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ABSTRACT Millimeter-wave (mmWave) communication is a promising technology for future wireless
systems due to the availability of huge unlicensed bandwidth. However, the need for large number of
radio frequency (RF) chains associated with the antenna array and the corresponding increase in hard-
ware complexity and power consumption are major stumbling blocks to its implementability. In this
paper, we propose a low-complexity in-band full-duplex relay-assisted mmWave communication system
design. We obtain the proposed multiple-input multiple-output analog—digital hybrid transceivers and relay
filters by minimizing the overall sum-mean-square-error while mitigating the effect of residual loopback
self-interference (LSI) in the system. The number of RF chains required in the proposed design is less
than the number of antennas. We first present a design assuming the availability of perfect channel state
information (CSI) at all the nodes. Later, we extend it to a robust design assuming a more realistic scenario,
where the available CSI is imperfect. Furthermore, the LSI channel knowledge is assumed to be imperfect for
both the designs rendering them robust to errors in loopback CSI. We employ sparse approximation technique
to reduce the hardware complexity in the proposed system designs. The proposed algorithms are shown to
converge to a limit even though the global convergence is hard to prove since the overall problem is non-
convex. The hardware complexity-performance tradeoff of the proposed design is analyzed. Furthermore,
the resilience of the robust design in the presence of CSI errors and the performance of both the proposed

designs over various parameters are illustrated via numerical simulations.

INDEX TERMS
self-interference, robust design.

I. INTRODUCTION

Millimeter Wave (mmWave) communication, with its poten-
tial to exploit the huge unlicensed and under-exploited spec-
trum, has been recognized as a promising technique to solve
the unprecedented challenge of ever increasing data traffic for
next generation cellular networks. mmWave frequency band
(30-300 GHz) offers wide bandwidth that can accommodate
many more users as compared to current cellular bands.
However, signal propagation at these frequencies experience
severe challenges like penetration loss, higher free-scale path
loss, oxygen absorption, and rain fading [1]-[3]. Some of
these challenges can be tackled by means of high beam-
forming gains achievable with antenna arrays consisting of
large number of elements [3], [4]. An upside of the mmWave
frequency band is the shorter wavelength that enables packing
of large number of antenna elements in small volumes.
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Hence, large multiple-input-multiple-output (MIMO) will be
a key technique in mmWave systems. At mmWave frequen-
cies, however, the large number of mixed signal components
associated with each antenna element increases the cost
and power consumption of the system. Thus, it is infea-
sible to adopt the fully-digital beamforming architecture
where an individual radio frequency (RF) chain is dedicated
to each antenna. As such, it is imperative to reduce the
overall hardware complexity by reducing the total number
of RF chains in mmWave system design in order to make it
practically implementable for future networks. One possible
solution is the analog-digital hybrid architecture, wherein
an individual RF chain is associated with each sub-array of
antennas rather than a single antenna [5]. Recently, many
efficient hybrid structures have been reported in [6]-[13].
In [6], over-sampling codebook based hybrid minimum
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sum-mean-square-error precoding scheme has been discussed
for three-dimensional MIMO systems. Wideband hybrid
precoding schemes using principal component analysis
have been discussed in [7] for backhaul/fronthaul links.
In [8]-[13], various hybrid systems designed by using
spatially sparse coding techniques have been discussed for
large MIMO mmWave systems.

Even though the problem of severe path loss in mmWave
signals can be tackled by achieving high beamforming
gain using massive MIMO at the transceivers, long-distance
communication is another major challenge for these
systems. mmWave communication is sensitive to non-line-
of-sight (NLoS) scenarios due to huge penetration loss
caused by blockages [4]. Hence, relay-assisted mmWave
communication systems can be utilized for increasing
the overall communication range, link quality, and relia-
bility. mmWave systems with relays have been proposed
in the literature for various communication scenarios
including cellular communication [14], [15], device-to-
device communication [16], and indoor applications [17].
Relay-assisted systems have been vastly studied for
wireless communication [18]-[21]. Regenerative and non-
regenerative relays are two type of relaying strategies in
general [18]-[20]. Conventionally, relay-assisted wireless
communication systems operate in half-duplex (HD) mode,
wherein the transmission and reception take place in separate
time slots or frequency sub-bands. mmWave cooperative
systems with HD relays have been studied in [10], [11],
and [22]-[24]. A two-way HD amplify-forward (AF)
relay-based system has been presented in [10] and [11],
wherein the transceiver and relay filters are obtained
by solving sum-mean-square-error (SMSE) optimization
problem for mmWave channel. In [22], a joint design to
obtain precoder and relay filter matrices by considering
the sum-rate maximization problem has been studied for
mmWave systems with single as well as multiple relay nodes
operating in HD mode. In [23] and [24], hybrid beamforming
scheme for an HD relay-assisted mmWave system with
multiple receivers has been proposed.

Full-duplex (FD) communication, with its potential for
better spectral efficiency compared to HD, is regarded as
another promising technology for next generation networks.
In-band FD relay systems have gained tremendous interest
amongst researchers as they combine the benefits of both
HD and one-way FD systems [25], [26]. With in-band FD
relaying operation, signal transmission and reception take
place simultaneously over the same frequency channel
without increasing the bandwidth usage. FD relay-assisted
mmWave communication systems have been reported in [27]
and [28]. Wei et al. [27] presented an overview of the chal-
lenges and solutions in terms of energy-efficiency for a
FD relay-assisted mmWave system. Later in [28], an FD
relay-based system has been proposed for mmWave backhaul
links while considering the sum-rate maximization problem.
However, in-band FD mode of communication that uses
the same frequency channel for transmission as well as
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reception introduces loopback self-interference (LSI), which
is the transmitted signal received at its local receiver node.
Furthermore, the LSI accumulates over time thus degrading
the performance of the system drastically. Hence, mitigation
of LSI is a major challenge in the design of in-band FD
system. Recent developments in fabricating a non-reciprocal
circulator using transistors [29] can reduce the effect of LSI
on the system. LSI cancellation techniques for in-band FD
relays operating in microwave frequency ranges have been
reported in [30] and [31]. However, very small distance
among antenna elements in mmWave system leads to signif-
icantly higher LSI as compared to systems operating in
microwave ranges. Recently, LSI cancellation techniques for
mmWave systems have been discussed in [32]. However,
complete elimination of the LSI is not possible with the
currently available techniques and we are left with residual
LSI at each FD node. This residual LSI, which accumu-
lates over time, will further degrade the overall system
performance.

In this paper, we propose hybrid transceiver and relay
filter designs for an in-band FD two-way AF relay-assisted
mmWave system. All the nodes are equipped with multiple
antennas and operate in full-duplex mode. The works cited
above assume the availability of perfect channel state infor-
mation (CSI) at all transceivers nodes. However, the CSI
available with the system is not always perfect due to various
factors such as estimation error, feedback delays, quantiza-
tion errors, pilot contamination, etc., which can introduce
errors. Hence, the transceivers that are designed assuming
the availability of perfect CSI are not likely to achieve the
desired performance in the presence of CSI errors. Effect
of imperfect CSI on the performance of MIMO systems
is discussed in [33]. Thus in practice, the systems that are
resilient to such errors are highly desirable. Robust designs
that take into account the imperfections in the available
channel knowledge for different systems have been discussed
in [34]-[38]; but to the best of authors’ knowledge, robust
designs for FD relay-based mmWave systems have not been
reported yet. The full-duplex system considered in this paper
employs existing LSI cancellation techniques. However,
complete LSI cancellation is not possible and all the nodes
suffer from residual LSI. This residual LSI effect can be
modeled in terms of imperfections in the CSI of the loop-back
channels [39], [40]. This further motivates us to design robust
transceiver algorithms that are resilient to erroneous CSI
in mmWave FD relay-based systems by taking into consid-
eration the imperfections in available channel knowledge.
We propose transceiver and relay filter design applicable
in two different scenarios depending on the channels for
which CSI error is significant. First, we consider the scenario,
where the CSI of all the links except the loopback channels
are perfectly known. Next, we consider the case, where the
available CSI of all the channels are imperfect. In both the
cases, the adverse effect of the CSI error on the system
performance is mitigated by proper precoder, receiver, and
relay filter matrix design. Moreover, as discussed previously,
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FIGURE 1. Hybrid FD two-way relay-assisted mmWave communication system.

signals propagating at mmWave frequencies suffer severe
path loss [4], [41]. Path loss model for mmWave frequencies
have been studied in [42]. We employ a similar mmWave path
loss model in our proposed design.

The main contributions of this paper can be summarized as
follows:

o We first jointly design the optimal transceiver and
relay filter matrices for a mmWave full-duplex two-
way relay network by minimizing the sum-mean-square-
error assuming the availability of perfect CSI of all the
links except the loopback channel.

o We extend it further to a robust design for the case,
where the available CSI of all the links are imperfect,
by taking into account the imperfections hence rendering
the performance resilient to errors in the CSL

o The detrimental effects of the residual LSI at transceiver
and relay nodes are mitigated by considering it in the
overall system design.

o« We further decompose these optimal matrices into
analog-digital hybrid filters by wusing orthogonal
matching pursuit (OMP) algorithm and thus achieving
reduced hardware complexity of the overall system.

We carry out the performance evaluation of the proposed
schemes with extensive simulations over various parameter
values and demonstrate the comparison results later in the
paper.

The rest of this paper is organized as follows. System
and channel model is described in Sec. II. The proposed FD
system design considering the availability of perfect channel
knowledge is discussed in Sec. III. In Sec. IV, low-complexity
hybrid transceiver and relay filter design is described. Sec. V
describes the robust FD system design. Sec. VI presents
the simulation results and finally, Sec. VII concludes this
paper.

Notations: Throughout this paper, we use lowercase letters
to denote scalar values, bold-faced lowercase letters to denote
column vectors and bold-faced uppercase letters to denote
matrices. x, X and X, X imply that the variable x and matrix
X correspond to the baseband and RF block, respectively.
For any matrix X, tr(X), E{X}, X?, X7, vec(X), mat(X),
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IXllo, IX]|r, and det(X) denote trace, expectation, conjugate
transpose, transpose, vectorization, matricization, 0-norm,
Frobenius-norm, and determinant operator, respectively. For
any matrices X and Y, X ® Y represents the Kronecker
product. We represent any matrix X that belongs to robust
scheme by X'. xi, X¢, and X denote a scalar, a vector, and a
matrix, respectively, for k™ user at time ¢. The timeslot index
t — 1 is denoted by  throughout this paper. x; j, Xk j, and Xy ;
define a scalar, a vector, and a matrix, respectively, for the
k™ user at time J, where k € {1, 2}. k denotes the other user,
i.e., when k = 1, k = 2 and vice versa.

Il. SYSTEM AND CHANNEL MODEL

A. SYSTEM MODEL

We consider a hybrid mmWave wireless communication
system with two users (U1 and U2) and a non-regenerative
two-way relay, all operating in full-duplex mode as shown
in Fig. 1. We assume that there is no direct link between
the users and they communicate only via the relay node.
The total number of antenna elements associated with each
user and relay node for transmission as well as reception are
N; and N,,;, respectively. In a fully-digital precoding/receive
filtering system, an individual RF chain is associated with
each antenna element. On the other hand, in an analog-digital
hybrid processing system, the antenna elements are grouped
into subarrays and an individual RF chain is associated with
each subarray. The hardware complexity of a hybrid system
is thus lower than the corresponding fully-digital system.
The symbol vector transmitted by the k" user/transceiver,
Ur, k = 1,2, is denoted by dy € CN*! with Ny < N;.
The number of RF chains associated with the users and the
relay node for employing hybrid processing is N, and N ./,
respectively, such that Ny < N, < N, and Ny < Ny
Let Vi and Ry denote the optimal fully-digital precoder and
receive filter matrices, respectively, at the k" user terminal
and let F denote the optimal fully-digital relay gain filter
matrix. Then, in the corresponding analog-digital hybrid
transmit precoder, dix is processed by a digital baseband
precoder matrix V, € CN*Ns followed by an RF precoder
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denoted by the matrix V;y € CN>Nt| such that the matrix
Vi is effectively decomposed as kak. Similarly, the relay
node processes the received signal by an RF beamformer
Fg, € CNrl XN"L’L followed by a digital baseband relay gain
matrix F eicN retNrel and an RF transmit beamformer
Fr € CNet*Nret guch that the product Fr FFg, is equivalent
to the fully-digital relay precoder matrix F. The received
signals at the transceivers are processed by RF beamformer
matrix Ry € CN*Nt followed by the baseband combiner
matrix R, € CN~Ns in order to generate the effect of the
fully-digital receive matrix Ry.

The information exchange between the users take place in
two time slots. In time slot ¢ = 0, both the users transmit their
data and the relay node receives these signals. The relay node
then multiplies the received signal with a relay gain matrix
and transmits the resultant signal in slot # = 1. Moreover,
in the same time slot + = 1, the users receive the signal
transmitted by the relay and simultaneously transmit next data
symbols, which are then received by the relay node. Thus,
the overall FD operation is functional only from time slot
t = 1 onwards. The signal received by the relay node in time
slot + = 0 is given by

yro=HioVi0dio+Hz0V20d20+n,, (1)

where Hy ; is the channel gain matrix from the k™ user to
the relay (forward channel), Vi ; is the precoder matrix at
the k" user, d; ; is the symbol vector transmitted by the
k' user, all in the it time slot, and n, is a zero-mean additive
white Gaussian noise vector at the relay node with covariance
matrix crnzrl. In the next time slot, the signal transmitted by
relay is given by

xr1 = F1y,o,
=FH;oVi0di0+FH0V20d20+Fin,, (2)

where F; is the relay gain matrix in the i time slot. In the
same time slot ( i.e., at t = 1), the users precode and transmit
the symbol vectors and receive the signals from the relay
simultaneously. The signal received by the k" user can be
written as

Vi =GriXp 1 + L Vider +mg, k=1,2, (3)

where Gy ; is the channel gain matrix from the relay to
the k" user (reverse channel), Ly ; is the loopback channel
gain matrix of the k¥ user in the j” time slot, and ny
is the zero-mean additive white Gaussian noise vector
with covariance matrix anzkl. Owing to two-way relaying,
the signal received by each user contains a term involving the
symbol transmitted by it in the previous slot. However, this
self-interference can be completely removed since the users
have perfect knowledge of the relevant CSI. The simultaneous
transmission and reception in the FD mode introduces the LSI
at all the nodes. Let Ly ; and L, ; be the loop-back channel
matrices at k" user and the relay node, respectively, in the
j" time slot. We assume that the available CSI for loop-back
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channel is imperfect such that

Li,jzi:i,j‘l‘Ti,j, i=1,2,r,

where i:,-,j is the available loop-back channel estimate and
Yij ~ N(O, oezl_vjl) denotes the corresponding error in the
available CSI. The error variance can be determined based
on the technique used for the CSI estimation [43]. Thus,
the signal by the k" user in time slot = 1, after canceling
the relay-induced self-interference, can be expressed as

Yi,1 = G 1F1Hg oVi 0di,1 + Gi,1Fin, +Ek,lxk,l
+ Yiixe1 +ng, (4)

where x; ; = V. jdy ;. Since the available loop-back channel
information is imperfect, complete LSI cancellation is not
possible and a residual LSI remains at the nodes. The resultant
received signal after LSI cancellation in time slot # = 1 at the
k" user can be written as

Vi1 = G 1F1Hg o Vi 0di,0 + Gk, 1Fin, + Yy Xk, 1 + 0y,
)

where Yi X1 is the residual LSI. Similarly, the signal
received by the relay in time slot ¢ = 1, after LSI cancellation,
can be written as

Y1 =Hi1Vid1+Ho 1 Vo 1do 1 + Y, 1%, 141, (6)

where Y, 1X, 1 is the residual LSI. The relaying operation
leads to the accumulation of the residual LSI over time.
Proceeding from (6) recursively, the received signal at the
relay in any time slot + > 1, after the interference cancel-
lation, can be expressed as

yr: =Hi1,;Vi,di; +Hy;Vo,dy; + ¢, +n,, @)

where ¢, the cumulative residual LSI at the relay, is given by

t—1 t—i
&= (] Fi ) i iV1dii+Hy Vs ida i+n,)}.
i=0 j=1

®)

As the FD operation starts only from ¢ = 1, the residual LSI
starts accumulating from ¢+ = 1 and at any time ¢, ¢ can be
considered as the cumulative effect of LSI from the current
and all previous time slots.

Henceforth, we will use the symbol 7 to denote the time
slot t — 1 for any ¢+ > 1. Moreover, the variables will have
explicit time slot index only if they do not correspond to the
current slot ¢. Thus, the signal transmitted by the relay in time
slot ¢ is given by

X, = Fyhr’ ®

and the signal received by the k" user in time slot 7 is given
by

Vi = GiFHy Vi di r + GiFn, + Y Vidy
T GiF g, k=1,2. (10
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B. CHANNEL MODEL

Due to high free-space path loss and the use of large
number of tightly-packed antennas at mmWave frequencies,
we adopt a narrow-band parametric clustered channel model.
We consider the extended Saleh-Valenzuela model [41],
in which the generalized channel matrix C from a transmitter
equipped with N7 transmit antennas to a receiver equipped
with Ng receive antennas is modeled as

Nei Nray

C=0|7y> ) cmnar@unpar@ma)®|. A1)

m=1 n=1

where o represents the path loss and other variables are as
described below. The variable N,,, represents the number
of rays in each of N,; clusters and the normalization factor

y = Jn&E is chosen such that E[||C|[}] = NN
The zero-mean complex Gaussian random variable Qp,p With
variance o2 denotes the gain of n ray in m" cluster. The
array response vectors at the transmitter and the receiver
are denoted by ar (¢, ,) and ag(6,, ,), respectively, where
¢ is the azimuthal angle of departure (AoD) and 6 is the
azimuthal angle of arrival (AoA). We consider a uniform
linear array (ULA) antenna structure such that

1 s ) . T
ar (0) = _[1 explﬂ sin(9) | “expz(NT—l)ﬂsm(G)] ’

N

1 L _ . T
ag (¢) = [1 expB i@ . ex t(NRfl)ﬁsm(w] 7
V1 b
where 8 = 2’?, d is the inter-element distance, i = +/—1,

and A is the wavelength. The azimuth angles ¢ and 6 follow
Laplacian distribution and the mean angle of each cluster
follows uniform distribution over (—s, 7). In the simulation
experiments, we employ the following mmWave path loss
model [42]:

4rly !
0 =20logig (= ) +nl0logio (- ) +Xo. (1)

where [ is the close-in free-space reference distance consid-
ered to be 5 meters for mmWave system, [ is the distance
between transmitter and receiver, A is the operating wave-
length in mmWave frequency band, 7 is the average path loss
coefficient, and X, is a shadowing Gaussian random variable
with zero mean and standard deviation o.

IIl. JOINT TRANSCEIVER AND RELAY FILTER DESIGN
In this section, we present an FD two-way AF relay-assisted
mmWave communication system design assuming the avail-
ability of perfect knowledge of forward and reverse channel
state information. We assume that the available loopback CSI
is imperfect. We jointly design the fully-digital transceiver
{Vi, Ry} and relay filter F by minimizing the SMSE & under
a constraint on the total relay transmit power:

_ min €

F,V1,V2,R| Ry«

subject to: E[||x,[|*] < Pr, (13)
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where Pr is the upper limit on the relay transmit power. In the
proposed design, detrimental effect of the residual LSI on the
system performance is minimized by incorporating it in the
SMSE. For ease of derivation, we write the relay filter matrix
as F = aﬁ‘, where the scaling factor « is chosen such that
|IF||r = 1. Moreover, we scale the received signal by ™!
in order to ensure a closed-form solution for the relay filter
matrix F. With this modification, we can now express the
SMSE, &(a, V1, Vo, R1, Ry, F), at time slot ¢, as follows:

e(a, Vi, Vo, R, Ry, F)

= E[||d2,r — " 'R y1|I*]
+E[|ldi; — o 'R ya| ]

= Ny(P1 + P2) — tr(RY GoFH, -V
+ Vi 1 FGYR,
+RYGFH, .V, . + VE HY FYGHR))
+a? (crnz1 + aezl tr(VlV?))tr(RlRf) +a? (0,122
+ootr(VaVE))r(RoRE) + tr(RY G FZ, F# GHR )
+ tr(RY G, FZ,F GHRy), (14)

where P and P, denote transmit power of users U1 and U2,
respectively, and

7, =V +O’2 I”r +Hy V2, Tvngglr’
7, = ‘II+U2I,,,+H1TV1 rV1r 1,

T

with ¥ = E[(;I;H ]. The term ¥, which captures the average
effect of the cumulative LSI at the relay, can be expressed as

t—1  t—i

v = E|: i { H(Tr t—/Ft—/)(Hl iVi lVl zHI;Il

i=0 j=1

+ G,%,_In,. + ﬁz,in,ng,-

)H(FH L) }]

Having developed the expression for the SMSE, we now turn
our attention to the transmit power constraint in (13). The
total relay transmit power can be expressed as

E[l1x11%]

= E[tr(x,x)] = o’tr(FZ,F"),  (15)
where,
Z, = ‘I’+Unz,1nr —|—ﬁ1’tV1’rV{{Tﬁ{{T +ﬁ2,fV2,rV€I’TﬁIZT

We can now solve the optimization problem given in (13) to
obtain the optimal transceiver and relay filter matrices. Based
on the solution presented in Appendix VII, for given values
of transceiver precoder and receive filter matrices, we have

F = mat(O_ VeC(GHszH HH G{{Rlvgfﬁgz))’
a= \/N,dPT (r(Fz, 1))~ (16)
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where,
0 = (Z" @ G'R;RIG!) + (2! @ GYR,RYGY)
J; (ZrT ® (E)I),
A=Y (on +02tr(VVID)r(RRI).
i=1
Hence, we can obtain the relay filter matrix as
F = oF. (17)

Similarly, for given values of Ry and F, the precoder matrices
are given by

Vie = [ﬁﬁrf‘HékaRfékﬁﬁk,r
A~y ~pp~~ 1, ~y~
+(F)HZTFHFHk,,] A FIGHR,, k=1,2,
T (18)

and receive filter matrices, for given values of V; and F, are
given by

Ri = [a (03 +02 r(Ve VI

—~ o~ o~y o~ —1 o -
+GkFZkFHGf] GiFHi Vio. (19

TABLE 1. Proposed iterative algorithm.

Iterative algorithm for computing F', V, and R that minimize SMSE

Initialize F, Vi, and Ry, Vk € {1, 2}, set convergence threshold A and €g

Iteration index n = 1

Repeat

1. Update F by using Ry, Vi, - and Vi, Vk e {1,2}

2. Update o by using F

3. Update F by using Fand

4. Update Ry, by using F, Vi, - and Vy,, Vk € {1,2}

5. Update Vi, by using F and Ry, Vk € {1,2}

6. Calculate ey, by using F, V and Ry, Vke {1,2}; n=n+1;

Until |e, — en,—1] < 0

It can be observed that the optimization problem in (13)
is non-convex. Hence, we obtain the optimal values of the
individual variables, i.e., (17), (18), and (19), iteratively
through coordinate descent method as given in Table 1. Let
¢; be the value of the objective function in the j™ iteration.
Since ¢; is the value of an MSE function, its always non-
negative. Furthermore, due to the minimization process in
each iteration, we have €;11 < ¢, Vj. The sequence {¢;}
is convergent since it is bounded below and monotonically
decreasing with j. However, global convergence is not guar-
anteed since the original problem is not convex. Simulation
results showing the convergence behavior of the proposed
algorithms are discussed in Sec. VI. For the given algorithm,
the iterations can be stopped whenever the absolute difference
of €j and €1 falls below a suitable threshold. Once we obtain
the optimal transceiver and relay filter matrices, we adopt
hybrid architecture by decomposing these filters into digital
baseband and analog RF beamforming matrices. The hybrid
filters thus designed achieve reduced hardware complexity in
the overall mmWave system.
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IV. LOW-COMPLEXITY ANALOG-DIGITAL

HYBRID FILTER DESIGN

In this section, we describe the design of hybrid precoder,
receive filter, and relay gain filter for the proposed mmWave
communication systems. The key problem here is to
obtain the baseband digital and RF beamforming matrices
that jointly approximate the matrix corresponding to the
fully-digital processing. In order to achieve this, we decom-
pose the previously obtained optimal matrices Vi, Ry,
and F, into their corresponding hybrid processors using the
OMP-based sparse approximation technique.

A. HYBRID PRECODER/RECEIVE FILTER DESIGN
Orthogonal matching pursuit algorithm has been exten-
sively studied and is used in various signal processing
applications [5], [44], [45]. Given the optimal fully-digital
precoders (Vi) and receive filters (Ry), we obtain the
hybrid processors by decomposing the optimal matrices
into their corresponding RF and baseband hybrid filters
using OMP-based sparse approximation technique. OMP is a
greedy approach and in the current application, it iteratively
computes the RF and baseband matrices. We elaborate this
process in the following.

In general, the optimal MMSE receive filter for the k" user
can be rewritten as,

Ri =aly, 'Tya, .. (20)

where I'y, = E[yxy?], Ty.q, = Ely,d?_]. Similarly, in case
of hybrid system, the baseban(l receive filter matrix Ry, for a
given RF beamformer matrix Ry, is given by

-1 —=H — ~l—g
R, = rzk erdk,r = Ry r)’kRk) R r}’kdk,z’ 2D

where z; is the received signal at the baseband processor,
T, = Elzy/'], and Tq,, = E[z:d]]. The OMP sparse
problem for the receiver can be formulated as

= . = 2
Ry = arg minElldy. — R"Reyil” (22)
k
Using [12, Lemma-I], this optimization problem can be refor-
mulated as
2

(23)

— 1 1_
R = arg min [Ty Re ~ Ty ReR
k

Introducing a dictionary Spr € CM>*Ni| we design the RF
1

beamformer by selecting N, candidate vectors from I’yzk Ser
that are strongly correlated to the residue updated at each
iteration. Depending on performance and complexity char-
acteristics, we can consider various predefined dictionaries
such as set of eigen beamformers, discrete Fourier trans-
form (DFT) beamformers, discrete cosine transform (DCT)
beamformers, discrete Hadamard transform (DHT) beam-
formers, or antenna selection. Given the dictionary Spr, the
baseband receive filter matrix is obtained by choosing corre-
sponding N, non-zero rows from the solution of the following
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sparse approximation problem:

.. 1 1 . 2
R, = arg I%in ITy,Ri — Ty, SprR; |

AV
subject to - ||diag (R, R{)[l, =N,.  (24)

In order to obtain the hybrid precoder matrices, we consider
a dual system, where the precoder of original system acts
as receiver. Following the same procedure as above, we can
then obtain the hybrid baseband and RF precoder matrices by
formulating and solving optimization problems as follows:
1 2
— 3 2V

Vi = arg H‘lllkn Ty Vi =Ty ViVl (25)

1 . 2
2
ryz SBFX]( ”F )

. 1
V, = arg min ||[T2V; —
k g Vi “ yz k

. . - J— . 2
s.t. | diag(V ViO)lly =N, and [SprV, I =11V lI7,
(26)

where y; is the signal received by the beamformer in the dual
system and Spr is the dictionary. The generalized algorithm
to obtain hybrid precoder and receive filter matrices is given
in Table. 2. In this algorithm, the RF beamforming matrix is
selected from the set of candidate vectors Sgr and baseband
matrices are obtained by minimizing the effective residue A;
in each iteration. We hence obtain {V,, V;} and Ry, Ry}
filters from the generalized algorithm by passing the appro-
priate parameters.

TABLE 2. Hybrid precoder and receive filter design.

OMP-based algorithm for hybrid precoder and receive filter design

Initializations:

Hybrid precoder: Wy, = Vi, @ = Tyr, Q=V,andQ =
Hybrid receive filter: W), = Ry, ® =Ty, , 6 = 9 =
I Qy=1[]
2: Ag = Wy.
3: fori=1to N:do
1 H 1

4 Ai*l =(‘§ZSBF) (<I>2Ai,1).
5: I =argmarm=1...N, (AiflAiH_l)m,m.

= — 1
6: Q= [Qil(®2SEF)(:;, 1]

—H_.— —1_§g

Q= (Qk ‘I’gk) Qr PWy.
. _ -QrQ,
8: A Hwk QLQ, I
9: end for.
10:Q=vN HQGHH
11: Return Q,g.

B. HYBRID AF FULL-DUPLEX RELAY FILTER DESIGN

The optimal relay gain matrix F is decomposed into hybrid
matrices Fry, F, and Fg, such that ||F — FTxFFRxHF is
minimized. Following the approach in [37], the hybrid relay
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filters can obtained by solving the following optimization
problem:

(Fry,F,Fgy) = arg_ min  ||[F — Fr,FFp||p

FTXaEsFRx
Y Fro)?
s.t. Fro € Ste_pr, (Fry)Y’ € Spy—pF,
- 2
[IF7xFFge||p = Pr. (27

where, the j’h column vector of the RF beamforming matrices
Fr, and Fg, for transmitting and receiving signals, respec-
tively, are jointly selected from a set of candidate vectors
Stv—pr and Sg,—pr. When both the vectors are suitably
selected, the effective residue is updated in each step after the
corresponding baseband filter is obtained as a least-squares
solution. Hence, the overall error is minimized with each iter-
ation. The complete OMP-based algorithm for the obtaining
the hybrid relay filters is given in Table 3.

TABLE 3. Hybrid relay filter design.

OMP-based algorithm for hybrid relay filter design

Require F, S, BF,STs—BF-

I: Fre=Fpz =[]

2: Fres =F.

3: fori = 1to N, do

4 Agl FresSH,_pr-

5 q = arg maTm=1...N,., (Aéfxl (A;;I)H)m,m.
_ T T

6: Fpr, = [FRxl(ng BF)('7Q)] .

7 A =SH L FreFr,.

8 l =argmazrm,=1..N,,, (A%Il (AEI)H)W,W'

9:  Frg = [FrelSTe—Br(;,1)].

100 F = (Fp,Fr.) 'Fr,FFp, (Fr.Fa,).

11: Freg= FFraFFps
’ res |F—Fr . FFRellp’

12: end for.

—_

3: return Fpy, Fry, and F.

V. ROBUST TRANSCEIVER AND RELAY FILTER DESIGN
Due to various errors that can occur during channel esti-
mation and feedback in any realistic system, availability of
perfect channel knowledge is an idealistic assumption, which
rarely holds in practice, especially in the case of large-scale
MIMO systems. Such estimation errors will degrade the
overall performance of the system. Thus, it is important
to develop designs that are resilient to CSI imperfections.
Here, we propose robust transceiver and relay filter design
by taking into account the estimation errors in the forward
and the reverse channels. We consider the following CSI error
model:

H, = H; + A, k=12, (28)
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where H;< is the true channel, H, is the available CSI estimate
of the forward link, and Ag, ~ CN/(0, olzik) denotes the
corresponding error in the CSI. Similarly for the reverse link,

G, =Gy +Ag,, k=1,2, (29)

where G}( is the true channel and Gy is the available CSI
estimate of the reverse link, and Ag, ~ CN(0, aék) denotes
the corresponding error. Incorporating the channel model
described above, signal received by the relay at time ¢ can
be written as

yr =HVidi + H)Vady + ¢+, (30)
where
=1 -
¢ = { ]‘[m o F)H V1 dy + H Vo da
i=0 j=I
+nr)}

=1 1—i
= > {TTOC eV i+ Ho Vo da,
=0 j=1
+ A Vi A Vaidoi 40} G
The residual self-interference factor W' = E{¢'(¢)?} for the
robust design can be expressed as
-1

r—1
W — E{ > []—[(Tr,,_th_j)(Hl,ivl,iv{{iH{{i
=1

i=0

+og, ViV +op T+ Hy Vo VI HY,
+of, V2 VY )H(FH X ) “

= o, [tr(H; V1 V] Y +0f Vi VI,
oI+ Hy Vo VE BY o7 Vo VEI
+ W tr(F FH)], (32)

where the expectation is with respect to all the CSI error
variables. Furthermore, the SMSE and the relay transmit
power are now random variables since they depend on the
CSI error variables. Hence, we consider their expected values

in the proposed robust design. The expected value of SMSE
is given in (33), as shown at the bottom of this page.
Thus, the design of fully-digital robust transceiver and relay
filter that minimize SMSE under a constraint on the total relay
transmit power can be formulated as

) 2
~ min ¢ st E[lIx.|z] < Pr. (34)
F.Vi,Vo.R| Ry,

The constraint function in the preceding optimization
problem can be rewritten as

E[lIx,/|7] =E

where,

[tr(xrx';{)] = o’tr(FZ.F), (35)

Z, =V +H .V V] H +H .V, VY HY
+ o,?,z’,tr(vz,tvgr)l + aﬁ,l’ttr(Vl,,V?r)I +op 1.

The robust design problem can be solved using the techniques
presented in Appendix VII. Thus, given the robust precoder
Vi and the receive filter Ry, we can obtain the robust relay
filter matrix as

F = mar (0~ 'vec(GY R VY HY . + GYR, VY HE ),

o= \/N,elPT (r(Fz, )~

where,
= Z" ® GIRIRYGY) +(Z," ® GYRRYGL)
@ 8 o) + (7 + o7, e VY
® 03RRI + (2 + o, r (Vv
® o2, tr(R|RY )I),
and,

A= [(onzl + 031 tr(VlV‘;’ ))tr(RlR[f)
+ (0,122 + Uezztr(Vngl))tr(RzRg )].
Hence, the robust relay filter matrix is obtained as

F = oF. (36)

¢’ = Ny(P1 + Py) — tr(RY GoFH, . V) + Vi H{ F'GYR; + R G|FH, .V, . + V¥ HY F/GIR))

+(x_2(6n2

-+ o2 tr(ViVID) rRRY) + o2 (02 +

ol tr(V2VE))tr(RoRY) + tr(RY G FZ{ F G Ry)

+ o2 tr (F(Zq + 07 (Vo VY ,)I)F”)tr(RlR{’ ) + tr(RY GLFZ,F G R,)

+ 0, (B(Z + 0, r (V1 VDD F? ) tr (RoRE), (33)

where

Zy =¥ +o, L, +Hy Vo VI HY

2298

and Z,

=V + O‘nzrlnr + Hl,TVl,TV{I,rH{I,T'
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Similarly, given the robust F and Ry, the robust fully-digital
precoder matrix for the k" user is given by

Vie = [HQ{ _FGHR,RI G FH, .
+og, 05 r(FTF)r(RRY)T
+ o, r(RROHY FFH,

A o 71
+ Gy (YL B FH of r(E )|
x HY FG{Ry. 37)

Finally, for given values of robust Vj and F, the robust receive
filter at k" user is given by

R, = [az (02 + 2 tr(ViVIOL + GFZ,F Gl

—1
+ ol tr (F(Z;< + alek,rtr(Vk,TVkHJ)I)FH)}
x GyFHy Vi ;. (38)

We use the similar iterative approach as given in Table. 1 to
compute the optimal matrices. Further, we employ the OMP
algorithm as discussed in Sec. IV in order to obtain the hybrid
processors to achieve reduced hardware complexity.

VI. SIMULATION RESULTS
In this section, we present the performance evaluation of the
proposed designs via simulation experiments. The perfor-
mance is evaluated in terms of SMSE and sum-rate (@)
versus signal-to-noise-ratio (SNR). The sum-rate is evaluated
as w = Zl%:l log, (det(IM + gk)) bits/sec/Hz, where
R G, FH, V, VI HIF" G/ Ry
Sk = RTE,R,
k

0621) + a,%Gk F{ + Ww)FA GkH . We compare the performance
of following schemes:

1) proposed hybrid scheme assuming perfect CSI

(referred to as NR-HY),
2) proposed robust hybrid scheme with imperfect CSI
(R-HY),

3) fully-digital scheme assuming perfect CSI (NR-FC),

4) robust fully-digital scheme with imperfect CSI (R-FC).
We consider that the distance between the relay and each
user is 100 meters and the carrier frequency is 28 GHz. The
number of RF chains associated with each user at both the
transmitter and receiver unit is set as N; > 2N, with Ny = 2.
All the simulations are conducted for 10 consecutive time
slots while considering the effect of residual LSI accumulated
from all previous time slots. For simplicity, in each time slot,
all the nodes are assumed to transmit with power P; = P, =
Pr = P = 0.5 W. The noise variance at all the receiving
nodes is set to 0,121 = O’,%z = o,%r = 02 = P/SNR and the

variance of the loopback channel estimation errors is set to

0621 = 032 = aezr = 012 = INRO’,%, where INR is interference-
to-noise-ratio. In order to incorporate the robustness in the

system design, we consider the channel estimation errors

~ 2 52 g2 g2 g2
variance to be oy = oy, = o5 = o, = o,. The channel

follows Saleh-Valenzuela model with uniform linear antenna

with £ = a (21 +
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arrays having inter-element spacing as 1 /2. The number of
clusters and number of rays are assumed to be N,; = 4
and N,y = 5, respectively. BPSK modulation scheme is
assumed for generation of data. All the simulations param-
eters have been tested for N = 10000 data samples. The
convergence threshold A considered for iterative algorithm
in Table. 1 is 1074,

60 T T
NR-FC; o2 =0.1
-+ R-FC; 02 =0.1
50 1 |+ NRHY; 02 =041
-+ R-HY; o2 =01
e
40 F NR-FC; o2 =0.15
-= R-FC; 02 =0.15
[} e
© = NR-HY; o2 =0.15
€30 e
- 2
£ -a-R-HY; 0% =0.15
=] e
n NR-FC; o2 =0.25
20 [ |~ R-FC; 02 =025
v NR-HY; o2 =0.25
e RHY: o2 =
10 | | RHY: o2 =025 y
cf"y
&
7
4 9.5 10 105
0 “v'——‘ L L L L L L
-25 -20 15 10 -5 0 5 10 15 20

SNR (dB)

FIGURE 2. Sum-rate Vs SNR performance comparing schemes 1) to 4) for
varying error variance.

0.14 ‘
N NR-FC; o2 =0.1
012 f e e 1
# NR-HY; o2 =0.1
v
01 | -»-R-HY; ”i =01 b
NR-FC; o2 =0.25
" 008 | | v RFC; 02 =025 1
E ‘ vNR-HY; 0% =025
\
006 | | “wRHY; g =025
L
.
0.04 | 1V 1
\
\F
\\; .
002 F Vyvvgy |
*\‘ Z‘V—V‘V“;i—zhv V_V AR A A ¥V GG GGy
IR R E RTINS T R
0 : ‘ ‘ ‘ ‘
0 5 10 15 0 % %

Number of iterations

FIGURE 3. Convergence behavior of schemes 1) to 4) with varying error
variance for INR = —5dB.

The sum-rate performance with varying SNR values for
the proposed FD system with reduced complexity and a FD
fully-digital system for both robust and non-robust schemes
is compared in Fig. 2 for N, = 8, N,y = 16, N, =
4, Ny = 8,02 = 02 and INN = —5dB. We can
observe robustness of the proposed robust design in terms of
sum-rate values for different CSI error variances as compared
to other designs. Moreover, it is seen that sum-rate compa-
rable to the fully-digital system is achieved with half hard-
ware complexity. Fig. 3 and Fig. 4 show the convergence
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FIGURE 4. Convergence behavior of schemes 1) to 4) with varying INR for
2
og =0.2.
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FIGURE 5. Sum-rate Vs SNR performance for varying hardware
complexity.

behavior of the proposed iterative approach with respect to
error variance aez and INR values, respectively, for N; = 8,
N, = 16, N, = 4, and N,,; = 8. It is observed that
for each time slot, the proposed algorithm converges in less
than 5 iterations for all the schemes. By setting N; = 16,
Nyt = 32,02 = 0.2 and INR = —5dB, we further examine
the effect of varying hardware complexity on the proposed
robust designs and the results are shown in Fig. 5. It is
observed that comparable sum-rate is obtained with half the
hardware complexity of the fully-digital system whereas we
observe marginal difference in sum-rate at 1/4 complexity.
This implies the proposed design is amenable to implementa-
tion in large-MIMO mmWave systems. The detailed analysis
of system performance with varying hardware complexity
is provided in Sec. VI-A. We also evaluate the sum-rate
performance for both the proposed system designs based on
varying number of parallel data streams N as shown in Fig. 6
for Ny = 8, Ny = 16, N, = 4, N,y = 8,02 = 0.2,
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FIGURE 6. Sum-rate Vs SNR performance for varying number of parallel
data streams.
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FIGURE 7. Evolution of sum-rate over time for schemes 1) to 4) with
varying INR.

and INR = —5dB. As expected, higher sum-rate is achieved
with increasing number of data streams as more data can be
communicated at each time slot. However, we observe that
comparable sum-rate is achieved for all Ny values at lower
SNR ranges due to insufficient signal strength to carry out
multi-stream data transmission. We again set Ny = 8, Ny =
16,N, = 4, N,y = 8, 02 = 0.2 in Fig. 7, which depicts
the sum-rate variation in the proposed systems over the time
slots for varying INR values. We observe that the sum-rate is
distributed with very small standard deviation and constant
mean. Also, lower INR values are observed to perform better
due to less interference in the system. SMSE and sum-rate
plots are shown in Fig. 8 and 9 respectively, consid-
ering various dictionaries including eigen beamforming,
discrete Fourier transform (DFT) beamforming, discrete
cosine transform (DCT) beamforming, discrete Hadamard
transform (DHT) beamforming, and antenna selection for
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TABLE 4. Hardware complexity analysis.

Hardware Complexity Sum-rate (bits/sec/Hz) %SRA
Perfect CSI Imperfect CSI Perfect CSI Imperfect CSI
100%(Fully-digital) 25.340 26.749 / /
50% 23.981 25.757 94.46 96.30
25% 21.156 23.0024 83.48 86.00
15 T
T f
-HY; Eigen Beamforming RHY: Ei 8 y 4
{ ‘&R-HV; DFT -7 R- ; Elgen Beamiormer
——R-HY; DCT —+—R-HY; DFT
R-HY; DHT 40 | [ R-HY;DCT
-7-R-HY; Antenna Selection —o-R-HY; DHT
——R-HY; Antenna Selection
)
® 30 [ 1
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(7]
20 1
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FIGURE 8. SMSE Vs SNR performance for different dictionaries.

Ny = 16, Ny = 32, N, = 8, Npy = 16, 62 = 0.2
and INR = —5dB. In Fig. 8, we find that SMSE decreases
with increasing SNR for all the dictionaries with eigen beam-
former performing closest to the fully-digital system. For all
other dictionaries, we get higher SMSE values over the entire
range of SNR. Similar trend is manifest in Fig. 9 as well.
In practical system implementation, the choice of dictionaries
will be dictated by application and ease of implementation.

A. HARDWARE COMPLEXITY ANALYSIS

In this subsection, we present the analysis of system perfor-
mance with varying hardware complexity by using the
data collected through extensive simulations. By hardware
complexity we refer to the number of RF chains associ-
ated with total number of antennas at each user and relay
node. We compare both the proposed designs at 1/2 and 1/4
hardware complexity against fully-digital system. Sum-rate
accuracy (%SRA) is considered as the performance crite-
rion for comparison where %SRA is computed as %SRA =
(why /@rc) * 100. We consider sum-rate averaged in SNR
range of —10dB to 10dB over 1000 simulations for SRA
computation. All the simulations are performed for N; = 16,
Nyt = 24 with associated RF chains N, € {16, 8, 4} and
Ny € {24, 12, 6} for fully-digital, 1/2, and 1/4 hardware
complexity, respectively. Complete analysis results are given
in Table 4. It is found that the system is able to achieve up
to 94 %SRA with half the complexity and up to 83 %SRA
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FIGURE 9. Sum-rate Vs SNR performance for various dictionaries.

when hardware complexity reduces to 1/4 of the fully-digital
system. Hence, comparable system performance can be
achieved with half the cost as compared to full-complexity
systems. Also, 1/4 complex system have considerable perfor-
mance with very low cost. Such systems can be considered
when low cost communication is a requirement with observed
trade-off over the performance. Moreover, it is also seen that
the robust system achieves better performance as compared to
the system designed by considering perfect CSI knowledge,
hence demonstrating its resilience towards CSI errors even
with reduced hardware complexity.

VII. CONCLUSION

In this paper, we investigated low-complexity hybrid FD
relay-based mmWave communication systems. We proposed
transceiver and relay filter designs for the case where the
available CSI of all the links except the loopback chan-
nels are perfectly known as well as the case where the
CSI of all the links are imperfect. The hybrid RF/baseband
architecture was considered in order to achieve reduction in
hardware complexity and hence making it feasible for imple-
mentation in mmWave systems employing large number
of antenna elements. For both the designs, we first jointly
obtained the full-complexity optimal transceiver and relay
filter matrices under the total relay transmit power constraint
using an iterative approach. A closed form solution for
relay-filter at each time slot, was obtained by minimizing the
SMSE while reducing the effect of residual LSI. We further
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decomposed the optimal filters into analog-digital hybrid
matrices by using an OMP-based sparse approxima-
tion technique. We illustrated through simulations that
both the proposed hybrid designs with reduced hardware
complexities are capable of performance comparable to the
full-complexity fully-digital system. Furthermore, in the
proposed robust design, we considered the imperfections
in channel knowledge while designing the overall system
making the performance resilient to CSI errors. We also vali-
dated the robustness of the proposed design in the presence
of CSI errors through simulations.

APPENDIX A

OPTIMIZATION PROBLEM SOLUTION

In this section, we present the generalized solution of the
optimization problem given in (13) and (34) for both the
proposed designs by using Karush-Kuhn-Tucker conditions.
We introduce an additional term x in the expressions to
differentiate between both the proposed designs. We consider
x = 1 for the robust system and x = 0 otherwise. The gener-
alized Lagrangian function J(o, Vi ¢, V2.r, Ri, Ry, F L)
associated with the optimization problem is given by

J(@, Vi, Voo, R, Ry, F 1)
= Ny(P1 + P2) — t”(RngﬁHl,rVu

+ VI HY FGYR; + RYGIFH, - V2
+ V3 HY FYGYR) + a7 (o;,

+a2tr(ViVID)rRRY) + a2 (02

+ 02 (VaVE)) tr(RoRY)

FURYGFZIF! YRy + xo2, (F(2]

+of, r(Va VEODF! )tr(RIR{’ )

+tr(RY G, FZSF¥ GIRy)

+ x5, (F(zg + 0, tr(Vi VI OI)F? )tr(R2R§1 )

+ A(a?tr(FZXF) — Pr), (39)
where,
Zi. x=
' =1 X Vie{l,2,r} (40)

We obtain the desired transceiver and relay filter matrices

by minimization with respect to each dependent variable in
. . . . . H

the 'Lag.ranglan. Differentiating the Lagrangian w.r.t. Vy and

setting 1t to zero, we have

aJ
H
VY,

=-—H{ F/GYR,+H{ F!GYR,RY G, FH, .V, -

+x0d, L0k r(F P RREV
+ xod tr(RoREHHE FIFH, V)
+ra?(HY FPFH, V)

+ Xo,?,l,ttr(FHI})Vl,r) =0,
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From the above, we get the precoder matrix for U1 as
Vi = [H{{TF”GQIRzRg’GzFHI,f
+ XO’I?II ,Tacz;z tr(FHF)tr(RzRSI |
+ xog,r(RoRYHY F/FH, .
+ 2o (HY _F¥FH,
TN .
+ Xaf,mtr(FHF)I)] HY FYGIR,. (41)
Similarly for U2, the precoder matrix is obtained as
Vo, = [Hg”tfi‘HGleR{’Glf?Hz’,
+ XGI?INJ(Z;I tr(ﬁ‘Hﬁ‘)tr(RlR?)I
+ xo5, r(R iR YHY FPFH,,,
2maH THE
+ Ao (HZ,rF FH, .
I | -
+ x07, rE L) | B FIGHR. @2)

Now, differentiating the Lagrangian w.r.t. RII'I and setting it to
zero, we get

3J "
—— = —GiFHy ; Vy; + o *(07 + 0. tr(VIVI))R,

H n
R’ !

+GIFZF G R, + xod,ur(F(2}
+ 07 (V2 VE DD FR; ) = 0.
Thus the receive filter for U1 is obtained as

R, = |:a2(a,%l o2 tr(ViVIO)I + Gy FZIF Gl

-1
+ x0,tr (F(ZF + of, r (V2 VE D FY )]
X Gli‘Hz,TVz,r. 43)

Similarly, the receive filter for U2 is given as

R, = |:a_2 (a,%z + Gezztr(Vng))I + GzFZg FHGQI

-1
+ XOéJr(F(Z% + Glgl,rt”(VI,TVﬁ,)I)FHﬂ
X GZFH]’-[V]J. (44)

In order to obtain the expression for relay filter, we differen-
tiate the Lagrangian w.r.t. F# and obtain

=GRV B+ GIR VYY)
+ (G RIRY GHFZY + (GHRRY G FZ
+ 1 (02, (r®RIRIODF(Z] + 0, tr(VaVII) )
+ x (08, (rRRIODF(ZZ + o, tr(ViVII) )
+ 2’ FZ) = 0. 45)
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For simplicity, we denote
B = GgRZV?,rH?,r + G{IRlvnggr’
D; = GRRIGY,
Dy = GYRRYGY,
Dy = Z7 + og, r(V2VEOL,  and,
Dy = Z5 + of, tr(VVI)L
Hence, the expression in (45) can be rewritten as

a%_JH = -B+D,FZ} +D,FZ}
+x (oél (tr(R R )I)FD,,,)
+x (oéz (tr(RRY )I)FD,V)
+ )\aZFZﬁ( =0
— D,FZ! + D, FZ} + X(aél (tr(R RY )I)FD,,,)
+x (08, (rRRODEDyy ) + 2’FZY = B.

On performing the vectorization operation on the preceding
equation, we get
vec<D,iZ>f + Dy FZS + % (agl (tr(R RY )I)FD,,,)

+x (08, (rRREDFDyy ) + Mﬁz;) = vec(B).

For any three matrices, Ay, Ay, and Az of suitable dimen-
sions, vec(A1AsA3) = (A7 ® Aj)vec(As), [46]. Thus,
we have
T=07f
where,? = vec(F), f = vec(B) and O = (ZfT ® Dy) +
T

" © Dy + 1 (D} ® o (rRIROD)) + x(Df, @
oéz (tr(RgRg )I)) + (ZfT ® AaI). Hence, the relay filter
matrix F can be obtained as

F = oF. (46)
Differentiating the Lagrangian w.r.t o, we have
aJ -
5o =2 Hop + ol tr(ViVED)tr (R RY)

— 200y, + oL tr(V2VE)) r(RoRE)
+ A(2atr(FZXF?)),

and setting it to zero, we get

2
artr(FZXF?) = o3 Z(a,fi + aezitr(Vin))tr(Rinl)’
i=1
= aztr(f*’Zf FH)
a? Ziz:l (0,%,. + Uezitr(Vin{))tr(RiRl’.")
)\4 .

(47)
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Finally differentiating the Lagrangian w.r.t A and equating it
to zero we get

aJ L
5 = o?tr(FZXF?) — P = 0.

= o’tr(FZF7) = Py,
a2 (0 + o2r(ViVI))r(RRI)

= 3 T,
2 2 2 H H
~ o7 +ostr(V;V:))tr(RR!
= )\a2 — Zz_l( n; e ( [ )) ( iy ) (48)
Pr
Hence, o can be calculated as
o =\ NPy (r(FZFE)) ™" (49)

and A is obtained as

2
= (Nre,PT)*Z( 3 (02 + o2tr(ViVE))r (RiRY ))
i=1
x tr(FZXF1).  (50)
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