequency
associated with a mode localized about the
impurity separates from the top of the allow-
ed band of frequencies. For a heavier impurity
atom, €<0, no discrete frequency exists. In
both cases the distribution function for the
in-band frequencies is modified.”

Turning now to the diatomic linear chain®
the introduction of an isotopic impurity atom
may lead to one or two discrete frequencies
associated with localized modes depending on
which host atom is replaced and on the rela-
tive change in mass.

wq

We summarize some of their qualitative results which have special interest.

€=1-¥
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e

Fig. 1. The variation of the impurity
frequency associated with a light
isotope defect in a monatomic linear
chain is plotted as a function of the
impurity mass.

A diagram of the situation is shown in Fig. 2.

Of parti-

cular interest is the case in which one of the heavier host atoms is replaced by
a lighter atom. One then gets a discrete frequency above the top of the optical
branch and a second discrete frequency in the forbidden gap between the acoustical

M=(1-€) M,

I
1 t 1
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-] ) 1€ -l ) 1 c
M > M, My < M,
Fig. 2. The dependence on the impurity mass of the

frequencies of the localized vibration modes in a linear
diatomic chain when a heavy mass and a light mass
atom are replaced by an isotopic impurity, respectively.

and optical branches. As in
the monatomic case the fre-
quency distribution function
for the in-band modes is
modified by the presence of
impurity atoms.

In this paper we study
the effects of isotopic impuri-
ties on optical absorption
associated both with localized
modes and with the ordinary
in-band modes.
and diatomic one and three
dimensional cubic lattices of

Monatomic
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the sodium chloride type are considered.

§ 2. The monatomic lattice, cyclic boundary conditions

We study the following simple model of a one-dimensional ionic lattice. We
have a linear chain of N ions of alternating charge each of whose mass is M,
and each of which interacts only with its nearest neighbors through Hooke’s law
forces with force constant 7. The time-independent equation of motion for the
nth ion is

Lu,=Mo w,+7 (thne1— 20+ 14,-1) =0, 2-1
whose general solution is
u,= A cosnll 4 B sinnf, (2-2)
provided that
Maw*=2y(1—cost). S 2-3)
If we impose the cyclic boundary condition on the displacements,
Uny N =Up, 2-4)
we find that
ns
=—2_N—; s=1,2,3, -, N. (2-5)

When defects are introduced into the lattice, the time-independent equations
assume in general the form

Lu,= 3] ¢y, (2-6)
»

Equation (2:6) can be solved formally if we introduce the Green’s function ¢ ()
which satisfies the equation

Lg (n) =0y, (2-7)
and also the cyclic boundary condition
g(n+N)=g(n). (2-8)
With the aid of this function the solution to Eq. (2:6) is
Un= 219 (n—1) Cpppthyp. 2-9)
mp

If the ion at =0 is replaced by one of the same charge but whose mass is
M'=(1—&)M the coefficients c,, in Eq. (2-6) become

Cup=EMw? 0,0, (2-10)
so that Eq. (2-9) becomes
U, =EMaw*g (1) uy. (2-11)
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Since Eq. (2:11) holds for all #, it must hold for #=0, and we thus obtain the
eigenvalue equation for the normal mode frequencies of the perturbed lattice:

1=EMaw®9(0). (2-12)
An expression for ¢(n) which satisfies Egs. (2-7) and (2-8) is
N S
Gy =L S exp@risn/N) (2-13)

N s=1 M(oz——2;'—l—2rvcos(27rs/ﬁ)
The sum in Eq. (2-13) is evaluated in the Appendix with the result that

g(n) :g(O) COS?’lSD—{-—Enin—l"&, 71:09 1> 23 Tty N—l (2‘14)
2y sing
7(0) :M (2-15)
2y sing
where we have put

2
_f’?:fzzsin"'(go/@, 0<o <27, (2-16)

L

The éigenvalue equation (2-12) becomes
tan (Ne/2) =€ tan(¢/2). (2-17)

From Egs. (2-11) and (2-13) we see that the isotope defect affects only the
symmetric modes, i. e., those for which wu,=wu_,, while the antisymmetric modes,
for which #_,=—u,, are unaffected by the presence of the defect. Thus we can
classify the solutions to the perturbed equations as follows : ’

symmetric:  u,=EMao*9 (n)u,, w=w,sin(¢/2) (2-18a)
tan (Ng/2) =& tan (¢/2) (2-18b)
antisymmetric:  wu,=DBsin(2zns/N), o=cw,sin(¢/2) (2-19a)
s
= . 2-19b
=" (2-19b)

[n each of these cases we can restrict ¢ to the interval (0, 7) since we gain no
new normal modes from the interval (m, 27), and this restriction gives the correct
number of normal mode vibrations.

We now turn to the calculation of the dipole moment of the lattice associated
with each normal mode. This is defined by

M(s) = S et (5) (2-20)"

n=0
where #,(s) is the displacement of the nth ion in the sth normal mode of vibration

and e, is the charge on the nth ion. In the present case e,=e(—1)", and we find
for the antisymmetric modes that
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M(5) —eB}_, (—1)"sin 2%’1‘-._0 (2-21)
Thus we see that the antisymmetric modes do not contribute to the optical ab-
sorption of the lattice.

To calculate the contribution of the symmetric modes to the dipole moment
it is convenient to proceed as follows. From Egs. (2:18a) (2-20) and (2-13)
we -find that

M(s) =eMoru S} (—1)* () =554, (2-22)
n=0 ws —wy,

where @; is the sth root of Eq. (2-18b).
The displacement #, is obtained from the normalization condition

zm%@-Mgwwsmmw— (2-23)

This equation can be rewritten as
N1
1+EMug (s) =& M? wus (s) >3 9* (n)
. n=0

_ MN E uy (s) tanzwgi CSCZM

{1 +—}\7 cot @, sinNgﬂs} (2-24)

where this result is obtained from Egs. (2-13) and (2-15) by a differentiation
with respect to ¢. With the aid of the eigenvalue equation, Eq. (2-17), this
expression can be simplified to

MN
2

2(5) {1+ & tz 2,_&_:1(1 c L&) =1, .
uo(s){ -+ &% tan o ~ + tan p } 1 (2-25)

Combining the results expressed by Egs. (2-22) and (2-25) we finally obtain for
the dipole moment associated with the sth normal mode

. l/iﬂee tan? (595/2> "
M= vive tan’(¢,/2) —(&/N)[1+ tan*(¢,/2)] (2-262)
V2 e S 2-26b)

VMNV A—fH[1—A—&)/7—&/NT

Ordinarily, the term of O(1/N) in the denominator of Eq. (2-26b) is negligible
compared to the rest of the denominator, and we have the approximate result that

V'2 e £ '
M(s)~— 2-27
VMN VvV A=) [1—- 1= @20
We have so far not considered explicitly the contribution to the dipole moment

due to localized impurity modes of vibration. It is known from the work of
Montroll and Potts® that such a mode exists if 0<&<1 but not if €<0. In the
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former case, which is the more interesting one, there is a solution to Eq. (2-17)
with £>1. This special case is included in the general treatment just presented,
and is obtained by replacing ¢ by

90:7r+iz (228)
so that now
fP=cosh®(2/2) >1. (2-29)

If Eq. (2-28) is substituted into Eq. (2-17) the eigenvalue equation for the im-
purity frequency becomes

& coth (2/2) =tanh (Nz/2) -1 as N— co. (2-30)
In the large N limit the solution of Eq. (2-30) is
14-&

=1 2-31
z=In ¢ ( )
which together with Eq. (2-29) gives the Montroll-Potts result
1
fi?"p:l———e‘[ » (2-32)

If this result is substituted into Eq. (2-26b), or, alternatively, if Egs. (2-28) and
(2-31) are substituted into Eq. (2-26a), we obtain for the dipole moment as-
sociated with the impurity mode

‘/ 2e 1
M,yy= " . 2-33
" VM VeEVv1i-& (2-33)
The absorption coefficient is proportional to M*(f)g(f) where g(f) is the
frequency distribution function for the perturbed lattice. It has the form

9(f)=9.(f) +49(f) (2-34)
where ¢,(f) is the distribution function for the perfect lattice,
2 1
—_— ————, 2 © 35
w( =t — (2-35)
and 49(f) is the change in ¢,(f) due to an isotope defect” :
___ ¢ 9o (f) 1 O(Ff—1 1 3( ~_1)
49(f) 2N [1+(&—1)f*] 2No, =1+ No;,, 4 vi=e/’

0<E<1,  (2-36a)

_ lél 90 (f) S T Yo .
2N [1+(E&—1)f*] 2Nw; =D, &< (2-36b)

For the more interesting case of 0<&<1 we find that
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MDD = G~ e
Vo V17 o VPTG o ")
%/e[i 5(11—52) Nt)L (f _711?—‘?> (2-37a)
For the case €<0, we have
MDIN = e
{mi 1/11]” lei,, [1+(52——1)1f2]‘/1?}3—‘"7\17Z8(f“1)}'

,. (2-37b)
These results are exact.
The physically most interesting case is one where the crystal contains a finite
number n of defects, and not just one. In this case we can expand M?*(f)g(f)
in powers of the concentration of impurities,

c=% (2-38)
in the form v
M (g (f)=I()=L(f) +cL(f)+-. (2-39)

In this expansion I,(f) is the value of I(f) in the absence of impurities, I;, is
the change in I(f) due to the addition of a single impurity, and so on”. In the
present case I,(f) is just a delta-function centered at f=1, and we will neglect
it here since it contributes at one frequency only. This means that to terms linear
in the concentration of impurities we obtain

~p. 22 [ 2 ert
I(7)=e sz{ﬂ A—FH " [1— (1—&)f7
1 1
+Wwﬁ<f——7ﬁ—§>}, 0<e<l, (2-40a)
- 2 2 et

Mo, w (=P a—se S G
Thus in this approximation there is no formal difference between the in-band
absorption in the two cases 0<&<1, and &<0.

In Fig. 3 a plot is given of the integrated absorption coefficient in arbitrary
units as a function of the fractional change in mass & for the localized mode of
vibration. One sees that the absorption is strong both when & is close to zero
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and to unity. In Fig. 4 the absorption
coefficient in arbitrary units is plotted
‘as a function of frequnency for the
in-band modes when €=1/2. For the
perfect lattice the absorption is zero
except at wz. The presence of im- NUTTVTN RT TT DO
purities leads to an increase in ab- 10 15 20 25 30 35 why

ASSORPTBN

. . . Q0 745 866 916 943
sorption at in-band frequencies when P €
cyclic boundary conditions are emp- Fig.» 3. Absorption (in arbitrary units) due to
loyed. the localized vibration mode associated with a

light isotope impurity in a monatomic linear
chain plotted as a function of the impurity

§3. A pair of isotope defects in mass.

a monatomic chain

It is of interest to investigate the
effect of increasing concentration of
impurities on the optical absorption.
One would like to carry out a calcu-
lation for a system with » impurities,
but the computational problems be-
come rather severe. We therefore
consider the case in which two ions
of the same kind are replaced by
heavier or lighter impurities. The
time independent equations of motion

ABSORPTION

become

Lun: 8M(U2 (u-—m an, —m T Uy, 6n,m) .
| ‘ (3-1) p— ey
0 S '
The solution to this equation is . w/w,
Fig. 4. The in-band absorption’ (in arbitrary
— 2 , : :
un=EMa*|g (n+m)u_, units) due to a single light isotope impurity
+9(n—m) uWJ (3-2) in a monatomic linear chain plotted as a func-
tion of the frequency.

Setting #z equal to —m and 2 respec-
tively, we obtain the following set of equations for the amplitudes «_,, and u,,:

<5 Mot g(0) —1  EMw*9(2m) ) <U—m) —0 (3-3)

EMa’g (2m) EMw*g(0) —1/ \u,,
The solubility condition leads to the eigenvalue equationé for the}rﬁormal mode
frequencies '

EMaw?y (0) =1-£ EMw?g (2m) . (3-4)
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If we substitute the solution corresponding to the plus sign in Eq. (3-4) back into

Eq. (8-3) we find that

U+ 1, =0, _ (3-5)
i.e. this choice corresponds to antisymmetric rﬁodes of vibration. ' Similarly, the
solution of Eq. (3-4) with the minus sign leads to the condition |

Uy — Uy =0, ‘ (3-6)

v

and hence to symmetric v1brat1on modes The displacement components in each
case are given by ' \ ) : '

antisymmetric:  u,=EMaw*[9 (n—m) —9 (n-+m) Ju, (8-7a)
symmetric : U, =EM* g (n—m) +9 (n+m) |u,. (3-7b)

It is straightforward to show that for the antisymmetric modes the dipole moment
of the lattice vanishes, so that we need to consider only the symmetric modes in
computing the absorptlon spectrum of the lattice. Furthermore, we shall restrict
our attention to the localized modes, because the in-band modes lead to extremely
complicated expressions for the absorption coefficient from whlch it is dlfﬁcult to
extract simple physical results. C :

The eigenvalue equation (3-4) for symmetric modes has a solution corres-
ponding to a localized vibration mode when 0<&<1. Replacing ¢ by n-+iz in
the usual way, we obtain the equation which determines the frequency of the
localized mode :

& coth A§_=1 —& @th%ﬂ%. | (3-8)

This equation can be solved by iteration, using the solution for m—>co as the
starting  point. . The result is

fzz_ljl_?,{H;Z?L(1~5)2’”+...},‘ (3-9)

and corresponds to a value of z given by

4 e . (3-10)
The displacement amplitudes become
=& coth-—i——— (—1)m+my,, [emlr=mlz 4 g=lntmic] (3-11)
so that the expression for the dipole moment associated with this mode be‘comes
M(z)=(— 1)"‘eu7,,600th z }_J |gin—mle L g=Intmlx] =2 (—1)" ¢S u,, coth®—— Z

N= -0

S (3412)
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1064 R. F. Wallis and A. A. Maradudin
The normalization condition, which determines the amplitude ,, is
M% ) +2 (M —M)u,=1. (3-13)
If we substitute Eq. (3:11) into Eq. (3-13), we can rewrite the latter equation as
Me cothz-zv w D) eIz Qg InTmle=intmlz 4 p=Rnimiz]__oe N2 =1,  (3-14)
The sums are readily evaluated and we find that
2MéEu,} {[8 cothz (1+e7") +2&me™""] coth2~;~ — 1} =1. (3-15)
However, from the eigenvalue equation we see that
1+e‘2”‘”=% tanhé—, (3-16)
so that
2MéEu,. { cothz +2m coth—Z——2m8 cothz—g—w—~1} =1. (3-17)

tanh(z/2)

If we substitute for = the expression given in Eq. (3-10), and transpose terms we
obtain

um:%[l- (Z?Lnf—g;l) (1;?)2”&—}—] (3-18)

This result together with Eq. (3:12) gives us finally that

M. — 2e(—1)™ [1_2m8+1~—282<1—8
PV MVEY1—& 1—& 146

If we compare the results given by Egs. (2-33) and (8-19) and recall that
the absorption is proportional to M?, we see that although only one of the two
impurity modes in the present case is optically active it contributes twice as much
to the absorption at the impurity frequency as does the single impurity mode which
is associated with a single, isolated impurity. This tends to confirm our statement
in the preceding section that if we have n impurities in our lattice, where <N
so that they are widely separated, then to the first approximation the absorption
at the impurity frequency is 7z times the absorption due to a single, isolated
impurity.

>2m+...] (3-19)

§4. A single isotope defect in a monatomic lattice with free ends

In all cases discussed so far the unperturbed lattice has an absorption spectrum
which consists only of a single d-function peak at w=w;. This result is a direct
consequence of the assumption of the cyclic boundary condition on the lattice. It
is known from the results of Rosenstock® that if more realistic boundary conditions
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are imposed on the lattice, e. g., if the ends of the lattice are allowed to be free,
a non-vanishing absorption in the frequency range (0, w;) results. Since in the
cyclic boundary case all in-band absorption is due to the impurity, it is of some
interest to see how the presence of the impurity affects the in-band absorption in
a lattice where it is non-vanishing to begin with. :

We choose for this purpose a lattice of (an even number) N atoms which
we number from 1 to N. We place an isotope defect whose mass is M/'=(1—& M
at p=N/2 in the lattice. The equations of motion for this lattice become

Moty 7 (tnsr—tn) =7 (ty—tp1) =0, n7#p (4-1a)
M’ &*up+7 (Uprr—u,) =7 (Upy—1t,-1) =0, n=p. (4-1b)
The boundafy conditions are
wy—1y=0
(4-2)

uN+1—'uN=O-

A solution satisfying the boundary condition uy,1—uxy=0 and satisfying the
equations of motion for n=>p is

’un=Acos<N—~n+%>go, n=p, (4-3)

provided that o’*=w; sin® ¢/2, where wr=1" 4y/M is the largest unperturbed fre-
quency of the lattice. A solution satisfying the boundary condition 2z, —2,=0 and
satisfying the equations of motion for n<p is

u,=B cos (n—%) 0, n<p, (4-4)
provided again that w’=w; sin® ¢/2. The coefficients A and B are determined by
substituting the solutions (4-3) and (4-4) into the equations for the displacement
components which are linked by the defect, #, and #,... This leads to the pair
of equations

A {[2(1-—8) sin? (¢/2) —1‘] cos< N;—l )gﬂ—i——;— cos ( N;—l ) 50}

N-3

+%—Bcos< >90=0 (4-5a)

—;—A cos.(%—la> ¢o+B {[2 sin®(¢/2) —1] cos (—N;3 ) @

+% cos( N;5 ) 50} =0. (4-5b)

The condition that this pair of equations have non-trivial solutions for A and B
is that the determinant of the coefficients vanishes. After some manipulations this
condition reduces to
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1=¢ tan(¢/2) [cot N¢+~M-} (4-6)
sin N¢

and we. also find that

B=A——- = “4-7)
2
The dipole moment for the sth normal mode is
M) = S e () =5 =14 (=D cos(p—D)y]
_ ()7 cos(N—pt Dot (1)) (4-8)
2 cos(¢/2) ,
2eA sin—— sin n ¢ sm2l¢, p even
—_— ? — 4 (4-9)
cos»%r cosj—vglgo cosz%go, p odd.
The constant A is determined by the normalization condition
v :
ZiMunz—l— (M'—M)u,=1. (4-10)
The first term on the left-hand side of Eq. (4-10) is summed as follows:
) N ¢ p—1
ZlMuf:M{pEle cos’ (71——2>90+ >1 A% cos? (N-—n—’r ) }
== n= n=n
=—1'MBZ[‘N _ 1y sin(V- sin(N—2)¢ ]
2 2 2sing
+_LMA2[HZ£+1+-_~—————SIH(N+2)¢ ] (4-11)
2 - 2 2 sing o
The normalization condition, Eq. (4-10) becomes
Lo oS <7NL1) o ' \l
1=LVMA2 2 [—E——l—l— sm(l\/t—~2)gamj|+ N 4148 sin(N+2) ¢
2(N~—1) 2 2sing 2sing
cos® [
2
— EMA? cos® ( N;1~> @
2
MNA [1+4+cos Ne cos ¢] (4-12)
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where we have retained only the terms proportional to N. It can be shown that
this approximation is permissible for all ¢ in (0, ), i. e. for the in-band modes.

We finally obtain
N-—-1
zoos (F1)
cos 5 @ 1

A= L . 4-13
Vv NM V/14-cos Ng cos ¢ y( )
The dipole moment can be rewritten as
- .. ¢ . N
- sin—~— sin-~——¢
% 2 2 » odd
M(s) =2 1+ ] { 4-14
(2 v/ NM g P even. ( )

cos - 1/1 +cosNe cosg

- It is a rather difficult matter to eliminate ¢ from Eq. (4-14) in favor of the
freduency w. We have therefore evaluated M (s) numerically for the particular
case in which N=20 and £=1/2. One

finds that as s increases, M (s) under- 100 = T
A . FREE ENDS 4
goes oscillations which become ex- 1

3 . 90 €=d 1
tremely rapid when N is large. In : 2 bl
any physically resolvable frequency 8ok~ g
interval, however, these oscillations will B
be averaged out so that the absorption E70- :
is a smoothly varying function of w. 5 ! =
We have therefore averaged M (s) over EGO B .
small ranges of s to smooth out these 8 sol- ,' : :
physically unimportant oscillations. The ' ! :

. i . z ‘

absorption coefficient is plotted as a Saol- ] :
function of frequency in Fig. 5. One §& i
sees that when a lighter impurity atom %30- :
is present, the in-band absorption is < ' :
less than that for the perfect lattice. 201~ i

- . - I
This result is the opposite of that ok SINGLE |
obtamed with cyclic boundary condi: : DEFECT |
tions. W'e believe that the free boun- 0 | [ | l | |

0 02 04 06 08 10 12 14
“’/wL
Fig. 5. The absorption in a monatomiclinear

chain with free ends is plotted both for the

oo - . case of no impurity and for the case of a
In the case that 0 <& <1, the eigen- single light mass impurity.

value equation (4-6) has a solution
which corresponds to a mode of vibration which is localized about the defect.
This solution is  obtained by replacing ¢ by z+iz in Eq. (4-6) :

dary condition gives the inore reliable
result since it seems physically more
realistic than the cyclic boundary condi-
tion.
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1068 R. F. Wallis and A. A. Maradudin

1=¢& coth °- <coth Nz — COS}_Iz ) . (4-15)
2 cos Nz sinh Nz
In the limit as N—>co this equation reduces to the eigenvalue equation for the
impurity frequency in a lattice satisfying the cyclic boundary condition, Eq. (2-30).
The expressions for the displacement components #, associated with the
localized mode become |

u,=1A(—1)"sinh <n——N—-»%ﬁ>z, n=p

(4-16)
=z’B(——1)"sinh<n——%> z, n<p
provided that
2
(')2 =cosh®-~_. 4-17)
wr 2
In the limit as N—>o we find that
B=—Ae. (4-18)
The expression for the dipole ‘moment associated with the localized mode is
M(Z) Z—i_(g;l—e(z"“)z/z. (4.19)

The normalization condition for the localized mode becomes (in the limit of

large N)

. .2
DY Mw, P+ (M'— M) |u,}?| = _%MAZe(A@l)z (_1_8<9_>

=1, (4-20)

so that

. A= _______S_f___eﬂN“)a (4-21)
: M(1—&%)

Combining Eqgs. (4-19) and (4-21) we finally obtain for the dipole moment as-
sociated with the localized vibration mode

V'2e
M(z) =" . 4-22
=) VMVEY1I-8 (4-22)
This expression is identical with the corresponding result for a lattice obeying the
cyclic boundary condition, Eq. (2-33).

§5. A single defect in a diatomic lattice

We consider an alternating diatomic linear chain composed of N atoms with
mass M; and N atoms with mass M, interacting with nearest neighbor Hooke’s
law forces. Our discussion will be limited to the case in which a heavier host
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Impurity Induced Infrared Lattice Vibration Absorption 1069

atom is replaced by a lighter isotopic impurity atom with mass M’. As stated
in the introduction this case exhibits the maximum number of localized vibrational
modes and thus can provide an indication of the principal effects to be expected
in diatomic lattices.

The time independent equations of motion can accordingly be written as

o’ Msus, +7 [u2n+ 1= 2, + ugn_l] =0

(5-1)
w2M1 u2n+1+r[u2n+2~' 2u2n+l+u2n] :871,,0 eMl w2u1,

where M, <M, EM,=M,—M’, and 0<E<1. By making the transformations

Vo= (M *—21) P us,
2% 1/2 (5 ’ 2)
Von+1= (le ""27’) T Ugpe1s
where positive square roots are to be taken, one can write Egs. (6-1) in the com-
pact form
s (Myo’—2p)"

(M* 2_27‘) vn+7(vn+l +‘Un-1) - an,lle w (Ml w2_-27) 1/2

v, (6-3)

where
(M**—2p) = (M, *—27)"* (M *— 2y)** (5-4)

and the atoms have been relabeled.
The Green function solution to Eq. (5-3), assuming cyclic boundary con-
ditions, can be written as

9 (M;; (1)2 - 2r) 12

— ¥y — .
U, =9*(n—1)EM; @ (Moo —27)7 V1, (5-5)
where the Green’s function g*(n) is given by
2N -
7* (n) = 1 exp (2misn/2N) (5-6)

ON =1 M* @*—2r -+ 2y cos(2ns/2N)’

The eigenvalue equation, which determines the characteristic values of the fre-
quency o, is obtained by substituting =1 in Eq. (5-5) yielding

M, *—2y)?

1=eM, 0?2 *(0). 5.7

1@ (M, o — 27) 1 9*(0) (5-7)
Let us consider first the localized mode with frequency above the top of the

optical branch. Defining

%k 2
pr=Mo (5-8)
4

one can evaluate the Green function and obtain

g*(n) :,(*1)" LL—/fz“lm_ (5-9)

4y V-1
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1070 R. F. Wallis and A. A. Maradudin

The characteristic frequency determined by Egs. (56-7), (5-8) and (5-9) is speci-
fied by

20 =w,+ 2044V (=&Y '+ 48wl | (5-10)
| (1—&) ’
where -
‘ wy' =27/ M, . (5-11a)
wi=2yr/M,. ‘ (5-11b)

The effective dipole moment M (0) can be evaluated using methods similar to
those -employed for the monatomic lattice. The result is

Eu Wy (@*—we*)? W4 ¢ 4 9
M) =—__ " __ 0 {_ﬁ o) 144442 } 5.12
' © (1—3y") (=)0, (& —ws)w (145142 ( )
where
y=f—vf—1 N . (5-12a)
(01,2:27’< 1\14 —’;——]\14 ->, (5-12b) .
1 2 .
and the amplitude u; is determined by the normalizing condition
M, > w, -+ M, > w,=1+EM,; u’. (5-12¢)
2 odd neven

The rec ult obtained from Eq. (5-12¢) is

MI u12 — y (1 ——-4y8) (({)2 —_— (%2) ) . (5 ' 13)
[(@*—w) 1+ +2y* (0 —w,) | —E(1—1°) (0®—wo?)

The localized mode with frequency in the *forbidden” gap between acoustical
and optical branches will be considered next. The Green function for this case

can be written as

 In] -1 o
g% (n) = (@ /L»,fz,’?,‘f’,i‘f — (5-14)
2r oV w;— & (wywy4) ‘
where
‘ x=w(w;?— o) — (0*— 0" (0l — ). (5-14a)

The value of the frequency in the * forbidden ™ gap is specified by
20—V (1—&) w' +4E 0.4
(1—&h '

The effective dipole moment M (g) may be expressed as

20 =y -+

(5-15)

Ewut ,
M(Q): _e L {(02(0)2___(0 2)1’22.23
(@ —w )" (0, — ") (0 0.+ x7) 0 4

—(wy — ") (e i —2x")}, (5-16)
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Impurity Induced Infrared Laitice Vibration Absorption 1071

where the amplitude z; is determined by the normalization condition Eq. (5-12¢)
and is given by

20 wi(0*—w}) 2’ + t<uo2 —o?) (0o wit+zY) —E(wd— o) (wdwi—2t)
(56-17)

Turning now to the modes with frequencies lying within the acoustical branch
we find that the eigenvalue equation (5-7) can be written as:

M1 = ) f(gﬂg —?) (w* , i—x%)

2) 1/2

1=g & (W —w

csc o cot Ne 5.18
w4 (wi— ) $ ¢ ( )
where
% 2 ;
sin? & — o M 0" (5-18a)
2 4y
wAﬁ’c w%‘
|
€ = /2
80—
- 60—
Z
w
S
i
u.
Ll
3
40}~
2 :
o |
o |
[+ 4 !
(@] i
b
1
i
o}
N |

0.0 02 04 06 08 1.0
t Yo, |

Fig. 6. Absorption in a diatomic linear chain for the case
that one of the heavy masses is replaced by a lighter
isotope impurity.
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1072 R. F. Wallis and A. A. Maradudin

In the limit of large N one can evaluate the effective dipole moment M,(s) for
the sth mode in the acoustical branch in terms of the frequency  for that mode.
The result is

v 2 e & (wi—®) (W) —®)'?

v/ NM, (wi— ™) (0i—20")"*[E 0 (we'— o) + (wi— o) (wi— o)
(5-19)

The treatment for the optical branch follows in very similar fashion. The

expression for the effective dipole moment M,(s) for the sth mode in the optical
branch is given by

M, (s) =

M, (s) = 1/?68 - (0 — ) (0 — )
VNM, (0i—o®)"* (20— wl)"? [0 (0 —wd) + (@ —o)) (w;—o®) [
(5-20)
In order to indicate the qualitative 5.0

nature of the results for the diatomic case
treated above we have made calculations
for the specific case in which M;=3M,
and €=1/2. The absorption coefficient
in arbitrary units is plotted as a function
of frequency in Fig. 6. One sees that
the absorption in the acoustical branch
and at the discrete frequency in the
“forbidden” gap is quite small. The
absorption coefficient increases very rapid-
ly as one approaches the upper bound
wy, of the optical branch. The absorption
coefficient at the discrete frequency above
the optical branch is relatively large
compared to that associated with the
mode in the gap.

The dependence on € of the integrat- . N
02 04_.06 08 1.0

 MODE ABOVE
OPTICAL BRANCH

o
o
I

INTEGRATED ABSORPTION COEFFICIENT

0990 900
—_ N A
]

- MODE IN GAP

S —

o

ed absorption for the localized modes is €
plotted in Fig. 7 for M;=3M,. The Fig.7. Theintegrated absorption coefficient
mode above the optical branch has large for the two impurity modes in a diatomic

linear chain which arise when one of the
heavy masses is replaced by a light iso-
tope impurity.

absorption for &€ near zero and near unity
with a minimum at intermediate & The
mode in the gap has continuously in-
creasing absorption as & increases but the absorption is always very small.

§ 6. Impurity frequencies in three-dimensional lattices

We conclude with a brief discussion of the frequencies associated with localized
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Impurity Induced Infrared Lattice Vibration Absorption 1073

vibration modes due to isotopic impurities in three-dimensional monatomic and
diatomic simple cubic lattices having nearest neighbor Hooke’s law interactions,
both central and non-central.

For a monatomic lattice the eigenvalue equation is

1=EMw*g (0.0, 0; w), (6-1)
where
oy 2ta (1 (f  ddgydis }
9(0,0,0; 0) = Mo} { 7° S§S 2+a) (2f*—1) —a cos ¢, —cos p,—cosds )
(6-2)

f?=0’/w}, and @ is the ratio y;/7; of central to non-central force constants. The
integral in curly brackets has been tabulated for a wide range of the parameters

« and £.” If we denote it by 1(0,0,0;a;f), Eq. (6-1) becomes
| 1=E@2+a)f*1(0, 0,05 a; f). (6-3)

For given values of @ and & this equation must be solved numerically.

Although we know experimentally what w; is for the alkali-halides we must
still determine the value of @ in each case. A simple (though not unique) choice
is provided by a calculation of the strain energy of our crystal due to a homoge-
neous deformation. This leads to the following identifications :'”

Cn:—ZL, c19=0, C44=““ZL, (6'4)

ay 2“0
where a, is the lattice parameter. These expressions lead to the result

a=r/rr= (cu/2¢u). (6-5)
For the case of KCl, which is reasonably well approximated by a monatomic
crystal, we obtain
3.98
a=—_""" =3
2% 0.625
If we consider a U-center in KCl which is believed to be an H -~ ion replacing
a halide ion, M=36, M’=1, so that €=35/36. If we now solve Eq. (6-3) for
this choice of parameters with the aid of the results of reference 9) we find

(6-6)

f=4.26, D =179%10"sec™™. 6-7)
2
The experimental result of Pick” in this case gives

f=4.52, _‘g&—_—wx 10 sec™, (6-8)
T

In view of the crudeness of the model, the agreement between theory and experi-
ment is striking.
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1074 R. F. Wallis and A. A. Maradudin

For a diatomic lattice with masses M, and M, at alternating lattice points
where M,> M,, the M* transformation leads to the following eigenvalue equation

s (M, (_Q‘:*‘ 2ri—4y:)'"?
(M1 (02 - 27’1 - 47’2) 12

1=EM,w g*(0, 0, 0; w) (6-9)

in the case that a mass M; is replaced by a mass (1—& M, The function
9%(0, 0, 0; w) is given by

_ 1 S §§ S dbidéydds S B
7° ) (M ® — 21— 412) " (Mo 00* — 211 — 475) '+ 271 cos by + 275 cOS g+ 275 cOS Ps
(6-10)
We define the frequencies w? and w,” by
wp= 2T A; 14r2 , (0222‘27‘1;[:&_ (6-11)

In terms of these frequencies ¢*(0, 0, 0; w) becomes

9%(0, 0, 0; w)

z

_ 2tea S g § . ddgyddy S
T 2 Myws? ) [(@*/ ") —1]""[(0*/ 0) — 1T*(2 + a) — a cosg, —cos ¢y —cos ¢ ’
(6-12)
and the eigenvalue equation takes the form
_ (1)2 [(11)2/(022)’_‘ 1]1/2 o 771' - ‘*j_ o B d¢1 d¢2 d¢3 ) } ‘
1=¢ o [(0*/w®)—1]" @+a) { . Og [(2+a)/p]—a cosp, — cos ¢y — cos ¢,
(6-13)
where |
9 1/2 2 1/2
[ @ _1> < w __1> 6.14
# ( wy® w5 ( )

We are interested in those solutions of Eq. (6-13) for which o®> mfzéﬂ—[—wﬁ.
Inverting Eq. (6-14) we obtain

5 2 .2 1/2 |
2 :f2:~%_+%[1+£g45@<_12,_1>] . (6-15)

(!)]21 Wy,
In the case of a U-center in NaCl, M,=36, M,=23, M'=1, so that £=35/36
as before. The value of « is still given by Eq. (6-5) and is
—_ 073
2% 1.33

=2.154 (6-16)

in the present case.
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Impurity Induced Infrared Lattice Vibration Absorption 1075

The solution to Eq. (6-13) is obtained with the aid of the material of re-
ference 9) and is found to be

F=3.760
which should be compared with the experimental value of

F=3.542
due to Pick.

Y
’

§ 7. Discussion

The calculations presented in this paper are restricted to the effects of the
mass difference of an impurity atom on the infrared absorption due to lattice
vibrations. The most striking result is the appearance of a discrete absorption line
associated with the localized mode appearing above the maximum frequency of

the optical branch when a host atom is replaced by a lighter atom. This effect

disappears if the impurity atom is heavier than the host atom. Thus, if the
addition of heavy atom impurities leads to experimentally observed discrete ab-
sorption lines, their explanation must lie in a change of force constants or some
other mechanism rather than in the mass change. This conclusion applies as well
to discrete modes which drop down from the optical branches, since the associated
absorption is weak and is masked by the continuous in-band absorption.

For ‘not too large concentrations of impurities there are as many discrete im-
purity modes above the optical branch as there are degrees of freedom associated
with the impurity atoms. Not all of these impurity modes are strongly absorbing,
however. In the particular cases studied in sections 2 and 3 only the symmetric
modes were optically absorbing. For a general number of impurities the impurity
modes can no longer be classified as purely symmetric or antisymmetric, but one
can still use a qualitative characterization of symmetric or antisymmetric. Only
the discrete modes with a large symmetric character will be expected to lead
to strong absorption. The width of the optical absorption line may therefore be
relativély narrow compared to the width of the impurity band itself. An extreme
case would be that in which every second host atom in an initially monatomic
chain is replaced by a lighter impurity atom. The impurity band then becomes
a significant fraction of the optical branch, but only the largest frequency is op-
tically absorbing. Experimentally the discrete lines associated with hydride ions
in alkali halides are observed by Pick to be very narrow.

The rather good agreement between the calculated values of the impurity
frequencies given in section 6 and Pick’s experimental results is gratifying but
may be fortuitous. Our calculations did not take into account the long range
Coulomb forces between ions and the coupling between the z-, y- and =z-displa-
cement components. It niay be, however, that the relation of the impurity frequency
to the reststrahl frequency, which is what we actually calculate, is not sensitive to
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1076 R. F. Wallis and A. A. Maradudin

these details, and is given more accurately by our model than either frequency
separately.

Appendix

In this appendix we establish Egs. (2-14) and (2-15) of the text. We begin
by evaluating ¢(0) which is given by

1 el 1
D) =_-— —_— = y .
7(0) 2rN SZ; cos(2ns/N)—cos¢ O<g=m, (A-1)

2rN \ 277 Jcos(2nz/N)—cos¢p on . or
(A-2)
where C is the counterclockwise rectangular contour with corners at (1/2, —ia),
(N+1/2, —ia), (N+1/2, ia), and (1/2, ia) which is shown in Fig. A.1. It

is easily seen that the contributions to ¢(0) from BC and DA cancel each other
and we are left with

c

. N+1/2
_cot|Ng/2] . Im § cotm(z—ia)
7(0)= 27 sing 2rN ) cos[(27r/N)(.7c—-ia):|~cos¢dx (A-3)
—Cot[Ng/2] (A-4)
2y sing ‘
in the limit as @—>co. This is Eq. (2 15).
The recurrence relation satisfied by ¢(n) i
can be written as D . c
g ) cosg+- g Grk D) +g(n-—1)J=~§2ﬁr"— y
(A-5) |

For n#0 the solution to Eq. (A-5) is given by
g (n) =A cosng-+ B sin|nlé. (A-6) _____

It is clear however, that A=¢(0), while from
equations (A-5), and (2-13) we find that

9(1)=9(——1)=g(0)cos¢+—2%, (A7)

so that B=1/2ysing. Combining these results
we obtain finally that A 8

g (n) =¢(0) cos 7l¢+,§1,9|£|g, (A-8) Fig. A1l. The contour for the eva-
27 sing luation of the integral (A-2).
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Impurity Induced Infrared Lattice Vibration Absorption 1077

which is Eq. (2-14). It is readily established that the solution (A-8) satisfies
the symmetry condition

g(n) =9 (N—n) (A-9)

which is implied by Eq. (2-13).
An approximate method for evaluating ¢ () has been suggested by Lax.™
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