
DOI 10.1140/epja/i2011-11151-y

Regular Article – Theoretical Physics

Eur. Phys. J. A (2011) 47: 151 THE EUROPEAN
PHYSICAL JOURNAL A

In-medium operator product expansion for heavy-light-quark
pseudoscalar mesons

Sven Zschocke1,2,a, Thomas Hilger3,4, and Burkhard Kämpfer3,4
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Abstract. The operator product expansion (OPE) for heavy-light-quark pseudoscalar mesons (D-mesons
and B-mesons) in medium is determined, both for a moving meson with respect to the surrounding medium
as well as for a meson at rest. First of all, the OPE is given in terms of normal-ordered operators up to
mass dimension 5, and the mass of the heavy quark and the mass of the light quark are kept finite. The
Wilson coefficients of such an expansion are infrared (IR) divergent in the limit of a vanishing light-quark
mass. A consistent separation of scales necessitates an OPE in terms of non–normal-ordered operators,
which implies operator mixing, where the IR-divergences are absorbed into the operators. It is shown that
the Wilson coefficients of such an expansion are IR-stable, and the limit of a vanishing light-quark mass
is perfomed. Details of the major steps for the calculation of the Wilson coefficients are presented. By a
comparison with previous results obtained by other theoretical groups we have found serious disagreements.

1 Introduction

The discovery of the charm quark in 1974 by detecting the
J/Ψ -particle [1,2] has completed the second quark gener-
ation and was a manifest triumph of the quark model.
While J/Ψ is a bound state of a charm quark and an anti-
charm quark, J/Ψ = cc, so-called open-charmed mesons
were discovered soon afterwards: D+ = cd, D0 = cu, and
their corresponding anti-mesons D− = dc, D

0
= uc. The

open charmed mesons are much easier accessible experi-
mentally, because the D-mesons are the lightest particles
which contain a charm-quark and their lifetime is a few
orders of magnitude larger than J/Ψ : the mass of J/Ψ is
3096.9MeV and the lifetime is 7.06× 10−21 sec, while, for
instance, the mass of D±-meson is 1869.6MeV and the
lifetime 1.04 × 10−12 s [3].

Whereas charmed mesons in vacuum were studied
thoroughly ever since, nothing is known so far from the
experimental side about the properties of these mesons
in medium. Nowadays, experiments are initiated to study
charmed mesons embedded in a hadronic medium. In
fact, the upcoming accelerator FAIR (Facility for Antipro-
ton and Ion Research) at GSI (Gesellschaft für Schwer-
Ionenforschung) in Darmstadt/Germany [4] offers the op-
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portunity to study charmed mesons in dense nuclear mat-
ter. Especially, the CBM (Compressed Baryonic Matter)
Collaboration intends to study the near-threshold produc-
tion of D-mesons and J/Ψ in heavy-ion collisions, while
the PANDA (anti-Proton ANihilation at DArmstadt) Col-
laboration will focus on charm spectroscopy as well as on
charmed mesons produced by anti-proton annihilation in
nuclei.

This growing interest can also be motivated from in-
medium modifications of K-mesons, that is an expected
down-shift of K− and an up-shift of K+ with increasing
density [5]. There is a similarity between D-mesons and K-
mesons in respect to their quark structure: K− = su corre-
sponds to D0, while K+ = us corresponds to D

0
. Thus, we

conclude the qualitative fact, that both strangeness and
charm might be regarded as probes of the in-medium sit-
uation. Moreover, the expected in-medium modifications
of D-mesons might have a considerable impact on normal
J/Ψ suppression, e.g. [6], and open-charm enhancement,
e.g. [7], in heavy-ion collisions.

Despite the upcoming experiments CBM and PANDA,
theoretical investigations of charmed mesons, both in vac-
uum and in medium, are fairly rare. One reason is that the
well-established perturbation theory of Quantum Chro-
modynamics (QCD), the fundamental theory of strong
interactions, cannot be applied, because the momentum
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transfer Q among bound quarks is small Q ∼ ΛQCD �
245MeV [8]. Thus, the running coupling constant of QCD
αs(Q) becomes large, and non-perturbative approaches
are compelling in order to derive the physical properties
of mesons from fundamental principles.

Especially, the infrared regime of QCD is complicated
due to the still unresolved phenomenon of confinement.
One aspect thereof is the non-vanishing of normal-ordered
products of quark and gluon field operators taken be-
tween the non-perturbative, so-called physical, ground
state |vac〉 of QCD, e.g., the chiral quark– and gluon-
condensate

〈vac| : qa qa : |vac〉 �= 0, (1)

〈vac| : GA
μν GA μν : |vac〉 �= 0. (2)

Here, : O : denotes the normal ordering of a composite
operator O, qa is the quark field operator of color index
a = 1, 2, 3, and GA

μν is the gluon field strengh tensor, where
μ, ν = 0, 1, 2, 3 are the Lorentz indices and A = 1, . . . , 8
is the Gell-Mann index; troughout the article the Einstein
convention is used. Vacuum expectation values like (1)
and (2) are called vacuum condensates, a term which refers
to the fact that the physical ground state of QCD is not
“empty” but contains colorless and chargeless states of
strongly bounded (condensed) quarks and gluons. In con-
trast, in the perturbative vacuum |0〉 of QCD the normal-
ordered condensates vanish, e.g., 〈0| : qa qa : |0〉 = 0 and
〈0| : GA

μν GA μν : |0〉 = 0.
At finite baryonic densities the vacuum condensates

are generalized to in-medium condensates, where the in-
medium state is denoted by |Ω〉, i.e.

〈Ω| : qa qa : |Ω〉, (3)
〈Ω| : GA

μν GA μν : |Ω〉. (4)

The ground state of a hadronic medium can be approxi-
mated as a Fermi gas of nucleons: |Ω〉 = |vac〉+

∑
k |N(k)〉.

It is a formidable challenge to evaluate vacuum and in-
medium condensates from the first principles of QCD.
So far, approximative solutions have been obtained (e.g.,
lattice gauge theory, Wilson loop expansion, instantons,
etc.), but a comprehensive understanding of the confine-
ment problem is far out of reach. Therefore, the question
arises how the fundamental QCD parameters may be re-
lated to the vacuum and in-medium properties of mesons.

One of the best methods among the non-perturbative
approaches is the QCD Sum Rules (QSR), which link
hadronic observables like mass, decay width and coupling
constant of the hadron under consideration to the fun-
damental parameters of QCD. The QSR have first been
developed for mesons in vacuum [9–11], and later been
generalized to the case of mesons in medium [12–15], see
also [16] for the case of finite density and temperature.
The decisive advantage of this approach is that QSR con-
sider the existence of vacuum condensates and in-medium
condensates as a given fact, instead of determining their
numerical values by the first principles of QCD. In this
way, QSR are not concerned with the problem of con-
finement, but assume that confinement exists and they

are neither concerned with the involved structure of the
ground state |vac〉 nor the in-medium state |Ω〉.

Thus, once a very few parameters, i.e. numerical
values of condensates, are given, physical properties of
a large variety of hadrons can be predicted. The link
between hadronic observables and fundamental param-
eters of QCD is given by a dispersion relation of n-
point correlators which are non-local products of n op-
erators: O1(x1)O2(x2) . . . On(xn). Here, we consider so-
called current-current correlators j1(x) j2(y), which are
two-point correlators.

The analyticity of the current-current operator allows
to relate the time-like region (hadronic part) with the
space-like region (QCD part) of that operator. While the
hadronic side of the dispersion relation is parametrized
by means of hadronic observables, the Wilson Operator
Product Expansion (OPE) [17] is applied on the QCD
side. In general, the product j1(x)j2(y) diverges in the
limit x → y, e.g., [18–20]. The Wilson OPE allows to de-
compose the product of non-local operators in terms of a
series of regular local operators O and the so-called Wilson
coefficients Ck, which are divergent for x → y, i.e.

j1(x) j2(y) =
∞∑

k=0

Ck

(
x − y

2

)

Ok

(
x + y

2

)

. (5)

The point of the OPE (5) is that the fields of the currents
are separated into a hard and a soft part. The hard part
is proportional to the unit operator and can be treated
perturbatively, i.e. it can be evaluated with respect to
the perturbative vacuum |0〉. The spatial dependence of
the soft part can be Taylor expanded and leads to local
condensates in the medium state |Ω〉.

In general, the currents of the correlator are interpo-
lating fields, which carry the symmetries of the specific
hadron: spin, isospin, parity, charge and the valence quark
content. More specific, in case of D-mesons or B-mesons
we need to analyze correlators of heavy-light-quark cur-
rents. OPE’s of such heavy-light-quark current-current
correlators have been evaluated since the early days of
QCD sum rules, see pioneering investigations [21–28].

One of the main peculiarities within the calculation
of the OPE for a pseudoscalar heavy-light-quark meson
correlator is the absorption of infrared mass divergences
which occur in the Wilson coefficients. In order to ren-
der the OPE finite, these divergences have to be absorbed
into the condensates by introducing non–normal-ordered
condensates, like

〈Ω|qa qa|Ω〉, (6)
〈Ω|GA

μν GA μν |Ω〉, (7)

instead of the normal-ordered ones. The unique mathe-
matical scheme behind is the approach of operator mix-
ing which allows for a consistent separation of scales.
This problem has been worked out in detail in [28, 29],
and accounts for a perturbative piece of the condensates,
cf. [26,28–30] for a detailed discussion of the vacuum case.

At non-vanishing baryonic densities the OPE differs
from the vacuum case and additional mass singularities
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occur. In order to treat them consistently one has to find
additional expressions which reproduce the vacuum limit
but also render the in-medium OPE infrared stable. A cru-
cial point is the mixing of different condensates under this
procedure. The in-medium OPE for open charmed mesons
has been evaluated in [31–33]. Unfortunately, the results
and Wilson coefficients presented in these references sig-
nificantly differ from each other. Moreover, it is not clear
in which way the authors have dealt with the infrared mass
singularities. However, the knowledge of the correct OPE
is compelling for a reliable prediction of in-medium prop-
erties of D-mesons within the QSR approach. Recently,
in [34,35], an OPE for heavy-light currents in medium has
been presented where the operator mixing and cancella-
tion of infrared simgularities were correctly taken into ac-
count, but no further details of the involved evaluation of
the OPE were given. In view of the progressing in-medium
D-meson physics, both experimentally and theoretically,
it is timely to present a transparent and thorough calcu-
lation of the OPE for D-mesons in matter and a compre-
hensive representation of the techniques which have to be
applied.

The pseudoscalar B-mesons are also heavy-light-quark
systems and their quark structure is: B+ = ub, B− = bu,
B0 = db and B

0
= bd. So far, the only application of the

QSR approach has been performed in [34] in order to de-
termine in-medium modifications of B-mesons. Since the
formalism of OPE and QSR can easily be extended from
D-mesons to the case of B-mesons, we will incorporate
these mesons in our investigation.

The paper is organized as follows: The OPE in terms
of normal-ordered condensates is calculated in sect. 2.
Non–normal-ordered condensates and, therewith associ-
ated, the operator mixing and the absorption of infrared
divergences is discussed in sect. 3. The IR-limit, i.e. the
limit of a vanishing light-quark mass, is considered in
sect. 4. In sect. 5 the OPE is given for the physical situ-
ation where the meson is at rest with respect to the sur-
rounding medium. Furthermore, a Borel transformation is
performed. A comparison with the results given in several
publications is given in sect. 6. The summary can be found
in sect. 7.

2 OPE in terms of normal-ordered operators

2.1 OPE with IR-divergent Wilson coefficients

Let us introduce the current-current correlator for D-
mesons, which is defined as the Fourier transformation
of the expectation value of the time-ordered products of
two currents:

Π(q) = i

∫

d4x eiqx〈Ω|Tj(x)j†(0) |Ω〉, (8)

where T denotes the Wick time ordering, qμ = (q0, q) is
the four-momentum of the D-meson, and |Ω〉 is the ground
state of hadronic matter. Application of Wick’s theorem

to the correlator (8) naturally yields the OPE in terms of
normal-ordered operators and can be written as

Π(q) = C0 I +
∑

i

Ci 〈Ω| : Oi : |Ω〉(0), (9)

where I is the unit operator, the notation (0) means tree
level matrix elements, and the bar denotes Wilson coef-
ficients which correspond to tree level matrix elements,
cf. the OPE of heavy-light-quark currents in vacuum [29].
From now on we drop the label (0), i.e. normal-ordered
condensates are always on tree level throughout the work.

As mentioned in the introduction, the currents in (9)
are constructed such that they contain the quantum num-
bers of the particle under consideration, i.e. spin, isospin,
parity, charge and the valence quark content. Accordingly,
for D-mesons they are given by

jD+(x) = : i d γ5 c :, (10)
jD−(x) = : i c γ5 d :, (11)
jD0(x) = : i u γ5 c :, (12)
j
D

0(x) = : i c γ5 u : . (13)

Due to j†D+ = jD− and j†D0 = j
D

0 we obtain, by means
of j(x) = exp(iPx) j(0) exp(−iPx) where P is the mo-
mentum operator, the relations ΠD+(q) = ΠD−(−q) and
ΠD0(q) = Π

D
0(−q), respectively. Furthermore, in isospin

symmetric nuclear matter a replacement u ↔ d does not
change these four correlators. Thus, it is sufficient to con-
sider the current-current correlator (8) with the current
operator of the D+ meson given by eq. (10), since the
other three correlators ΠD− , ΠD0 and Π

D
0 , can easily be

deduced from ΠD+ .
Similarly, for B-mesons the currents read

jB+(x) = : i b γ5 u :, (14)
jB−(x) = : i u γ5 b :, (15)

jB0(x) = : i b γ5 d :, (16)

j
B

0(x) = : i d γ5 b : . (17)

Obviously, we have jB− = j†B+ and j
B

0 = j†B0 and
ΠB+(q) = ΠB−(−q) and ΠB0(q) = Π

B
0(−q). Therefore,

the OPE for the B-mesons can be deduced from the OPE
of B+. Furthermore, since the OPE of B− can be obtained
from the OPE of D+ by the replacements u → d and
b → c, we conclude that the OPE of all heavy-light-quark
pseudoscalar currents can be deduced from the OPE of
the D+ meson; therefore, from now on we shall drop the
explicit notation D+.

In this section, we will determine the Wilson coeffi-
cients of (9). The OPE contains all operators up to mass
dimension 5:

I : mass dimension 0, (18)

qa
i qb

j : mass dimension 3, (19)

qc
i

−→
Dca

μ qb
j : mass dimension 4, (20)

GA
αβ GB

μν : mass dimension 4, (21)
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qc
i

−→
Dcd

μ

−→
Dda

ν qb
j : mass dimension 5, (22)

qc
iσ

μν Gca
μν qb

j : mass dimension 5, (23)

where the flavor of the quark-fields are either charm or
down quarks, the Dirac indices are denoted by i, j =
1, 2, 3, 4, and the operators have to carry a colorless struc-
ture; for notation see appendix A. In what follows, we will
calculate all Wilson coefficients at first non-trivial order
in powers of the QCD coupling constant, except for the
unity operator where we include αs corrections.

As we shall see in this section, the Wilson coefficients
of (9) are divergent in the limit of a vanishing light-quark
mass md → 0, which is the so-called IR divergency. The
reason for this divergence is that a proper factorization of
short- and long-distance contributions in the OPE requires
the calculation of matrix elements at the same order as
the Wilson coefficients. This special issue will be the topic
of the next section. In this section we will consider the
OPE (9), i.e. in terms of normal-ordered operators.

By inserting the current (10) into (8) and applying
Wick’s theorem to the current-current correlation function
Π(q) we obtain:

Π(q) = Π(0)(q) + Π
(2)
d (q) + Π(2)

c (q) + Π(4)(q), (24)

Π(0)(q) =

−i

∫

d4x eiqx〈Ω| : TrC,D (γ5 Sd(0, x) γ5 Sc(x, 0)) : |Ω〉,

(25)

Π
(2)
d (q) =

∫

d4x eiqx〈Ω| : d(x) γ5 Sc(x, 0) γ5 d(0) : |Ω〉, (26)

Π(2)
c (q) =

∫

d4x eiqx〈Ω| : c(0) γ5 Sd(0, x) γ5 c(x) : |Ω〉, (27)

Π(4)(q) =

−i

∫

d4x eiqx〈Ω| : d(x) γ5 c(x) c(0) γ5 d(0) : |Ω〉, (28)

where the notation TrC,D means trace over Dirac and color
indices.

The point of the whole OPE is that the quark and
gluon fields are separated into a hard and a soft part. The
hard part can be treated perturbatively. The soft part
cannot be calculated in this way, but being soft one can
Taylor expand the spatial dependence of the fields and
relate it to local condensates.

Accordingly, the term Π(0) is decomposed into a per-
turbative part, which is proportional to the unit matrix
and is treated by the standard perturbation theory of
QCD, and a gluonic part where the gluon fields are soft:

Π(0)(q) = Πpert(q) + Π
(0)
G2 (q). (29)

The terms Π
(0)
G2 , Π

(2)
d , Π

(2)
c and Π(4) describe the non-

perturbative part of the correlator. The labels (0), (2)

and (4) denote the number of non-contracted quark fields,
i.e. the number of quarks which participate in the forma-
tion of a condensate. The term Π(4) concerns only the soft
part of all operators. Thus there is no flow of hard momen-
tum. The result of the integral in (28) is proportional to
Dirac’s delta-function δ(q2) and derivatives thereof, i.e.
Π(4) vanishes except for q2 = 0. Therefore at large |q2|
(OPE) there is no contribution from this term.

The quark propagator in a weak gluonic background
field in coordinate space reads (n is either c or d)

iSn(x, y) = iS(0)
n (x − y)

+
∞∑

k=1

∫

d4z1 . . . d4zk iS(0)
n (x − z1)

×gsÂ(z1)iS(0)
n (z1 − z2) . . . gsÂ(zk)iS(0)

n (zk − y), (30)

where S(0)(x − y) denotes the free propagator and “hat”
a contraction with Dirac matrices Â = γμAμ. For our
investigation we need the quark propagator up to order
k = 2, given explicitly by eqs. (B.13)–(B.15).

In what follows we shall determine the Wilson coeffi-
cients of (25)–(27), while (28) does not contribute at large
|q2|.

2.2 The perturbative part Πpert

The perturbative part is the Wilson coefficient of the unit
operator (18), and is given by

Πpert(q) = −i

∫
d4p

(2π)4
TrC,D

(
γ5 S(0)

c (p) γ5 S
(0)
d (p − q)

)

+O (αs) . (31)

Note that there is neither a normal ordering nor an expec-
tation value, since in perturbative QCD the propagator
is a usual c-number. The first term in (31) corresponds
to a one-loop Feynman diagram; see the left diagram in
fig. 1. The terms of order O(αs) are not given explicitly
and correspond to two-loop Feynman diagrams, see the
middle and the right diagram in fig. 1. Their mathemati-
cal structure is almost identical to (35)–(37), but the two
gluon fields are not soft anymore but contracted to a free
gluon-field propagator; for equal quark mass, these terms
can be found in standard text books, e.g., [18, 20].

The explicit solution of (31) is rather involved and is
usually determined by means of the dispersion relation

C0 ≡ Πpert(q) =
1
π

∫ ∞

(mc+md)2
ds

Im Πpert(s)
s − q2

. (32)

The imaginary part of the perturbative term can be de-
termined by means of the Cutkosky cutting rules [36] (for
a didactical representation of the cutting rules including
some examples see [37]), and has been calculated for the
very first time in [24], and later on several times by differ-
ent authors, especially [21, 27]; note that an error in the
calculation of [24] has been corrected by [27]. In the MS
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D+

md

mc

γ5 γ5

md

mc

γ5

gs

gs

γ5

md

mc

γ5

gs gs

γ5

Fig. 1. Feynman diagrams for the perturbative part Πpert(q) in eq. (31); the fourth diagram is not shown but can be obtained
from the right one by the replacement d ↔ c. Solid lines depict the free quark propagator, curly lines stand for contracted gluon
fields, i.e. free gluon propagator, and dashed lines denote the D-meson. The left diagram is for the zeroth order O(α0

s), while
the other two diagrams are the first order O(αs) in perturbation theory of QCD.

mc

md

γ5

g

γ5

g

γ5

g mc
g

γ5

md

γ5

mc

γ5

gmdg

Fig. 2. Feynman diagrams corresponding to ΠG2,A

, ΠG2,B

and ΠG2,C

in eqs. (35), (36) and (37) from left to right. Solid lines
depict the free quark propagator, dashed lines denote the D-meson, and curly lines stand for the soft gluon fields; the crosses
symbolize the creation or annihilation of a gluon by virtual particles.

scheme [38], the perturbative part is IR-convergent [39].
In accordance with the whole approach, we present our
result for md = 0 in Feynman gauge, which agrees with
the findings of [21,27]:

Im Πpert(s) =
3

8π

(
s − m2

c

)2

s

+
αs

2π2

(
s − m2

c

)2

s

[
9
4

+ 2Li2

(
m2

c

s

)

+ ln
(

s

m2
c

)

ln
(

s

s − m2
c

)

+
3
2

ln
(

m2
c

s − m2
c

)

+ ln
(

s

s−m2
c

)

+
m2

c

s
ln

(
s−m2

c

m2
c

)

+
m2

c

s−m2
c

ln
(

s

m2
c

)]

.

(33)

Here, Li2(x) = −
∫ x

0
dt t−1 ln(1−t) is the Spence function.

We note, that the perturbative part must be symmetric in
exchanging c-quark and d-quark. However, since we have
presented the perturbative part in the IR limit md = 0,
the given solution (33) is not symmetric anymore.

We will not finish this paragraph without a final
remark about the dispersion relation (32). According
to (33), the dispersion relation (32) gives an infinite result
in ultraviolet regions of integration, i.e. one might prefer a
twice-subtracted dispersion relation instead of (32). Such
a subtraction scheme yields polynomials in the external
momentum q. However, after a Borel transformation has
been performed, all polynomials disappear, which means
a Borel transformation of a twice-subtracted dispersion
relation is identical to a Borel transformation of (32).

2.3 The gluonic part Π
(0)
G2

Let us turn to the gluonic part, eqs. (25) and (29), which is
the result of inserting the next-to-leading order propagator
with the lowest-order term of eq. (B.12), and accounts for
pure gluon condensates (21). The expressions up to order
O(αs) are given by:

Π
(0)
G2 (q) = ΠG2,A

(q) + ΠG2,B

(q) + ΠG2,C

(q), (34)

ΠG2,A

(q) =

−i

∫
d4p

(2π)4
〈Ω| : TrC,D

(
γ5 S(1)

c (p) γ5 S
(1)
d (p − q)

)
: |Ω〉,

(35)

ΠG2,B

(q) =

−i

∫
d4p

(2π)4
〈Ω| : TrC,D

(
γ5 S(2)

c (p) γ5 S
(0)
d (p − q)

)
: |Ω〉,

(36)

ΠG2,C

(q) =

−i

∫
d4p

(2π)4
〈Ω| : TrC,D

(
γ5 S(0)

c (p + q) γ5 S
(2)
d (p)

)
: |Ω〉,

(37)

where the quark propagators are given by eqs. (B.13)–
(B.15). These expressions correspond to the Feynman di-
agrams shown in fig. 2.

First we note, that by inserting the expressions (B.13)–
(B.15) into (35)–(37) we recognize that these three in-
tegrals are ultraviolet finite. We also note that inserting
higher orders of the quark propagator, e.g., S

(3)
d , or the
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gluon fields would lead to higher dimensional gluon con-
densates, such as 〈: G3 :〉, or, by usage of the equations
of motion, to quark and mixed quark-gluon condensates.
These terms are either of higher-mass dimension or of
higher orders in αs, so we omit such terms.

At this stage of our investigation we would like to
mention that the calculation of the gluonic part Π

(0)
G2 is

performed at the one-loop level and leads to cumbersome
expressions. Some details of the evaluation are therefore
shifted to appendix C, where we have described in detail
the techniques by means of which we obtain the following
final result for the terms (35)–(37):

Π
(0)
G2 (q) =

〈Ω| :
αs

π
G2 : |Ω〉

(

− 1
12

mc

md

1
q2 − m2

c

− 1
24

q2

(q2 − m2
c)2

)

+〈Ω| :
αs

π

(
(v G)2

v2
− G2

4

)

: |Ω〉
(

q2 − 4
(vq)2

v2

)

×
(

− 1
6

1
(q2 − m2

c)2
− 1

9
1

(q2 − m2
c)2

ln
(

m2
d

m2
c

)

−2
9

1
(q2 − m2

c)2
ln

(

− m2
c

q2 − m2
c

) )

. (38)

Here, G2 = GA
μν GA μν , and vμ = (1,v) is the four-

velocity of the surrounding medium. The first line in (38)
is the scalar contribution which does not vanish in vac-
uum, while the other term is a medium-specific condensate
and vanishes at zero density. One immediately observes an
IR-divergent term ∝ m−1

d known from the vacuum OPE
of D-mesons, while in medium there is an additional log-
arithmic IR-singularity ∝ ln m2

d. Both these IR singular-
ities appear because in the corresponding diagram (right
diagram in fig. 2) there are three light-quark propagators
with the very same momentum, while in the other dia-
grams there are only one or two.

We note the symmetry of (35)–(37) in exchanging the
charm and down quark. However, since we have to per-
form the IR limit md → 0 after operator mixing, we have
taken into account the leading IR-divergent terms only,
that means m−1

d and ∝ ln m2
d. Hence, the solution (38)

is no longer symmetric in exchanging down and charm
quark. In appendix C further details are given about how
the needed expansions in terms of a small d-quark mass
destroy this kind of symmetry.

Furthermore, terms of the form ln q2 and lnm2
d occur

simultaneously and cannot be made small at the same
time for −q2 � m2

d. However, as has been found in [39],
they are remnants of the large distance behavior, i.e. they
originate from the small momentum contribution to the
loop integrals. Their occurrence breaks the neat separa-
tion of scales, which is a necessary feature of every OPE,
and must therefore be absorbed into the condensates.
In [39] the author argues that these logarithms do not
occur when the Wilson coefficients are calculated within a
minimal subtraction scheme. Moreover, they can be ab-
sorbed into the condensates if one reexpresses normal-

ordered condensates, which naturally emerge if one ap-
plies Wick’s theorem to (8), by the so-called non–normal-
ordered ones. This procedure has been known for a long
time in vacuum, cf. [22,29,30,40,41] and references therein,
although an explicit formula could not be found by us.
In sect. 3 we introduce a formula which relates normal-
ordered and non–normal-ordered condensates in matter.

2.4 The term Π
(2)
d (q)

Let us now consider the term (26), which leads to con-
densates which contain down-quarks. After expanding the
light-quark fields and performing the Fourier transforma-
tion we obtain the expression

Π
(2)
d (q) =

∞∑

k=0

(−i)k

k!
〈Ω| :

(
d̄i
←−
Dα1 . . .

←−
Dαk

)a

×
(
γ5∂

α1 . . . ∂αkSc(q)γ5

)ij

ab
db

j : |Ω〉. (39)

The quark fields and their covariant derivatives have to
be calculated at the origin, i.e. x = 0. From here we can
go to higher-quark field derivatives or to higher orders
in the perturbative propagator or to higher orders in the
gluon field, which enters through the perturbative quark
propagator. The quark fields are of mass dimension 3/2.
Each covariant derivative and the gluon fields Ãμ enlarge
the mass dimension by one unit. Thus, working in the
lowest order of the gluon fields, the following terms have
to be considered up to mass dimension 5:

Π
(2)
d (q) = Π

(2)
d,A(q) + Π

(2)
d,B(q) + Π

(2)
d,C(q) + Π

(2)
d,D(q), (40)

where the individual contributions are

Π
(2)
d,A(q) = 〈Ω| : d̄a

i

(
γ5S

(0)
c (q)γ5

)ij

ab
db

j : |Ω〉, (41)

Π
(2)
d,B(q) =

−i〈Ω| :
(
d̄
←−
Dμ

)a

i

(
γ5∂

μS(0)
c (q)γ5

)ij

ab
db

j : |Ω〉, (42)

Π
(2)
d,C(q) =

−1
2
〈Ω| :

(
d̄
←−
Dμ

←−
Dν

)a

i

(
γ5∂

μ∂νS(0)
c (q)γ5

)ij

ab
db

j : |Ω〉, (43)

Π
(2)
d,D(q) = 〈Ω| : d̄a

i

(
γ5S

(1)
c (q)γ5

)ij

ab
db

j : |Ω〉, (44)

where we note that the term (42) is not present in vac-
uum. In fig. 3, three corresponding Feynman diagrams are
shown, but there is actually no one-to-one correspondence
for the expressions (41)–(44) and Feynman diagrams. It
becomes obvious, that the Wilson coefficients can be ob-
tained on tree level, in contrast to Wilson coefficients for
gluon condensate which are obtained on one-loop level.
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md

γ5

mc

γ5

md

γ5

mc

γ5
g

mc

md

γ5

g

γ5

Fig. 3. The first three Feynman diagrams corresponding to Π
(2)
d in eq. (39). Solid lines depict the free quark propagator, dashed

lines denote the D-meson, and curly lines stand for soft gluon fields; the crosses symbolize the creation or annihilation of either
a gluon or a quark by virtual particles. The left diagram corresponds to the quark condensate 〈: dd :〉, while the middle and
right diagrams correspond to the mixed quark-gluon condensate 〈: d̄gσGd :〉.

The calculations on tree level are straightforward, so
we just present the result:

Π
(2)
d (q) = 〈Ω| : d̄d : |Ω〉 mc

q2 − m2
c

−〈Ω| : d̄ i
−→
Dμd : |Ω〉 2mc qμ

(q2 − m2
c)2

−〈Ω| : d̄γλd : |Ω〉 qλ

q2 − m2
c

+〈Ω| : d̄γλ i
−→
Dμd : |Ω〉

(
2 qμ qλ

(q2 − m2
c)2

− gμλ

q2 − m2
c

)

+〈Ω| : d̄
−→
Dμ

−→
Dνd : |Ω〉

(
mc gμν

(q2 − m2
c)2

− 4mc qμ qν

(q2 − m2
c)3

)

+〈Ω| : d̄γλ
−→
Dμ

−→
Dνd : |Ω〉

×
(

4 qμ qν qλ

(q2 − m2
c)3

− qμ gνλ + qν gμλ + qλ gμν

(q2 − m2
c)2

)

−〈Ω| : d̄ gs σ G d : |Ω〉mc

2
1

(q2 − m2
c)2

+〈Ω| : d̄gsγ5γαGμνd : |Ω〉1
2

εαμνκ qκ

(q2 − m2
c)2

. (45)

At this point of the evaluation we have to keep terms ∝ md

(such terms appear when applying the equation of motion
in some coondensates, e.g., in fourth condensate the term
proportional to metric tensor gμλ) because they will be
necessary to cancel the infrared divergences or give finite
contributions to the correlator. The limit md → 0 will
be taken in the next subsection after absorption of these
infrared divergences.

2.5 The term Π(2)
c (q)

Now we consider the term (27) which leads to charmed
condensates. In order to show the similarity with the ex-
pression Π

(2)
d (q) obtained in the previous subsection, we

will keep the light-quark mass finite md �= 0. The calcula-
tion of Π

(2)
c (q) implies a tree level evaluation, and we just

present the result

Π(2)
c (q) = 〈Ω| : c̄c : |Ω〉 md

q2 − m2
d

−〈Ω| : c̄ i
−→
Dμc : |Ω〉 2md qμ

(q2 − m2
d)2

+〈Ω| : c̄γλc : |Ω〉 qλ

q2 − m2
d

−〈Ω| : c̄γλ i
−→
Dμc : |Ω〉

(
2 qμ qλ

(q2 − m2
d)2

− gμλ

q2 − m2
d

)

+〈Ω| : c̄
−→
Dμ

−→
Dνc : |Ω〉

(
md gμν

(q2 − m2
d)2

− 4md qμ qν

(q2 − m2
d)3

)

−〈Ω| : c̄γλ
−→
Dμ

−→
Dνc : |Ω〉

×
(

4 qμ qν qλ

(q2 − m2
d)3

− qμ gνλ + qν gμλ + qλ gμν

(q2 − m2
d)2

)

−〈Ω| : c̄ gs σ G c : |Ω〉md

2
1

(q2 − m2
d)2

−〈Ω| : c̄gsγ5γαGμνc : |Ω〉1
2

εαμνκ qκ

(q2 − m2
d)2

. (46)

Obviously, there are no IR-divergent terms due to charmed
condensates. In our study we will neglect all charmed con-
densates (46). This assumption can be justified as follows.
According to the approximation of the in-medium state
|Ω〉 = |vac〉+

∑
k |N(k)〉, we can split the term (46) into a

vacuum part and a nucleon part: Π
(2)
c = Π

(2) vac
c +Π

(2) N
c .

At first, let us consider the vacuum part: Π
(2) vac
c . In

vacuum, the only non-vanishing term in the limit md → 0
reads

Π(2) vac
c (q) = −〈vac| : c̄γλ i

−→
Dμc : |vac〉

(
2 qμ qλ

q4
− gμλ

q2

)

.

(47)
We insert the operator mixing relation (56) for the vacuum
situation, and obtain the expression Π

(2) vac
c in terms of

non–normal-ordered condensates

Π(2) vac
c (q) =

1
2

mc

q2
〈vac|c̄c|vac〉

+
1

24 q2
〈vac|αs

π
G2|vac〉 − 3

8
m4

c

q2

(

ln
μ2

m2
c

+ 1
)

, (48)
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where we also have used the projection of the Lorentz
structure for the vacuum case: 〈vac|c̄γλ i

−→
Dμc|vac〉 =

mc

4
gλμ 〈vac|cc|vac〉; cf. eq. (E.11) for the corresponding

in-medium projection.
Now we apply the heavy-quark mass (HQM) expan-

sion, which is an expansion of a heavy-quark condensate in
inverse powers of the heavy-quark mass, and for the scalar
charmed condensate in vacuum it is given by [42–44]:

〈vac|cc|vac〉 =
3
4
m3

c

(

ln
μ2

m2
c

+ 1
)

− 1
12mc

〈vac|αs

π
G2|vac〉 + O

(
m−3

c

)
. (49)

The idea behind the HQM expansion is that the interac-
tion of the heavy quarks with the QCD vacuum mainly
happens via gluon interactions, because the quark itself is
too heavy to couple directly to a condensate. Hence, the
heavy-quark condensates are expressed in terms of gluon
condensates. Obviously, by inserting (49) into (48) we rec-
ognize that both the additional gluon condensate and the
logarithmic term which appear in (48) are exactly can-
celled by the HQM expansion. This statement of cancel-
lation can also be found, e.g., in [23].

Let us now consider the nucleon part: Π
(2) N
c . The

charmed condensates in a nucleon are negligibly small [45],
since they contribute in nucleon only via virtual effects;
in this respect, to generate an easily interpreted image
we recall the Tamm-Dancoff approach [46–50] where the
nucleon consists of a valence quark core of up and down
quarks accompanied by a cloud of virtual mesons which
accounts for the virtual sea quarks (e.g., charm quarks)
and gluons. Thus, we can neglect the in-medium charmed
condensates. Finally, we note that it is almost certain
for us that the described cancellation of charmed conden-
sates in vacuum via HQM expansion can be generalized to
the in-medium charmed condensates, but a detailed proof
needs special care and would spoil the intention of our
paper.

In the summary of this section, the complete OPE up
to operators of mass dimension 5 and up to first non-trivial
order in the coupling constant in terms of normal-ordered
operators is given by eq. (24), where (25) is given by
eqs. (32)–(38), and (26) is given by eq. (45); the term (27)
is given by eq. (46) but will be neglected in our further
investigation. Finally, the term (28) does not contribute
at large |q2|.

3 OPE in terms of non–normal-ordered
operators

3.1 Absorption of IR divergences

In order to perform a consistent separation of scales, all
the infrared divergences have to be absorbed into the
condensates, which means that the coefficient functions
are only determined by the short-distance behavior, while

the non-perturbative effects are encoded in the conden-
sates. In [51–53] it has been shown that the Wilson coef-
ficients are polynomial functions of the mass only when
they are calculated in a minimal subtraction scheme. In
contrast, normal-ordering is not a minimal subtraction
scheme. Especially, by introducing normal-ordered con-
densates the IR-divergent terms appear explicitly in the
Wilson coefficients. For a small-quark mass these IR-
divergent terms are remnants of the long-distance part of
the correlator and have to be absorbed into the conden-
sates since they basically contain the long-distance part
of the OPE. Therefore, we have to express the normal-
ordered tree level condensates 〈: O :〉(0) in terms of non–
normal-ordered condensates on one-loop level 〈O〉(1). That
means, the OPE in eq. (9) is re-expressed in terms of non–
normal-ordered operators:

Π(q) = C0 I +
∑

i

Ci 〈Ω|Oi|Ω〉(1). (50)

In the expansion (50) a proper separation of short- and
long-distance contributions has been performed. Espe-
cially, the Wilson coefficients will be finite in the limit
of a vanishing light-quark mass md → 0, that means
IR-stable. The Wilson coefficients in (50) have no bar,
which indicates that they are Wilson coefficients of non–
normal-ordered operators on one-loop level. In consistency
with (9), we have to take into account all operators up to
mass dimension 5.

3.2 Operator mixing

In order to express the normal-ordered condensates by
physical condensates, we note Wick’s theorem for an
equal-time operator product of two quark fields. In do-
ing so we partly follow [44] to get

T q̄(x)O
[−→
Dμ

]
q(y) =

: q̄(x)O
[−→
Dμ

]
q(y) : −i : TrC,D

(
O

[−→
Dμ

]
S(y, x)

)
: . (51)

Here, O[
−→
Dμ] denotes a function of covariant derivatives

in respect to y, gluon fields, and Dirac structures. Now
we set x = 0 in the expression (51) and insert a Fourier
representation of the quark propagator:

T q̄(0)O
[−→
Dμ

]
q(y) =: q̄(0)O

[−→
Dμ

]
q(y) :

−i

∫
d4p

(2π)4
e−i p y : TrC,D

(
O

[
−i pμ−iÃμ

]
S(p)

)
: . (52)

Subsequently we take the limit y → 0, i.e. no time ordering
anymore, and obtain the important relation

〈Ω|q̄O
[−→
Dμ

]
q|Ω〉 = 〈Ω| : q̄O

[−→
Dμ

]
q : |Ω〉

−i

∫
d4p

(2π)4
〈Ω| : TrC,D

(
O

[
−ipμ−iÃμ

]
S(p)

)
: |Ω〉, (53)

where we have also taken the expectation value. So far,
the relation (53) has been applied to the in-medium case
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in [34,35,54–58]. Here, O[−ipμ − iÃμ] denotes the Fourier
transformed operator function, where Ãμ is defined by
eq. (B.11). The derivatives are now contained in the gluon
fields. Therefore, the ordering among the Lorentz indices
is important as the field operators act on everything to the
right. We define (53) as the relation between physical con-
densates and normal-ordered condensates. Renormalizing
the physical condensates by absorbing the divergent terms
of Π

(0)
G2 on the r.h.s. of eq. (53) cancels out the infrared

divergences and yields infrared stable Wilson coefficients.
We note that the extension of operator mixing for the
four-quark condensates can straightforward be obtained
by very similar steps like (51)–(53).

Equation (53) is valid to any loop order of the cor-
responding Feynman diagrams. Here, for our purposes it
will be sufficient to calculate the matrix elements only up
to one-loop order, denoted by the index (1). Up to order
O(αs) the following set of relations has been obtained in
MS scheme:

〈Ω|q̄q|Ω〉(1) = 〈Ω| : q̄q : |Ω〉(0) +
3

4π2
m3

q

(

ln
μ2

m2
q

+ 1
)

− 1
12mq

〈Ω| :
αs

π
G2 : |Ω〉(0), (54)

〈Ω|q̄ gs σ G q|Ω〉(1) = 〈Ω| : q̄ gs σ G q : |Ω〉(0)

−1
2
mq ln

μ2

m2
q

〈Ω| :
αs

π
G2 : |Ω〉(0), (55)

〈Ω|q̄γμ i
−→
Dν q|Ω〉(1) = 〈Ω| : q̄γμ i

−→
Dν q : |Ω〉(0)

+
3

16π2
m4

qgμν

(

ln
μ2

m2
q

+ 1
)

− gμν

48
〈Ω| :

αs

π
G2 : |Ω〉(0)

+
1
18

(
gμν − 4

vμvν

v2

)(

ln
μ2

m2
q

− 1
3

)

×〈Ω| :
αs

π

(
(vG)2

v2
− G2

4

)

: |Ω〉(0), (56)

〈Ω|q̄ i
−→
Dμ i

−→
Dν q|Ω〉(1) = 〈Ω| : q̄ i

−→
Dμ i

−→
Dν q : |Ω〉(0)

+
3m5

q

16π2
gμν

(

ln
μ2

m2
q

+ 1
)

+
mq

16
gμν

(

ln
μ2

m2
q

− 1
3

)

〈Ω| :
αs

π
G2 : |Ω〉(0)

−mq

36

(
gμν − 4

vμvν

v2

)(

ln
μ2

m2
q

+
2
3

)

×〈Ω| :
αs

π

(
(vG)2

v2
− G2

4

)

: |Ω〉(0). (57)

In appendix D, relation (57) is proven in some detail. Fur-
thermore, we notice the relations

〈Ω|αs

π
G2|Ω〉(1) = 〈Ω| :

αs

π
G2 : |Ω〉(0), (58)

〈Ω|αs

π

(
(v G)2

v2
− G2

4

)

|Ω〉(1) =

〈Ω| :
αs

π

(
(v G)2

v2
− G2

4

)

: |Ω〉(0), (59)

because these operators are already of order O(αs). The
self-consistency of relations (56) and (57) with rela-
tions (54) and (55) can easily be verified by a contraction
with the metric tensor and with the aid of the equation of
motion (A.3) and relation (A.5), respectively.

The relations for the scalar operators (54) and (55)
are identical to the relations for the vacuum condensates
and were given, for instance, in [26, 29, 40]; in vacuum
higher orders of (54) were obtained in [26]. For the other
condensates which vanish in vacuum we obtain of course
〈qγμq〉(1) = 〈: qγμq :〉(0), 〈q i

−→
Dμq〉(1) = 〈: q i

−→
Dμq :〉(0),

and 〈q̄ γ5 γα Gμν q〉(1) = 〈: q̄ γ5 γα Gμν q :〉(0).
From now on we drop the label (1), i.e. non–normal-

ordered condensates are always on one-loop level through-
out the work. We note, that a scale μ naturally appears
when the non–normal-ordered condensates are introduced,
and they would even not be well defined without μ. The μ
scale is an IR cutoff which marks the region between per-
turbative and non-perturbative physics. Hence, any sen-
sitivity to the light-quark mass must be accounted for by
a redefinition of the condensates. This resembles the case
of parton distribution functions (PDFs) in deep inelastic
scattering. The next-to-leading-order calculations are IR
divergent which can be accounted for by a redefined PDFs.
As a consequence the PDFs become scale dependent which
gives rise to the famous DGLAP (Dokshitzer, Gribov, Li-
patov, Altarelli, Parisi) equations [59–61]. We underline
that a careful application of these operator mixing rela-
tions (54)–(59) is mandatory for a consistent treatment
of the OPE if one internal quark mass of the currents is
much smaller than the confinement scale ΛQCD.

3.3 Insertion of operator mixing

By inserting eqs. (54)–(59) into eq. (45) we obtain Π
(2)
d (q)

in terms of non–normal-ordered condensates:

Π
(2)
d (q)=〈Ω|d̄d|Ω〉 mc

q2−m2
c

−〈Ω|d̄ i
−→
Dμd|Ω〉 2mcq

μ

(q2−m2
c)2

−〈Ω|d̄γλd|Ω〉 qλ

q2 − m2
c

+ 〈Ω|d̄γλi
−→
Dμd|Ω〉2 qμqλ

(q2 − m2
c)2

−〈Ω|d̄−→Dμ
−→
Dνd|Ω〉4 mcq

μqν

(q2 − m2
c)3

+〈Ω|d̄γλ
−→
Dμ

−→
Dνd|Ω〉4 qμqνqλ

(q2 − m2
c)3

−〈Ω|d̄ gs γα σ G d|Ω〉1
2

qα

(q2 − m2
c)2

+〈Ω|αs

π
G2|Ω〉

(
1
12

mc

md

1
q2 − m2

c

+
1
24

m2
c

(q2 − m2
c)2

− 1
24

1
q2 − m2

c

)

−〈Ω|αs

π

(
(vG)2

v2
− G2

4

)

|Ω〉1
9

1
(q2 − m2

c)2

×
(

q2 − 4
(vq)2

v2

)(

ln
μ2

m2
d

− 1
3

)

. (60)
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For the mixed quark-gluon condensate (next to the last
term in eq. (45)) we have used relation (A.5), while for
the mixed quark-gluon condensate which contains γ5 (last
term in eq. (45)) we have used the relation (E.22) which
can be shown to be valid for an arbitrary four-vector. Spe-
cial care is needed when applying the equation of mo-
tion (A.3) to some condensates in (45) and neglecting
terms ∝ md, because the operator mixing may introduce
terms which cancel out factors of md. For instance, this
is the case for 〈: d̄γλ

−→
Dμd :〉; contraction with the metric

tensor and application of equation of motion (A.3) results
in a term ∝ md〈: d̄d :〉, which, however, remains finite and
non-zero after operator mixing. Thus, we cannot neglect
such terms.

Here, we emphasize that the both IR-divergent terms
∝ m−1

d and ∝ ln md in eq. (60) will cancel the correspond-
ing IR-divergent terms in (38). This cancellation will be
the topic of the next section.

4 OPE in the limit of a vanishing light-quark
mass

A sensitivity to light-quark mass signals a sensitivity to
very small quark and gluon momenta. Physically such
momenta are cut off by confinement, i.e. at a scale of
ΛQCD � 245MeV, and not by the light current quark
mass at a few MeV scale. Hence, any sensitivity to the
quark mass must be accounted for by a redefinition of the
condensates. Moreover, the limit md → 0 is important,
since it demonstrates the cancellation of all IR-divergences
in (38) and (60), which is a fundamental feature for the
consistency of the whole approach.

In order to calculate the complete OPE for the D-
meson in medium with infrared stable Wilson coefficients
in terms of non–normal-ordered condensates we have to
add the perturbative part (32), the expressions (38) by
virtue of eqs. (58) and (59) and the terms in eq. (60).
We emphasize the cancellation of the IR-divergent term
∝ ln(m2

d) in the Wilson coefficient of the medium-specific
gluon condensate and the IR-divergent term ∝ m−1

d in the
Wilson coefficient of the gluon condensate. This important
result of cancellation of IR-divergences due operator mix-
ing (53) has been demonstrated at the first time in [54]
for in-medium D-mesons at rest. In a more comprehen-
sive analysis this result has been extended to the case of
in-medium D-mesons with finite three-momenta in [55].

Now we will take the limit md → 0 which shows ex-
plicitly that the complete OPE in terms of non–normal-
ordered condensates is infrared stable. The complete pro-
jections with respect to Dirac and color indices of the con-
densates onto invariant structures are given in appendix E.
By means of these projections, we obtain up to mass di-
mension 5:

Π(q) = Πpert(q) + 〈Ω|d̄d|Ω〉 mc

q2 − m2
c

−〈Ω|d̄gσGd|Ω〉1
2

mc q2

(q2 − m2
c)3

− 〈Ω|αs

π
G2|Ω〉 1

12
1

q2 − m2
c

+〈Ω|αs

π

(
(v G)2

v2
− G2

4

)

|Ω〉
(

q2 − 4
(vq)2

v2

)

×
(

− 7
54

1
(q2 − m2

c)2
− 1

9
1

(q2 − m2
c)2

ln
μ2

m2
c

−2
9

1
(q2 − m2

c)2
ln

(

− m2
c

q2 − m2
c

))

−〈Ω|d̄v̂
(vi

−→
D)

v2
d|Ω〉

(

q2 − 4
(vq)2

v2

)
2
3

1
(q2 − m2

c)2

−〈Ω|d̄v̂(v
−→
D)2d|Ω〉vq

v4

(

q2 − 2
(vq)2

v2

)

4
1

(q2 − m2
c)3

+〈Ω|d̄v̂gsσGd|Ω〉vq

v2

(
2
3

q2 − (vq)2

v2

(q2 − m2
c)3

− 1
(q2 − m2

c)2

)

−〈Ω|d̄v̂d|Ω〉vq

v2

1
q2 − m2

c

+

[
1
3
〈Ω|d̄ (v

−→
D)2

v2
d|Ω〉 − 1

24
〈Ω|d̄gsσGd|Ω〉

]

×
(

q2 − 4
(vq)2

v2

)

4
mc

(q2 − m2
c)3

. (61)

The angled brackets in the last term indicate that this
combination vanishes in vacuum, thus denotes a medium-
specific part: applying vacuum projections to this medium
specific term makes it zero in the vacuum limit. Numeri-
cal values of the condensates in (61) are given in [34]. The
IR-stable OPE in eq. (61) is the main result of our inves-
tigation. It is valid for a meson whith the four-momentum
qμ = (q0, q), while the surrounding medium has a four-
velocity vμ = (1,v) in respect to a given frame.

Needless to say, in the limit md → 0 the OPE simplifies
considerably. But we emphasize that the limit md → 0 is
not performed because such terms are small anyway or in
order to simplify the OPE, instead this limit is necessary
from physical reasons: the dependence of the correlator
from the light-quark mass md signals a sensitivity to very
small momenta, which are cut off by confinement, that
means at a scale of ΛQCD, which is much larger than the
light-quark mass. Thus only the OPE in the limit of a
vanishing light-quark mass is meaningful from the physical
point of view.

5 OPE for a meson at rest with respect to
the medium

In the previous section we have presented the OPE for
the general case qμ = (q0, q). However, for many investiga-
tions concerning in-medium properties of D-mesons it will
be sufficient to consider the D-mesons at rest with respect
to the medium they are embedded in. Therefore, we will
also consider the special case qμ = (q0,0); furthermore,
we choose a frame comoving with the medium vμ = (1,0).
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We present the OPE separated into an even part and an
odd part: Π(q0) = Πeven(q2

0) + q0 Πodd(q2
0). Furthermore,

we perform an analytical continuation q0 = i ω. Then, the
even part of the IR-stable OPE for md → 0 can be written
in the form

Πeven(ω) = C0(ω) − 〈Ω|d̄d|Ω〉 mc

ω2 + m2
c

−〈Ω|d̄ gs σG d|Ω〉1
2

mc ω2

(ω2 + m2
c)3

+
1
12

〈Ω|αs

π
G2|Ω〉 1

ω2 + m2
c

−〈Ω|αs

π

(
(vG)2

v2
− G2

4

)

|Ω〉

×
(

7
18

+
1
3

ln
μ2

m2
c

+
2
3

ln
(

m2
c

ω2 + m2
c

))
ω2

(ω2 + m2
c)

2

−2〈Ω|d†i−→D0d|Ω〉 ω2

(ω2 + m2
c)

2

−4
[

〈Ω|d−→D2
0d|Ω〉 − 〈Ω|1

8
dgsσGd|Ω〉

]
mcω

2

(ω2 + m2
c)

3 . (62)

Note that the angled brackets in the last term denote
that this combination vanishes in vacuum, thus denotes
a medium-specific part which is absent in vacuum. The
odd part of the IR-stable OPE for md → 0 is given by:

Πodd(ω) = 〈Ω|d†d|Ω〉 1
ω2 + m2

c

+4 〈Ω|d† −→D2
0 d|Ω〉 ω2

(ω2 + m2
c)

3

−〈Ω|d†gs σ G d|Ω〉 1
(ω2 + m2

c)
2 . (63)

The OPE is an asymptotic series. As such it must be trun-
cated at a certain mass dimension and, therefore, takes
into account a finite number of operators. One way to
deal with asymptotic series is to perform a Borel transfor-
mation which suppresses the effect of higher mass dimen-
sional operators. The Borel transformation of a function
f(Q2) is defined by

B
[
f

(
M2

)]
=

lim
n→∞

lim
Q2→n M2

(
Q2

)n+1

n!

(

− d

dQ2

)n

f
(
Q2

)
, (64)

where the parameter M is the so-called Borel mass. Ap-
plying the Borel transformation to the even part (62) we

obtain

B
[
Πeven(ω2)

]
=

1
π

∫ ∞

m2
c

ds e−s/M2
Im Πpert(s)

+e−m2
c/M2

(

− mc〈Ω|dd|Ω〉

+
1
2

(
m3

c

2M4
− mc

M2

)

〈Ω|d gs σ G d|Ω〉 +
1
12

〈Ω|αs

π
G2|Ω〉

+
[(

7
18

+
1
3

ln
μ2 m2

c

M4
− 2

3
γE

)(
m2

c

M2
− 1

)

− 2
3

m2
c

M2

]

×〈Ω|αs

π

(
(vG)2

v2
− G2

4

)

|Ω〉

+2
(

m2
c

M2
− 1

)

〈Ω|d† i
−→
D0 d|Ω〉

+4
(

m3
c

2M4
− mc

M2

)[
〈Ω|d−→D2

0 d|Ω〉

−〈Ω|1
8

d gs σ G d|Ω〉
] )

, (65)

while for the odd part (63) we obtain

B
[
Πodd(ω2)

]
=

e−m2
c/M2

(

〈Ω|d†d|Ω〉 − 4
(

m2
c

2M4
− 1

M2

)

〈Ω|d† −→D2
0 d|Ω〉

− 1
M2

〈Ω|d† gs σ G d|Ω〉
)

. (66)

This Borel transformed OPE has been presented in [34,35]
for D-mesons in medium, however no further details about
how to arrive at this correct OPE have been presented;
so far a detailed presentation can only be found in [54]
and in the more extensive study [55], where the approach
of operator mixing and cancellation of IR-divergences for
the vacuum case [26, 29, 30] has been generalized to the
in-medium case.

6 Comparison with the literature

Even the OPE for D-mesons in vacuum is not as trivial
as the common belief might be. This can be illustrated,
for instance, by a brief review of the history about the
different results obtained for the Wilson coefficient of the
condensate 〈vac|gs d σ G d|vac〉. The first attempt to calcu-
late this coefficient was done in [62], where a wrong factor
−1/4 has been presented. At the first time, the correct
result −1/2 has been presented in [21], where the needed
correction of [62] was explicitly mentioned. Later, in [63]
a wrong factor +1/4 has been given. The correct result in
ref. [21] has later been confirmed in [29, 64]. But this was
not the end of the story. In [65] a wrong factor has been
given again, which has been corrected later in [66] by the
same author, explicitly mentioning the needed corrections
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Table 1. Comparison of scalar condensates of the OPE given by eq. (65) with refs. [31,32,64]. In [31] there was no scalar mixed
condensate, because only operators up to mass dimension 4 were taken into account.

〈Ω|dd|Ω〉 〈Ω|αs
π

G2|Ω〉 〈Ω|dgsσGd|Ω〉

Equation (65) −mc
1
12

− 1
2

1
M2

“

1 − 1
2

m2
c

M2

”

mc

Reference [31] −mc
1
12

− 1
24

m2
c

M2

Reference [32] −mc
1
12

− 1
2

1
M2

“

1 − 1
2

m2
c

M2

”

mc

Reference [64] −mc
1
12

“

3
2
− m2

c
M2

”

− 1
2

1
M2

“

1 − 1
2

m2
c

M2

”

mc

Table 2. Comparison of tensorial condensates of OPE given by eq. (65) with ref. [31].

〈Ω|d†
i
−→
D0 d|Ω〉 〈Ω|αs

π

“

(vG)2

v2 − G2

4

”

|Ω〉

Equation (65) 2
“

m2
c

M2 − 1
” “

7
18

+ 1
3

ln
μ2 m2

c
M4 − 2

3
γE

”“

m2
c

M2 − 1
”

− 2
3

m2
c

M2

Reference [31] 2
“

m2
c

M2 − 1
”

1
3

»

4
3
− 1

6

m2
c

M2 + 1
2

m6
c

M6 +
“

1 − m2
c

M2

”

ln
“

m2
c

4 π μ2

”

+em2
c/M2

“

−2 γE − ln
m2

c
M2 +

Rm2
c/M2

0
dt 1−e−t

t

”

–

in refs. [63,65]. This brief survey of history shows that the
calculation of the OPE for D-mesons needs special care,
and even more for the in-medium case.

So far, in-medium QSR for D-mesons were given
in [31–33] and in our own investigations [34,35,54,55]. Ref-
erences [32] and [33] are from the same author(s) and the
given results agree with each other. Furthermore, in a re-
cent study [64] the D-mesons in vacuum were considered,
but since the Wilson coefficients of scalar condensates in
vacuum and in medium are the same we can compare the
results. Thus, at the moment being a comparison of our
results is meaningful with the findings of refs. [31, 32,64].

6.1 Scalar part of the OPE for D-mesons in medium

In table 1 we compare our results for scalar condensates
in medium with the corresponding results of refs. [31, 32,
64]. Here, we list the Borel transformed Wilson coefficients
cO/e−m2

c/M2
. Obviously, there are serious disagreements

of the findings in [31,64] to our results, while the results of
ref. [32] do agree. It seemed to us that the wrong Wilson
coefficient for the scalar gluon condensate in [31, 64] is
either caused by a missing sign in an intermediate step
somewhere in their calculation or because of an incorrect
operator mixing in refs. [31, 64].

6.2 Tensor part of the OPE for D-mesons in medium

In table 2, we compare the tensor part of the in-medium
OPE with the literature. As before, we list the Borel trans-
formed Wilson coefficients cO/e−m2

c/M2
. We have found a

serious disagreement between our results and the findings
of ref. [31]. Unfortunately, it is impossible to compare our

results directly with the ones given in [32, 33], as it is
somehow hidden in their work. We could not understand
in detail how the authors of [32, 33] have treated the IR
singularities. However, for the unprojected OPE and be-
fore introducing physical condensates such a comparison is
possible. That means we compare our result (45) with [32],
although this is less meaningful, because many calcula-
tions still have to be done from this point on. We have
found an agreement of (45) with [32] to a large extent,
except a slight disagreement of a factor 1

3 in the Wilson
coefficient of the condensate 〈: dγλσ Gd :〉, which emerges
from 〈: d̄

−→
Dμ

−→
Dνd :〉 and 〈: d̄γ5γαGμνd :〉 by means of the

equation of motion (A.3); for further details see [55].
Finally, we note that for the odd part of the in-medium

OPE a comparison of our result with [31] is also not possi-
ble, because it is not clear whether the odd part has been
considered in [31] or not; note there is no odd part in
vacuum, hence a comparison with [64] is impossible. Fur-
thermore, in [32,33] the OPE is given in terms of normal-
ordered condensates which implies IR-divergent Wilson
coefficients and makes a comparison difficult.

In summary, we come to the conclusion that the OPE
for in-medium D-mesons has not been determined cor-
rectly, except by the presentations given in [34,35] where,
however, no further details of the involved calculations
have been given; so far, such details were only presented
in [54] and in the more detailed analysis [55].

7 Summary

We have determined the in-medium OPE, at first non-
trivial order in powers of the QCD coupling constant
and including all operators up to mass dimension 5, for
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heavy-light-quark pseudoscalar mesons: D-mesons and B-
mesons. We have outlined that it is sufficient to consider
the OPE just for D+ mesons, since all other OPE’s of
heavy-light-quark pseudoscalar mesons can easily be de-
duced from that result.

So far, in-medium QSR for D-mesons are fairly
rare [31–35, 54–57], and the OPE in these works differ
significantly. Especially, the applied OPE in [31–33] is in-
correct. From our view, the reason for this fact is that
the derivation of the correct OPE turns out to be an am-
bitious assignment of a task. Accordingly, it is timely to
present the derivation of the OPE for D-mesons in matter
in some detail.

First, we have determined the OPE with the aid of
Wick’s theorem, leading to an OPE in terms of normal-
ordered condensates, see eq. (9). The complete OPE up to
operators of mass dimension 5 in terms of normal-ordered
condensates is given by eq. (24) and eq. (29): the term
Πpert by eqs. (32) and (33), the term Π

(0)
G2 by eq. (38) and

the term Π
(2)
d by eq. (45). We also have determined Π

(2)
c

given by eq. (46) which contains charmed condensates,
but we have argued why these charmed condensates can
be neglected. The Wilson coefficients of OPE (9) are IR-
divergent, that means they are infinite in the limit of a
vanishing light-quark mass, md → 0.

It has been described in detail that a consistent treat-
ment of the OPE is obtained in terms of non–normal-
ordered condensates, see eq. (50). The relation between
normal-ordered condensates and non–normal-ordered con-
densates is given by eq. (53) to any loop order. We have
determined explicitly the relations among these conden-
sates to one-loop order, that is nothing else but the op-
erator mixing under finite renormalization, see eqs. (54)–
(59). By means of these relations we have obtained the
OPE with IR-stable Wilson coefficients which allows the
limit of a vanishing light-quark mass.

The result of an OPE in the limit md → 0 is given by
eq. (61), which is valid for moving D-mesons with respect
to the surrounding medium, first obtained in [55]. The
OPE in eq. (61) is the main result of our investigation.
The important case of D-mesons at rest with respect to
the medium simplifies the OPE considerably and is given
by eqs. (62) and (63), and has first been obtained in [54].

The OPE for a D-meson at rest has been compared
with other OPE’s used so far in the literature. Remark-
ably, we have found that some theoretical investigations
have used seriously incorrect expressions for the OPE
of D-mesons in matter. The aim of our investigation is,
therefore, to present a more detailed analysis about how
to obtain the correct OPE of D-mesons in medium. We
hope that our investigation will support the correctness of
prospective theoretical studies.
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Appendix A. Notation and conventions

In this appendix we briefly define the basic quantities
and conventions used throughout this work. Our expres-
sions are obtained within the framework of [67]. Con-
travariant four-vectors qμ = (q0, q), covariant four-vectors
qμ = (q0,−q) in Minkowski space. The Lagrangian density
of QCD reads

LQCD = Ψ
a
(
i γμ−→Dab

μ − M δab
)

Ψ b

−1
4

GA
μν GA μν , (A.1)

where M = diag(mu,md,ms,mc,mb,mt) is the matrix
of current quark mass, the quark field flavors are Ψ =
(u, d, s, c, b, t)T, and the covariant derivative

−→
Dab

μ (x) = ∂μIab − igsAab
μ (x), (A.2)

with gs =
√

4παs being the strong coupling constant, and
Iab is the unit matrix in color space. The notation

−→
D

means not a vector but denotes that the partial derivative
acts on the field to the right, vice versa

←−
D acts on the

field to the left. The gluon fields are Aab
μ = AA

μ tAab and the
gluon field strength tensor Gab

μν = GA
μνtAab; recall the use of

Einstein convention. Here, tAab = 1
2 λA

ab are the generators
of SU(Nc) where Nc = 3 is the number of colors and
λA

ab are the Gell-Mann matrices. The Lorentz indices are
denoted by greek indices μ, ν = 0, 1, 2, 3, the color indices
are denoted by small letters a, b = 1, 2, 3, and the Gell-
Mann index is denoted by a capital letter A = 1, . . . , 8.
Finally, we note the equation of motion for quark and
gluon fields:

γμ−→Dμ qa = −imq qa, (A.3)
−→
Dμ

AB GB
μν = gs

∑

f

qf γν tA qf . (A.4)

We also note the needed relation

−→
D2Ψ =

(−̂→
D
−̂→
D+

1
2

gs σ G
)

Ψ =
(

1
2

gs σ G−m2

)

Ψ , (A.5)

where
−→
D2 = gμν −→Dμ

−→
Dν . Furthermore, we use σμν =

i
2 [γμ, γν ] = i(γμ γν−gμν), where the metric tensor is gμν =
diag(+1,−1,−1,−1), and for the Levi-Civita symbol we
use the convention εαμνσ εαμν

τ = 6 gστ with ε1234 = +1.
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Appendix B. Background field method in
Fock-Schwinger gauge

The OPE is calculated using the background field
method [23] by applying Wick’s theorem to the current-
current correlator and employing the Fock-Schwinger
gauge

(xμ − xμ
0 )Aμ(x) = 0, (B.1)

first introduced in Quantum Electrodynamics [68, 69] for
the photon fields, and later extended to QCD [23, 67, 70]
for the gluon fields. Usually one chooses the frame xμ

0 = 0.
Very detailed aspects about translational invariance and
the employed gauge can especially be found in [67]. One
decisive advantage of Fock-Schwinger gauge is, that the
gluon fields can be expressed in terms of the gluon field
strength tensor

Aab
μ (x) =

∫ 1

0

dα α xν Gab
νμ(α x). (B.2)

This relation allows for a considerable simplification of
the calculations. Furthermore, the Fock-Schwinger gauge
allows to express partial derivatives of quark and gluon
fields by covariant derivatives. Accordingly, a covariant
expansion for gluon and quark fields in Fock-Schwinger
gauge is given by

Aab
μ (x)=

∞∑

k=0

xν

k!(k+2)
xα1 . . . xαk

(−→
Dα1 . . .

−→
Dαk

Gab
νμ

)

x=0
,

(B.3)

Ψ(x) =
∞∑

k=0

1
k!

xα1 . . . xαk

(−→
Dα1 . . .

−→
Dαk

Ψ
)

x=0
, (B.4)

Ψ(x) =
∞∑

k=0

1
k!

xα1 . . . xαk

(
Ψ̄
←−
Dαk

. . .
←−
Dα1

)

x=0
. (B.5)

The propagator of a quark in a weak gluonic background
field in coordinate space is given by eq. (30).

We will now give a closed expression for the quark
propagator in momentum space which can be calculated
directly from eq. (30) by introducing the Fourier trans-
forms of the quark propagator and the gluon field:

S(p) =
∫

d4x ei p x S(x, 0),

S̃(p) =
∫

d4x e−i p x S(0, x), (B.6)

Aμ(p) =
∫

d4x ei p x Aμ(x). (B.7)

For the Fourier transform of gluon fields (B.7) we obtain

Aμ(p) =
∞∑

k=0

(−i)k+1 (2π)4

k!(k + 2)

(−→
Dα1 . . .

−→
Dαk

Gρμ(0)
)

×
(
∂ρ∂α1 . . . ∂αkδ(4)(p)

)
, (B.8)

where the partial derivatives are with respect to four-
momentum. By repeated partial integration and careful
consideration of partial derivatives acting on Dirac’s delta
distribution, one can confirm the following form for the
quark propagator eq. (30) in momentum space:

S(p) =
∞∑

k=0

S(k)(p), (B.9)

S(k)(p) = (−1)kS(0)(p)

×
(
γÃ

)
S(0)(p) × . . . × S(0)(p)

(
γÃ

)

︸ ︷︷ ︸
k

S(0)(p), (B.10)

where Ã is a derivative operator which naturally emerges
during the Fourier transform and is defined as

Ãμ =
∞∑

k=0

Ã(k)
μ , (B.11)

Ã(k)
μ = − (−i)k+1gs

k!(k + 2)

×
(−→

Dα1 . . .
−→
Dαk

Gμν(0)
)

∂ν∂α1 . . . ∂αk . (B.12)

Due to the Fock-Schwinger gauge, the quark propaga-
tor (30) does not obey translational invariance and, hence,
is not a function of the coordinate differences and can-
not be written as S(x, y) = S(x − y) [67]. However, af-
ter performing the Fourier transformation, the difference
between S(x, 0) and S(0, y) is merely manifested by the
operators Ãμ acting on the terms to the right or to the
left of them and the equality can be read off.

For the OPE up to mass dimension 5, only the first
three terms in the sum of eq. (B.9) became relevant, and
are given by (n is either c or d)

S(0)
n (p) =

p̂ + mn

p2 − m2
n

δab, (B.13)

S(1)
n (p) = i

gs

2
Gab

μν(0)S(0)
n (p) γμ S(0)

n (p) γν S(0)
n (p), (B.14)

S(2)
n (p) =

(
i
gs

2

)2

Gac
μν(0)Gcb

κλ(0)Tμνκλ
n (p), (B.15)

where we have defined the tensor

Tμνκλ
n (p) = S(0)

n (p) γμ S(0)
n (p) γν S(0)

n (p) γκ S(0)
n (p) γλ

+S(0)
n (p) γμ S(0)

n (p) γκ S(0)
n (p) γν S(0)

n (p) γλ

+S(0)
n (p) γμ S(0)

n (p) γκ S(0)
n (p) γλ S(0)

n (p) γν . (B.16)

Appendix C. The terms (35)–(37)

The evaluation of the gluonic expressions (35)–(37) is in-
volved and leads to intricate expressions. We therefore
would like to give some basic steps about how to ar-
rive at the final expression given by eq. (38), including
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the needed approximations. First, by inserting the expres-
sions (B.13)–(B.15) into (35)–(37) we obtain

ΠG2,A

(q) =

−
(

igs

2

)2
δAB

2
〈Ω| : GA

μν GB
κλ : |Ω〉

∫
d4p

(2π)4
TrD

×
(
γ5 S(0)

c (p) γμ S(0)
c (p) γν S(0)

c (p)γ5

×S
(0)
d (p − q) γκ S

(0)
d (p − q) γλ S

(0)
d (p − q)

)
, (C.1)

ΠG2,B

(q) = −i

(
igs

2

)2
δAB

2
〈Ω| : GA

μν GB
κλ : |Ω〉

×
∫

d4p

(2π)4
TrD

(
γ5 Tμνκλ

c (p) γ5 S
(0)
d (p − q)

)
, (C.2)

ΠG2,C

(q) = −i

(
igs

2

)2
δAB

2
〈Ω| : GA

μν GB
κλ : |Ω〉

×
∫

d4p

(2π)4
TrD

(
γ5 S(0)

c (p + q) γ5 Tμνκλ
d (p)

)
, (C.3)

where the trace over color-indices has been performed, i.e.
TrD denotes the trace over Dirac-indices only, which are
evaluated by means of the algebraic software HIP [71].
Finally, we are left with the following four basic integrals:

∫
d4p

(2π)4
1

[(p − q)2 + m2
d]

n [p2 + m2
c ]

k
=

1
(4π)2

Γ (n + k − 2)
Γ (n)Γ (k)

In−1,k−1,n+k−2(q2,m2
d,m

2
c), (C.4)

∫
d4p

(2π)4
pμ

[(p − q)2 + m2
d]

n [p2 + m2
c ]

k
=

qμ

(4π)2
Γ (n + k − 2)
Γ (n)Γ (k)

In,k−1,n+k−2(q2,m2
d,m

2
c), (C.5)

∫
d4p

(2π)4
pμ pν

[(p − q)2 + m2
d]

n [p2 + m2
c ]

k
=

gμν

(4π)2
1
2

Γ (n + k − 3)
Γ (n)Γ (k)

In−1,k−1,n+k−3(q2,m2
d,m

2
c)

+
qμ qν

(4π)2
Γ (n + k − 2)
Γ (n)Γ (k)

In+1,k−1,n+k−2(q2,m2
d,m

2
c),(C.6)

∫
d4p

(2π)4
pμ pν pκ

[(p − q)2 + m2
d]

n [p2 + m2
c ]

k
=

gμν qκ + gμκ qν + gνκ qμ

(4π)2
1
2

Γ (n + k − 3)
Γ (n)Γ (k)

×In,k−1,n+k−3(q2,m2
d,m

2
c)

+
qμ qν qκ

(4π)2
Γ (n + k − 2)
Γ (n)Γ (k)

×In+2,k−1,n+k−2(q2,m2
d,m

2
c), (C.7)

where Γ (x) =
∫ ∞
0

dt tx−1 e−t is the gamma function, and
the master integral reads

Ii,j,k(q2,m2
d,m

2
c) =

∫ 1

0

dα
αi (1 − α)j

[α(1 − α) q2 + α m2
d + (1 − α)m2

c ]
k

. (C.8)

Needless to say that these integrals lead to rather cum-
bersome expressions for finite mass md and mc. On the
other hand, it is not possible to put them to zero since
the integrals are IR-divergent, which means they contain
terms like m−1

d and lnmd. In order to extract the corre-
sponding terms ∝ m−1

d one has to multiply the integral
with the lowest power n of md that gives a finite result for
the mass going to zero. What remains is the corresponding
coefficient for the m−n

d term. All the other coefficients can
be obtained by taking suitable derivatives of mn

dIijk with
respect to md and setting afterward md equal to zero.
The terms ∝ lnmd can be obtained by taking the first
derivative of Iijk and extracting the term ∝ m−1

d from
that expression in the same way. In this respect we also
note the useful derivative relations

∂

∂m2
d

Iijk(q2,m2
d,m

2
c)=−kIi+1,j,k+1(q2,m2

d,m
2
c), (C.9)

∂

∂m2
c

Iijk(q2,m2
d,m

2
c)=−kIi,j+1,k+1(q2,m2

d,m
2
c), (C.10)

∂

∂q2
Iijk(q2,m2

d,m
2
c)=−kIi+1,j+1,k+1(q2,m2

d,m
2
c).(C.11)

Sometimes, some additional manipulations have to be
made in order to obtain meaningful expressions. Using

arctan z =
1
2i

ln
1 + iz

1 − iz
, (C.12)

one gets

arctan
(

i
q2 − m2

d

q2 + m2
d

)

=
1
2i

ln
m2

d

q2
, (C.13)

which is a source of mass logarithms. Another source of
terms ∝ ln md arises from a slightly different expression,
namely

arctan

(

i
q2+m2

c−m2
d√

2q2m2
d+q4+2q2m2

c +m4
c−2m2

cm
2
d+m4

d

)

md=0−−−−→ arctan(i), (C.14)

which is not well defined. Expanding the fraction in md

and keeping only the lowest power, which is the dominant
contribution for md → 0, leads to

arctan

(

i
q2+m2

c−m2
d√

2q2m2
d+q4+2q2m2

c +m4
c−2m2

cm
2
d+m4

d

)

md≈0=
1
2i

ln
q2m2

d

(q2 + m2
c)2

. (C.15)
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This term arises in the tensor part of the term (C.3)
and causes an infrared-divergent Wilson coefficient. It pro-
hibits us from taking the limit md → 0 at this stage. These
formulas and the technique described here in detail allow
us to evaluate the integrals (C.1)–(C.3). We underline that
the expressions (C.1)–(C.3) are symmetric in exchanging
charm and down quarks. However, it is obvious that the
needed series expansions in respect to the small quark
mass md destroy this symmetry. We finally have obtained
the following results:

ΠG2,A
scalar(q) = −1

8
〈Ω| :

αs

π
G2 : |Ω〉 1

q2 − m2
c

, (C.16)

ΠG2,B
scalar(q) = +

1
24

〈Ω| :
αs

π
G2 : |Ω〉 1

q2 − m2
c

, (C.17)

ΠG2,C
scalar(q) = 〈Ω| :

αs

π
G2 : |Ω〉

×
(

− 1
12

mc

md

1
q2 − m2

c

+
1
24

1
q2 − m2

c

− 1
24

m2
c

(q2 − m2
c)2

)

,

(C.18)

where G2 = GA
μν GA

μν . We recognize that the term ∝ m−1
d

prohibits us from regarding one quark to be massless in
evaluating the scalar terms. For the tensor part we obtain
for md ≈ 0 the following results:

ΠG2,A
tensor(q)=〈Ω| :

αs

π

(
(vG)2

v2
−G2

4

)

: |Ω〉
(

q2−4
(vq)2

v2

)

×
(

−1
3

m2
c

q6
ln

(

− m2
c

q2−m2
c

)

− 1
6q2

1
q2−m2

c

+
1

3q4

)

, (C.19)

ΠG2,B
tensor(q) = 〈Ω| :

αs

π

(
(vG)2

v2
−G2

4

)

: |Ω〉

×
(

q2−4
(vq)2

v2

)(

− 1
9q4

− 1
18q2

1
q2 − m2

c

− 1
9q4

ln
(

− m2
c

q2 − m2
c

)

+
m2

c

9q6
ln

(

− m2
c

q2 − m2
c

))

, (C.20)

ΠG2,C
tensor(q) = 〈Ω| :

αs

π

(
(vG)2

v2
−G2

4

)

: |Ω〉

×
(

q2−4
(vq)2

v2

)(

− 2
9q4

+
1

18q2

1
q2 − m2

c

− 1
6q2

m2
c

(q2 − m2
c)2

+
(

1
9q4

+
2m2

c

9q6

)

ln
(

− m2
c

q2 − m2
c

)

− 1
9q2

(
m2

c

(q2 − m2
c)2

+
1

q2 − m2
c

)

ln
(

m2
d

m2
c

)

− 2
9q2

(
m2

c

(q2−m2
c)2

+
1

q2−m2
c

)

ln
(

− m2
c

q2−m2
c

))

. (C.21)

Here, we observe the occurrence of a term ∝ ln md, which
again prohibits us from taking the limit md → 0. The
divergent terms cancel, however, after the introduction of

physical condensates. According to eq. (34), we collect all
the terms (C.16)–(C.21) and obtain the expression given
by eq. (38).

Appendix D. Proof of relation (57)

The operator in relation (57) reads O[
−→
Dμ] = i

−→
Dμ i

−→
Dν .

From the operator mixing (53) we obtain in one-loop ap-
proximation

〈Ω|q̄ i
−→
Dμ i

−→
Dν q|Ω〉(1) =

〈Ω| : q̄ i
−→
Dμ i

−→
Dν q : |Ω〉(0) − i

∫
d4p

(2π)4

×〈Ω| : TrC,D

[(
pμ+Ãμ

) (
pν +Ãν

)
S(p)

]
: |Ω〉(0). (D.1)

In consistence with the whole approach, we determine the
integral up to order O(g2), and the expression in the last
line can be separated into three terms as follows:

T1 = −i

∫
d4p

(2π)4
〈Ω| : TrC,D

[
Ã(0)

μ Ã(0)
ν S(0)(p)

]
: |Ω〉(0),

(D.2)

T2 = −i

∫
d4p

(2π)4
pμ pν 〈Ω| : TrC,D

[
S(0)(p)

]
: |Ω〉(0),

(D.3)

T3 = −i

∫
d4p

(2π)4
pμ pν 〈Ω| : TrC,D

[
S(2)(p)

]
: |Ω〉(0),

(D.4)

while all other terms vanish. Let us consider explicitly
T1. Using the expressions of the fermion propagator given
by eqs. (B.13)–(B.15), and the derivative operator Ã

(0)
μ =

i gs

2 Gμν ∂ν which acts on the quark propagators only, we
obtain

T1 = −i

(
i gs

2

)2

〈Ω| : GA
μκ GB

νλ : |Ω〉(0) TrC

[
λA

2
λB

2

]

×μ2ε

∫
dDp

(2π)D

1
(
p2 − m2

q

)3

×TrD [(p̂+mq) γκ (p̂+mq) γλ (p̂+mq)]+κ ↔ λ, (D.5)

where the integrals are divergent and have to be eval-
uated in D = 4 − 2 ε dimensions, i.e. by means of di-
mensional regularization; μ is the renormalization scale
of finite renormalization governed by the renormalization
group equation [18,19].

Now we insert the projection (E.12) and perform the
Dirac traces; note the color trace is TrC λA λB = 2 δAB .
After a lengthly but straigtforward calculation we finally
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obtain

T1 = −i

(
i gs

2

)2 4
96

〈Ω| : G2 : |Ω〉(0)

×μ2ε

∫
dDp

(2π)D

1
(
p2 − m2

q

)3

(
24m3

q gμν

+8mq p2 gμν − 32mq pμpν

)

+i

(
i gs

2

)2 4
24

〈Ω| :
(

(v G)2

v2
− G2

4

)

: |Ω〉(0)

×μ2ε

∫
dDp

(2π)D

1
(
p2 − m2

q

)3

(
24m3

q gμν

+8mq p2 gμν − 32mq pμpν

)

−i

(
i gs

2

)2 8
24

〈Ω| :
(

(v G)2

v2
− G2

4

)

: |Ω〉(0)

×μ2ε

∫
dDp

(2π)D

1
(
p2 − m2

q

)3

(

− 8mq(p2 − m2
q)gμν

+16mq p2 vμvν + 16m3
q vμvν

−32mq (p v)(vμpν + vνpμ) + 32mq(p v)2gμν

)

, (D.6)

where we have kept some ratios in order to show more
explicitly their source from the projection. The two needed
integrals can be evaluated by standard techniques and in
MS scheme [38] they are given by:

I1 =
∫

d4p

(2π)4
1

(
p2 − m2

q

)3 = −1
2

1
m2

q

i

(4π)2
, (D.7)

I2 = μ2ε

∫
dDp

(2π)D

pμpν
(
p2 − m2

q

)3 =

−1
4

gμν
i

(4π)2

[
1
2
− ln

μ2

m2
q

]

. (D.8)

The second integral is logarithmically divergent and has
to be evaluated by means of dimensional regularization.
Inserting both integrals into (D.6), we arrive at

T1 = +
1
32

mq gμν 〈Ω| :
αs

π
G2 : |Ω〉(0)

− 1
24

mq gμν 〈Ω| :
αs

π

(
(v G)2

v2
− G2

4

)

: |Ω〉(0)

+
1
6

mq vμ vν 〈Ω| :
αs

π

(
(v G)2

v2
− G2

4

)

: |Ω〉(0). (D.9)

Now we consider the term T2. Using 〈Ω|Ω〉 = 1, and in-
serting (B.13) into (D.3) yields

T2 = −3mq gμν i μ2 ε

∫
dDp

(2π)D

p2

p2 − m2
q

, (D.10)

where we have used that the only possible Lorentz struc-
ture is the metric tensor, and we have used TrC[δab] = 3,
TrD[p̂] = 0, TrD[mq] = D mq and gμ

μ = D, where

D = 4 − 2 ε. The nominator of the integral is treated by
means of p2 = (p2 − m2

q) + m2
q, and then using the com-

mon law
∫

dDp
(2π)D = 0 by definition, e.g., [72], we conclude

the superficial degree of divergence of this integral is 2.
Standard evaluation in MS scheme [38] yields:

I3 = μ2 ε

∫
dDp

(2π)D

m2
q

p2 − m2
q

=
i

(4π)2
m4

q

(

ln
μ2

m2
q

+ 1
)

.

(D.11)
Thus, we obtain

T2 =
3m5

q

16π2
gμν

(

ln
μ2

m2
q

+ 1
)

. (D.12)

The determination of T3 is a lenghtly calculation because
of the more involved Dirac traces, so we present just the
final result. An application of the same techniques as used
by T1 yields for T3:

T3 = −
(

5
96

− 1
16

ln
μ2

m2
q

)

mq gμν

×〈Ω| :
αs

π
G2 : |Ω〉(0)

+
(

5
216

− 1
36

ln
μ2

m2
q

)

mq gμν

×〈Ω| :
αs

π

(
(v G)2

v2
− G2

4

)

: |Ω〉(0)

−
(

5
54

− 1
9

ln
μ2

m2
q

)

mq vμ vν

×〈Ω| :
αs

π

(
(v G)2

v2
− G2

4

)

: |Ω〉(0). (D.13)

According to eq. (D.1) we add the terms T1, T2 and T3

and finally obtain

〈|Ωq̄i
−→
Dμi

−→
Dνq|Ω〉(1) = 〈Ω| : q̄i

−→
Dμi

−→
Dνq : |Ω〉(0)

+
3m5

q

16π2
gμν

(

ln
μ2

m2
q

+ 1
)

+
mq

16
gμν

(

ln
μ2

m2
q

− 1
3

)

〈Ω| :
αs

π
G2 : |Ω〉(0)

−mq

36

(
gμν − 4

vμvν

v2

)(

ln
μ2

m2
q

+
2
3

)

×〈Ω| :
αs

π

(
(vG)2

v2
− G2

4

)

: |Ω〉(0), (D.14)

which is just relation (57).

Appendix E. Projections

Condensates are vacuum or in-medium expectation values
of quantum field operators. They reflect basic properties of
the ground state of QCD or of the medium. Condensates
are assumed to be color singlets, Lorentz invariants and
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invariants under parity transformations and time rever-
sal, according to the corresponding symmetries assumed
for the medium. Therefore, one has to project out color,
spinor and Lorentz indices from several structures that
appear during our calculations. Expectation values which
are not invariant under parity transformations and time
reversal are supposed to be zero. In what follows we adopt
the method described in [73].

Appendix E.1. Projection of color and Dirac structure

Up to mass dimension 5 we meet the following structures

〈Ω|q̄ a
i qb

j |Ω〉, 〈Ω|
(
q̄i
−→
Dμ

)a

qb
j |Ω〉,

〈Ω|
(
q̄i
−→
Dμ

−→
Dν

)a

qb
j |Ω〉, (E.1)

〈Ω|GA
μνGB

κλ|Ω〉, 〈Ω|q̄ a
i Gab

μνqb
j |Ω〉, (E.2)

where the Dirac indices i, j = 0, 1, 2, 3. The last structure
is already invariant under color rotations, thus one does
not need to take care of color projections for this one.
One can expand the remaining other condensates using an
orthogonal basis. For Nc×Nc dimensional matrices such a
set is given by the generators tAab of SU(Nc) supplemented
by the unit matrix I in Nc dimensions; an appropriate
scalar product is given by the trace operation (A,B) =
Tr(AB). Using SU(3) generator identities the prescription
for the expansion in terms of the generators of SU(Nc)
reads as follows:

Mab =
∑

A

cAtAab + cIIab, (E.3)

cA =
2

TrC(tAtA)
TrC(tAM) and cI =

1
Nc

TrC(M). (E.4)

In order to retain color singlets the only non-vanishing
expansion coefficient is cI . All the other coefficients belong
to expectation values which do not transform as scalars
under color transformations.

The projection of spinor indices proceeds in an anal-
ogous way. A complete set is given by the elements Ok

of the Clifford algebra, i.e. Ok ∈ {I, γμ, σμν , iγ5γμ, γ5},
satisfying TrD(Oi Oj) = 4δj

i . The expansion reads

〈Ω|q̄iOμν...qj |Ω〉 =
∑

k

dkOk
ji,

dk =
1
4
〈Ω|q̄OkOμν...q|Ω〉, (E.5)

resulting in

〈Ω|q̄iOμν...qj |Ω〉 =
1
4

(

〈Ω|q̄Oμν...q|Ω〉Iji + 〈Ω|q̄γμOμν...q|Ω〉γμ
ji

+
1
2
〈Ω|q̄σμνOμν...q|Ω〉σμν

ji − 〈Ω|q̄γ5γμOμν...q|Ω〉γ5γ
μ
ji

+〈Ω|q̄γ5Oμν...q|Ω〉γ5,ji

)

. (E.6)

The notation used is: γ5γ
μ
ji ≡ (γ5γ

μ)ij and γ5,ji ≡ (γ5)ij .
Together with color projection one gets

〈Ω|q̄a
i Oμν...q

b
j |Ω〉 =

δab

12

(

〈Ω|q̄Oμν...q|Ω〉Iji + 〈Ω|q̄γμOμν...q|Ω〉γμ
ji

+
1
2
〈Ω|q̄σμνOμν...q|Ω〉σμν

ji − 〈Ω|q̄γ5γμOμν...q|Ω〉γ5γ
μ
ji

+〈Ω|q̄γ5Oμν...q|Ω〉γ5,ji

)

. (E.7)

Here Oμν... stands for an arbitrary operator with Lorentz
indices μν . . . In ref. [73] it has been stated that terms
corresponding to the projection onto σμν , γ5γμ, γ5 do not
appear due to parity and/or time reversal. This statement
can be misunderstood. It is true for γ5γμ, γ5, however not
for σμν , which does not contribute because there is no
independent Lorentz structure that reflects the symmetry
properties of σμν . In fact, it contributes if the gluon field
strength tensor enters the operator product (i.e. Oμν =
Gμν).

Appendix E.2. Projection of Lorentz structure

A striking difference of vacuum and in-medium projections
appears when projecting Lorentz indices. It is important
to note that this projection is not an expansion in terms
of a complete orthogonal set. It strongly depends on the
structures available to perform the projection. In vacuum,
there are only two independent objects, the metric ten-
sor gμν and the total antisymmetric symbol εμναβ , being
a pseudo-tensor under parity transformations. In medium
the condensates also depend on the medium’s four-velocity
vμ which, therefore, is an additional structure for projec-
tions. As a result, also pseudo-vectorial structures can be
invariant under parity transformations.

Now we give a list of the in-medium projections up
to mass dimension 5. Terms that violate time reversal or
parity invariance are omitted. Equations of motion enable
us to rewrite the condensates in terms of canonical con-
densates [44].

Appendix E.2.1. Condensates of mass dimension 3

The in-medium projections of the Lorentz structure of the
condensates of mass dimension 3 read:

〈Ω|q̄q|Ω〉 = 〈Ω|q̄q|Ω〉, (E.8)

〈Ω|q̄γμq|Ω〉 = 〈Ω|q̄v̂q|Ω〉vμ

v2
. (E.9)

A condensate of the type 〈q̄σμνq〉 occurs neither in vacuum
nor in a medium since there is no possibility to create an
antisymmetric structure in the Lorentz indices μ, ν. Con-
densates of the type 〈q̄γ5γμq〉, 〈q̄γ5q〉 cannot be projected
onto structures that are invariant under parity transfor-
mations.
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Appendix E.2.2. Condensates of mass dimension 4

The in-medium projections of the Lorentz structure of the
condensates of mass dimension 4 read:

〈Ω|q̄−→Dμq|Ω〉 = −〈Ω|q̄v̂q|Ω〉 i
mqvμ

v2
, (E.10)

〈Ω|q̄γμ
−→
Dνq|Ω〉 = −〈Ω|q̄q|Ω〉 i

mq

4
gμν

−
[

i
mq

4
〈Ω|q̄q|Ω〉 + 〈Ω|q̄v̂ (vD)

v2
q|Ω〉

]
1
3

(
gμν − 4

vμvν

v2

)
,

(E.11)

〈Ω|GA
μνGB

κλ|Ω〉 =
δAB

96
(gμκgνλ − gμλgνκ) 〈Ω|G2|Ω〉

−δAB

24
〈Ω|

(
(vG)2

v2
− G2

4

)

|Ω〉Sμνκλ, (E.12)

where we have defined

Sαβμν =
(
gαμgβν − gανgβμ

−2
(
gαμ

vβvν

v2
−gαν

vβvμ

v2
+gβν

vαvμ

v2
−gβμ

vαvν

v2

))
. (E.13)

Again, terms of the form 〈q̄γ5γμ
−→
Dμq〉, 〈q̄γ5

−→
Dμq〉 do not

have a projection due to the requirement of parity invari-
ance. The same holds true for 〈q̄σμν

−→
Dκq〉, which can be

contracted with εμνκλvλ giving an odd term with respect
to parity.

Appendix E.2.3. Condensates of mass dimension 5

The in-medium projections of the Lorentz structure of the
condensates of mass dimension 5 read:

〈Ω|q̄−→Dμ
−→
Dνq|Ω〉 =

−〈Ω|q̄q|Ω〉
m2

q

4
gμν + 〈Ω|q̄gsσGq|Ω〉1

8
gμν

−
[

m2
q

4
〈Ω|q̄q|Ω〉 − 1

8
〈Ω|q̄gsσGq|Ω〉 + 〈Ω|q̄ (vD)2

v2
q|Ω〉

]

×1
3

(
gμν − 4

vμvν

v2

)
, (E.14)

〈Ω|q̄γμ
−→
Dν

−→
Dαq|Ω〉 =

1
v4

〈Ω|q̄v̂(vD)2q|Ω〉

×
(

2 vμvνvα

v2
− 1

3
(vμgνα + vνgμα + vαgμν)

)

− 1
6 v2

〈Ω|q̄v̂gsσGq|Ω〉
(vμvνvα

v2
− vμgνα

)

+
m2

q

3 v2
〈Ω|q̄v̂q|Ω〉

(vμvνvα

v2
− vμgνα

)

+
imq

3 v2
〈Ω|q̄(vD)q|Ω〉

(
2vμvνvα

v2
−vνgμα−vαgμν

)

, (E.15)

〈Ω|q̄γ5γαGμνq|Ω〉=− 1
6 v2

〈Ω|q̄v̂gsσGq|Ω〉εαμνσvσ,(E.16)

〈Ω|q̄gsσαβGμνq|Ω〉=〈Ω|q̄gsσGq|Ω〉 1
12

(gαμgβν−gανgβμ)

+
[

1
12

〈Ω|q̄gsσGq|Ω〉 − i
2mq

3
〈Ω|q̄v̂ (vD)

v2
q|Ω〉

−2
3
〈Ω|q̄ (vD)2

v2
q|Ω〉

]

Sαβμν . (E.17)

We have explicitly separated the medium specific con-
tributions from the vacuum projections. Medium spe-
cific contributions are either condensates that contain the
medium four-velocity v or combinations of condensates
that appear in vacuum and medium. The latter ones are
always written with angled brackets. Applying vacuum
projections to the medium specific terms makes them zero
in the vacuum limit.

In order to give an example for this procedure we
briefly prove eq. (E.16). Due to Lorentz covariance we
write

〈Ω|q̄γ5γαGμνq|Ω〉 = Aεαμνσvσ. (E.18)

Our aim is to determine the Lorentz scalar A. We can
write for any four-vector vμ

v̂σμνGμν = i vαγαγμγνGμν . (E.19)

Expanding the product of Dirac matrices in terms of the
Clifford algebra, one obtains

γαγμγν = gμνγα + gναγμ + gαμγν + iεσαμνγ5γσ. (E.20)

Due to the equations of motion and by the definition of
the gluon field strength tensor, one can show that

〈Ω|d̄vμγνGμνd|Ω〉 = 0. (E.21)

Altogether, this gives the relation

〈Ω|d̄v̂σμνGμνd|Ω〉 = −〈Ω|d̄γ5γσGμνd|Ω〉εσαμνvα. (E.22)

Contracting (E.18) with εαμνσ and using εαμνσεαμν
τ =

6gστ , one can show the desired relation (E.16).
Let us define the operator T̂ in such a way that it cre-

ates a traceless expression with respect to Lorentz indices.
For two Lorentz indices T̂ reads

T̂ (Oμν) = Oμν − gμν

4
Oα

α, (E.23)

and we immediately observe that the medium specific
terms in (E.11) and in (E.14) originate from the contrac-
tion of vμvν/v2 with a certain traceless expression:

vμvν

v2
〈Ω|q̄ T̂

(
γμ

−→
Dν

)
q|Ω〉 =

[

i
mq

4
〈Ω|q̄q|Ω〉 + 〈Ω|q̄v̂ (v

−→
D)
v2

q|Ω〉
]

, (E.24)

vμvν

v2
〈Ω|q̄ T̂

(−→
Dμ

−→
Dν

)
q|Ω〉 =

[
m2

q

4
〈Ω|q̄q|Ω〉− 1

8
〈Ω|q̄gsσGq|Ω〉+〈Ω|q̄ (v

−→
D)2

v2
q|Ω〉

]

.

(E.25)
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This is clear since the additional medium contributions
can be obtained by performing the complete projection of
the structure to be projected minus the vacuum projec-
tion, which is proportional to products of the metric ten-
sor, Oμν − gμν

4 gαβOαβ . Therefore, the additional medium
contributions must be traceless. The generalization to ar-
bitrary Lorentz indices is obvious.
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