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INCIDENCE VARIETIES
IN THE PROJECTIVIZED k-TH HODGE BUNDLE
OVER CURVES WITH RATIONAL TAILS

IULIA GHEORGHITA AND NICOLA TARASCA

ABSTRACT. Over the moduli space of pointed smooth algebraic curves,
the projectivized k-th Hodge bundle is the space of k-canonical divisors.
The incidence loci are defined by requiring the k-canonical divisors to
have prescribed multiplicities at the marked points. We compute the
classes of the closure of the incidence loci in the projectivized k-th Hodge
bundle over the moduli space of curves with rational tails. The classes
are expressed as a linear combination of tautological classes indexed
by decorated stable graphs with coefficients enumerating appropriate
weightings. As a consequence, we obtain an explicit expression for some
relations in tautological rings of moduli of curves with rational tails.

0. INTRODUCTION

This study revolves around families of algebraic curves with differentials.
For an algebraic curve C' with at worst simple nodal singularities, the stable
(holomorphic) abelian differentials are the global sections of the dualizing
sheaf we. Similarly, for k& > 1, the stable (holomorphic) k-differentials are
the global sections of w%k. The k-th Hodge bundle E’;,n is the vector bundle
of stable k-differentials over the moduli space M, ,, of stable curves of genus
g with n marked points. Its projectivization is here denoted ]P’E’;n. A point

of ]P’E’;’n consists of a stable n-pointed genus g curve together with the class
of a nonzero stable k-differential modulo scaling by units. The fibers of
IP’E];m over the locus of smooth curves M, ,, consist of k-canonical divisors.
The closure of loci of k-canonical divisors has been the focus of several re-
cent studies. Pointed curves admitting k-canonical divisors with prescribed
multiplicities at the marked points define natural loci in M, ,,. Similar loci
can be obtained by requiring the existence of a meromorphic k-differential
with prescribed zero and pole orders at the marked points. The closure of
such loci has been studied by Farkas and Pandharipande [FP2] by means
of their moduli space of twisted canonical divisors. This is a proper space
inside Mg,n and contains the space of canonical divisors together with some
additional components supported on singular curves. A conjecture for the
weighted sum of the fundamental classes of all such components in the
meromorphic case was proposed by Janda, Pandharipande, Pixton, Zvonk-
ine [FP2, Appendix], together with an algorithm to determine the class of
the closure of loci of canonical divisors in M, ,, in both the holomorphic and
meromorphic case. Extended to & > 1 by Schmitt [Sch], this conjecture has
been proved by Bae, Holmes, Pandharipande, Schmitt, Schwarz [BHP™].
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It follows that the class of the closure of loci of k-canonical divisors in
M, ,, is determined by the algorithm given in [FP2, Appendix] and [Sch].
The problem of computing a closed formula for such classes remains open.
We make progress on this problem by computing a closed formula for the
classes of the closure of loci of k-canonical divisors in the moduli space M,
of curves with rational tails. The space M;tn is a partial compactification of
My, and consists of stable pointed curves with a component of geometric
genus g and possibly additional rational components.

More generally, we obtain a stronger result by computing a closed formula
for the class of the closure of incidence varieties inside the restriction of IP’IE]gin
over ./\/lgtn Specifically, define the incidence locus

k k
(0.1) HE,, C PEF,

as the locus consisting of smooth n-pointed genus g curves together with
the class of a stable k-differential having a zero at each marked point. This
locus has codimension n in IP’Ek Similarly, we consider the incidence loci
obtained by imposing the vanlshlng of the stable k-differential at the marked
points with prescribed multiplicities, see (6.1).

Starting from a recursive description of the closure of the incidence loci in
IP’IEk established by Sauvaget [Saul,Sau2], we solve the recursion by finding

a closed formula (Definition 1) in the Chow ring of PEF = which expresses

g,n
the class of such loci in the restriction of IP’IEk over ./\/l‘rt in all cases when
k =1 and with few exceptions when k& > 2 (Theorems 2 and 6.1).

Via pull-back, A* (./\/lg n) injects in the Chow ring of PEF | and one has

g,n’

0.2) A (]P’E’;n) ~ A* (M) ] / (i(—n)icr_i (E§7n>>

i=0
where r = rank (E’;n) and 7 :=¢; <@P’E’;,n(_1)>'
Our formula (Definitions 1 and 5.1) lies in the tautological ring R* (IP’IE';Q
which is the subring of (0.2) generated by the tautological ring R* (M,,,,)
and 7. The formula is expressed as a linear combination of tautological

classes indexed by decorated stable graphs, with coefficients enumerating
appropriate weightings, which we describe next.

0.1. Dual graphs of pointed curves with rational tails. For ¢ > 0,
let GIf,, be the set of trees that are dual to the locally closed strata in
./\/lrt consisting of pointed nodal curves with the same topological type. In
partlcular an element in Grtn is a tree consisting of a genus g verter and
possibly additional rational (1 e., genus 0) vertices dual to curve components,
edges dual to nodes, and n legs dual to the n marked points.

For a tree I' in G;tn, let V(T') be the set of vertices, L(I") be the set of
legs, and E(T") be the set of edges of I'. The set L(T") is often identified with
a set of labels, e.g., L(T") = {1,...,n}.
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0.2. Rooted trees. Let ¢ > 0 and I' € G;t’n. By identifying the genus g
vertex as root, the graph I' will be considered as a rooted tree with all edges
oriented away from the root. An edge e € E(I') consists of a pair of two
half-edges e = (h*,h™): we denote by h™ (or head) the half-edge which
is further away from the genus g vertex, and by h~ (or tail) the half-edge
which is closer to the genus g vertex.

The set H(T") of half-edges of I" is partitioned as

H(T) =H"T)uH ()

where H (T') (respectively, H™(T")) is the set of head (resp., tail) half-edges.

0.3. Decorations and weightings. Select ¢ > 0 and I' € G;n. Let vy be
the genus g vertex of I', and Vo(I') := V(I') \ {vy} be the set of rational
vertices of I'. Consider the moduli space

(03) Ml—‘ = _g n(yg H MO ’fL ’U

veVo(T)

where n(v) is the valence of a vertex v, i.e., the number of legs and half-edges
incident to v.
The set of decorations W(I") of the graph I' is defined here as

V() =S¢ = [[ v :dyn>0forall hpC A" (Mr).
heH(T)

For each h, the class 1, is the first Chern class of the cotangent line bundle

at the marked point corresponding to h [GP].
Select ¥ = [[enm 1/12’1 in ¥U(T'), and define the following set of pairs:

(0.4) Z

H(T, %) := {(h,e)|hc H"(I'),0<e<dj,
), 1<e<

U{(h,e)|h e H (T n}
One has
[H(I, )| = [E(I')| + deg 1.

For a half-edge h of T, let ¢(h) be the half-edge such that (h,t(h)) € E(T).
Define the capacity of a head half-edge h™ in HY(T) as

(0.5) 0 { number of legs of I' in the maximal
. ht =

connected subtree containing ™, but not ¢(h™).

One has £+ > 2 for all A™.
A weighting of the decorated stable graph (I', %)) is a function

H(T,¢) — N
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satisfying the following conditions:
U —1>w(ht,0) > wht,1) > >wht, dy)
for all heads hT,
1<wh™,1) < - <wh ,dy-) <w((h™),0)
for all tails A™.

(0.6)

The set of weightings of the decorated stable graph (T, %))

(0.7) Wr  := {weightings of (I',%) }
is a finite set. For w € Wr 4, the corresponding weight of (I', ) is
(0.8) wlp) = J[ whe).
(h,e)eH (T )
Define
(0.9) o= Y wl,)

wEWFy—(/,

For instance, one has

(I')ep) = H > crap =T,
(Fallnb) = @w—wé — Cr'ap = 67
) =@ o r = 42,

Here and throughout, rational vertices are contracted into points for conve-
nience, and -classes decorate their corresponding half-edges (later in the
paper, Y-classes will decorate legs too).

0.4. The graph formula. For g > 0, a graph I € G;n defines the moduli
space Mrp from (0.3) together with a gluing map of degree one M — ﬂg,n.
Similarly, define ]P’Ellﬁ as the fiber product

PEL —s PEE,

(0.10) l i

Mr E— Mg,n-

The image of &1 has codimension equal to |E(T)| in ]P’IE’;W We set n := &(n)
in A* (IP’E{?), so that for any cycle «, one has &ri(a-n) = &ri(a) - ) by the
projection formula. We will use few more classes, introduced below.
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For a marked point ¢, define w, := pj(¢) in R* (Mgm), where 1) is the -
class in R* (ﬂgJ) and pg: My, — M, is the map obtained by forgetting
all but the ¢-th marked point. Define wy := & (wy) in A* (ﬂp)

For h € H(T'), define wy, := &:(wy) in A* (M) for a leg £ which is further
away from the root than h. This definition is independent of the choice of
such a leg ¢ (see [CT1, §1.2]).

Finally, for ¢ = [],cp 1/12’1 in U(T), let

Br = H (kwp — 77)1+dh H (kwp — n)dh c A* (IP’E?) .

heH+ () heH— ()
One has deg B = |E(I')|+deg 1. We are now ready for the graph formula:
Definition 1. Define F5 = € R" (PEL ) as

Fh o= Z (—1)EOl g, H (kwe—n) Z cr.p P Bry,

recy, LeL(T) pew(T)

To verify that F';m has degree n, observe that the product of the divisor
classes kwy —n for £ = 1,...,n has degree n, and for each (I",4), the factor
Bfip cancels out some of the factors kwy —n to offset the codimension of the
image of £r and the degree of 1. Remarkably, the sum of the contributions
given by (T',4p) such that deg Br. > n vanishes. This is nontrivial, and
follows from Theorem 3.1. For example, when n € {1,2}, one has

Fro= @kwl o e R! (IP’E';,l) :

_ — kw—
Flg€72 _ k wy U\@/kw Ui - g@n—<1 e (PEI;Q) |
2

Already for n = 3, the expansion of the cycle F';n is lengthy. We include
this and more examples in §7. Our first result about abelian differentials is:

Theorem 1. For k=1 and g > 2, one has

| gl n 1
M. =Fi.  €a"(PE},| M;) .

The statement holds for all n. Since abelian differentials of genus g curves
have degree 2g — 2, the loci ﬁ;n are empty for n > 2g — 2. In this case,
Theorem 1 gives relations in the tautological ring, as discussed in the next
Corollary 1. More generally, for k£ > 1, we prove:

Theorem 2. For g > 2, one has [ﬁzn} = F’;,n m:
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(i) A" (IP’IE’;’,@!M,;’”) when

k=1;or
kE>2andn <k(2g—2)—1;
(ii) A" (PE% ) when n < k.

In the case k > 2 and n = k(29 — 2) left out by the statement, the cycle

ka decomposes as the sum of the classes of E];’n and an additional locus.
We discuss this case in Remarks 1.2 and 6.3.

Our most general result is described in §6 and concerns the study of
incidence loci with prescribed multiplicities. Namely, for an n-tuple m =
(m1,...,my) of positive integers, let Hk - ]P’Ek be the incidence locus
con51st1ng of smooth n-pointed genus g curves together with the class of a
k-differential having a zero of order at least my at the /-th marked point

for each ¢ = 1,...,n. Theorem 6.1 shows that the class of Hgm in the
appropriate Chow ring determined by k, g, m is given by the cycle F’;,m
from Definition 5.1 with few exceptions. Theorem 2 is the specialization of

Theorem 6.1 at m = (1,...,1).

0.5. Tautological relations. For £ = 1 and n > 2g — 2, Theorem 2 gives
a vanishing statement:

Corollary 1. For g > 2 and n > 2g — 2, one has
Fon =0 in B" (B}, [0 ).

This statement provides explicit expressions for tautological relations. By
construction, these are restrictions of relations in R" (IP’E;m). Moreover,
Corollary 1 induces relations in R* (M;tn) E.g., for g =2 and n = 3, one
recovers the restriction to R? (Mgtg) of the relation from [BP], see §7.2.

Determining the complete space of relations in R* (Mg,n) is an open
problem [Fabl,Pix,PPZ,Jan,Pan]. In the rational tails case, the tautological
ring has been studied in [Fab2, FP1, Tav]. It is nontrivial to verify whether
all the relations from Corollary 1 are in the space of known relations, or
whether Corollary 1 contributes any new relations. For this, it would be
desirable to undertake a numerical study of the relations from Corollary 1.

0.6. Structure of the paper. We start with a recursive identity (Theorem
1.1) for the class of the closure of the incidence locus (0.1) over My, in §1
following [Saul, Sau2] (see also §§A-B). Next, we show how the cycle F;n
from Definition 1 solves the recursion. For this, we first analyze certain
cycles on moduli spaces of pointed rational curves related to F g , in §82-4,
and show how they satisfy a recursive identity (Theorem 4.4). This will
be used to conclude that the cycles an satisfy the same recursion as the
classes of the closure of the incidence loci over M}, (Theorem 6.2). The
proof of Theorem 2 is given in §6 together with the proof of the more general
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statement about the incidence loci Hy ,,, with prescribed multiplicities. We
conclude with some examples and checks in §7.
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1. A RECURSIVE IDENTITY FOR INCIDENCE LOCI

We present here a recursive identity for the class of the incidence locus

H, ,, over curves with rational tails following [Saul, Sau2].

First we define the extra loci Ey. For m <n — 1, consider the locus
(1.1) H’;’m c PEF where m = (m, 1"_7”_1)

g,n—m
consisting of smooth genus g curves with n —m marked points together with
the class of a stable k-differential having a zero of order at least m at the
first marked point and zeros at the other marked points. This locus has
codimension n — 1 in PEF

g?n_m‘
For a non-empty I C {1,...,n — 1} of size |I| = m, let
(1.2) v PES . X Mo 1ignnny — PEF,

be the gluing map of degree one obtained by identifying the first marked
point on elements of ]I”Elgf7n_m with the marked point h, of elements in
MQ IU{n,hn} (and relabeling the other marked points of elements in ]P’E’;’n_m
by elements of {1,...,n — 1} \ I in case n —m > 1, ie., |I| <n —1) and
extending stable k-differentials by zero on the attached rational tail.

The extra locus Er is defined as

(1.3) Er =y, H,,, C PE,.

A general element of Ey consists of a stable pointed curve with a rational tail
containing the marked points with labels in ILI{n} and a genus g component
containing the remaining marked points, together with a stable k-differential
vanishing with order m at the preimage of the node in the genus g component
and vanishing at all marked points in the genus g component.

Let m,: IP’IE’;’,L — PElgfm_l be the map obtained by forgetting the last

marked point, and let p,, : IP’E’;’H — ]P’E;l be the map obtained by forgetting
all but the last marked point (and relabeling it as P;).

Theorem 1.1 ( [Saul,Sau2]). For g > 2 and n > 2, the identity
. [k « [=k —k
T [Hg,n—l] " Pn |:Hg,1:| = [Hg,n:| + Z ’IHEI]
I

where the sum is over all non-empty I C {1,...,n— 1}, holds in:
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(i) A" (IP’IE’;’,@!M,;’”) when

k=1, or
k>2andn<k(2g—2)—1;
(i) A™ (]P’E]g”cm) when n < k.

The loci H’;m C IP’E'gin_m from (1.1) with m < n—1 are of pure codimen-
sion n — 1 and are obtained from H];’n_l C ]P’E'gin_l by colliding the first m
marked points. Hence, from the class of H'gm_l, one computes the classes
of the loci from (1.1) by colliding points, and the classes of the extra loci

Er from (1.3) by push-forward via the corresponding map . It follows that

Theorem 1.1 expresses the class of the incidence locus E];’n recursively in n.
The base case n = 1 is computed in [Saul, §1.6; KSZ, §4]: For k£ > 1 and
g > 2, one has

(1.4) Hyi=kw—n € Pic(PEL,).

Remark 1.2. In the case k > 2 and n = k(2g — 2) left out by Theorem 1.1,
one has

« [k « [k —k
(15) o My ] -0 [Hga] = [Hp| + [E] + D 1ED
I
in A" (PEL,[ vy
has a genus g component, a rational tail containing all marked points, and

the k-th power of an abelian differential vanishing with order k(2g — 2) at
the preimage of the node on the genus g component.

>, where £ C IP’E’;’H is the locus whose general element

For k = 1, Theorem 1.1 and Remark 1.2 were obtained by Sauvaget [Saul]
over M, ,, (but no graph formula was given there). Sauvaget informed us
that the techniques of [Sau2] could be used to extend the argument for k& > 1.
We provide an alternative proof of Theorem 1.1 and Remark 1.2 in §B by
applying the incidence variety compactification from [BCG*1,BCG™2].

2. CYCLES FROM WEIGHTED RATIONAL TREES

Theorem 1.1 gives a recursion satisfied by the classes of the loci El;,n. As
a preliminary study towards the solution of the recursion, we consider here
cycles on moduli spaces of stable pointed rational curves. After introducing
the set of rational rooted trees, we define the cycles Z™(n,1,7) and Ey(3, j).
These will be shown to satisfy a recursive identity in §4.

2.1. Rational rooted trees. Let Go,11 = G, ,; be the set of trees dual
to strata in M ,+1. Relabel the (n + 1)-th leg of each tree as hy.

Let T € Gg 1. By identifying the vertex incident to hg as root, the tree
T will be considered as a rooted tree. An edge e € E(T) consists of a pair
of two half-edges e = (h™,h™), where h* (or head) is the half-edge which
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is further away from the leg hg, and A~ (or tail) is the half-edge which is
closer to the leg hy. Let

HT(T) := {head half-edges h* of T} LI {ho},
H™(T) := {tail half-edges h~ of T},
H(T) := H*(T) uH(T).

A vertex v of T is said to be external if there is no tail half-edge of T
incident to v.

These definitions are compatible with the ones in the introduction when
T arises as a rational subtree of a graph I' € G;t’n+ with ¢ > 0 and n* > n.

2.2. Trees decorations. Next, we extend the decorations from §0.3 to ra-
tional rooted trees. The decorations will account for the special role played
by hg. Also, we will allow a heavier weight on one leg.

Let T € Ggpt1. Given m > 1, assign weight m to the first leg of T, and
weight 1 to all other legs.

For a half-edge h of T, let ¢(h) be the half-edge such that (h,¢(h)) € E(T).

For h € H*(T), define the weighted capacity of h as

sum of the weights of the legs in the maximal

0= connected subtree containing h, but not ¢(h) it b # ho,

n—1+m if b= ho.
Consider the moduli space

MT = H Mo,n(v)y
veV(T)
and define the set of decorations W(T) of the graph T as
dp, > 0 for all h, p—
U= qw=vit I uit| C A* (My).
heH(T) 120

Let ¢ = ¢il1 I1, €H(T) zﬁgh in ¥(T), and define accordingly the set

H(T,) := {(h,e)|h € H(T), 0 < e < dp}

U{(h,e)[h e H (T), 1 <e<dptU{(l,e)|1 <e<d}.
One has
(2.1) [H(T, )| = [H™(T)| + degtp = 1 +[E(T)| + deg 1.

This uses that HT(T) contains the head half-edges together with hg, hence
[HH(T)[ =1+ [H (T)] =1+ [E(T)|.
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The set of i-weightings of (T,1p) compatible with the legs weight is
w: H(T, ) - N :

’w(h(],O) = i,
G —1>w(h,0) >w(h,1) > - > w(h,dp)
(2.2) Wfr”:p = for all heads h or h = hy,

1<wkh,1) < <wh,d,-) <w((h),0)
for all tails h™,
1<w(l,l) < - <w(l,d) <m

For m =1, we set

(2.3) Wip gy o= Wi,
One has
(2.4) if Wff"fp #@, then i<n—14m and d; <m.

The inequality ¢ < n — 1 4+ m follows from the conditions i = w(hg,0) and
w(ho,0) < £ — 1. In particular, there are only finitely many non-empty
Wff":p for given m and T € Gg 41, ¥ € ¥(T). The inequality d; < m follows
from the conditions on w(1,e) for e =1,...,d;.

For w € W’Tn:p, the corresponding i-weight of (T,1) is

(2.5) w(T, ) := H w(h,e).

(h,e)€H(T )
Define

(2.6) =Y w(T, ).

wEW%%
Following (2.4), if this is non-zero, then i <n — 1+ m and d; < m.

2.3. The cycles Dec;™(D) and Z™(n,i,5). Let T € Gg,11. Consider the
gluing map of degree one defined by T:

(2.7) §r: My — Moy
For each @ € ¥(T), one has
(2.8)

deg {ra(9) = [E(T)| + deggp = =1+ [HT(T)| + degp = —1+ [H(T, ).
The last two equalities follow from (2.1).
For a formal variable D, the cycle Dec};”(D) in A* (Moy41) [D7Y] is
defined as
(2.9) Dect™ Z Z 1) T CZT”;Q, &1y () DIHTA

TeGo,n+1 pe¥(T
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This is a polynomial in D~! with coefficients in A* (Mo,m-l)- It will be
convenient to name also its coefficients. For this, define

(2.10) Z™(n,i,j) = [Decj;m(D)]l_n_m_j " in A* (Mo,nt1)
where [X]; denotes the coefficient of D! in X. One has
(2.11)
Z"(nyi,5) = > (DT ONEM ep, (i) in AR (Mg )
(T.%p)

where the sum is over decorated trees (T,) such that {r. () has degree
n+m—247j—iin A* (Mo,n+1). When m = 1, we simply write

Dec!,(D) := Dec:' (D)  and  Z(n,i,j) := Z'(n,4,5).
In Theorem 3.2, we will show that the cycles Z(n, i, j) vanish for i, > 1.

2.4. Colliding points on rational trees. Here we show that the cycles
Z™(n,i,j) for arbitrary m (and arbitrary i,j) are obtained from the case
m = 1 by colliding points. This is a prelude to Theorem 5.2.

Theorem 2.1. For 1 <m <n, letn” :=n—m+ 1. The cycle
Z™(n" i) € AV (Mo - 11)

is obtained from Z(n,i,j) in A"1TI— (M07n+1) by colliding the first m
marked points into the marked point P, — and relabeling the other marked
points as Po,..., P,—.

Proof. The case m = 1 is trivial. Assume the statement holds for m — 1 such
that 1 <m —1<n—1. It is enough to show that the cycle Z™(n",4, j) in
A= (M - 1) is obtained from

(2.12) Z" M n” + 1,4,5) € AV (Mo - 1a)

by colliding the first two marked points into the marked point P; — and
relabeling the other marked points as Ps, ..., P,-.

To collide the points, one proceeds as follows. Let d;2 be the class of
the divisor of stable pointed rational curves whose general element has two
rational components with one of them containing only two marked points,
namely P; and P,. The cycle obtained from (2.12) by colliding the first two
marked points is

(2.13) Tow (812 - 2" 1 (0™ +1,4,5)) € A" (M- 1)

where 7o is the map obtained by forgetting the second marked point. We
need to show that
(2.14)

Tox (61,2 - 2" H(n™ +1,4,5)) = Z™(n",i,5) € A" 7 (Mo - 41) -

For this, we analyze the various terms arising in the expansion of (2.13) and
show that they match the terms in Z"(n~,4,j). The non-zero terms arising
in the expansion of (2.13) are obtained by colliding the first two marked
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points in the terms of (2.12) contributed by decorated trees where the first
two legs are incident to the same vertex, say v;. We distinguish two cases
depending on the valence of vq.

Case 1. Let (T,1) be a decorated tree contributing to (2.12) such that
the first two legs are incident to a trivalent vertex vi. We show that the
contribution of (T,%)) to (2.13) matches the contribution of (T, - 1) to

Z™(n",i,j), where T is the tree obtained from T by removing the second
leg and contracting the edge incident to the vertex v;.
Using (2.11), the contribution of (T, ) to (2.12) is given by

(—1)E (D) A 6, ().

By (2.6), the coefficient C% 1; is the sum of w(T W) for @ in W n:p 1 By
linearity, for @ € W~ "; ! the contribution of (T, %, @) to (2.12) is

+ ~
(=) O &(T, ) &, ().
Colliding the first two marked points gives rise to the following contribution

of (T, 2, ®) to (2.13):
(2.15) (1) DO G(T, ) eps (9 - 1) -

The factor — decorating the first leg arises from the intersection with d1 o
n (2.13). Next, we show that @w(T,) = w(T, - 1) for an appropriate
i,m
w € Wy Ay ~
Let h] be the head half-edge in T incident to the trivalent vertex vy, and
let h; be the tail half-edge such that (h{,h]) € E(T). A factor ¢, with

h = h] in the decoration 1) of T induces a factor 1; decorating T. Let d;
be the resulting degree of 7 in 1 - ¢1 decorating T. Then the degree of ¥y,
with A = h] in the decoration v of Tis dy — 1. For @ in WA , one has

w(hi, )géhmlgl —1l=m-—1.

The conditions on @ for tails give
1 <@(hy,1) < <w(hy,d —1) < @(hi,0).
It follows that d; < m. Consider the bijection

H(T,9) = H(T, % 1)

(hy,e) = (1,e), for 1 <e<dj,
(hf,()) = (17d1)7
(h,e) — (h,e), for h ¢ {hy,h{} and all e.

For all heads h* # h] or ht = hg in T, the weighted capacity o Lof nt
in T is equal to the weighted capacity ¢} of the correspondlng h* in T.
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Consider the map

(1,e) == w(hy ,e), if1<e<dy,
W”” P W B e w, with $ w(l,dy) = (k] ,0),
(h,e) :== w(h,e), otherwise.

This map is a bijection and preserves the weights, i.e.,
if @ w, then @(T,v)=w(T,-1h).

It follows that for w € W%n:p_l, the contribution of (T, , @) to (2.13) given
by (2.15) is equal to 7

(1) Ol (T, 4p - 1) & (3 - 1)

where @ +— w. This matches the contribution of (T, %11, w) to Z™(n™, 1, j).

Vice versa, a decorated tree where 11 has positive degree can arise in
the expansion of (2.13) only by colliding the first two marked points on a
term of (2.12) contributed by a decorated tree where the first two legs are
incident to a trivalent vertex.

It follows that the contributions to (2.13) obtained by colliding the first
two marked points on decorated trees where the first two legs are incident
to a trivalent vertex match the contributions to Z"(n~, 1, j) from decorated
trees where 1)1 has positive degree.

Case 2. Finally, consider a decorated tree (T, 1)) contributing to (2.12) such
that the first two legs are incident to a vertex vy of valence at least four. We
can assume that 1 has degree zero in 1), since otherwise the contribution
of (T, ¥) to (2.13) is zero, due to the vanishing 1y - §1 2 = 0. We show that
the contribution of (T, ) to (2.13) matches the contribution of (T, %) to
Z™(n",1,7), where T is the tree obtained from T by merging the first two
legs. In this case, the sets of edges of the trees T and T are isomorphic, and
moreover the weighted capacity Ehmfl of h™ in T is equal to the weighted
capacity £} of the corresponding h* in T, for all heads h™ or h™ = hg. It
follows that

sz 1 = b
T T

Hence, one has
o (51,2 (=)D gmet e (w)) = (-1 O™ e, (1) .

The LHS is the contribution of (T, ) to (2.13), and the RHS is the contri-
bution of (T,) to Z"™(n",1,j).

We conclude that the contributions to (2.13) obtained by colliding the first
two marked points on decorated trees where the first two legs are incident
to a vertex of valence at least four match the contributions to Z™(n ™, 1, j)
from decorated trees where 11 has degree zero. This ends the proof. O
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2.5. The extra cycles E;. We define here the cycles Ey(D) and Ef(i, ).
These cycles are obtained as push-forward of Dec’™ (D) and Z™(n, 1, j), and
will be used to express the recursive identities in Theorems 4.1 and 4.2.

For T € Go 1, let v, be the vertex incident to the leg n, and let h;l be
the element in HT(T) incident to v,. If v, is external, let T\ v,, be the graph
obtained from T by removing the vertex v, together with the legs incident
to it and the element h;'.

For @ # 1 C {1,...,n — 1}, define the set of decorated codas as
(2.16)

T € Gony,

DCr := < (T,%) | v, is external with set of incident legs I U {n},
and the degree of ¥, with h = h} in 4 is zero

For I ={1,...,n— 1}, the set DCy consists of a single decorated tree (T,0)
where T has only one vertex — in this case, T \ v, = @ and ¢ = 0. For
IC{1,...,n—1}, one has T\ v, # @ for (T,vy) € DCy. For such decorated
trees, by relabeling the tail half-edge of the edge connecting v, to T \ v, as
leg 1 of T \ v, and relabeling the other legs of T \ v, accordingly, one has
T\ vn € Gop1)41-

Let (T,v) € DCy for some @ # I C {1,...,n —1}. An element A" in
H™(T) is called a predecessor of h\ if h™ is incident to a vertex v # v, closer
to hg than v,. Consider the subset of i-weightings

w (h+,0) < €h+ -2
for all predecessors h* of h;
and w (h,7,0) = |I|

‘7I Pp— ]

Here W;i_[‘,’l,b is as in (2.3). One has

either i <n —2 and |I| <n —2,

. i1
(217)  if Wg,, # 9, then { ori—|I|=n—1.

For (T,%) € DCy, define
1

(2.18) dip = i > w(T, ).
wEWfll,Iw
Following (2.17), one has
e i either i <n —2 and |I| <n—2,
(2.19) if dp, #0, then { ori=|I|=n—1.
In the case i =n—1and I ={1,...,n — 1}, one has déf’oz 1.
Consider the cycle
i + _ " _
EL(D) := Z (_1)\H (T)|-1 i Eri () D [H(T,%)]

(T,%)ebCy
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in A* (Mo41) [D™1]. Similarly to (2.10), let

(2.20) Er(i,j) :== [EQ(D)]_H_]. o in A" (M 141)
be its coefficients. One has
(2.21) Er(i,g) = > ()M I gy gr, ()

(T.)

in An—1+i— (ﬂ07n+1), where the sum is over decorated trees (T, ) in DCy
such that &1, (1) has degree n — 14 j — .

Here we show that when |I| < n — 2, the cycles Ey(i,j) are obtained as
pushforward of cycles Z™(n — m, i, j) with m = |I|. Let

v MO,n—m+1 X MO,Iu{n,hi} — M07n+1

be the gluing map of degree one obtained by identifying the marked point
i on elements of Mg, 41 with the marked point h of eleﬂents in
./\/107 TUfn,hif ) and relabeling the other marked points of elements in Mg ;41
by elements of {hg,1,...,n—1}\ I.
Lemma 2.2. Let @ #1 C {1,...,n—1} and m := [I| <n —2. One has
EY(D) = v, Dec:™ (D) € A* (Mons1) [D7Y].

Proof. We show that the coefficients of the two polynomials E;(D) and
7« Dec™ (D) in D~ match. Namely, using (2.10) and (2.20), we show
(2.22) Er(i,7) = v Z™(n — m, i, §) € AT (Mo g1 -

For (T, %) € DCy, the gluing map &t factors as {t = v 0 &p,y,, hence

E1v () = 7 (Emvun + (V) -
This uses that the degree of 1, with h = Al in 1 is zero. Moreover, one has
H™(T) = H"(T \ v,) U{hy},

hence [HY(T)| — 1 = [HY(T \ v,,)|- Let h, be the tail half-edge such that
(b, h,;) € E(T). One has a bijection

H(T.9) \ {7, 0)} = H(T \ vy, )
(h,,e) — (1,e), for all e,
(h,e) — (h,e), for b & {h, ,h'} and all e.

For all predecessors h* of h; in T, the number £;+ — 1 for A" in T is equal
to the weighted capacity ¢} of the corresponding h* in T\ v,. For all
other heads h™ in T, the capacity £;+ of h™ in T is equal to the weighted
capacity £}, of the corresponding R in T\ vy,. It follows that the constraint
onw € Wfr’ip that w(h*,0) < {5+ — 2'for all predecessors h™ of A in T is
equivalent to the constraint on w € WZT@M o that w(h*,0) < 47 —1 for the
corresponding A" in T \ v,.
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Consider the map

i, I 7, : w(17e) = ﬂ;(hr_zve)y
Wiy = Wy, 4 W w,  with { w(h,e) == w(h,e), otherwise.

This map is a bijection, and since w(h;,0) = |I|, one has

_ [N
if W+ w, then mw(T,'l,b) = w(T \ vy, ¥).

Using (2.6) and (2.18), it follows that
d%I‘7¢ = 6%7\72)7“1,["

Hence (2.21) can be written as

EI(iaj) = Vx Z (_1)|H+(T7)‘ C%Tﬂp éT** (T:b) € An_H_j_i (Mo,n+1)
(T~ %)

where the sum is over decorated trees (T, 4)) such that (T, %) = (T\v,, ¥)
for some (T,)) in DCy, and such that &p—, (¢0) has degree n — 2 4+ j — .
Using (2.11), the statement follows. O

3. VANISHING CYCLES ON MODULI OF POINTED RATIONAL CURVES

Here we show how certain coefficients of the polynomial Dec! (D) intro-
duced in the previous section encode relations in A* (./\/lo,nﬂ). This will be
used in the proof of the recursive relations in §4.

Recall the cycle Dec’ (D) = Deci’l(D) from (2.9) defined as
Dec’ ( Z Z Cérﬂp &1y (1) D™HT)I

TEGO n+1 1&6‘1’
in A* (Mo41) [D™'], where the coefficients CiT,zp = ciT’%w are as in (2.6).
Theorem 3.1. For i > 1, one has D"~ Decl,(D) € A* (Moy11) [D].

First we rewrite this statement as a vanishing statement about the coef-
ficients of the polynomial Dec), (D). Recall from (2.10) the cycle

Z(n,i,j) = [Decf@(D)]i_n_j in A* (M(]JH_l)
where [X]; denotes the coefficient of D! in X. This gives
(3.1) Z(nyij) = > ()M Dl er, () in AP (Mo i)
(T.%p)

where the sum is over decorated trees (T,)) such that {r. (1) has degree
n—14+j—iin A* (./\/lo7n+1).
To prove Theorem 3.1, it suffices to prove the following.

Theorem 3.2. Fori,j > 1, one has Z(n,i,j) = 0 in AP~1H7~1 (Momﬂ).
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The statement is non-trivial for ¢ < n (since the coefficients cﬁfﬂp vanish by
definition otherwise) and j < i (since the cycle vanishes for degree reasons
otherwise). This statement is proven as part (b) of Theorem 4.1 in §4.

3.1. Examples. Here we collect some examples of Theorem 3.2. Each
graph stands for the sum of the pairwise non-isomorphic graphs obtained
by all possible labeling of the unmarked legs by 1,...,n. One has

ho
Z(3,2,1) = 2 >—< —6¢h0~§ =0 eA (Moa),

and

Z(4,3,1) = 3h0§—< +9h0>—€ —18 tho‘é =

in A! (MO;,). Also, the following cycles vanish in A? (MO;,):

Z(4,2,1) = — 14 w,210~1< 114 h0>—¢§ +6wh0§_<
ho
e e ek Va S
7(4,3,2) =-175 w,%0~4< +21 h0>—¢€ +18 who§—<
ho
-9 ) -3 >—h¥—<

3.2. Preliminary identities. Here we start proving some identities which
will help to prove Theorem 3.2 in §4.

Lemma 3.3. Forn >3, one has Z(n,n —1,1) =0 in Al (MO,TL-H)-

Proof. From (2.8), a decorated tree (T,1)) contributes to Z(n,n — 1,1) if
and only if |E(T)| + deg(y) = 1, i.e., |H(T,4)| = 2. Recall from §2.1 that
H™(T) always contains the element hg. There are two cases.

If deg1p = 1, then the tree T has only one vertex, and 1 = 1)3,. Hence,
one has H(T, ) = {(ho,0), (ho, 1)}. In this case, the set of (n—1)-weightings
W%_d} from (2.3) conmsists of the functions w such that w(hy,0) = n — 1
and w(hp,1) = a, with a € {1,...,n — 1}. From (2.6), it follows that
iy = (n=1)(5).

If degt = 0, then the tree T has exactly one edge e = (h*,h7). In
this case, one has H(T, %) = {(ho,0),(h",0)}. The set W%_qpl consists of
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the functions w such that w(hg,0) = n — 1 and w(h™,0) = a, with a €
{1,...,¢,+ — 1}. It follows that c%_wl =(n— 1)(%*).
We deduce that

3.2)  Zn,n—1,1) = —(n—1) <’;> Uy + (n — 1) nf @) S

m=2

where d,,, is the sum of the classes of the boundary divisors in ﬂ07n+1 whose
general elements consist of a rational component containing the marked
point hg and a rational component containing precisely m other marked
points. The vanishing of Z(n,n — 1,1) is then due to the identity

(3.3) <Z> Dy = nz_:l @) Om  in AL (Mo pis).

m=2

This follows from the well-known identity v, = >, 0m in Al (Momﬂ)
obtained by fixing two elements a,b € {1,...,n}, where the sum is over
{a,b} C M C {1,...,n} with [M| <n—1, and ), is the class of the divisor
in Mg 41 whose general element consists of a rational component contain-
ing the marked point hg and a rational component containing precisely the
marked points in M. Summing over all choices of a and b, one deduces (3.3),
hence the vanishing of Z(n,n — 1,1) from (3.2). O

We end this section with the following recursive identity, which will be
used in the proof of Theorem 4.1(b) to deduce the vanishing of Z(n,n — 1, j)
for j > 1 from Lemma 3.3 and the vanishing of Z(n,n — 2, 5) for j > 1:

Lemma 3.4. For j > 2, the following holds in A7 (Momﬂ):

Z(”)” - 17]) = n—; Z(?’L,TL - 27] - 1) + (’I’L - 1) Tzz)ho Z(?’L,TL - 17] - 1)
Proof. Let j > 2, and let (T, %) be a decorated tree such that &1, (1) has
degree j in A* (Mo y41). We show that the contributions of (T,) to the
two sides of the equality in the statement match.

The maximal capacity ¢, = n for h in H"(T) is attained only at h = hy.
It follows that the only elements of H(T, ) where an (n — 1)-weighting can
have value n — 1 are the pairs (h, e) where h = hy. We distinguish two cases.

First, assume the degree of ¢p,, in 9 is zero. In this case, (T, ) does not
contribute to ¢p, Z(n,n — 1,5 — 1). Moreover, the pair (hg,0) is the only
element of H(T,4)) where an (n — 1)-weighting can have value n — 1. It
follows that the map

n—2 if (hve) = (h070)7

n—1 n—2 — — L
Wiy — W wi—w where wW(h,e):= { w(h,e) otherwise

Tv’lp ’

is a bijection. If w — w, then w and w only differ at (hg, 0), where w(hg,0) =
n — 1 and w(hy,0) = n — 2. Using the definition (2.5), one has w(T, ) =
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2= w(T, ). From the definition (2.6), one has
n—1 _ n—1 n—2
“Top = "o T
From (3.1), it follows that (T, 1)) contributes equally to the two sides of the
equality in the statement.

Finally, assume the degree of ¢y, in 1 is positive. Let dy > 0 be the
degree of ¥y, in ¥. Then H(T, 1)) contains (hg,e) precisely for 0 < e < dy.
Consider the partition

Wi, = We o w?
where

W = {weW"l\w(ho, )<n—2},
WP = {weng¢|w(ho,1) :n—l}.

The map w +— w from the previous case gives a bijection W® — = W% i such
that w(T,) = == 2w(T 1). Next, let ¥~ := 1/),:011,0. The contribution
of (T,4) to Yp,Z(n,n — 1,5 — 1) equals the contribution of (T, ™) to
Z(n,n—1,7—1). The set H(T, ™) contains (hg,e) only for 0 < e < dy— 1.
One has a bijection

w(hg,e+ 1) if h = hy,

w(h,e) otherwise.

wb —>W7T‘¢}, wi—w-  where w (h,e) ::{

Moreover, if w +— w™, then w(T,4) = (n — 1) w™ (T,4 ). Hence one has
n—1 _

gy = 5 gy + (0= 1) ey

It follows that (T, 1)) contributes equally to the two sides of the equality in

the statement. This implies the statement. O

4. RECURSIVE IDENTITIES ON MODULI OF POINTED RATIONAL CURVES

Here we prove certain recursive identities satisfied by the cycles Z(n,i,j)
and Dec], (D). These will be a key ingredient in the proof of Theorem 2.
The proof of the recursive identities is intertwined with the proof of the
vanishing statement from Theorem 3.2.

Recall the cycle Z(n,i,7) in A* (Momﬂ) from (3.1). Expanding the co-
efficients CiT,zp = Clrf%w as in (2.6), one has
(4.1)

. +(T . o

Z(n,i,5) = Y (=D Olhw(T,4p) &ru () in A7 (Mo 1)

(Toapw)
where the sum is over (T, 1, w) such that &, (¢0) has degree n —1+j —i in

A* (Momﬂ) and w is an i-weighting of (T, ). Recall that the legs of each
such T are labelled by 1,...,n, hg.
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Define the truncated cycle
(42) Zt(nv Z)J) in An—l-i—j—i (MOJH-I)

as the cycle obtained from Z(n,1,j) by restricting the sum in (4.1) to those
(T, v, w) additionally satisfying the following property:

(4.3)

{ if hg, the leg n, and a tail A~ are incident to the same trivalent vertex,

then i = w(hp,0) > w(c(h™),0).
Also, for a non-empty I C {1,...,n — 1}, recall the cycle
Er(i,j) = Z (—pHr It diT,qp §1e () in A" (Mo i)
(T)%)

from (2.21), where the sum is over those decorated trees (T, 1)) in the set
DCy from (2.16) such that &1 (1) has degree n—1+j—4, and the coefficients
dp  are asil (2.18). -
Let m,: Mo n+1 — Mo, be the map obtained by forgetting the point FP,.
Theorem 4.1. (a) For 1 <i<n—2 and j € Z, one has
(4.4) T (Z(n = 1,4,5 + 1)) = Y |T|Ex(i, ) = Z'(n, i, )
I

in An—1+i—i (Momﬂ), where the sum is over all @ # I C {1,...,n—1}.
(b) Fori,j > 1, one has

Z'(n,i,j) =0 and Z(n,i,j) =0 in An—1Hi—i (MO,HH).
As a consequence of Theorem 4.1, we show:

Theorem 4.2. For alli > 1 and j € Z, one has
I
in An—1+i—i (ﬂ07n+1), where the sum is over all @ # 1 C{1,...,n—1}.
Next, we modify this statement b}ieplacing_the truncated cycles Z%(n, i, j)
via the following Lemma. Let og: Mg, — Mg 41 be the gluing map ob-

tained by attaching at the marked point hg a rational component containing
the marked points hg and P,.

Lemma 4.3. Fori > 1 and j € Z, one has
Z(n,i,5) = Z%(n,i,5) = Y io0. (Z(n = 1,0, 57)) € A" (Mo i)
it>i
where for each i, the number jT is defined by j= — it = j —i.
Proof. Since j© — it = j — 14, the cycle Z(n — 1,57, %) has degree equal
ton—2+j—iin A* (Moy), and thus oo, (Z(n —1,iT,j1)) has degree
n—1+j—14in A* (ﬂo,nﬂ). The statement follows from the definition
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of Z%(n,i,j) as the cycle obtained from Z(n,i,j) by restricting the sum
in (4.1) to those triples (T,%,w) satisfying (4.3). Hence the difference
Z(n,i,j) — Z%(n,i,7) is contributed by those triples (T, ), w) which do not
satisfy (4.3), i.e., hg, the leg n, and a tail A~ are incident to a trivalent
vertex of T and ¢ = w(hg,0) < w(t(h™),0) =: i*. Such a triple (T, w)
contributes to i oo« (Z(n — 1,i",j7)), and vice versa. The negative sign be-
fore i0g« (Z(n —1,i",51)) accounts for the new edge contributed by the
gluing map oy. Hence the statement. O

By (2.10) and (2.20), the cycles Z(n,i,j) and Ef(7, ) are coefficients of
the polynomials Dec’, (D) = Dec’' (D) and E} (D), respectively. That is,

Dec! (D) = Z Z(n,i,j)D""9,  EW(D) = Z Es(i, j) D"

j>i—n j>i—n
in A* (ﬂomﬂ) [D_l]. Combining Theorem 4.2 and Lemma 4.3, we have:

Theorem 4.4. For i > 1, one has

i (Deci_1(D)) = 3" I EG(D) — 3 iop. (Deci (D)) = Deci (D)

I it>q
in A* (M07n+1) [D‘l]. The first sum is over all @ # 1 C {1,...,n — 1}.

This statement will be used in the proof of Theorem 6.1. The next Lemma
4.6 shows that for any given n, Theorem 4.2 follows from Theorem 4.1. The
latter is proven in the remainder of §4.2.

4.1. Partitions of G ,41. We consider here partitions of the set of rational
rooted trees Go,+1. These will be used in the proof of Theorem 4.1.

Let T € Ggps1. A vertex v of T is external if there is no tail half-edge
of T incident to v. A subtree T' of T is external if either T = T, or there
exists an edge (h*,h™) in E(T) such that T’ is the maximal subtree of T
containing the head half-edge h™, but not the tail half-edge h~.

Let v,, be the vertex incident to the leg n, and vy the vertex incident to hyg.
Let h, be the unique element of H*(T) incident to v,. For a half-edge h,
let «(h) be the half-edge such that (h,c(h)) € E(T).

Consider the set of decorated rational trees with i-weightings:

(4.6) DGW{ .11 = {(T,%,w) | T € Gopny1, ¥ € U(T), we Wi, } .
For 1 <i<n-—2, let

i Y i i
DGW{ 11 = Ab 1 UBh g1 U Ch e
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be the partition where

either v, is incident to hg;

6,n+1 =< (T,4,w) | or v, is trivalent, adjacent to vp, and incident to » ,
a tail A=, and w(hy,0) < w(e(h™),0)

vy, 18 not incident to hg; and

if v, is trivalent, adjacent to vy, and incident to
67n+1 =< (T,%¢,w) | atail h~, then w(hy,0) > w(c(h™),0); and ,
if v, is external,

then the degree of vy, in 1) is positive

6,71-{-1 = {(T7 ¢7 w)

vy, is external and not incident to hy,
and the degree of vy, in 1 is zero

For (T,v,w) € Aan 41, the vertex v, could be external. In this case, vy,
is the only vertex of T.
For n =3 and ¢ = 1, one has Bé,n—i—l =, and Gopy1 = A(1)7n+1 u C(1)7n+1.

4.2. Proof of Theorems 4.1 and 4.2. We start with two preliminary
Lemmata:

Lemma 4.5. The LHS of (4.4) expands as a Z-linear combination of classes
E1v (W) for T € Gopy1 and ¥ € U(T), as does the RHS.

Proof. Let us first consider 7, (Z(n —1,4,5 +1)). By definition, this is a
Z-linear combination of terms of type 7 (5@ (¢)) with T in Gg, and 1 in
v (T) Each such term expands as

(4.7) (6, () = &r (75, (1))
T

where T € Gg 41 ranges over all graphs obtained from T by adding a leg
n to one of its vertices. Let T be one of such graphs, let v,, be the vertex
incident to the leg n, and h,, be the unique element of H* (T) incident to v,.

Consider first the case when for all tail half-edges A~ incident to v,, the
degree of 1;,— in 1 is zero. Pull-back formulas for v-classes give

Ers (15 () = €1s () — Eros (¥°) € A (Mons1)
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where:
(4.8) T°:=
(4.9) o°:

the tree obtained from T by

splitting the vertex v, into two vertices v° and v+
such that v, is trivalent and incident to: the leg n,
the element in H*(T°) equivalent to h,, from T,
and an edge incident to v;

the monomial obtained from 1) by

replacing the factor T,Z)ZZ,

where d,, is the degree of 3, in 1,

with wgi where h' is the head half-edge incident to v
and d+ :=d,, — 1;

L if d, = 0, then one sets ¥° = 0.

An example is given in Figure 1.

(T, %) =

ho

¢hn ";bh— n
)T( — ho
Up+

)= y—T1—x

N

’ (™) =

23

FIGURE 1. An example of the decorated trees (T°,1)°) and (Thi,'l,bhf).

More generally, if for some tail half-edge h™ incident to v,, the degree of
p,— in 1 is positive, then pull-back formulas for v-classes give more terms:

(4.10)

1 (5 () = €10 (%) = e (¥°) = D &g, (¥
=

where T° and %° are as in (4.8) and (4.9); the sum is over tail half-edges
h~ incident to v,; and for each such tail h™:

(4.11) T

(4.12) "~

the tree obtained from T by

splitting the vertex v, into two vertices v?"~

L
v and v

= such that v"" is trivalent and incident to: the leg n,

the tail half-edge equivalent to h~ from T,

and an edge incident to v';

the monomial obtained from )

by replacing the factor T,Z)Z:,

where d_ is the degree of 1,— in 1,

with wgi where ht is the tail half-edge incident to v
in the direction of v, and d* := d_ — 1;

if d_ = 0, then one sets ¥" = 0.
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See the example in Figure 1.

Combining (4.7) and (4.10) shows the claim for the contributions arising
from 7} (Z(n —1,4,5 + 1)).

Regarding the cycles Ef(i,7), the claim follows immediately from (2.21).
We emphasize that after (2.16) and (2.19), one has
(4.13)

e ) vy, is external and not incident to Ay,
if dp,, #0 and i <n —2, then

and the degree of 1, in 1 is zero.

Hence, if (T, ) contributes to E(7,j) on the LHS of (4.4), then (T, %, w)
for all i-weightings w is in the subset Cé,n-‘rl C DGWj 5,4 from §4.1. O

Lemma 4.6. For any given n > 3, Theorem 4.1 implies Theorem 4.2.

Proof. Let n > 3, and assume Theorem 4.1 holds for n.

For ¢ > n, both sides of (4.5) vanish. Indeed, for the sets of i-weightings to
be non-empty, one needs i < n, as in (2.4). Hence, using the definitions (4.1)
and (4.2), both Z(n — 1,4,5 + 1) and Z%(n, i, ) vanish for ¢ > n. Similarly,
using the definition (2.21) and (2.19), one concludes the vanishing of the
cycles Ey(i, j) for i > n.

For i =n— 1, we need to prove (4.5) in A7 (Mop41) for j > 0. As in the
previous paragraph, the cycle Z(n —1,n — 1,7+ 1) on the LHS vanishes for
all j, since the sets of i-weightings are empty in this case. For j > 1, the
cycle Z%(n,n — 1,5) on the RHS vanishes from Theorem 4.1(b). Moreover,
when j > 1, the only cycles Ex(n — 1,7) of positive degree j are those with
|I| < n —1, and these vanish since all coefficients d%:; in (2.21) vanish in
this case using (2.19). For j = 0, using (2.19), the only non-vanishing cycle
Er(n —1,0) in (4.5) is the one with |I| = n — 1. In this case, both cycles
Er(n—1,0) and Z*(n,n—1,0) consist of only one term contributed by (T, %)
where T is the tree with only one vertex and @ = 0. In this case, both sides
of (4.5) are equal to —i = —(n — 1).

Finally, for 1 < ¢ < n — 2, the identity (4.5) follows from part (a) of
Theorem 4.1. Hence the statement. O

We now turn to the proof of Theorem 4.1:

Proof of Theorem 4.1. We prove part (a) and part (b) simultaneously by
induction on n.

For part (b), one can assume that 1 < j < 4, since the vanishing of
Z'(n,i,j) and Z(n,i,5) in A" 17 (Mo pyq) for 1 < @ < j is trivial for
degree reasons. In addition, one can assume ¢ < n, since otherwise the sets
of i-weightings are empty, hence Z%(n, 4, j) and Z(n,1,j) vanish.

The base case is n = 3, where i = 1. In this case, (4.4) is an identity in
A7 (M), hence non-trivial only for j € {—1,0}.

When j = —1, the only cycle Ef(1,—1) of degree zero is the one with
|I| = n — 1, and this vanishes from (2.19) since i < n — 1. Both sides of
(4.4) are then equal to the fundamental class of My 4.
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When j = 0, the term 7 (Z(n — 1,4, j + 1)) does not contribute any cycle
in dimension zero. Hence the LHS of (4.4) is provided only by the two

Ez(1,0), namely
ho 1 ho 2
2 3 1 3

while the RHS of (4.4) has in addition the following terms

(4.14) h0>—<1 - ¢h0<§12 .
3 2 3

Since (4.14) vanishes in A' (Mo4), part (a) follows.
For n = 3, the only non-trivial case of part (b) is given when i = 2 and
j =1, and it is a special case of Lemma 3.3.

Next, we show the following;:

Claim 4.7. Assume parts (a) and (b) for n — 1,n —2,...,3. Then part (a)
holds for n, i.e., the contributions of all (T,)) to the two sides of (4.4)
match, modulo relations in A* (Moerl).

Proof of Claim 4.7. Let n > 4. The RHS of (4.4) is Z%(n, 1, j), given by

Z'(n,ig) = > ()M DNw(T ) er, () in A (Mo 1)
(T2p,w)

where the sum is over (T,,w) in the set DGWé’nH from (4.6) such that
é1s () has degree n — 1+ j — i in A* (MO,nH) and the property (4.3) is
satisfied.
For each such (T, %, w), the argument depends on the position of the leg
n in T. For this, let 1 <4 <n — 2, and consider the partition of DGW%WH
from §4.1:
DGW%),n+1 = 6,n+1 U B%),n+1 U C%),n+1’

Contributions from A(i),n +1- Let us consider the contributions of (T, ,w) in

%Ln 41 to Z%(n, i, j). First, we arrange such contributions in parts, and then
we distinguish Subcases 1 and 2 below.

We partition the contributions from Ag’n 41 t0 Z%(n, 1, j) as follows. The
idea is that the partition is suggested by the set of decorated trees contribut-
ing to the pull-back of v-classes, as in (4.10), and each part consists of:

(i) a triple (T, 4, w) where the vertex v, incident to the leg n has valence
at least four and is incident to hg;
(ii) possibly a triple (T°,)°, w®) where the vertex vy incident to the leg n
is trivalent and incident to hg;
(iii) possibly triples (T" 4" ,w"" ) where the vertex v incident to the
leg n is trivalent and adjacent to the vertex incident to hg.
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To define such parts, consider a triple (T,,w) in A%),n 41 such that the
valence of the vertex v, incident to the leg n is at least four. In particular,
v, 1s incident to hyg.

The possible triple (T°,4°, w°®) in the part containing (T, %, w) is defined
as follows: T° is the graph obtained from T as in (4.8); ¥° is the decoration
obtained from % as in (4.9); and w® is the i-weighting defined by

w® (hy,0) = w (hy,0),
w’ <hl,e) =w (hp,e+1) for 0 < e < dt,
w® (hye) = w (h,e) otherwise.

Here, we have used the identification

¥) = H(T°,9°)
;_>

Y)
)

(hn,O (hn, 0),
(hn,e+1) = (ht,e), for 0 <e < d*t,
(h,e) — (h, e), for h # h, and all e.

The triple (T°,1°, w°®) is considered only if ¥° # 0. Since (T, %, w) is in
A} i1, by definition the triple (T°,4°, w°) is in Af,,,; as well. Moreover,
one has the following equality of weights

(4.15) w (T, ) =w® (T°,¢°).
Since a divisorial 1-class is exchanged with an edge, the classes &1y (1)) and
&rox(10°) have equal degree in A* (Moerl).

In addition, the possibly remaining triples of the part containing (T, ), w)
are triples (T"",4p"" w"™), one for each tail half-edge h~ incident to v, in T,
where: T"" is the graph obtained from T as in (4.11); 9" is the decoration
obtained from ) as in (4.12); and w"  is the i-weighting defined by

wh” (hL,e) :w(h_,e), for 0 <e <d",
w” (L(hl),0> =w <h_,alL + 1) ,
w" (h,e) = w (h,e) otherwise.

Here, we have used the identification

H(T, ) = H(T",9"")

(h=,e) = (ht,e), for 0 <e < d*t,
(b7 d" +1) = (u(h™),0),

(h,e) — (h,e), for h # h™ and all e.

For each h~, the triple (T"", 4", w"") is considered only if 1" # 0. Since
(T,%,w) is in Az],n—l—l’ by definition the triple (T?", 9" ,w" ) is in A%),n+1
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as well, and one has
(4.16) w (T, ) = wh” (Th* , q,b’f) :

Since a divisorial 1)-class is exchanged with an edge, the classes &1y (1)) and
gT,f*(zph’) have equal degree in A* (MOJH-I)'

For (T, ), w) to contribute to Z'(n,,j), the degree of &4 (1)) is required
toben—1+j —1iin A* (ﬂ07n+1). This implies that the corresponding
E1ox(°) and all fThf*(whi) have the same degree n — 1+ j —i. In addi-
tion, (T°,4°, w®) satisfies the property (4.3) by construction; (T, %, w) and
all (Th™ 4"~ w"™) trivially satisfy (4.3). This implies that if (T,,w) con-
tributes to Z%(n, i, j), then (T°,4° w°) and all (T"", 4", w"") contribute
to Z%(n,i,7) as well.

The number of head half-edges of T and corresponding T° varies by one.
Similarly, the number of head half-edges of T and each corresponding T""
varies by one. Using (4.15) and (4.16), it follows that the sum of the con-
tributions to Z%(n, 1, j) of all triples in the part of Aan 41 corresponding to

(T, 4, w) is:
(417) (1) Dly(T, ) <£T*<w> — Erou(1h°) — ZgTh*wh)) :
—

As in (4.10), this is
(4.18) ()M Dhay(T, ) era(mpip) € A" (Monta) -

This is the total contribution to Z%(n, 4, j) of the part of A%),n 41 corresponding
to (T, %, w). We distinguish two subcases:

Subcase 1. Consider first the case when the sum of the degrees of 4y, in 9 for
h incident to vy, in T is valence(v,) — 3. In this case, the total contribution
to Z%(n,,7) as given in (4.18) vanishes. Indeed, our assumption implies that
the sum of the degrees of 7}, ¢y, in the term 7}, 9 from (4.18) for h incident
to vy, is valence(v,) — 3. The product of 7} ¢y, in 7} 4 for h incident to vy, is
then the pull-back via 7, of a cycle of degree valence(v,) — 3 supported on
a moduli space of rational curves with valence(vy,) — 1 marked points. Such
cycle vanishes for degree reasons.

Similarly, no such contributions arise in «; (Z(n —1,4,7 +1)). Indeed,
arguing as in Lemma 4.5, contributions to 7} (Z(n —1,4,5 + 1)) arise pre-
cisely from terms like {1, () 7p), hence they are null in this case, as in the
previous paragraph. Also, since (T,,w), (T°,°, w°) and (T"" 9", wh")
are all in A%),n 41, there are no contributions to the cycles Ef(, j).

It follows that the sum of the contributions of such decorated trees van-
ishes on both sides of (4.4).

Subcase 2. It remains to consider the case when the sum of the degrees of
¥y, in 1 for h incident to v, in T is less than valence(v,) — 3. After (4.7),
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the contribution (4.18) to Zt(n, i,7) in this case matches a contribution to

(— 1) Dla(T, ) 5 (67, (1))

where T is the tree obtained by removing the leg n from T. Finally, this
matches the contribution

(—)H Dl(T, ) 7 (65, ()

tom: (Z(n —1,4,7 + 1)) in the LHS of (4.4). Indeed, recall that hg is incident
to v, in T, and ¢ < n — 2. In particular, removing the leg n in T does not
affect the computation of the capacities of the head half-edges, as defined in
(0.5). Tt follows that (T,1) and (T,) have the same i-weightings, hence
w(T, ) = w(T,). Also, one has [HT(T)| = [HT(T)]|.

Similarly to Subcase 1, there are no contributions to the cycles Ef(z, 7).
Hence such decorated trees have equal contributions to the two sides of (4.4).

This concludes the discussion of the case (T, 4, w) € Aj,, ;.

Contributions from B, ., UCh, ;. Consider (T,,w) € By, 3 UChH,
contributing to Z'(n,i,j). We define a subset Py, of B%),n—i—l L Cé,n—i—l
assigned to (T,%,w), and use the inductive hypothesis to show that the
sum of the contributions of the triples in P ., to Z%(n,4,7) is equivalent
to a contribution to the LHS of (4.4).

To define the set P 4, we proceed as follows. Consider

the maximal connected subtree of T

ext .,
= containing the leg n, but not containing hg.

Let n® be the number of legs of T within T**. One has n®* < n.

Define T'™ to be the complement of T in T. There is a unique edge in
E(T) with tail half-edge in T™ and head half-edge in T*. Let h$** be such
head half-edge in T,

The set HE(T) is the restriction of H*(T) to T®, and define similarly
H*(T™) as the restriction of H¥(T) to T™*. One has

H(T) = H(T®Y) U H(T™).
Factoring v as ¢ = HheH (T) wgh, consider its restrictions
’l/JeXt — H 1/1 and ’l/)int — H w
hGH(TeXt heH Tlnt

to Tt and T™, respectively. One has 1 = 2™ !, This induces the
partition

H(T, ,(p) — H(Tint, ,l/Jint) L H(TeXt, ,(pext).
The i-weighting w in W’T is the union of two functions

w = w™ [ w™t
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where w'™ and w®*! are the restrictions of w to H(T™, 1) and H(T*t, 4pext),
respectively. One has

(419)  w™ e WiT’?m e and W™ € Whet gyt for some a.

Here, Wif?m, pint is as in (2.2), with the tail half-edge ¢(h§*") in T playing
the role of the first leg in (2.2), and W st is as in (2.3).

The function w™ gives a lower bound for a. For this, consider the tail
h™ := (h§*) which is half of the edge connecting T™ and T®**. If d_ is the
degree of 1,— in 1, let

(4.20) ag == w" (h7,d_) .

By the definition of the weighting w, one has w™*(h$*,0) = a for some
a > agp.

Since (T, %, w) is in By ,,,; UCf,,,;, one has that w™" is an a-weighting
of (T 4p®*) for some a, satisfying the property (4.3).

The set Py consists of those triples (T/,4,w') in Bf,,.; U Cj,.y
contributing to Z*(n,,7) which are obtained by fixing T, 4™, ™, and
varying T, ¢t ™' Namely, define P 4., C B%),n+1 U Cg],n—l-l as

T/int — mint ,(p/int — ,l/Jint 't — it
degérr () =n—1+j—i in A* (Mont1)

Since P g € Bé,n+1 L C67n+1’ for each (T,4’,w’) in P 4, one has that

Prpw = {(Tlﬂﬁlywl)

/
W't € Wi ext for some a > ag
b

,lp/cxt

lext

and w'™" satisfies the property (4.3).
The sum of the contributions of all (T",4,w') in Pp . to Z'(n,i,j)
consists of the following term:

(4.21) ST ()TN (T ) e (9)
(Tlv’lp,vw/)GPTﬂ/),w

We need to show that (4.21) is equivalent to a contribution to the LHS
of (4.4). For this, we first rewrite (4.21) so that we can apply the inductive

hypothesis for the triples (T’ X 't eXt).

For (T, %', w’) € P 4 4, the i-weighting v’ € WiT,’w, is the union of two

) ; t
functions w’ = w™ U w'*" such that

i 7,a
wlnt 6 W’I"int ,,pint and weXt G W%/cxt ’l,b/CXt fOI' some a > (l(]
) ’

as in (4.19). From (2.5), the corresponding i-weight of (T/,4)’) factors as

u/(T’,@b/) _ it (Tint,’l,bint) w' (T/CXt,'l,b/CXt) '
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We can thus rewrite (4.21) as
(4.22)

vt (Tint,’l,bint) Z (_1)\H+(T’)\ W't <T/ext,¢/ext> - ('Qb/) ‘

(Tlvqp/vwl)EPT,w,w
One has
(4.23) H* (T') = HF (1) UH* (7).
Moreover, each map {1+ factors as 17 = (1 © {pyext, Where

(r: Mopesr X [ Moy — Momia
veV(Tint)

is the gluing map of degree one defined by T and the edge connecting T
and T°*. Hence we have

(4.24) E1vs (,(p/) = (s (,(pint ST/CXt* (w/ext)> .
By definition of the truncated cycles Z'(n®*, a,b), we have
(4.25) Z (_1)\H+(T'9Xt)| w/ext (T/eXt,Ib/eXt) ST/cxc* (¢/6Xt)
(T,7¢/7w,)€PT,1/),w
— Z Zt(nCXt7a7 b)
a>ao

where for each a, the number b is determined by
N —14+b—a=deg Epext , (1,bCXt) .

Since W, e ot = & for a > n®*, the sum on the RHS of (4.25) is finite.

Using (4.273), (4.24), and (4.25), it follows that (4.22) can be rewritten as

(4.26) (_1)|H+(Tinc)\ wint (Tint,’l,bint) Z (T ('l,bint Zt(’I’LeXt,a, b)) ]

a>ap
Formula (4.26) expresses the term of the RHS of (4.4) contributed by all
triples in Py 4.

Since n®** < n, the induction hypothesis together with Lemma 4.6 for

n®* imply that for each a, one has

(4.27) e (Z(n™ = 1,a,b+ 1)) = Y [I|Ef(a,b) = Z'(n®*, a,b)
I

in An™-1+b—a (MO’next_i_l). In the above sum, I ranges over all non-empty
subsets of the restriction of the set of legs L(T) \ {n} to T
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Using (4.27) to replace Z'(n®* a,b) in (4.26), we have that the term of
the RHS of (4.4) contributed by all triples (T’,4’, w’) in P 4, is

(4.28) (—1)‘H+(Ti"t)| wt (Tint,'l,bint)

% Z CT* <,¢int (W;cxt (Z(next —1,a,b+ 1)) — Z ’I’ EI(CL, b))) .
I

a>ap

Next, we verify that (4.28) matches a contribution to the LHS of (4.4).
For this, we proceed by considering four subcases. This will conclude the
proof of Claim 4.7.

Let (T, w") € Pt 4. Let v, be the vertex of T' incident to the leg n,
and R/, be the head half-edge incident to v/,. Let T/ be the maximal
subtree of T'*** containing v/, such that for every vertex v of T/g", the sum
of the degrees of 1y, in v’ for h incident to v is valence(v) — 3. In particular,
one has TS # @ if and only if the sum of the degrees of vy, in ' for h
incident to v/, is equal to valence(v/,) — 3. For instance, T/g"" # @& when
v], is trivalent — in this case, the degree of ¢y, in ¥’ for h incident to v}, is
necessarily zero, otherwise &1vy (1) = 0.

Subcase 3. Assume first that T’ (O]Xt # &, and if trivalent, then v}, is adjacent
only to vertices in T’SXt. Moreover, assume that v/, is not trivalent and
external in T/ — the case when v/, is trivalent and external will be treated in
Subcase 5. Following the proof of Lemma 4.5, there is no contribution from
such (T’,4') to the LHS of (4.4). Indeed, the conditions that T'f" # @
and a trivalent v/, be adjacent only to vertices in T/SXt imply that such
a decorated tree does not contribute to 7 (Z(n —1,i,5 4+ 1)); moreover,
the conditions that T/f" # @ and v/, is not trivalent and external in T’
imply that such a decorated tree does not contribute to the cycles Ey(i, j).
Similarly, the decorated tree (T'***,4’**") does not contribute to the LHS
of (4.27). Hence, the decorated tree (T’,4)’) contributes neither to the LHS
of (4.4), nor to (4.28), as desired.

Subcase 4. Consider (T',4',w') € B, ;. Then from (4.13), (T',4') does
not contribute to the classes Ez(7, ) in the LHS of (4.4). Assume that either
T/ = @, or v/, is trivalent and adjacent to at least one vertex not in T/5™.
In these cases, (T',1’) contributes to 7 (Z(n —1,i,7 + 1)) in the LHS of
(4.4).

When TS = @, the total contribution of (T', ') to the LHS of (4.4) is

(4.29) ()N el ) v ()

where (T, Y’ ) is the decorated tree with T’ obtained by removing the leg n

from T’. Similarly, consider the decorated tree (T’eXt, P’ OXt> where e is

the graph obtained by removing the leg n from T/
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The term in (4.29) can be decomposed as follows. As in (4.19), an i-
weighting @' of (T”,4)’) decomposes as W = w™ L w*™*, where w™ is an
i-weighting of (T™,¢™) and @™ is an a-weighting of (T’eXt ') for
some a. Hence, we have

(4.30) CEF—,’w, = Z witt (Tint,'(pint) Z c%eXt7,lp/cxt'

wint a>ag

The number ag is determined by each w™, as in (4.20).

Fixing w'™, consider the triples (T', ), @) for all @ whose restriction to
(T'nt, pnt) is w™*. Restricting (4.29), the contribution of all such triples to
the LHS of (4.4) is

Wt (Tint’,lpint) Z (_1)|H+(T/)\ C%CXt7¢/ext I ('z,b’).

a>ag

Using (4.23) and (4.24), this is
(431) (_1)‘H+(Tint)| wint (Tint7 T/Jint)
1nt H+ rext a Jext
X Z CT <’l1b )‘ )| C_ext ¢/CXt gT/ext <’l7b >) .

a>ap

This formula gives the contribution to the LHS of (4.4) of the triples (T", ¢, ")
for all W' whose restriction to (T™, 4™") is w™. Here the term

(_1)|H+(T/CXt)I LCX“ ,lp/ext ST/CXt (I/J/CXt)

matches the contribution of (T'",4'™") to m* .. (Z(n™* — 1,a,b + 1)).

It follows that the contribution to the LHS of (4.4) of the tr1ples (T, ¢, @)
for all @’ with fixed w'™ matches the contribution to (4.28) of (T’,%’,w’)
for all w’ with fixed w™, as desired.

When v], is trivalent, the term in (4.29) has to be replaced by

()TN (s ek, ) € (¥)

where: the tree T is obtained from T’ by removing the leg n and contracting
an edge to stabilize; the decoration 1™ is defined so that 1)’ is obtained from
Pt as in (4.9); and 1~ is defined so that 1)’ is obtained from P~ asin (4.12).

If v), is trivalent and adjacent to vy, then the contribution c & (W)

arises as in (4.17), and so it has already been discussed in Subcases 1-2. For
all the other contributions, the argument then continues as in the case when
5" = 2.

Subcase 5. Next, consider (T, ¢, w') € Cé,n+1v and assume that v}, is triva-
lent and external in T’. In this case, (T, 1)’) contributes to the class Ey(i, j)
such that I'LI{n} is the set of the two legs incident to v/, but does not con-
tribute to the class 7 (Z(n — 1,4,j + 1)) in the LHS of (4.4). Using (2.21),
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it follows that the total contribution of (T’,4’) to the LHS of (4.4) is

(4.32) — ()M dy e (9)
As in (4.30), we have

iT/,’lp, - Z wint (Tint,,l,bint) Z d%\/cxtﬂp/cxt-

wint a>ag

Here as well, the number ag is determined by each w™ as in (4.20). Using
this with (4.23) and (4.24), the contribution to the LHS of (4.4) of (T",4")
for a fixed w™ becomes

(4.33)  (=1)HT (Tl yint (pint qpint)
X Z CT* (’(pint (_1)‘H+(TCXt)| ’I’ d%/ext’,‘plext gT/cxt* (’(p/eXt>) .

a>ap

This is the summand of (4.32) corresponding to a fixed w™. Here the term
+ ext X
(_1)|H (Tt 1| dt%,mﬂp,m Eprent, ("Ple t)

matches the contribution of (T'™", '*") to —|I| Ez(a,b). .
Hence the contribution to the LHS of (4.4) of (T’,4') for a fixed w™
matches the contribution to (4.28) of (T/,4’) for a fixed w™", as desired.

Subcase 6. Finally, it remains to discuss the case when (T’,%', w’) € Cé’n .
and the external vertex v}, has valence at least four. In this case, (T, ")
contributes both to 7} (Z(n —1,i,57 + 1)) and to the cycle Ey(i,j) where

I'U{n} is the set of the legs incident to v/,. Then, the total contribution of
(T',4’) to the LHS of (4.4) is

()N (e 4 1] ) G ().

This is the sum of terms similar to (4.29) and (4.32). Hence, as above, for
a fixed w'™ this reduces to the sum of (4.31) and (4.33), and this matches
the contribution to (4.28), as desired.

This concludes the proof of Claim 4.7. A

Finally, we show the following.
Claim 4.8. Part (b) for n — 1 and part (a) for n imply part (b) for n.

Proof of Claim 4.8. As argued at the beginning of the proof of Theorem 4.1,
one can assume that 1 < j < i < n, since the vanishing of Z%(n,,j) and
Z(n,i,7) is otherwise trivial.

For 2 < i < n — 2, assume part (b) for n — 1. Specifically, assume the
vanishing Z(n — 1,4,7) = 0 in A"~ 1T/~ (ﬂo,n) for 7 > 1. Using Theorem
2.1, this implies the vanishing of all cycles Z™(n — m,i,j) obtained from
Z(n — 1,i,j) by colliding points. Using (2.22), by pushing forward, this
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implies the vanishing of all cycles Ez(i,j) in A"~ 1+i~ (M(]JH_l) for j > 1.
Then part (a) for n implies

(4.34)  Z'n,i,j) =0 in A" (Moy,y1) for1<j<i<n-—2

We note that in part (a) with j = 0, while Z(n — 1,4, 1) vanishes, the cycles
Ez(4,0) are non-zero, and so is Z%(n, i, 0).
Regarding the cycle Z(n, i, j), the vanishing

Z(n,i,j) =0 in A" (Mopqy) for1<j<i<n-—2

follows from Lemma 4.3, (4.34), and the vanishing of Z(n — 1,i*,j1) for
it >iand j© — 4T = j —i. Indeed, since j* > 1 for all it > ¢ and j > 1,
the cycles Z(n—1,:%,j7) in Lemma 4.3 vanish by the induction hypothesis.

It remains to establish the case i = n—1, i.e., the vanishing of Z*(n,n—1, j)
and Z(n,n — 1,j) in A’ (ﬂo,nﬂ) for 1 < 5 < n — 2. First we note that
Z'(n,n —1,5) = Z(n,n — 1,7), since for any i-weighting w with i = n — 1,
one has that w(hg,0) = n—1 is the maximal value of w, hence the condition
(4.3) is automatically satisfied. The case 7 = 1 is proven by Lemma 3.3.
For j > 2, assume the vanishing of Z(n,n — 1,5 — 1). The case i = n — 2
discussed above establishes the vanishing of Z(n,n —2,j —1). Then Lemma
3.4 implies the vanishing of Z(n,n — 1,j) in AJ (MO,nH)- Hence the case
i =mn — 1 follows for all j > 1.

This concludes the proof of Claim 4.8. A

Combining Claims 4.7 and 4.8, Theorem 4.1 follows by induction. U

5. COLLIDING POINTS ON RATIONAL TAIL TREES

We introduce the cycle F’;m in Definition 5.1 generalizing Fl;,n from Def-
inition 1. As shown in Theorem 5.2, FI;’m is obtained from Flgfm by colliding
marked points. The cycle F’;,m will feature in Theorem 6.1, a generalization
of Theorem 2.

Let m = (my,...,m,) be an n-tuple of positive integers. Let g > 0 and
I'e G;t’n. The n-tuple m induces a weight on the legs of I', i.e., let the leg
£ have weight my for all £ =1,... n.

Define the set of decorations W(T") of the graph I" as
dp, > 0 for all h,

c A* (Mp).
dy >0 for all £ (Mr)

v)= e =I1e IT v
(=1 heH()
Let ¢ =[[,_, %l‘ [henm 1[)2" in ¥(T), and define accordingly
H(, ) := {(l,e)|l e L(l),1<e<d}
U{(h,e)[h e H™(I), 1 <e <dn}
U{(h,e)|h e H'(T), 0 < e < dp}.

One has |H(T, )| = |[E(T')| + deg 9.
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For a half-edge h of T', let ¢(h) be the half-edge such that (h,t(h)) € E(T).
For h* € H(T'), define the weighted capacity ¢}% of h™ as:

m | sum of the weights of the legs of I' in the maximal
h* "™ 1 connected subtree containing AT, but not +(hT).

The set of weightings of (I',%) compatible with the legs weight is
w: H(T,¢) - N :
o —1>w(ht,0) > wht, 1) > - > w(ht, dy+)
for all heads A,
T o= 1<wh 1)< - <wh ,dy-) <w((h™),0)
for all tails h™,
1<w(l,l) < - <w(l,dy) < my

for all legs £

One has

5.1 if WP, # @, then d; <my for all legs /.
'y

For each leg ¢, the inequality d; < my follows from the conditions on w(¢, e)
fore=1,...,d,.
For w € W?“w, the corresponding weight of (T',)) is

w(l, ) = H w(h,e).

(h,e)€H(T )
Define
ity = > wl, ).
wer'!fw
For 1 = [Tj—y ¥ [Thenqr) ¥y in (), define

n

Broy = [[kwe—m® J[ kwn—n"" J[ kwr—n*

=1 heH+(T) heH— (T)
in R* (PEF). One has deg Br = |E(T')| + deg 1.

Definition 5.1. For m = (my,...,m,) with nt := >}, my, define F’;,m
in R"" (]P’E’;m) as

n

Fom = > ()Pl A T[Rkwr—m™ > e bry,

reGy,, =1 e (D)

For m = (1,...,1) = 1", the cycle F’;’m specializes to the cycle F’;,n from
Definition 1.
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Theorem 5.2. The cycle F'g“m in R"' (]P’E'g“m) is obtained from F]; Y
R (PE!

9 n+> by colliding the first mi marked points into the marked point

Py, the next my marked points into the marked point Ps, etc.

Proof. The argument is similar to the one for Theorem 2.1. Here, trees have
a positive genus vertex, and more than one leg can be decorated with -
classes. However, these differences do not basically alter the argument used
for Theorem 2.1.

Namely, it is enough to show that the cycle F';m in R"" (IP’EI;W) for

m:(ml,...,mi_l,mi,ln_i) Wlth’LS’I’L
is obtained from FE _in R™" (PEF ) with

m” = (mq,...,mi_1,m; — 1,177

by colliding the points P; and P;41. Here 1* = (1,...,1) is an a-tuple of
elements 1 for a > 0. In other words, we show that

(5.2) Tit1x (50: Gt} F’;’m,) =Fh € Rrnt <PE’;7H)

where ;1 : ]P’Eg il = ]P’Egn is the map obtained by forgetting the point

Pit1, and 0. (; ;41) 1s the class of the divisor in IP’IE’;’,L 11 Which is the preimage
of the divisor in Mgmﬂ whose general element is a nodal curve with two
components such that one component is rational and contains only two
marked points, namely P; and P; .

The non-zero terms arising in the expansion of the LHS of (5.2) are ob-
tained by colliding P; and F;41 on the terms of Fk _ contributed by deco-
rated graphs where the legs ¢ and ¢ 4+ 1 are 1n01dent to the same vertex, say

. The argument then continues as in the proof of Theorem 2.1. Namely,
the contributions to the LHS of (5.2) obtained by decorated graphs where
the valence of v; is three match the contributions to F’;m where the degree
of 1¢; is positive, as in Case 1 there. Similarly, the contributions to the LHS
of (5.2) obtained by decorated graphs where the valence of v; is at least four
match the contributions to F’;m where the degree of v); is zero, as in Case 2
there. The statement follows. O

6. PROOF OF THEOREM 2

Here we complete the proof of Theorem 2. We prove more generally

the following statement. Given an n-tuple m = (mq,...,m,) of positive
integers, define

(6.1) Hf ., C PEL

as the locus consisting of smooth n-pointed genus g curves (C, Py, ..., Py,)

together with the class of a stable k-differential having a zero of order at
least my at the marked point P, for each £ =1,... n.
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Let nt :=|m| =) , my. Unless k > 2, n* = k(29 — 2) and k | my for
all £, the locus H’;,m has pure codimension n™ in IP’IEkm.

For m = (1,...,1) = 1", the locus H;m specializes to H];,n from (0.1).
Theorem 6.1. Let g > 2 and m = (my,...,my,) with |m|=n*. One has
—k
[Hgvm] - Fg,m
m:
. + k
(i) A™ <IP’IEg’n‘M,gt’n) when
k=1; or
(6.2) k>2andnt <k(2g—-2)—1;

(i) A" (PEE,) when n™ < k.

One recovers Theorem 2 when m = (1,...,1) = 1. When k& = 1 and
nt = 2g—2, the statement gives all strata classes in the projectivized Hodge
bundle over curves with rational tails.

Sometimes, the locus (6.1) is the union of multiple components. In this
case, (6.2) implies that all components have the same dimension, and the
class given in Theorem 6.1 is a weighted sum of the classes of the compo-
nents. For instance, see the example in (7.3)—(7.4).

The key steps of the proof are provided by Theorems 1.1, 4.4, 5.2, and
the next Theorem 6.2. This next statement is a recursive identity about the
cycle F’;,n which is the counterpart of Theorem 1.1. For this, we first define
the cycles Ey. For a non-empty I C {1,...,n — 1} of size |[I| = m, recall
the gluing map of degree one ~: ]P’E’;n_m X MO,Iu{n,hn} — ]P’E’;’n from (1.2).
Let

(6.3) Er =7 F];,m where m = (m, 1"_m_1) .
Recall the map ), : IP’Elgin — IP’E]gfm_l obtained by forgetting the point P,
and the map p,: PE’;’n — PE’;J obtained by forgetting all but the point P,.

Theorem 6.2. Forn > 2, one has

(64) o (Fho) o (Fb.) = D 1IE =Fh, e R (PEL,)
I

where the sum is over all non-empty I C {1,...,n —1}.

Proof. We verify that the contributions of each graph I' in Ggfn to the two
sides of (6.4) match, modulo tautological relations. For this, we distinguish
two cases, depending on the position of the leg n in each graph.

In the second case, it will be convenient to expand F;n € R" (IP’E’;JL) as

(6.5) Fon= >, (1)FOlw@,¢)er, lwﬁaip H(k‘we—n)]
(Tapyw) =1
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where the sum is over triples (I',%,w) such that " € G;tn, P € ¥(T),
and w € Wr 4. This formula follows by expanding the coefficients cr 4 in
Definition 1.

Case 1. Consider I € Ggfn where the leg n is incident to the genus g vertex.

On the LHS of (6.4), the graph I' contributes only to 7, (Fg net) Pl (F;l),
and using Definition 1, the contribution is

n—1
(—D)EO e \ T (kwe—n) D> erap ¥ Bray | - (kwn —n).
(=1 Pew(I)

Rearranging factors, this is

n

(—D)EOl e \T[kwe—n) > era By,

=1 peu (D)

thus matching the contribution of I' to F';n in the RHS of (6.4).

Case 2. Consider I'' € G;tn where the leg n is incident to a rational ver-
tex. We argue by applying Theorem 4.4 locally to a rational subtree of I'
containing the leg n.

Namely, let T be the maximal rational subtree of I' which contains the
leg n, and let Ty := "\ T be its complement. If e = (hg,tg) € E(T') is the
edge connecting the genus g vertex in I's and the tree T, then the head hg
is in T and the tail g = ¢(ho) is in I's.

Let Gr, be the subset of Ggfn consisting of graphs obtained by fixing I',
and varying T. This is:

Gr, == {f =T, U T €Gl, | T € GWH}

where n/ is the number of legs of I' within T. For each = ' Ue TV in Gp,,
the gluing map & from (0.10) factors as & = (p oy where {17 is as in (2.7)
and
Cr: Mogwir xPES o [ Mo — PE,
UEVO(FO)
is the gluing map of degree one defined by I', and the edge e. The map (r
extends the k-differentials of elements of ]P’Eg n(g) by zero on the attached

rational tails. Recall that n(g) is the valence of the genus g vertex, and
Vo(I's) is the set of rational vertices of T's.

Consider a triple <f,1$, @) with T € Gr,, 'l,b e y(T ) and W € WA & The
contribution of (f,'l,/b\, @) to F’;,n as given in (6.5) is

(6.6) (~1)EO & (T,9) &, [ B TTtkewe—
=1
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(/}\iven the decomposition =TI, uT , let 1, and 1)’ be the restrictions of
1 to ', and T’ respectively. Similarly, let w, and w’ be the restrictions of
W to (Fo, o) and (T',4)'), respectively. If dy is the degree of 1)y, in 1., let

(67) i() = Wo (to, do) .

By definition of the weighting @, one has that w'(hg,0) = i for some i > i,
ie., w € Wk, o for some i > ig.
Decomposing as

B =[BT + BT, @ (D) = ws (To,90) w' (T',9).
=(roér, Y = o1, Br 5 = Broao B4

and using the identity

n

&, [ag;,{¢, H(kw—n)] = &, [a (kwry —n) 1T T (kw, —n) ]
(=1

(=1

in A* (]P’E a.n( g)> for an arbitrary cycle o, the contribution in (6.6) is

n

(_1)‘E(FO)I Wo (Foa 'lnbo) 41“*[1#0 Bfolﬂpo H(k’ Wy — 77)

(=1
x (1)l (T,4') &, (¥) (kwiy — n)"H”’*ﬁ’)] :

Summing over all (1o, w,) and (T', %', w’), one has

68) Y (=)l wg (T, ) cp*[wo By TTkwe—n)

(’lpo/wo) /=1
X Z Dec!, (k wy, — n)]
1>10
where for each ¢
Deci,(D) =y (=" T/ (T, ) ép. (3') D7HT)
(T 4" w')
in A* (Mo11) [D71], as in (2.9) with Dec’,(D) = Dec’ (D). The index
ip appearing in (6.8) is determined by w,, as in (6.7).

From Theorem 4.4, we have
(6.9)

wi (Dechy_y (D)) = S I|E{(D) - 3 oo, (Dec:'j,_l(p)) — Dec’, (D).
I

it >q
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We next verify that the sum of the contributions of all T e Gr, to F g n
as given by the expression obtained by replacing (6.9) for i > iy in (6.8),
matches the sum of the contributions of such graphs to the LHS of (6.4).

Indeed, the sum of the contributions of all T' € Gp, to T (FI; net) P (F'gil)
is computed as follows. Consider the term of 7 (F’; . 1) oy (F’; ) given by
(6.10)

S (—)EOIGT, ) ) (éf*[_ - ﬂsz D-(k-wn—n)

(T4, w)

where the sum is over: the graphs I' obtained from the graphs T e Gr, by
removing the leg n (and contracting an edge if the vertex v, incident to the
leg n is trivalent) the decorations 1 of T'; and the weightings @ of (T, ).

For T =T, U, T in Gr,, the graph obtained by removing the leg n can
be decomposed as T’ = I', LI T/, where T’ is the tree obtained from T’ by
removing the leg n (and contracting an edge when necessary, as before).

Asin (4.7) and (4.10), the expansion of (6.10) consists of a sum of the dec-
orated graphs obtained by first adding the leg n to all vertices of each I, and
then expanding the decorations 7*(1p) accordingly. The sum of the terms
obtained by adding the leg n to the subtree T’ of each I, and expanding the
decorations 7* (1)) accordingly, is

(6.11) > (—1)EC g (T, 1ho) Cro| ¥o By, [[(kwe —n)
(¢o,wo) /=1

X Zﬂ'; (DeCiL/_l(kwto - 77))

i>10

When adding the leg n to the genus g vertex of a graph T, the expansion
of each decoration 7*(1)) consists of 1 decorating the graph with the leg
n attached to genus g vertex (this case has been treated in Case 1), minus
additional terms contributed by the pull-back of 1-classes decorating the
tails incident to the genus g vertex. In particular, when the degree of ¢, in
9 is positive, the expanswn of 7*() includes the term corresponding to a
decorated graph (F 'l,b) where I' = 'y v, LT’ is obtained from T = T'o L, T
with e = (ho,to) by inserting a trivalent vertex v, incident to the leg n,
attached to the genus g vertex in I's via an edge with tail equal to ¢y, and
attached to T’ via an edge with head equal to hg. The decoratlon 'l,b is
obtained from 1) by decreasing the degree of v, by one, i.e. 'l,b Py, = .

A weighting @ of such (T, %)) can be decomposed as follows. Let 9, and
9’ be the restrictions of 7,2; to I's and T, respectively, so that 1Z = o1,
and thus ¥ = 1, ¥y, ¥'. Let dy be the degree of ¥y, in 1o, so that do + 1 is
the degree of v, in 1. Similarly, let w, and w’ be the restrictions of W to
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(I's, 1) and (T, '), respectively. One has the decomposition

wW(T, ) = wo (Lo, o) - i - w (T, 4p") for some i > ig
where iy = wW(tg,dp) as in (6.7) and i = wW(ty,dy + 1). Moreover, one con-
cludes that

7 . .
w' € WT, @ for some ¢ > i.

The inequalities it > i > g follow from the definition of the weighting .
The gluing map & for such I' = T's U v, LT factors as
& = (roago&,

where o0y : Momf — MO,n’—i—l is the map obtained by attaching at hgy a ra-
tional component containing the leg n and hy.
Summing over all (¢, w,) and (T’,%’,w’), one obtains

n

(6.12) > (=1)FT g (T, 1) cp*lwo By TI0kwe—n)
(o,wo) =1

X <— 3 oo (Decif,_l(D))>].

1T >i>i0g
Finally, after (6.3) and Definition 5.1, and applying Lemma 2.2 when
|I| < n’—1, the sum of the contributions of all I” € Gr, to Ey is
(6.13)

Z (_1)|E(FO)‘ Wo (Foywo) CF*['lpo ;850171,[,0 H kw@ Z EI k‘wto ]
(=1

(1,[’0711)0) 1>10
The sum of (6.11) and (6.12) gives the contribution of all I' € Gp, to
(Fg net1) P (F§,1)' Additionally, using (6.13) for each I, one obtains that

the sum of the contributions of all ' € Gr, to the LHS of (6.4) matches the
sum of the contributions of such graphs to Fg ns &S given by the expression
obtained by replacing (6.9) for ¢ > ig in (6.8). This ends the proof. O

We now complete the proof of Theorem 6.1:

Proof of Theorem 6.1. First we argue that the case m = (1,...,1) implies
the case of arbitrary m. Precisely, assume the statement holds for a given
nand m = (1,...,1), so that if (6.2) holds, then one has

(6.14) Hyn] =Fin €A™ (PEL |0 )

and if n < k, then (6.14) extends over M, ,. Given a sequence m =
(mq,...,m,-) with |[m| = n of length n~ < n, the locus ﬁk in IP’Ek _ s

obtained from the locus H » by colliding the first m; marked points into
the marked point Pj, the next msg marked points into the marked point Ps,
etc. From Theorem 5.2, our assumption implies the statement for m.
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Next, we proceed by recursion on n to show the case m = (1,...,1).
The base case n = 1 is established by (1.4). Assume (6.2) and assume the
statement holds for n — 1, i.e., one has

(M) =Fhny €4 (PR

g,n—1 g,n—1 ,n—l‘Mrgthl)

and this extends over ﬂgm_l when n—1 < k. The argument in the previous
paragraph shows that given m = (m,1,...,1) with |m| = n — 1 of length
(n—1)"=n—m<n-—1, one has

—k _
(6.15) [y =Fhm € A" (PEE e )

g,n—m

and this extends over M, ,,_,, when n — 1 < k. Recall the loci Ey from
(1.3) defined as Er = . ﬁ];m, where the map ~ is as in (1.2). From (6.15)
and (6.3), it follows that
— k
B =Er €A™ (PEL, |, )
and over M, , when n < k. The assumption (6.2) allows us to use Theorem
1.1. Then the statement for n and m = (1,...,1) follows from Theorems
1.1 and 6.2. This ends the proof. O

Remark 6.3. In the case k > 2, n = k(29 —2), and m = (1,...,1), the proof
of Theorem 6.1 together with (1.5) show that

Fh = [E';n] + [E;‘;X} € A" (PE’M Mgﬂ) .

7. EXAMPLES

We collect here some examples of the cycles F;n from Definition 1 and
F';m from Definition 5.1, and verify our results in some special cases.

7.1. The case n = 3. The cycle F§’3 € R3 (]P’E';g) is

kwi —n kwy —n kw—n (kw—mn)?
k
Fg,3: \@/ - (%) < -3 (:) <
kws —n kw—mn
kw—n Ylhw =) ’

_7@—1#% —2 M —6H

kw—n

+3 @—'—< +2@w—'—<.
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7.2. A vanishing cycle. Specializing the above cycle at g =2 and k =1,
we obtain the vanishing cycle

Fis=0  €R’ (PE;?,\ Mr2t3) .

This is a special case of Corollary 1, and can be verified as follows. Since
n? =nAi — A in A*(PE 3) where ); := ¢;(Ej 3) = 0 in A*(MY3), all terms
with a factor of n? vanish. The coefficient of 7 is a cycle in R? (M;tg) which
recovers the restriction of the relation in A%(May3) from [BP] plus the pull-
back of a relation in A*(MY,) from [Get]. Finally, the constant term in 7
is in R3 (M5 3) and vanishes due to known relations (see e.g., [Tav]).

7.3. The Logan divisor. Here we verify how the cycle FZW for n = g and
k = 1 recovers a well-known divisor on moduli spaces of curves.

The Logan divisor £, in Mg 4 is the locus of g-pointed genus g curves
(C, Py,...,Py) such that the divisor P, + --- 4+ P, moves in a pencil [Log].
Equivalently, via the Riemann-Roch theorem, the g marked points are re-
quired to be zeros of a common abelian differential. Hence the Logan di-

visor is the push-forward of the incidence locus E;g via the forgetful map
p: ]P’E;g — Mg,g, and one has

2] = ¢r [Hy| € Pic (My,) -

As a check on Theorem 2, we verify that ¢, Fgly’g = Eg on M;fg. The cycle
F;g is a polynomial in 7 of degree g. First, we replace (—n)¢ via the relation
(—n)? = =Xi(—n)9~' 4 -+ in A* (PE; ;). Then we use that ¢, (=m)?%) =1
if d =g — 1, and vanishes if d < g — 1. It follows that

O Fgly,g = [F;g] g-1" A1 [Fflhg]g

where [X]; if the coefficient of (—7)* in X. Hence we have

g

g .
O F;g = Zwi — A — Z <;> do-; € Pic (M;Eg) .
=1

1=2

This checks with the restriction on M}, of the class of £, from [Log]. Here
do.; 1s the class of the divisor whose general element has an elliptic tail
containing ¢ marked points. Additionally, for ¢ = 2, using Theorem A.2,
one verifies ¢, F%Q = £, over My, as in (B.15).

7.4. The case of one heavy marked point. When m = (a) for some
positive a, the cycle F’;m from Definition 5.1 is

Fe =D e (looa=1) (ko —n)* "t € R*(PES,)
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where ep(x1,...,24—1) is the b-th elementary symmetric function in a — 1
variables, here evaluated at 1,...,a — 1. Since w; = 7 in R* (IP’IE’;J), this
cycle can be rewritten as

(7.1) Fo o= [[((E+bvn—n) R <IP>IE’;,1) .
b=0
Theorem 6.1 shows that
—k
(72) |:Hg7(a):| - F.l;’(a) € A® <PEk 1|M9 1>

when either £k = 1, or £ > 2 and a < k(29 — 2) — 1, and this holds in
A (PE’;J) when a < k.

. =2 .
For instance, when a = k = g = 2, the locus Hj (5) consists of two
equidimensional components:

(7.3) H, o) = Hs,(2,1,1) UFL " (2,2) C PE3,

where E;I(Q, 1,1) consists of quadratic differentials that have generically
a double zero at the marked point and two simple zeros elsewhere, and
Hg Tb(Z, 2) consists of squares of abelian differentials that have generically
double zeros at both the marked point and its (unmarked) hyperelliptic

conjugate point. In this case, the class of EZ(?) decomposes as:

(7.4) Fg,@):[ﬁ;l(m,n} [Hgﬁb( )} € A% (PE3,).

As a check, one has ¢, F2 @ = = ¢«(n?) = 1, where ¢: ]P’E21 — M21 is

the forgetful map. Indeed, the restriction of ¢ to Hg ?b( 2) has degree

one, while ¢ has positive-dimensional fibers when restrlcted to the other
component.

7.5. The case of one heavy unmarked point. By forgetting the marked
point, the locus H’; (a) gives rise to the stratum

Hf(a) C PE}

consisting of k-differentials vanishing with order at least a at some point.
Let 7: ]P’El;’l — ]P’El; be the map obtained by forgetting the marked point,

and let kp := 7 (1[)b+1). We deduce:

Corollary 7.1. For g > 2, one has

[ﬁg(a)] - Z(_l)a_b eb(k7 ok ta— 1) Kb—1 77a_

m:
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(i) Av1 <PE’;‘M9> when

k=1; or
kE>2anda<k(2g—2)—1;
(ii) Ae~! (]P’El;) when a < k.

Proof. The hypotheses allow one to use Theorem 6.1 to conclude that (7.2)
holds when either Kk = 1, or k¥ > 2 and a < k(29 — 2) — 1, and holds in
A (]P’E’;’l) when ¢ < k. It remains to compute the push-forward via .

Expanding F]; (@) from (7.1) as a polynomial in 1)1, one has

T (F’g,@) = Z(—l)“_b ep(k, ... k+a—1) k1" € RV (PE/’;) '
b=1
Hence the statement. 0O

For instance, when a = 2 and k£ > 2, one has
_k .
(7.5) [Hg@)} = k(k+1)k — (2k+1)(29—2)n € Pic (PE’;) .

This recovers the class of the divisorial stratum for k£ > 2 computed in [KSZ].
When a = k = g = 2, the locus Eﬁ(z) is the union of the two divisors
Eg(Z, 1,1) and Eg’ab(l 2) obtained by forgetting the marked point on the
two components in (7.3), and (7.5) decomposes as the weighted sum
[Hi@)} _ [ﬁg(zl,l)] +2 [ﬁg’ab(zm} € Pic (PE2).

Here the factor of 2 in front 2Of the seccEQd summand is due to the fact
that the restriction of 7 to Hy;(2,2) — Hjy(2,2) has generically degree 2,
corresponding to the 2 zeros of the square differentials.
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APPENDIX A. THE INCIDENCE LOCUS FOR n = 2
The class of the incidence locus for n =1 is given by:

Lemma A.1 ( [Saul, §1.6], [KSZ, §4]). For k > 1 and g > 2, one has
ﬁ];l =kw—n €Pic (IP’E';J) .

For n = 2, the class of the locus E];,Q in IP’EI;Q follows from [Saul,Sau2].
In this section, we provide an alternative proof by applying the incidence
variety compactification from [BCG*T1,BCG™'2].

First we set some notation. Recall the locus Ey from (1.3). Here we need
the case I = {1}. Its class is the push-forward of the class in Lemma A.1
via the map v in (1.2). Moreover, let

1

p=0 2
be the locus consisting of curves with an elliptic tail containing both marked
points together with a class of a stable k-differential y whose restriction py
to the elliptic component is identically zero. Such a stable k-differential p
has a pole of order at most & — 1 at the preimage of the node in the genus
g — 1 component. This locus has codimension k£ + 1 in ]P’Egg.

Theorem A.2 ( [Saul,Sau2]). Let g > 2. For k =1, one has

1 g2 (4) 1

(A1) Hyp= (w1 —n) (w2 —n)— By — -2 @ 2
i=1

pn1=0 2
in A2 (IP’IE}]Q), and for k > 2, one has

—k
Hyo = (kw1 —n) (kw2 —n) — By € A? <IP>IE§’2> .
We deduce Theorem A.2 from the next Proposition A.4 and Lemma A.1.

A.1. Preliminaries. In this and the next section, we use the incidence
variety compactification from [BCG'1,BCG'2]. We briefly review it here.

Let C be a nodal curve and C — C' its normalization. Let Q1,...,Qs be
the nodes in C, and for each @Q;, let QZF and @, be its two preimages in C.
Stable k-differentials on C' are identified via pull-back with k-differentials
on C admitting poles of order at most k£ at the preimages of the nodes and
satisfying the k-residue condition at Q;r and @; for each i.

A twisted k-differential T on a nodal curve C is a collection 7 = {7;}; of
(possibly meromorphic) k-differentials, one for each irreducible component
of C. We will refer to the 7; as the aspects of 7.

The closure of strata of smooth pointed curves and k-differentials with all
zeros and poles marked with prescribed multiplicities is described for k£ = 1
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in [BCG*1, Thm 1.3] and for k¥ > 2 in [BCG™2, Thm 1.5]. An element
(C,Py,..., Py, ), where (C, Py, ..., P,) is a stable pointed curve and p is a
(possibly meromorphic) stable k-differential, is in the closure of such strata
if and only if it admits a twisted k-differential compatible with a certain full
order on the dual graph of €. The maxima in the full order are required
to correspond to the irreducible components where p is not identically zero.
The twisted k-differential is required to: coincide with p on the maxima;
have zeros and poles at the marked points with prescribed multiplicities;
satisfy the matching zero and pole order property at vertical nodes; satisfy
the k-residue condition at horizontal nodes; and satisfy the global k-residue
condition. We refer the reader to [BCG'1,BCG*2] for the description of
these compatibility conditions.

A.2. A set-theoretic statement. The following statement is a prelimi-
nary step toward the proof of Theorem A.2. For i € {1,2}, let 7;: IP’IE’;Q —

]P’E;l be the map obtained by forgetting the i-th marked point (and rela-
beling the remaining marked point as P;).

Proposition A.3. The intersection

(A2) it (Hya) gt (Fp) < PEL,

consists of the following components for k=1:

_1 .
(A 3) Hg27 E{l}v H ) fOTl <1< Lg/2J}

p1=0 2
and for k > 2:
=k
(A4) Hg,2 and E{l}

Proof. By definition, E];g is the only component of the intersection (A.2)
which intersect the locus of smooth curves for all £ > 1. To study the addi-
tional components over the locus of nodal curves, we consider the incidence
variety compactlﬁcatlon of ]HI k2g—2) C PEI;,k(zg—z) from [BCG*1,BCG™2]

and regard Hg 1 and Hgg as the images of E];,k(2g—2) under the maps

k k k
]PEg k(QQ 2) — PEg,l and ]P)Eg,k(Qg—Q) — ]P)]EQQ
obtained by forgetting all but the first one or two marked points, respec-

tively. This provides the description of the boundaries of EI;J and EI;Q in
terms of twisted k-differentials that we use below.

The intersection (A.2) consists of (C,Pi, Py, u), where (C, Py, P») is a
stable two-pointed curve and p is the class of a stable k-differential, such
that each marked point P; is a zero of some twisted k-differential of type p.

The locus H o consists of (C, Py, P2, i) where both marked points are
zeros of the same twisted k-differential of type u for all £ > 1.
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For a general (C, Py, P2, 1) in Egy with k> 1, the stable k-differential 1
has a simple zero at the preimage of the node on the genus g component.
Then each marked point is a simple zero of a twisted k-differential of type
1 whose aspect on the rational tail has a pole of order 2k + 1 at the node.

When k = 1, consider the third locus listed in (A.3) and select a general
element in it, with elliptic tail denoted E. Since we can always find a twisted
abelian differential whose aspect on E has a pole of order 2 at the node and
a zero at one of the marked points, the image of the third locus under 7; is
in . ,, for i € {1,2}. The aspect of such a twisted abelian differential on E

9,1
does not vanish generically at both marked points, hence such a locus is not

.=l . . .
in H,,. However, when k > 2, such a locus has codimension k + 1 and is

contained in EI;Q. Indeed, one can always find a twisted k-differential whose
aspects on E has a pole of order at least k£ + 1 at the node and vanishes at
both marked points.

For the remaining types of loci in (A.3), consider their general element.
The restriction of a general abelian differential u to the two components of
positive genus is holomorphic and non-zero at the nodes. The global residue
condition [BCG™1, Def. 1.2(4)] is satisfied by a twisted abelian differential
of type p whose aspect on the rational component has simple zeros at one
of the marked points and at a smooth point generically away from the other
marked point, and poles of order 2 at both nodes. This implies that the last
lociin (A.3) arein (A.2) when k = 1. However, when k > 2, the restriction of
a general stable k-differential p to the two components of positive genus has
a pole of order k£ at each node, hence the aspect on the rational component
of a twisted k-differential of type p cannot have any zeros. It follows that
the last loci in (A.3) do not lie in the intersection (A.2) for k > 2.

Next, we show that the loci in (A.3) and (A.4) are the only ones in (A.2)
for k = 1 and k > 2, respectively. To detect components of (A.2) over
the locus of nodal curves, we analyze a general element (C, P;, Py, ut) in the
inverse image of the locus of nodal curves from M, 2 and in (A.2). It suffices
to consider the following cases: (a) the curve C has exactly one node; or (b)
the curve C' has two nodes.

For the one-nodal case, we show that (C, P;, Po, i) is in one of the first
three loci in (A.3) when k = 1, or in one of the loci in (A.4) when k > 2.

If C is one-nodal with a non-disconnecting node, then both marked points

need to be in the support of . Hence (C, Py, P, p) is in fact in E];,Q.

If C is one-nodal with a rational tail containing both marked points, then
necessarily u vanishes at the preimage of the node in the genus g component.
Hence (C, Py, Py, p1) is in Eqpy.

In the remaining cases of one-nodal C with a disconnecting node, assume
first that each marked point is in a component of C' where p is not identically
zero. Then p vanishes at both marked points, hence (C, Py, Py, (1) is in E];z.

We are left with the case when C' is one-nodal, and one or both marked
points are on a component of C of positive genus where p is identically
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zero. If k =1 and g is identically zero on an elliptic component containing
both marked points, then (C, Py, P2, i) is in the third locus listed in (A.3).
Otherwise, (C, Py, P2, ) is the general element of a locus of codimension

higher than two inside ﬁ;z. Indeed, there exists a twisted k-differential of
type p whose aspect on the component of C' where y is identically zero has
a zero at the one or two marked points in there and has a pole of order at
least k+1 at the node; in case one marked point is on the component where
1 is not identically zero, then such point must be a zero of u.

Finally, we analyze the two-nodal case, and show that necessarily £k = 1
and (C, Py, Pa, ) is in the loci of the fourth type listed in (A.3).

If C has only disconnecting nodes and nonrational components, then both
marked points are generically away from the zeros of u, hence such an el-
ement is not in (A.2). Likewise, a general element of a locus of two-nodal
curves with a twice marked rational tail is not in (A.2), since the support of
1 does not generically contain the preimage of the node in the nonrational
component adjacent to the rational tail. If C' contains a rational bridge
with one marked point, then the other marked point is generically away
from the support of . If instead C has a twice marked rational bridge, then
(C, Py, Py, ) is in one of the loci of the fourth type listed in (A.3), and as
discussed at the beginning of the proof, such loci are in (A.2) but not in
EZZ only for £ = 1.

Similar arguments cover the case when C' is irreducible with two non-
disconnecting nodes, as well as the case when C has both a non-disconnecting
node and a disconnecting node. We are left with the case when C has two
components meeting in two points. If both components of C' are nonrational,
the restriction of pu to each component has generically poles of order k at
both nodes, and the marked points are generically not in the support of u.
If C has a (marked) rational component, the restriction of p to the genus
g — 1 component has generically poles of order k£ at the two nodes, forcing
there to be no zeros of y on the rational component. O

A.3. Computation of multiplicities. The intersection (A.2) is generi-
cally transverse over M, o, hence the component E’;2 has multiplicity one
in the intersection for all £ > 1. Then Proposition A.3 implies that there
exist a,b,¢; € Q, with i = 1,...,|g/2], such that for kK = 1, one has

(A.5)

o2 (4) 1

w [Hga] 75 [Hg | = [Hpo] +a [Bpy] 40 + ; ci @ 2

p1=0 2
in A2 (IP’IE;Q), and for k > 2, one has

(A.6) T [ﬁ?l} - T [ﬁ;l] = [ﬁ?z} +a By € A? (IP)IE’;Q) .
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Proposition A.4. One has
a=1 fork>1, and b=c¢ =1 for alli and k = 1.

Proof. To find the coefficient a, let x: ]P’E';Q — ]P’E'; be the forgetful map
and consider 7, of (A.5) and (A.6). One has

w (i [B] ms [HE]) = weg -2 [pmt],
. (H ) — k(29 — 2)(k(2g — 2) - 1) [PE}] .
. (Eqy) — k(2 - 2) [PE}],

for all £ > 1, and the push-forward of the other classes in (A.5) vanishes.
Hence a = 1. This concludes the proof of the statement for k > 2.

For k = 1, to find the coeflicient b, we restrict to a test surface .S in IP’E;Q
defined as follows: consider a pencil of plane cubics of degree 12 along with
a section of the Hodge bundle over M 1, identify one of its basepoints with
a general point on a fixed general genus g — 1 curve with a general abelian
differential, vary the first marked point along the genus ¢ — 1 component,
and let the second marked point be one of the other basepoints of the pencil
of plane cubics. We compute the following intersections below:

(A7) S -t [ﬁ;l} ok [E;J] —2(g—1) -1,
(A.8) S [E;Q] —2(g—1) -2,
1
(A.9) S. H _ 1.
12

Moreover, S has empty intersection with the remaining classes in (A.5).
These intersections imply that b = 1.

Since Ay = 1 on the elliptic pencil, where A; is the first Chern class of the
Hodge bundle, the section of the Hodge bundle over M, ; assigns the zero
abelian differential to precisely one elliptic curve in the elliptic pencil.

The intersection in (A.9) is contributed by the element of S where the
elliptic tail has the zero abelian differential, and the marked point in the
genus g — 1 component collides with the node, creating a rational bridge.

The remaining intersections can be computed using the description of the
boundaries of these loci provided by the incidence variety compactification.

The intersection in (A.8) is contributed by the elements of S where the
elliptic tail has the zero abelian differential, and the marked point in the
genus g — 1 component coincides with one of the zeros of the differential
(such zeros are generically away from the node). For each such element of
S, there exists a twisted abelian differential whose aspect on the elliptic tail
has a zero at the marked point and a pole of order 2 at the node. The
intersection is transverse along all such contributions.
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The intersection in (A.7) consists of the sum of the contributions to (A.8)

and (A.9). Indeed, the contribution to (A.9) is clearly in 7 l(ﬁ;l), because
the second marked point is in the elliptic tail with a zero differential, so that a
suitable twisted differential can be found as above, and it is also seen to be in
Ty ! (ﬁ;’l) by taking a twisted differential whose aspect on the rational bridge
has poles of order 2 at both nodes and simple zeros at the first marked point
and at some other smooth point. Such a twisted differential satisfies the
global residue condition of the incidence variety compactification [BCGT1,

Def. 1.2(4)]. The intersection is transverse along all such contributions.

We remark that the contribution to (A.9) is not in ﬁ;zz a twisted differ-
ential vanishing at the second marked point has order —2 at the preimage of
the node in the elliptic component, and generically order 0 at the preimage
of the node in the genus g — 1 component. It follows that the aspect on the
rational bridge has orders 0 and —2 at the nodes, hence does not vanishes
at the first marked point.

To find the coefficient ¢;, for 1 <1i < |g/2], consider the test surface S; in
]P’E;Q obtained as follows: select a general element of the boundary divisor
Ai:{l} in IP’E;Q consisting of curves with a genus ¢ component containing
precisely the first marked point, and vary the two marked points in their
corresponding components. In particular, elements of S; have a fixed general
stable differential ;. When a marked point collides with the node, it gives
rise to a rational bridge, and p is extended by zero on such rational bridges.
We show the following intersections below:

(A10) S [Hy|om (M| = @i-DERe-i)-1),

(A11) S Hy, =(2i-1)2g-i)-1)-1,

O

2

Moreover, S; has empty intersection with the remaining classes in (A.5). It
follows that ¢; =1, for all 1 <i < [g/2].

The intersection (A.12) is contributed by the element of S; where both
marked points collide with the node, creating two rational bridges.

The intersection (A.11) is contributed by those elements of S; where ei-
ther both marked points coincide with zeros of the differential, or where ex-
actly one of the marked points collides with the node and the other marked
point is a zero of the differential. In the cases when exactly one of the
marked points collides with the node, creating a rational bridge, there ex-
ists a twisted differential of type p whose aspect on the rational bridge has
zeros at the marked point and at some other smooth point, poles of order 2
at the nodes, and satisfies the global residue condition [BCG™1, Def. 1.2(4)].
The intersection is transverse along all such contributions.
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The intersection (A.10) is the sum of the contribution to (A.11) and
(A.12). In fact, the contribution to (A.12) is in (A.10) as well, since each
marked point is the zero of some twisted differential of type u.

However, the contribution to (A.12) is not in (A.11), since there exist
no twisted differential of type p vanishing at both marked points. For this,
assume there exists a twisted differential 7 of type p whose aspects 71 and 7
on the two rational bridges have zeros at the two marked points. Since p is
holomorphic and non-zero at the preimages of the nodes in the components
of genus ¢ and g—1, it follows that 7 and 7 have a pole of order 2 at the nodes
Q1 and Q5 where the rational bridges meet the genus i and g—i components,
respectively. Then, since 7 and 75 vanish at the marked points, for degree
reasons one has that 7 and 75 must each have a pole of order at least 1 at
the node )y where the two rational bridges meet. As the sum of the order of
the poles at Q¢ has to be equal to 2, one has that 7 and 79 must each have
a simple pole at Qg. The global residue condition [BCG'1, Def. 1.2(4)]
requires that Resg, (71) = Resg,(m2) = 0. By the residue theorem, this
forces the residues at )y to be zero, a contradiction. O

Theorem A.2 follows from (A.5), (A.6), Proposition A.4, and Lemma A.1.

APPENDIX B. A RECURSIVE IDENTITY FOR INCIDENCE LOCI

Theorem 1.1 provides a recursive identity for the class of the incidence
locus El;n over curves with rational tails. For £ = 1, Theorem 1.1 and Re-
mark 1.2 are specializations of results by Sauvaget [Saul] valid over Mg,n.
The techniques of [Sau2| could be used to extend the argument for k > 1.
Here we provide an alternative proof by applying the incidence variety com-
pactification from [BCGT1,BCG*2].

We start by proving the next Theorem B.1. Recall the loci Ey and the
natural maps 7, IP’IE’;’H — IP’IE’;’n_l and py, : IP’IE’;’H — IP’IE’;’1 from §1.

Theorem B.1 ( [Saul,Sau2)). For g > 2 and n > 2, the identity

7o [Hyna| - o3 [Hya| = [Hy| + D IIEN]
I

where the sum is over all non-empty I C {1,...,n— 1}, holds in:
; n k
(i) A (IP’IEQMM;) when
k=1; or
(B.1) k=2 andn <2(2g—2)—2; or

k>3 andn <k(29g—2)—1;

(ii) A" (]P’E'gfm) when n < k.
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B.1. On the hypothesis (B.1). We start with the following Lemma, which
explains how we use the hypothesis (B.1):

Lemma B.2. Let k > 2, let g and n be such that (B.1) holds, and m < n—1.
The locus of k-differentials that are k-th powers of abelian differentials has

positive codimension inside the closure of H';m - ]P’E’;’n_m from (1.1).

Here are some examples showing how the lemma fails when (B.1) fails.
When k£ =2 and n = 49 — 5, consider the locus

(B.2) E;m C ]P’Eg’l where m = (49 — 6).

This locus has two components: a component parametrizing quadratic dif-

ferentials generically with a zero of order 4g — 6 at the marked point and

simple zeros at two distinct unmarked points; and a component parametriz-

ing squares of abelian differentials generically with a zero of order 4g — 6

at the marked point and a double zero at an unmarked point. These two

components have equal dimension by [BCG*2, Theorem 1.1] or [Sch].
Similarly, when k > 3 and n = k(2g — 2), consider the locus

(B.3) El;m C PE;l where m=(k(2g —2)—1).

This locus has two equidimensional components: a component parametrizing
k-differentials with a zero of order k(29 — 2) — 1 at the marked point and a
simple zero elsewhere; and a component parametrizing k-th powers of abelian
differentials vanishing with order k(2g — 2) at the marked point.

Proof of Lemma B.2. For k > 2 and m < n — 1, consider a locus ﬁ;m in
IPDIE'gfm_m as in (1.1), and write El;’m = A UDB, where A (respectively, B) is
the closure of the locus of differentials in El;,m that are not k-th powers of
abelian differentials, (resp., are k-th powers of abelian differentials).
Differentials in A have generically a zero of order m and k(2g — 2) —m
simple zeros. Differentials in B have generically a zero of order k[ %] (i.e., the
smallest multiple of k£ which is greater than or equal to m) and (29—2)—[ %]
zeros of order k. From [BCG'2, Theorem 1.1], one has
m
k
It follows that for values of m small enough, B has positive codimension in

Ek

g,m>

dimA = 2(k + 1)(g — 1) — m, dimlasz4(g—1)—{ ]+1.

and the loci A and B have equal dimension for values of m such that
m

=]+

A case study shows that (B.4) fails when (B.1) holds. Indeed, if k& | m,
then (B.4) only holds for £ = 2 and m = 4g — 6. This implies n > 4g — 5,
e.g., the case given by (B.2). Otherwise, if k ¥ m, then m = k — 1 mod k,
hence m = k(2g — 2) — 1. This is the case given by (B.3). The statement
follows. Ol

(B.4) (k—1)2(g—1)=m— {
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B.2. A set-theoretic study. To prepare for the proof of Theorem B.1, we
study the components of the intersection
1 (w=k _1 (=k
(B.5) o <Hg,n_1> N7t (HgJ) C PEE .
By definition, H];,n is the only component of (B.5) over My ,,.

Lemma B.3. Let k, g, and n be such that (B.1) holds. The loci Ex C IP’E’;’,L
for all non-empty I C {1,...,n—1} are contained in the intersection (B.5),

.=k
but not in H ,,.

Proof. The argument is similar to the one used for Proposition A.3. For a
non-empty I C {1,...,n — 1}, consider a general element (C, Py,..., P, 1)
in Er. By definition, the curve C has a rational tail containing the marked
points with labels in I U {n}, and the stable k-differential p has a zero of
order |I| at the preimage of the node in the genus g component of C' and
zeros at the marked points in the genus g component.

o —k
To see that Fy is in ;! (Hgm_l ,

we need to construct a twisted k-
differential of type u satisfying the conditions of the incidence variety com-
pactification and vanishing at the first n — 1 marked points. For this, con-
sider the twisted k-differential whose aspect on the genus g component will
be the restriction of p on that component, while the aspect on the rational
component will have a pole of order 2k + |I| at the node and zeros at the
marked points with labels in I. When k£ = 1, the global residue condi-
tion [BCG™1, Def. 1.2(4)] is satisfied since the residue of the twisted abelian
differential at the preimage of the node in the rational component is zero.
When k > 2, using Lemma B.2, the hypothesis (B.1) implies that the re-
striction of p to the genus g component is generically not the k-th power
of an abelian differential. It follows that the global k-residue condition is
automatically satisfied [BCGT2, Def. 1.4(4)(ii)].

. k .
In order for Er to be in p;* <H we need to construct a twisted k-

g,1 )
differential of type p satisfying the conditions of the incidence variety com-
pactification and vanishing at the last marked point. This is as in the previ-
ous paragraph, just simpler, and is made possible by the fact that p vanishes
with order |I| > 1 at the preimage of the node in the genus g component.
There is no single twisted k-differential of type u vanishing at all marked

. . . =k
points, hence Ey is not in H ,,. The statement follows. O

Next, we prove the converse of Lemma B.3 over the locus of curves with
rational tails. We use an inductive argument by means of the following maps:
For 1 <i <mn—1, the map m;: IP’IE’;’H — PElg,n—l is obtained by forgetting
the marked point P;, and relabeling the marked points P; for j > ¢ as P;j_;.

Proposition B.4. Let k, g, and n be such that (B.1) holds. The locus ﬁ;n
and the extra loci Er C PEF | for all non-empty I C {1,...,n— 1} are the
only components of (B.5) over M.
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Proof. We proceed by induction on n. The base case n = 2 is treated by
Proposition A.3. For n > 3, let B be an irreducible component of (B.5) over
./\/l;tn For 1 <i <n — 1, the image of (B.5) under m; is

(B.6)

1 [=k 1 [=k 1 [~k 1 [~k
e ) ot () = (5 (B )t 62
1 [~k 1 [=k
=m1 (Hg,n—z) Nppty <Hg,1> .

By the induction hypothesis, it follows that m; (B) is either in E];,n—1 or in
one of the loci

(B.7) E; C PEf for g #T C{l,...,n—2}.

g,n—1
The rational tail in a general element of one of such E7 contains the marked
points with labels in I LI {n — 1}.

Consider a general element (C, P,..., P,, ) in B, and assume B ¢ ﬁg’n.
This implies that there is no twisted k-differential of type p vanishing at all
marked points. We show below that B C Ey for some I.

If m; (B) C El;,n_l, then C has a twisted k-differential of type p vanishing
at all points P; with j # ¢. This implies that ;s vanishes at those marked
points and preimages of nodes that are in the genus g component of C; and
moreover, for each preimage of a node in the genus g component, the order
of vanishing is at least equal to the number of marked points P; with j # i
contained in the maximal rational subcurve of C intersecting the genus g
component at that node. .

For B to be in (B.5) while B  H, ,,, the point P; needs to replace P, as
a zero of the twisted k-differential in the following sense. Assume that P,
is in the genus g component of m;(C). Then the only possibility for P; in
C' is to be in a rational tail containing only the marked points P; and F,.
In this case, B C Ey with I = {i}. Otherwise, assume that P, is in a
rational component of 7;(C), and let R be the maximal rational subcurve
of C containing F,,. Then F; is necessarily in R. In this case, B C Ej with
IU{n} equal to the set of markings in R.

Next, assume ; (B) C Ey for some I as in (B.7). Then, the point P, is
in a rational component of C. Let R be the maximal rational subcurve of
C containing P,. In particular, T L {n — 1} is the set of markings in 7;(R).

We argue that the point P; is not in R. Let @ be the node of C' where

the genus g component intersects R. Since 7; (B) € Lt while B ¢ El;’n,

the stable k-differential p vanishes at the preimage of ) in the genus g
component with order precisely equal to |T| It follows that if P; is in R,
then there is no twisted k-differential of type p vanishing at all the first n—1
marked points, a contradiction to B being in (B.5).

Hence the point P; is in the complement of R in C. We deduce that
B C Ep where I is obtained from I after increasing by one all j € I such
that j > 4 (this shift is due to the relabeling of points given by the map ;).
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The statement follows. O
Next, we show that when n < k, Proposition B.4 extends over Mg,n‘

Proposition B.5. When n < k, the intersection (B.5) is contained only
over the locus of curves with rational tails.

Proof. We again proceed by induction on n. The base case n = 2 is treated
by Proposition A.3. For n > 3, let B be an irreducible component of (B.5)
which does not lie over M, We will show that each such B has positive

codimension in either Elgﬁm or one of the extra loci Ey C ]P’E'gfm.
Let 1 < i < n—1. Using (B.6) as in the proof of Proposition B.4, the

induction hypothesis implies that 7; (B) is in either E];,n_l or one of the loci
Ef C PESm—l for some I as in (B.7). Additionally, since B does not lie over

M ,,, one has that m;(B) is strictly contained in either E];,n—l or one of the
Ey. Let (C, Py,...,P,, 1) be a general element in B.

Consider the case when 7;(B) C El;n_l. We can assume that C' has no
rational tails, otherwise we can replace B with the higher-dimensional locus
whose general element is obtained by smoothing all rational tails in C.

First, suppose that C is a curve with (at least) one disconnecting node, a
genus a subcurve, and a genus g — a subcurve, where 1 <a < g —1. If y is
generically nonzero on each component and vanishes at the n marked points,

then B has codimension at least n + 1 and is contained in ﬁ;n. Consider
instead the case where pu is identically zero on the genus a subcurve, and
vanishes at all marked points on the genus g —a subcurve. The codimension
of this locus is at least N := h? <C’a,w§f(k‘Q)> +1=k(2a—1)—a+2, where
C, is the genus a subcurve of C', and @ is the node connecting C, to the rest
of C. The assumption n < k implies n < n(2i —1) —¢4+2 < N. Thus, B has
codimension higher than n. Furthermore, since 7;(B) C ﬁ;n_l, there exists
a twisted k-differential of type p vanishing at P; with j # 4. If P; is on the

k

gm—1)- I
P; is on the genus a subcurve, then since n < N, we may find a potentially
different twisted k-differential of type p vanishing at all marked points on C,

genus g — a subcurve, it must also be a zero of y since B C 7, ! (ﬁ

including P;. In all cases, one concludes that B is in El;n. The case where
C has (at least) one non-disconnecting node and p is generically nonzero
and vanishes at all marked points is similar.

Now suppose that C has a rational bridge, and p is nonzero on the non-
rational components. In order for this locus to be in (B.5), pu must be
identically zero on the rational bridge, and we must have poles of order at
most k — 1 at the nodes on the nonrational components meeting the bridge.
These conditions allow the marked points on the rational bridge to be zeros
of a twisted k-differential of type p. Moreover, a pole of order k on a nonra-
tional component implies that the vertices corresponding to that nonrational
component and to the rational bridge are on the same level in the ordered
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dual graph of C, a contradiction to the assumption that p is nonzero on
nonrational components. In this case, B has codimension at least n + 1 and

is contained in El;,n. The case where C' has a rational component meeting
the rest of the curve in two non-disconnecting nodes is similar.

Finally, assume that m;(B) C EFy = m;(Er) for some I. This requires that
C have a rational tail containing P,. Let m 4+ 1 be the number of marked
points on the maximal rational subcurve R of C' containing F,,. In order for
B to be in (B.5), p needs to vanish with order at least m at the nodal point
in C'\ R meeting R. This implies that B is contained in Ej. U

B.3. Auxiliary computations. Theorem B.1 will follow from Proposi-
tions B.4 and B.5 after determining the multiplicity of each component in
(B.5). For this, we start with some preliminary computations. Let

(B.8) L, == [ﬁ’;n_l] o [ﬁ’;l] € A (PE’;W) .

Lemma B.6. Let k, g, and n be such that (B.1) holds. For 1 <i<n —1,
one has

(B9) (m). [My,| = (k29 —2)— (n—1) [Hy,],
(B.10)
(i)« [Ln] = (k29 —2) = (n—2)) Ln-1,
(B.11)
(k(29—=2)—(n—2) By ifi¢l,
(m)e [B1] =1 [y, if T ={i},
0 ifi eI and |I| >1
in AP~1 (PEZ,H—l)' In (B.11), when i & I, the set I is obtained from I after

decreasing by one all j € I with j > 1.

Proof. For (B.9), the restriction of m; to H’;’n has degree k(29 —2) — (n — 1)

over H';n_l, equal to the number of unmarked zeros of the k-differential

for a general (C, Py,...,P,_1,p) in ng’n_l.

For (B.10), since one may forget the marked points in any order, one has
Pn = pn—1 © T;. Using the projection formula, one computes

(mi)s L] = (7)o (i [Flgnms | - 0 [ ])
= (m)o (i Ay ) - P [Hya
=CTpq [ﬁ;n—z] “Pr—1 [ﬁlg,l]
=cly,—1

where ¢ := k(29 — 2) — (n — 2). The third equality follows from (m;). 7 =
7 _1 (mi)« and the first part of the statement.
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Finally, for (B.11), when i ¢ I, the restriction of m; to Et has generically
degree k(29 —2) — (n—2) over E7, equal to the number of zeros at unmarked
smooth points of the k-differential in a general element of F7. Indeed, from
Lemma B.2, a k-differential in a general element of E7 is not the k-th power
of an abelian differential when & > 2, hence has a zero of order |I| at the
preimage of the node in the genus g component of C, simple zeros at the
n — 2 — |I| marked points in the genus g component of C, and simple zeros
elsewhere for all k > 1.

When I = {i}, the restriction of m; to Ey has generically degree one over

H’;’n_l. In the remaining case when ¢ € I and |I| > 1, the restriction of m;
to Ej has generically one-dimensional fibers. The statement follows. O

Also, we will use intersections with the following test space. For n > 3,
let C' be a general smooth genus g curve, and identify a general point @) in
C with a general point in a rational curve R containing the marked points
Py,...,P,_1. Consider the n-dimensional test space T" C ]P’E';m consisting
of elements (C'Ug R, Pi, ..., P,, 1) obtained by varying the k-differential
p in a general P~ C PHO(C, wé), and the point P, along C. One has
TPl xC.

Lemma B.7. Let k, g, and n be such that (B.1) holds. One has

(B.12) T. [ﬁ’“ } — k(29 —2) — (n—1),

‘g?n

(B.13) T Ly = k(29 — 2),

B.14) T (E] :{ 1 ifI {1n 1},
0 otherwise.
Proof. The intersection (B.12) is contributed by those elements (u, P,,) of
T = P! x C for which there exists a twisted k-differential of type x vanish-
ing at all marked points. The only possibility is that p is the k-differential pyg
which vanishes with order n—1 at @ (such gy is generically unique, and after
Lemma B.2, pg is generically not the k-th power of an abelian differential
when k > 2), and P, coincides with one of the remaining k(2g —2) — (n —1)
zeros of pug in C. The intersection is transverse along all such elements.
The intersection (B.13) is contributed by those elements (u, P,,) of T for
which there exists a twisted k-differential of type p vanishing at the first
n — 1 marked points, and a possibly distinct twisted k-differential of type p
vanishing at P,. Hence, in addition to the contributions to (B.12), also the
element (u = po, P, = Q) of T contributes to (B.13). After Lemma B.2,
1o is generically not the k-th power of an abelian differential when k£ > 2.
It follows that pg vanishes generically with order n — 1 at @ for all k£ > 1,
hence the element (pg, Q) contributes to (B.13) with multiplicity n — 1.
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Finally, for (B.14), T intersects a locus Ey only if P, is on a rational
component. This only happens for P, = @, in which case T intersects Ej
with I ={1,...,n — 1} transversally at (u = po, P, = Q). O

In the final step of the proof of Theorem B.1, we will use the following:

Lemma B.8. Let k, g, and n be such that (B.1) holds. The class of ﬁ;n
and the classes of the loci Ey for all I are independent in A™ (]P’E'gin).

Proof. We proceed by induction on n. When n = 2, there is only one
locus Ey, namely Ey with I = {1}. To show independence, we restrict the
classes of EI;Q and Fyq, to a test surface. For this, consider the test surface
S; C PEZW with ¢ = 1 appeared for £k = 1 in the proof of Proposition A.4.
Namely, select a general element of the boundary divisor Ay, in ]P’E';Q
consisting of curves with an elliptic tail containing only the first marked
point. The elements of the surface S; C PE’gf’n are obtained by varying
the two marked points in their corresponding components. In particular,
elements of S; have a fixed general stable differential u. When a marked
point collides with the node, it gives rise to a rational bridge. For k = 1, p is
extended by zero on such rational bridges, while for k > 2, the restriction
of 1 to such rational bridges has poles of order k at the two nodes on each
rational bridge.

The surface Sy has empty intersection with Egjy. For k = 1, one has

St - [ﬁ;z] = 2g — 4 from (A.11). For k > 2, one has

S; - [E';z] = (k(2i — 2) + k) (k(2(g — 1) — 2) + k).

This intersection is contributed by those elements of S; where both marked
points coincide with zeros of the differential u, and the intersection is trans-
verse along all such elements. Contrary to the case k = 1, there is no
contribution from the elements where one marked point collides with the
node, creating a rational bridge. Indeed, when k > 2, the restriction of u to
a rational bridge has poles of order k£ at both nodes and does not have any

zeros for degree reasons.
k

9,2°
—k .
g = 2. We conclude that the classes of H , and Ey} are independent, unless
k=1and g =2.
In case k =1 and g = 2, we arrive at a similar statement by considering

It follows that S; has nonzero intersection with H unless £ = 1 and

the push-forward of E;Q and Eyy via the forgetful map ¢: ]P’E%Q — Mao.
One computes

(B.15) Dx [ﬁé2} = w1 + w2 — A1 — bo:2 — d1.0,
(B.16) ¢« [Bry] = o2

in Pic (Mm). Here Aq is the first Chern class of the Hodge bundle; dg.o is
the class of the divisor Ag.o of curves with a rational tail; and d1.g is the class
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of the divisor Ai.g of curves with an unmarked elliptic tail. The identity
(B.15) can be shown either by using Theorem A.2 for the class of E;z, or
by observing that the restriction of ¢ to E;Q is generically finite over the
divisor of curves with marked hyperelliptic conjugate points, and the class
of such divisor is indeed given by (B.15) [Log| (see also §7.3). The identity
(B.16) follows since the restriction of ¢ to F{y is generically finite over Ag.s.

The classes in (B.15) and (B.16) are independent in Pic (My).

Hence, the classes of E];,Q and Fyy are independent for all £ > 1 and
g > 2. The statement for n = 2 follows.

For n > 3, assume that
_k n
(B.17) o|[Hy,| + Y arlE] =0 €A (PES,)
I

for some coefficients o,y € Q. After applying (m;)« to (B.17) for some
1 <i<n—1 and using Lemma B.6, we get

—k
((C - 1) o+ a{z}) [Hg,n—l] +c Z ag [ET] =0
I:i¢1
where ¢ := k(29 — 2) — (n —2). The loci B C PEg,n—l thus obtained are
precisely the extra loci at the (n — 1)-th step as in (B.7). By the inductive
assumption, we deduce
(c=1Na+ap =0 and ar =0 forall I :i¢1.

Applying (7). to (B.17) for all 1 <7 < n — 1 shows that ay = 0 in all cases
except possibly for I ={1,...,n — 1}, and thus a = 0 as well.

Hence, (B.17) reduces to ay [Ef] = 0 where I = {1,...,n—1}. Restricting
to the test space from Lemma B.7, we deduce ay = 0 as well. O

B.4. Proof of Theorems B.1, 1.1, and Remark 1.2.

Proof of Theorem B.1. We proceed by induction on n. For the base case
n = 2, the statement holds by Theorem A.2. For the inductive step, assume
(B.1), and consider the intersection (B.5). Since this is generically transverse

=k . . e
over Mg, the component H , contributes with multiplicity one to the
intersection for all £ > 1. From Proposition B.4, we know that

—k &
L, — [Hgm] +> anrlBr] €A (]P’Eg’n‘ Mgn)
I
for some coefficients a, r € Q. Using the exact sequence

A" (PE — A" (PE},,) — A" (PE} 0

ol )

it follows that there exists a cycle B,, not supported over ./\/l;tn such that

(B.18) Ly = [Hya] + Y anr (B + B, € A" (PES,).
I

ity neg,)
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Moreover, from Proposition B.5, one has B, = 0 when n < k.
It remains to show that a, 5 = |I| for all n and I. Applying (m;)« to
(B.18) for some 1 <i <n — 1 and using Lemma B.6 gives

clur = ((e—=1) + an ) [ﬁs,n—l] t+c Z an,1 [B7] + (7). Bn

I:i¢l
where ¢ := k(29 — 2) — (n — 2). By induction, this is equal to
clor = e [B ] +e S [T (B +eBuy €A™ (PE], )
T

where the loci Fy C IP’Eg’n_l are as in (B.7). By Lemma B.8, we may
determine a, r by simply comparing coefficients. We deduce

(c=1)+appu =c and ang=|I| forI:i¢l.

One has |I| = |I| for I with i ¢ I. Applying (m;), to (B.18) for all 1 <4 <
n—1 shows that a, ; = |I] in all cases except possibly for I = {1,...,n—1}.

To find a,, r with I = {1,...,n—1}, consider the n-dimensional test space
T from Lemma B.7. The restriction of (B.18) to T" gives

k(2g—2)=T-L,=(c—1)+ U, (1, n—1}
Thus, a,, (1, n—1} = n — 1. Theorem B.1 follows. O

Proof of Theorem 1.1. The only case left to be discussed is k = 2 and n =
4g — b, since all other cases are covered by Theorem B.1. For this case, the
hypothesis (B.1) does not hold, and Lemma B.2 fails. Indeed, as discussed
after Lemma B.2, the locus E;m C ]P’IE?L1 with m = (49 — 6) from (B.2)
consists of two equidimensional components. Consequently, the extra locus
Er = E;m with I ={1,...,n — 1} from (1.3) decomposes as

(B.19) Er=FEjUE}® CPE2,, ;

with E’ parametrizing quadratic differentials which generically are not squa-
res of abelian differentials, and E’?b parametrizing squares of abelian differ-
entials. For both components, the general element has a genus g component
and a rational tail containing all marked points, and the quadratic differen-
tial vanishes with order exactly 4g — 6 at the preimage of the node on the
genus g component.

Consider the intersection (B.5) for k = 2 and n = 4g—5. The argument in
Lemma B.3 shows that the component E7 is inside (B 5) but not in i

Next, we argue that this holds for the component E as well.
Consider first the case g = 2. To show that

(B.20) E® C oy (ﬁgg),

9,49—5"

it is enough to show that E‘%b =3 (E3P) C Eig. For this, let E‘%b - IP’IE%4
be the closure of the locus consisting of elements of IP’IE%A having a genus 2
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component with two rational tails, and the square of an abelian differential
vanishing at both nodes on the genus 2 component. In particular, the nodes
on the genus 2 component are hyperelliptic conjugates, and each rational
tail has two marked points. We argue that one has an inclusion 7 as in the
following diagram:

hab v T2 2
EY —— Hy, — PE;,4

Ll

rab L 2 2
E> <ty Hy, — PE3,.

The vertical maps are induced by the map 73 4 obtained by forgetting the last
two marked points. The inclusion 7 induces the desired inclusion, denoted 7’
in the diagram.

To prove that 7 is an inclusion, we need to show that on the general
element (C, Py,..., Py, p) of E‘?b, there exists a twisted quadratic differential
of type p satisfying the conditions of the incidence variety compactification.
For this, we consider a twisted quadratic differential 7 which agrees with
w on the genus 2 component of C (hence has zeros of order two at the
preimage of each node on the genus 2 component), and on each rational
component, has a pole of order 6 at the node and simple zeros at the two
marked points. Let I' be the dual graph of C, and consider the order on I'
assigning the maximum level to the genus 2 vertex, and equal lower level to
the two rational vertices, as suggested by this figure:

Then 7 is compatible with this order of I', and satisfies the conditions re-
quired by the incidence variety compactification. In particular, the global
2-residue condition holds. Note that there is no quadratic differential on a
rational curve with a pole of order 6, with two simple zeros, and with zero 2-
residue at the pole (see [CG, §3.1], and reference therein to [GT, Thm 1.10]).
However, the condition [BCG*2, Def. 1.4(4)(v)] holds, since one can assume
that 7 has equal 2-residues at the nodes on the two rational tails. Hence
the global 2-residue condition is satisfied. It follows that 7 is an inclusion,
hence 7 is an inclusion, and (B.20) holds.

For g > 3, the argument is quite similar. One considers a locus E?}b
in IP’E§749_4 as for ¢ = 2, defined as the closure of the locus consisting of
elements of IP’E§74Q_4 having a genus g component with a rational tail with 2
marked points and a rational tail with 4g — 6 marked points, and the square
of an abelian differential vanishing at the nodes on the genus 2 component
with order 2 and 4g — 6, respectively. To show that E‘%b is in ﬁ;4g_4,
one argues that there exists a twisted quadratic differential 7 on a general
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element (C, Py, ..., Pig—4, 1) of E’?b satisfying the conditions of the incidence
variety compactification. The restriction of such a 7 to the two rational tails
has poles of order 6 and 49 — 2 at the two nodes, respectively, and simple
zeros at all marked points. One checks that the conditions of the incidence
variety compactification are satisfied with respect to the three-level order on
the dual graph of C suggested by this figure:

Contrary to the case g = 2, the two rational tails are not at the same level.
Since the aspect of such a 7 on the rational tail with more marked points
has zero 2-residue at the pole, the condition [BCGT2, Def. 1.4(4)(v)] holds.

Showing that E?}b is in ngl_5 (ﬁ;l
and similar to the arguments used for Lemma B.3. Then the proof continues
in a similar way to the proof of Theorem B.1. We sketch here the main
points. The arguments used for Proposition B.4 and Lemma B.6 remain
valid for this case. The test space T from Lemma B.7 can be replaced
by two analogous n-dimensional test spaces T7,1T> C IP’IE?]” such that all
quadratic differentials in 77 are not squares of abelian differentials, and all
quadratic differentials in T are squares of abelian differentials. Using these
two test families, one shows that the class of E;ng_g,, the classes of the loci
Er for all |I| < n — 1, and the classes of each of the two components from
(B.19) are independent in A%9~° (PE3,4g—5)7 as in Lemma B.8. Finally, one
shows that Ey is included in (B.5) with multiplicity equal to |I] for all I as
in the final steps of the proof of Theorem B.1, whence the statement. O

. T2 . .
) and not in H ,,_5 for g > 2 is easier

Remark B.9. When k£ > 2 and n = k(2g — 2), the locus E’;m C ]P’IE‘;1
with m = (k(2¢g — 2) — 1) from (B.3) consists of two equidimensional com-
ponents. Consequently, the extra locus E := Ej = 7, Ek with I =

g?m
{1,...,n —1} from (1.3) decomposes as
o b k
E=EUE® CPEL, o,

such that the general element of E’ has a genus g component, a rational
tail containing all marked points, and a k-differential vanishing with order
exactly k(2g—2) —1 at the preimage of the node on the genus g component;
and the general element of E?P has a genus ¢ component, a rational tail
containing all marked points, and the k-th power of an abelian differential
vanishing with order k(29 — 2) at the preimage of the node on the genus
g component. As in the proof of Theorem 1.1, both components of E are
contained in the intersection (B.5), although E’ appears with multiplicity
|I| = k(29 —2) — 1, while E*P with multiplicity k(2g—2). Hence (1.5) holds.
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