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Abstract
The aim of this paper is to introduce the g*s* closure, g*s* interior, g*s*
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1. Introduction

In 1963, N. Levine [3] introduced semi-open sets in topological space. In 1970,

N. Levine [4] initiated the study of generalized closed sets. In 1987, Bhattacharya



6970 R. Rajendiran and M. Thamilselvan

and Lahiri [2] defined and studied the concepts of semi generalized closed sets. In
1990, Arya and Nour [1] introduced the concept of generalized semi closed sets.
In 2000, M.K.R.S.Veerakumar [6] studied the notion of g* closed sets which is
properly placed between closed sets and generalized closed sets. In 2014,
R.Rajendiran[5] introduced and discussed the notion of g*s* closed sets. In
this paper we analyze the various properties of g*s* -closure, g*s™ interior,

g*s™ derived set in a topological space.

2. PRELIMINARIES

Definition 2.1. A subset of a topological space (X,t) is called

(1) generalized closed (briefly g closed ) [4] if cl(A) € U whenever
AcU and U isopenin X.

(i)  generalized semi closed (briefly gs closed ) [1] scl(A) cU
whenever Ac U and U isopenin X.

(iii)  Semi generalized closed(briefly sg closed)[2] scl(A) c U whenever
AcU and U issemiopenin X.

(iv)  Generalized star closed (briefly g* closed)[6] if cl(A)cSU
whenever A U and U is g open.

(v) g*s” closed [5] if scl(A) € U whenever A< U and U is g* open.

3. g's” Interior and their properties

Definition 3.1. Let (X,t) be a topological space and x € X. A subset N of X
is said to be g*s*neighborhood of x if there exists a g*s* open set U in X
such that x e U c N.

Definition: 3.2. Let A be a subset of a topological space (X, 1), a point x €
X is said to be g*s* interior point of A, if there exists a g*s* open set U

suchthat x € U c A. Thesetofall g*s* interior points of A iscalled g*s*



Properties of g*s* closure 6971

interior of A and is denoted by g*s*Int(A).
Theorem 3.3. Let A be a subset of a space X, then g*s*Int(A) is the union of

all g*s* open sets which are contained in A.

Proof: Let x € g*s*Int(A). Then x is a g*s* interior point of A. Hence
there exists a g*s* open set G such that x€G < A . Therefore
x€U{G/ Gis g's™ open and G c A}. So g's*Int(A) cU{G/ Gis g's*
open and G < A}. Conversely, let x eU{G/ G is g*s* open and G c A}.
Then x belongs to a g*s* open set G contained in A. Hence x is an g*s*
interior point of A.Thatis x € g*s*Int(A). So U{G/ Gis g*s* open and
G c A} © g's*Int(A). Therefore g*s*Int(A) =U{G/ Gis g's* open and
G c A}.

Theorem. 3.4. Let A be a subset of a space X, then g*s*Int(A) c A.

Proof: Let x € g*s*Int(A). Then there exists a g*s* open set G such that
X €G < A.Hence x € A. Therefore g*s*Int(A4) c A.

Theorem 35. If A is g*s* open in a topological space (X,t),then
g s Int(A) = A.

Proof: For any subset A of X,g"s*Int(A) c A. Let x€E A.Thenx € AC A
and A is g*s* open which implies x is a g*s* interior of A. Hence
x € g*s*Int(A). Therefore A c g*s*Int(A). Hence g*s*Int(A) = A.
Theorem 3.6. Let A and B be subsets of a space X . If B is any g*s*-open set
contained in A, then B c g*s*Int(A).

Proof: Let x € B. Since B is g*s*-open set contained in A, x is a g*s”
interior point of A. x € g*s*Int(A). Hence B c g*s*Int(A).

Theorem 3.7. If A is g*s* open in a topological space (X,t), then
g's*Int(A) isalsoa g*s* opensetin X.

Proof: From the theorem 3.5, if A is g*s™ open in a topological space
(X,7),then g*s*Int(A) = A. Therefore g*s*Int(A4) isa g*s* opensetin X.
Theorem 3.8. Let A be a subset of a topological space (X,t), then
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g's*int(g*s*Int(4)) c g*s*Int(A).

Proof: Let x € g*s*int(g*s*Int(4)). Then x is g's* interior point of
g's*Int(A). Hence there exists an g*s* open set U such that x e U c
g's*Int(A) c A. So that there exists a g*s* open set U such that x € U c A.
Therefore x is a g*s* interior point of A That is x € g*s*Int(A). Therefore
g's*int(g*s*Int(4)) c g*s*Int(A).

Theorem. 3.9. If (X,7) is a topological space, then  g*s*Int(@) = @ and
g's*Int(X) = X.

Proof: g*s*Int(@) =U{G/ Gis g*s* open and G c @}. Since @ is the only
g*s* open set contained in @, g*s*Int(®) = 0.

g's*Int(X) =U{G/ Gis g*s* open and G c X}. Since X is g*s* open set
contained in X, g*s*Int(X) =XU{G/ Gis g*s* openand G c X} = X.
Theorem 3.10. If A and B are any two subsets of a topological space (X, 1)
and A c B then g*s*Int(A) c g*s*Int(B).

Proof: Let x € X and x € g*s*Int(A). Then by the definition of g*s™* interior,
there exists a g*s™ open set U such that x € U c A. Since A c B, then x €
U c A c B. Hence x € g*s*Int(B). Therefore g*s*Int(A) c g*s*Int(B).
Theorem 3.11. If Aand B are any two subsets of a topological space (X, 1)
and ANB =0 then g*s*Int(A) N g*s*Int(B) = @

Proof: Given AnNB =@. To prove that g*s*Int(4A) Nn g*s*Int(B) = @. We
prove this by method of contradiction. Assume that x = @ € g*s*Int(4) N
g*s*Int(B). Therefore x € g*s*Int(A) and x € g*s*Int(B). Hence there exists
an g*s™ open sets UandV such that xe Uc A x€eV cB. So xelUn
VcUcAandxeUNnV cV cB. For this reason x e AnB . This is
contradictionto A N B = @. Consequently, g*s*Int(A) N g*s*Int(B) = Q.
Theorem 3.12. If Aand B are any two subsets of a topological space (X, 1)
then g*s*Int(A) U g*s*Int(B) c g*s*Int(A U B).

Proof: Let x € g*s*Int(A) U g*s*Int(B) . Then x € g*s*Int(A) or x€
g's*Int(B). x € g*s*Int(A) implies that there existsa g*s*openset U such
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that xeUcAcAUB. So € g's*Int(AUB) . x € g*s*Int(B) implies
that there exists a g*s*open set V such that xeVcBcAUB. So x €
g's*Int(AUB) . Consequently  g*s*Int(A) U g*s*Int(B) c g*s*Int(A U
B).

Theorem 3.13. If A and B are two subsets of a topological space (X, ) then
g's*Int(ANB) c g*s*Int(A) N g*s*Int(B)

Proof: Let x € g*s*Int(A N B). Then there exists a g*s* open set U such that
x€Uc AnB c A. This implies that x € g*s*Int(4). Also xeU c AN
Bc B. So x € g*'s*Int(B). Hence x € g*s*Int(A) N g*s*Int(B). Therefore
g s Int(An B) c g*s*Int(A) N g*s*Int(B).

4. g*s* closure and their properties
Definition 4.1. For any subset A in the space X, the g*s* closure of A,
denoted by g*s*Cl(A), is defined by the intersection of all g*s* closed sets
containing A.
Theorem 4.2. Forasubset A ofaspace X, then A c g*s*Cl(A4)
Proof: Let x € A. By the definition of g*s* closure of , x € g*s*CI(A4). So
A c g*s*Cl(A).
Theorem 4.3. The g*s™ closure of A is the intersection of all g*s* closed sets
containing A.
Proof: By the definition of g*s™ closure of A4,
g s*Cl(A) =n{F/ F is g*s* closedand A c F}.
Theorem 4.4.If B isany g*s* closed setand A c B then g*s*Cl(A) c B.
Proof: By the definition of g*s* closure, g*s*Cl(A) =n{F/ F is g*s”
closed and A c F}. Therefore g*s*CI(A) is contained in every g*s* closed
set containing A. Since B is g*s* closed setand A € B, g*s*CIl(A) c B.
Theorem 4.5. If A is g*s* closedsetin (X,7)then A = g*s*CL(A).
Proof: By the definition of g*s* closure, A c g*s*CI(A). Also Ac Aand A
is g*s* closed set, by theorem 4.4, g*s*CI(A) c A.Hence A = g*s*CI(A).
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Theorem 4.6. In a topological space (X,7), g*s*Cl(@) =@ and g*s*Cl(X) =
X.

Proof: By the definition of g*s* closure, g*s*cl(®) = Intersection of all g*s*
closed sets containing @. Hence g*s*cl(®) = 0. Also  g's*cl(X) =
Intersection of all g*s* closed sets containing X. Hence g*s*cl(X) = X.
Theorem 4.7. If Aand B are any subsets of a space (X,7) and A c B then
g's*Cl(A) c g*s*Cl(B).

Proof: Let x € g*s*CI(A). By the definition, g*s*cl(B)= Nn{F/BCFE€
g's*C(X)}. If BcFeg's'C(X), then g*s*cl(B) c F. Since Ac B, Ac
BCcFeg's'C(X), we have g*'s*cl(A) c F. Therefore g*s*cl(A) Cc F =
N{F/BcF € g's*C(X)} = g"s*cl(B). Thatis g*s*Cl(A) c g*s*CL(B).
Theorem 4.8. If Aand B are any subsets of a space (X,7) then

g's*Cl(A) U g*s*Cl(B) c g*s*CI(AU B).

Proof: Let A and B be subsets of X. Clearly Ac AuBand Bc AUB. By
theorem 4.7, we have g*'s*Cl(A) c g"s*CI(AUB) and g*s*CIl(B) c
g's*Cl(AU B).Hence g*s*Cl(A) U g*s*Cl(B) c g*s*Cl(A U B).

Theorem 4.9. If Aand B are any subsets of a space (X,7) and g*s*Cl(A) N
g's*Cl(B) =@ then AnB = Q.

Proof: Let g*s*Cl(A) n g*s*Cl(B) = @. To prove that An B = @. We prove
this by the method of contradiction. Assume that x e AnB. Then x €
A&x €B. Therefore x € g*s*Cl(A) & x € g*s*Cl(B). So x € g's*Cl(A) n
g*s*CL(B) which is contradiction. Hence AN B = Q.

Theorem 4.10. If Aand B are any subsets of a space (X,7) then
g*s*Cl(ANnB) c g*s*Cl(A) n g*s*CL(B).

Proof: Let A and B be subsets of X. Also AnNB c A& AN B c B. Therefore by
Theorem.4.7, we have g*s*CI(ANB) c g*s*Cl(A))and g*s*Cl(ANB) c
g*s*Cl(B).Therefore g*s*Cl(AN B) c g*s*Cl(A) n g*s*CL(B).

Theorem 4.11. Foran x € X, x € g*s*Cl(A) ifandonly if V N A + @ for every

g's* openset V containing x.
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Proof: Let x € X,x € g*s*CL(A). Toprove VN A # @ forevery g*s* open set
V' containing x. We prove by contradiction. Suppose that there exists a g*s*
open set V' containingx suchthat VN A = @. Then A c X\V and X\Vis g*s*
closed set . Hence g*s*cl(A) c X\V. Therefore g*s*cl(A) NV =@. This
implies that x & g*s*CL(A) which is contradiction. So VNA # @ for every
g*s* openset V containing x.

Conversely, let VN A+ @ for every g*s* open set V' containing x. To prove
that x € g*s*CIl(A). We prove this by contradiction. Assume that x &
g7s*CL(A).Then there exists a g*s* open set V containing x suchthat VN A =
@ which is contradiction. Hence x € g*s*Cl(A).

Theorem 4.12. If A is g*s* closed set in X then g*s*Cl(A) is also g*s*
closed setin X.

Proof: If A is g*'s™ closed set in X then g*s*Cl(A) = A. Therefore
g's*Cl(A) isalsoa g*s* closed setin X.

Theorem 4.13. If A is a subset of (X,7) then g*'s*Cl(A) c
g s*Cl{g*s*Cl(A)}

Proof: If A is a subset of (X,t) then g*s*Cl(A) is also a a subset of (X, 7).
By definition of g*s* closure, g*s*CI(A) c g*s*Cl{g*s*Cl(A)}.

Theorem. 4.14. For any subset A of aspace X, X\g's*Cl(A) = g*s*Int(X\A).
Proof: For any point x € X,x € X\g*s*CI(A) implies x ¢ g*s*Cl(A). Then
there exists g*s*open set U containingx, ANU=0. So x €U c X\A.
Thus x € g*s*Int(X\A). Conversely, let x € g*s*Int(X\A). There exists a
g*s* open set U such that x € U € X\A. So x & g*s*CL(A). This implies
that € X\g*s*CI(A) .

Theorem 4.15. For any subset A of aspace X, X\g*s*Int(A) = g*s*Cl(X\A).
Proof: Let x € X\g*s*Int(A). Then x & g*s*Int(A). That is every g*s* open
set U containing x is such that U ¢ A. That is every g*s* open set U
containing x is such that U n A¢ # @. Then by theorem 4.11, x € g*s*CI(X\
A). Therefore X\g*s*Int(A) c g*s*Cl(X\A). Conversely, x € g*s*Cl(X\A).
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Then by theorem 4.11, every g*s* open set U containing x is such that U N
A€ = @. That is every g*s* open set U containing x is such that U ¢ A. This
implies that by the definition of g*s* interior, x € g*s*Int(A). That is x €
X\g*s*Int(A). So g s*Cl(X\A) c X\g*s*Int(A) . Consequently,
g s*Int(A) = g*s*CL(X\A).

Theorem 4.16. For any subset A of aspace X, g*s*Cl(A) = X\ g s*Int(X\A)

Proof: x € g*s*Cl(A). Then by theorem 4.11, every g*s* open set U
containing x issuchthat U n A + @. Hence every g*s* openset U containing
x is such that U & X\A. Therefore x & g*s*Int(X\A) . Hence x € X\
g s*Int(X\A). Therefore g*s*Cl(A) c X\g*s*Int(X\A). Conversely, let x €
X\g's*Int(X\A). Then x & g*s*Int(X\A). Hence every g*s* open set U
containing x issuchthat U ¢ X\A. Then every g*s* openset U containing x
is such that UNnA#@. So x € g*s*CL(A). That is X\g's*Int(X\A4) c
g s*Cl(A). Thus g*s*Cl(A) = X\g"s"Int(X\A).

Theorem 4.17. For any subset A of aspace , g*s*Int(4) = X\g's*Cl(X\A).
Proof: Let x € g*s*Int(A). Then there existsa g*s* openset U such that x €
UcA. Hence x & g's*Cl(X\A) . Therefore x € X\g*s*Cl(X\A). Hence
g s*Int(A) c X\g's*Cl(X\A). Conversely, let x € X\g's*ClL(X\A). This
implies that x & g*s*Cl(X\A). Then there exists a g*s* open set U such that
x €UNX\A=0Q. Thatisthereexistsa g*s* openset U suchthat x € U c A.
So x € g's*Int(A). Therefore X\g*s*Cl(X\A) c g*s*Int(A). Hence
g s Int(A) = X\g's*Cl(X\A).

5. g"s" derived set and their properties
Definition 5.1. Let A be a subset of a topological space (X,7). Apoint x € X

is said to be g*s* limit point of A if for each g*s* open set U containing x,

Un{A\{x}} # . Thesetofall g*s* limit points of A iscalleda
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g~ s* derived set of A and is denoted by g*s*D(A).

Theorem 5.2. In a topological space (X,7), g*s*D(®) = @.

Proof: For all g*s* open set U and for all x € X,U n{@\x} =@. Hence
g'’s*D(0) = 0.

Theorem 5.3. Let A be a subset of a space (X, 7). If x € g*s*D(A), then x €
9"s"D(A\{x})

Proof: Let x € g*s*D(A). Then foreach g*s* openset U, Un{A\ {x}} #
@. This implies that U n {(A\ {x}){x}} # @. Hence x € g*s*D(A\{x}).
Theorem 5.4. Let A and B be subsets of a space X. If Ac B then
g's*D(A) c g*s*D(B).

Proof: Let x € g*s*D(A). Then for each g*s™ open set U containing x,
Un{A\ {x}}#@. Since AcB, Un{B\ {x}}#®. Therefore x €
g*s*D(B).Hence g*s*D(A) c g*s*D(B)

Theorem 5.5. Let Aand B be subsets of a space (X,t). Then g*s*D(A) U
9*s*D(B) C g*s*D(A U B)

Proof: Let x € g*s*D(A) U g*s*D(B). This implies that x € g*s*D(A4) or €
g's*D(B). If x € g*s*D(A) then for each g*s* open set U containing x,
Un{A\ {x}} #@. Since Ac AUB, Un{AUB\ {x}} # @. This shows that
x € g*s*D(A U B). Otherwise if x € g*s*D(B) then for each g*s* open set U
containing x, UN{B\ {x}} #@. Since BCc AUB, UNn{AUB\ {x}} # Q.
This shows that x € g*s*D(A U B).So g*s*D(A) U g*s*D(B) c g*s*D(A U B).
Theorem 5.6. Let Aand B be subsets of a space X. Then g*s*D(ANB) C
g’s*D(A) N g*s*D(B)

Proof: Let x € g*s*D(A N B). Then for each g*s* open set U containing x,
Un{(AnB\ {x}}# @. Since AnB c A, Un{(A\ {x}} # @.This implies that
x € g's'D(A). Also AnNB c B,UN{(B\ {x}}+ @.This implies that x €
g's*D(B). Therefore x € g*s*D(A)Ng*s*D(B) . Hence g's*"D(ANB)cC
g's*D(A) n g*s*D(B).
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