
In situ determination of dynamic stiffness

for resilient elements
Meggitt, JWR, Elliott, AS, Moorhouse, AT and Lai, K

http://dx.doi.org/10.1177/0954406215618986

Title In situ determination of dynamic stiffness for resilient elements

Authors Meggitt, JWR, Elliott, AS, Moorhouse, AT and Lai, K

Publication title Proceedings of the Institution of Mechanical Engineers, Part C: Journal of 

Mechanical Engineering Science

Publisher SAGE Publications

Type Article

USIR URL This version is available at: http://usir.salford.ac.uk/id/eprint/38431/

Published Date 2016

USIR is a digital collection of the research output of the University of Salford. Where copyright 

permits, full text material held in the repository is made freely available online and can be read, 

downloaded and copied for non-commercial private study or research purposes. Please check the 

manuscript for any further copyright restrictions.

For more information, including our policy and submission procedure, please

contact the Repository Team at: library-research@salford.ac.uk.

mailto:library-research@salford.ac.uk


IN-SITU DETERMINATION OF DYNAMIC STIFFNESS FOR

RESILIENT ELEMENTS

Authors: J.W.R. Meggitt1* , A. S. Elliott1, A. T. Moorhouse1 and Kevin
H. Lai2

1) Acoustics Research Centre, University of Salford, Greater Manchester, United Kingdom

2) The Boeing Company, Seattle, Washington, United States

Contact: j.w.r.meggitt@edu.salford.ac.uk

Pre-print for Proceedings of the Institution of Mechanical Engineers, Part C: Journal of

Mechanical Engineering Science. Received June 19, 2015. Accepted October 6, 2015.

Key words Dynamic stiffness, resilient elements, vibration isolator, in-situ, characterisa-

tion, sub-structuring, measurement, vibration

Abstract An in-situ method for the measurement of a resilient elements dynamic transfer

stiffness is outlined and validated. Unlike current methods, the proposed in-situ approach

allows for the characterisation of a resilient element whilst incorporated into an assembly,

and therefore under representative mounting conditions. Potential advantages of the pro-

posed method include the simultaneous attainment of both translational and rotational

transfer stiffness components over a broad frequency range without the need for any cum-

bersome test rigs. These rotational components are obtained via the application of a finite

difference approximation. A further advantage is provided via an extension to the method

allowing for the use of remote measurement positions. Such an extension allows for the

possible characterisation of hard-to-reach elements, as well as the over-determination of

the problem. The proposed method can thus be broken into two sub-methods; direct and

remote. Preliminary results are shown for the direct method on a simple mass-isolator-

mass laboratory test rig along with a more realistic beam-isolator-plate system. Validation

of this method is provided for by a transmissibility prediction, in which an obtained dy-

namic stiffness value is used to predict the transmissibility of a separate system. Further

results are presented for the remote case using a beam-isolator-plate system. In all cases

the results are obtained over a substantial frequency range and are of a sufficient quality

to be used as part of structure borne sound and vibration predictions.
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1 Introduction

The work presented in this paper concerns the development of an in-situ measurement

method for the attainment of the dynamic transfer stiffness for resilient elements/isolators

[1]. The need for such a method has been driven by its potential use in the field of sub-

structure synthesis and the prediction of structure-borne sound and vibration.

Often when predicting structure-borne sound and vibration it is convenient to model an

assembly in such a way that the frequency response functions (FRFs) of the individual sub-

systems are obtained independently, then coupled together mathematically. This method

is referred to as ’substructure synthesis’. Whilst the concept itself dates back as far as

the 1960s [2,3], only in more recent years, with advancements in data acquisition has this

technique become a useful tool in experimental vibroacoustics [4–6]. An important require-

ment for this substructuring methodology is that the FRF’s of the individual subsystems

are obtained in a transferable manner, i.e. they are solely properties of the subsystem. For

source and receiver subsystems this is not such a problem as their FRFs may be obtained

experimentally through an approximated ’free’ suspension or generated numerically using

modelling techniques such as FEA. Unfortunately the independent property required for

the characterisation of a resilient element, the dynamic transfer stiffness [7], is not so easily

attained. Current methods [8–11] including international standards [12–15] not only re-

quire cumbersome test rigs which necessitate that the resilient elements be removed from

its assembly, but their applications are generally limited to low frequencies. It is therefore

the aim of this paper to provide a convenient and flexible method that allows for the

dynamic transfer stiffness to be obtained in-situ and over a considerable frequency range.

2 Dynamic Stiffness

Consider the SIR (source-isolator-receiver) system shown in figure 1, where by the sub-

system I may be made up of multiple isolators. If we consider the source inactive, the

transfer impedance across I is defined as,

f̄c2
= Zc2c1

vc1
(1)
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Figure 1: General source isolator receiver system.

where f̄c2
is the blocked force vector (with¯denoting the blocked condition) at interface

c2, vc1
is an applied velocity vector at interface c1 and Zc2c1

is the transfer impedance

matrix relating these two quantities [16]. The blocked condition at c2 removes the effect

of the receiver structure on the transfer impedance, similarly, an applied velocity at c1 is

applied irrespective of the source structures passive response. We can therefore assume

that the transfer impedance is independent of both the source and receiver and is solely

a property of the isolator. The transfer impedance Zc2c1
may be obtained through the

inversion of a measured contact interface mobility matrix

[

Zc1c1
Zc1c2

Zc2c1
Zc2c2

]

=

[

Yc1c1
Yc1c2

Yc2c1
Yc2c2

]

−1

. (2)

The dynamic transfer stiffness, relating force to displacement rather than velocity, may be

obtained by multiplying Zc2c1
through by iω

iωZc2c1
= Kc2c1

. (3)

The above method harbours no limitations with regards to the impedance of the coupling

element, providing that it is linear and time invariant. That is to say that the same

method can, and has in the past, been used to obtain the transfer stiffness/impedance of

a portion of a rigid assembly with good results. Moreover, the method is not restricted to

use on resilient elements under linear compression and may be applied to elements under
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any level of pre-load providing that the applied forces during operation remain locally

linear. An alternative derivation of the method outlined above may be formulated from a

more theoretical standpoint, although with the aim of keeping this paper focused on the

methods application this has not been included. However for those interested it will likely

form the basis of a future paper.

In order to demonstrate the independent nature of the dynamic transfer stiffness, the

contact interface mobility matrices of two mass-isolator-mass (M-I-M) assemblies have

been measured. A spaced pair configuration was used, as shown by figure 2. Averaging

the mobilities above and below the mount provides an approximate single contact point

interface mobility matrix. In general this mobility matrix may or may not be made

up of sub-matrices accounting for multiple degrees of freedom. However, the particular

measurement configuration used here limits the determinable dynamic transfer stiffness’s

to the out-of-plane z degree of freedom only. Consequently the sub-matrices are reduced

to scalar quantities.

Two different sets of masses were used in the construction of the two test rigs (source

masses were chosen such that they were sufficiently different without introducing any

preload effects in the isolator). Details of the source and receiver masses are summarised

in table 1. The transfer mobility and dynamic stiffness’s obtained from these two test rigs

are shown in figure 3.

Input Forces

Input Forces

Isolator
Accelerometers

Source

mass

Receiver

mass

Figure 2: Mass-Isolator-Mass test rig.
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Comparing the mobility results from figure 3 for the two test rigs it is clear that an

increase in the inertia of the source and receiver structures causes a significant decrease

in the transfer mobility Yc2c1 , as expected. However as suspected, the dynamic transfer

stiffness, Kc2c1 , remains unchanged by this variation. We can thus confirm that the

dynamic transfer stiffness obtained through the inversion of a measured contact interface

mobility matrix is in fact an independent isolator quantity. It should be noted that the

noise introduced at higher frequencies (above ≈ 2kHz) is a result of the isolator attenuated

vibration falling below the sensitivity threshold of the measurement equipment. The

frequency at which this noise is introduced is dependent on the inertia of the assembly,

with a larger mass requiring a larger vibration amplitude in order to exceed the sensitivity

threshold.

Figure 3: Results obtained from test rigs 1 & 2. Upper - transfer mobilities.

Lower - dynamic transfer stiffness’s.
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Source Isolator Receiver

Test rig 1 0.86kg mass 1.8kg mass

Test rig 2 3.2kg mass 5.1kg mass

Test rig 3 0.86kg mass Continental 3.2kg mass

Test rig 4 0.86kg mass CONTITECH 5.1kg mass

Test rig 5 0.86kg mass 27 796 25 - 29 18.3kg mass

Test rig 6
Steel beam(mm) Perspex plate(mm)

250L x 50W x 9D 340L x 495W x 10D

Table 1: Test rig construction details.

It may be of interest to note that the resilient mount used above, and throughout the

rest of this paper is a ’SCHWINGMETALL Compression Mount, C Type, Mould Number

27796/C’ and is supplied with a static spring stiffness of 16800N/m. Comparing this to

the measured value at 10Hz of ≈ 20000N/m, it is not unreasonable to put the 19% increase

in stiffness down to the frequency dependent nature of rubber like materials. Furthermore

this increase in stiffness over just 10Hz provides a strong rational behind the use of a

dynamic measure of the stiffness of resilient mounts and isolators.

2.1 Transmissibility Validation

It has so far been shown that the dynamic transfer stiffness is an independent quantity and

can be obtained through a simple matrix inversion, however the validity of the resulting

stiffness has not yet been established. Such confirmation will be achieved in the following

section by means of a transmissibility prediction. The transmissibility of a given single

degree of freedom system may be obtained either experimentally through the ratio of

operational velocities above and below the mount, equation 4, or theoretically using a

simplified model, i.e. a mass on a spring, equation 5,

Tmeas =
vin
vout

=
Yc1c1

Yc2c1

(4)

and

Tpred =
Zs

Zm + Zs

(5)

The validation process undertaken may be outlined as follows:
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1 A mass-isolator-mass test rig is constructed, with a source mass of M1.

2 A set of forces are applied above and below the mount, and the resulting interface

mobility matrix inverted to yield the dynamic transfer stiffness, K1.

3 A second mass-isolator-mass test rig is constructed, with a source mass of M2.

4 A single force is applied above the mount, and the resulting point and transfer

mobilities are used to calculate the system’s transmissibility via equation 4.

5 A transmissibility prediction is made for the second test rig using the stiffness

obtained from the first test rig. The terms in equation 5 thus become, Zs = K1/jω

and Zm = jωM2.

* Both masses were chosen such that they were sufficiently different without having

to worry about the introduction of preload effects on the isolator.

The process was repeated with the roles of M1 and M2 swapped. The results of this

validation are shown in figure 4.
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Figure 4: Measured and predicted transmissibility for two M-I-M assemblies.

It can be seen that in both cases the frequency at which the transmissibility peaks is

predicted with considerable accuracy. The variation in amplitude between the measured
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and predicted results may most likely be put down to the simplified nature of the mass

on a spring model. Regardless of this difference in amplitude it has been shown that the

stiffness obtained from one assembly may be used to predict the response of another. This

not only confirms the transferability of the data, but also that it is in fact the true stiffness

of the mount.

2.2 Rotational Components

Although not always necessary, the inclusion of rotational DOF in a structure borne

vibration prediction has at times shown to be an essential requirement [17]. It would

therefore prove advantageous if some form of extension could be provided allowing the

simultaneous measurement of both the translational and rotational components of the

dynamic transfer stiffness. Such an extension is provided through the application of a

finite difference approximation [18]. Employing such a method requires minimal additional

measurement equipment, no cumbersome test apparatus and may be conducted in-situ

with relative ease. For a single arbitrary point the finite difference method allows the

translational, rotational and cross mobility terms to be approximated using the following

set of equations:

Yvf ≈

Yv1f1 + Yv1f2 + Yv2f1 + Yv2f2

4
(6)

Yαf ≈

−Yv1f1 + Yv2f2

4∆
(7)

YvΓ ≈

−Yv1f1 + Yv2f2

4∆
(8)

YαΓ ≈

Yv1f1 − Yv1f2 − Yv2f1 + Yv2f2

4∆2
(9)

where ∆ represents the spacing between accelerometers and the central point. If we

consider the contact interface mobility matrix measured on the test rig shown in figure 2,

the finite difference method may be applied in a convenient manner by simply pre and post

multiplying the interface mobility matrix by a transformation matrix, as show in equation

10,













Yv1f1 Yv1Γ1
Yv1f2 Yv1Γ2

Yα1f1 Yα1Γ1
Yα1f2 Yα1Γ2

Yv2f1 Yv2Γ1
Yv2f2 Yv2Γ2

Yα2f1 Yα2Γ1
Yα2f2 Yα2Γ2













= B













Yc11c11 Yc11c12 Yc11c21 Yc11c22

Yc12c11 Yc12c12 Yc12c21 Yc12c22

Yc21c11 Yc21c12 Yc21c21 Yc21c22

Yc22c11 Yc22c12 Yc22c21 Yc22c22













BT (10)
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where,

B =













1

2

1

2
0 0

−1

2∆

1

2∆
0 0

0 0 1

2

1

2

0 0 −1

2∆

1

2∆













. (11)

The resulting mobility matrix may then be inverted and differentiated to obtain the trans-

lation, rotational and cross dynamic transfer stiffnesses.

Three more M-I-M test rigs were constructed (test rigs 3, 4 & 5), the details of which

are given in table 1, and their contact interface mobilities measured. Using the finite

difference method the transfer stiffness corresponding to an applied angular displacement

at the top of the mount and a resultant torque at the bottom, KΓ2α1
, was obtained.

The results of which are shown in figure 5. It can be seen that as with the translational

stiffness, the rotational stiffness remains relatively unchanged whilst the mobility can be

seen to vary considerably, as expected. It is clear however, that at the lower frequencies

the agreement between the results obtained for the rotational stiffness are less convincing

than that of the translational stiffness. It is believed that this is partly due to the error

introduced in the finite difference approximation, and that these results may be improved

by optimising the accelerometer and force spacing used.
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Figure 5: Results obtained from test rigs 3, 4 & 5. Upper - rotational transfer

mobilities. Lower - rotational dynamic transfer stiffness’s.

3 In-situ Dynamic Stiffness

It has so far been shown that the dynamic transfer stiffness of a resilient element may be

obtained from a set of simple measurements on a M-I-M assembly with promising results.

However, such systems are rarely found in practise, and it is therefore of interest to see

how well the proposed method fares under a more realistic scenario. Let us now consider

the beam-isolator-plate (B-I-P) assembly shown in figure 6. Details of this test rig may

be found in table 1. The highly resonant nature of this assembly provides a challenging

case, similar to something that may be encountered in practise.
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IsolatorAccelerometers

Receiver
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Input Forces

Figure 6: Beam-Isolator-Plate test rig.

The dynamic stiffness obtained from the measured B-I-P interface mobility matrix

is shown in figure 7. It can be seen to agree well with the stiffness obtained from the

mass-isolator-mass assembly over the majority of its frequency range. Although it is clear

that the resonant nature of the assembly introduces a degree of error most notably around

600Hz, where the antiresonance of the system’s mobility occurs. This error is thought to

be a result of the measurement method used. Since we are unable to measure both the

acceleration and applied force at the same position simultaneously we have had to adopt

a spaced pair measurement configuration. The interface mobility matrix is then approxi-

mated by averaging these spaced pair mobilities above and below the mount. It is believed

that this approximation introduces an error, most notable about the antiresonances of the

system due to their dependance on excitation position, although it is believed that this

error may be reduced by using a smaller separation distance. Regardless of this error the

result does confirm the method’s applicability to more ’realistic’ assemblies.
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Figure 7: Results obtained from test rig 6. Upper - transfer mobility. Lower

- dynamic transfer stiffness’s (including stiffness obtained from test rig 1).

3.1 Remote Extension

One of the primary advantages of the method presented here is its ability to be applied

in-situ on an assembly, without having to remove the resilient elements thus maintaining

representative mounting conditions. However, with the advantage of in-situ application

comes the disadvantage of restricted access. Often when conducting in-situ measurements,

access is limited and the practitioner may be unable to excite the structure at the required

interface contact points. In such cases it would be useful to allow the use of remote

measurement positions. Such an extension is achieved via the application of the ’round

trip’ method. It has been shown by Moorhouse et al. [19, 20] that the point and transfer

mobilities across a single interface may be obtained without the need for excitation at the

points of interest. Instead excitations are provided across two sets of remote measurement

positions. The relationship of interest is given by,

Ycc = YcaY
−1

ab
YT

cb
. (12)
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Following a similar derivation to that of [20], whilst accounting for a second interface

provides a means of obtaining the transfer mobility between two interfaces. The resulting

relationship is given by,

Yc1c2
= Yc1a

Y−1

ab
YT

c2b
. (13)

Together equation 12 and 13 may be used to calculate each component of the interface

mobility matrix,

Yc1c1
= Yc1a

Y−1

ba
YT

c1b
(14)

Yc1c2
= Yc1b

Y−1

ab
YT

c2a
(15)

Yc2c1
= Yc2a

Y−1

ba
YT

c1b
(16)

Yc2c2
= Yc2a

Y−1

ba
YT

c2b
. (17)

The above set of equations may be factorised into a single matrix equation and written in

the more convenient form:

[

Yc1c1
Yc1c2

Yc2c1
Yc2c2

]

=

[

Yc1b
0

0 Yc2a

][

Yab 0

0 Yba

]

−1 [

YT

c1a
YT

c2a

YT

c1b
YT

c2b

]

(18)

The remote extension presented above has been applied to the same B-I-P assembly

as shown in figures 6 and 7. An illustration of the remote measurement setup is shown

in figure 8. The measurement positions on the source beam represent the remote points

a and those on the receiver plate the remote points b. The measurement of the applied

forces at these remote positions along with the resultant accelerations, including those at

the interface contact points allow us to obtain all of the mobilities required by equation

18. It should be noted that three measurement positions were included in a to allow for

the over-determination of the problem and that a determined solution only requires one

remote measurement above and below the mount.
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Figure 8: Beam-Isolator-Plate test rig showing remote measurement posi-

tions.

The inversion and differentiation of the resulting mobility matrix provides the dynamic

transfer stiffness without ever having to excite at the contact interfaces. Results for both

the determined and over-determined system are presented in figure 9 along side the results

obtained from the direct (non-remote) M-I-M and B-I-P assemblies.

First considering the determined result, it can be seen that the resultant stiffness

agrees well with that obtained from the M-I-M assembly across the majority of the fre-

quency range. Similarly to the non-remote B-I-P stiffness there is a considerable amount

of error at around 600Hz. Unlike the two non-remote results the bandwidth of the remote

method is limited by the introduction of noise above 2kHz.
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Turning our attention to the over-determined result, it can be seen that the error

introduced due to the system antiresonance is no longer visible. It is believed that the

use of an over-determined remote mobility measurement returns a interface mobility with

minimal error since no spatial averages are required and that this consequently reduced

the error in the inversion.

4 Conclusion

An in-situ measurement method has been presented for the attainment of the dynamic

transfer stiffness of resilient elements. Validation was provided through two simplified

transmissibility predictions. It has been shown that the method provides good results

over a considerable frequency range for simplistic non-resonant structures and may easily

be extended to cater for rotational stiffness components via a finite difference approxi-

mation. The application of the method to more realistic resonant structures is slightly

hampered by the introduction of measurement error about the system’s anti-resonances.

However, it is shown that this error may be remedied by using an extension to cater

for remote measurement positions, thus providing the user with the opportunity to over-
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determine the problem.
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