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INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID WITH
VORTICITY IN BORDERLINE SPACES OF BESOV TYPE

BY MISHA VISHIK^*)

ABSTRACT. - We prove a uniqueness theorem for the Euler equations for an ideal incompressible fluid under
the condition that vorticity belongs to a space of Besov type. We also prove an existence theorem in dimension
two. © Elsevier, Paris

R6SUM6. - Nous d^montrons un th^oreme d'unicite pour Ie systeme d'Euler pour un fluide incompressible ideal
sous 1'hypothese que Ie tourbillon appartient a un espace de type Besov. Nous demontrons egalement un th^oreme
d'existence en dimension deux. © Elsevier, Paris

0. Introduction

In this paper we study the nonstationary Euler equations of an ideal incompressible fluid

f n

i } j { x , t) = - ̂  ViQiVj - 9jp , 1 < j < n , x G R71 ,

(0.1)
divi? = ^1 QjVj = 0

j'=i

[v{x,0) = vo(x) .

Here v{x,t) = (^i , . . . ,^n) is the Eulerian velocity of a fluid flow. For incompressible
fluids the key characteristic of the flow is vorticity

u j i j { x ^ t ) = QjVi — 9iVj , 1 < %, j< n .

The mathematical theory of Euler equations (0.1) is an old subject. In [Cl] J.-Y. Chemin
develops the theory in detail and gives an account of more recent results including his
work [C2] on the regularity of vortex patches for the two-dimensional Euler equations.

Existence and uniqueness theorems are obtained for the problem (0.1) (locally in time
for n > 3) for vorticity in various function spaces with supercritical smoothness. Here

(*) E-mail: vishik@math.utexas.edu
Supported in part by the NSF grant DMS-9531769 and TARP grant 003658-071.

ANNALES SCIENTIFIQUES DE L'ficoLE NORMALE supfiRlEURE. - 0012-9593/99/06/© Elsevier, Paris



770 M. VISHIK

we refer to the condition s > n / p where s is smoothness of vorticity in the sense of a
particular scale of function spaces based on 17.

The papers ofL. Lichtenstein [L], N. Gunther [G], Wolibner [W] that started the subject
deal with Holder classes. Some of the more recent papers include those of D. Ebin
and J. Marsden [EM], J. Bourguignon and H. Brezis [BB], R. Temam [T], T. Kato and
G. Ponce [KP] (Sobolev spaces).

In [VI we proved the global existence for n = 2 where vorticity belongs to the Besov
space B^, r

In the present paper we continue to investigate the borderline case s = n / p which
corresponds to the critical case of Sobolev (-Besov-Lizorkin-Triebel) embedding.

V. Yudovich [Yl] proved the basic uniqueness theorem for the weak solutions of (0.1)
under the condition (bounded domain in R^) uj G L°°. For n = 2 he was able to construct a
weak solution in this class that exists globally in time. The existence of a weak solution in
two dimensions (possibly without uniqueness) was proved for a wider class 17, 1 < p < oo,
by V. Yudovich [Yl] and by R. DiPerna and A. Majda [DM]. D. Chae [C] proved the
existence theorem for vorticity in LlogL(R

2
). J.-M. Delort [De] constructed a weak

solution with initial vorticity arbitrary sign definite measure. A Bourbaki talk by P. Gerard
[Ge] gives an account of this result as well as the results of [C2]. A different proof of
J.-M. Delort's result was given by L.C. Evans and S. Muller [EvM] and by A. Majda [M].

V. Scheffer [S] and A. Shnirelman [Sh] constructed the first examples of nonuniqueness

for weak solutions with v( ' , ' ) G Lj^(lR2 x R).

Recently V. Yudovich [Y2] further improved his uniqueness theorem [Yl] allowing (case

of a bounded domain) uj e ripo<p<oo Lp so that IMkp < C0(p) and 0(p) grows moderately

in p. For example 9(p) = log;? guarantees uniqueness.1 More precisely, V. Yudovich
proved that for Z{a) = mf^^-i^--1^^)} the condition °̂° 0-^(0) da = oo

implies uniqueness. This result holds for arbitrary n while the existence theorem was
proved in [Y2] (see also [Y3]) only for n == 2. The proof of uniqueness in [Y2] is based
on the energy method. In case the growth condition for 6(p) fails V. Yudovich constructed
counterexamples to this method of proving uniqueness (if not to uniqueness per se).

We introduce here a different uniqueness class which is a variant of a borderline Besov
space. To describe a particular case of the results of the paper we define

r N i
Bn = \f G ^(R-) ^ ||A,/||L- = 0(n(AQ) .

1 j=-i J

Here the increasing function II satisfies certain conditions (see (i)-(iii) below), Ajf

denotes the terms in Littlewood-Paley decomposition of /. One possible choice is
n(7V) = (N + 2) log^TV + 3), 0 < A. < 1. Notice / (E Bn means the norm ||/||̂  ^ is
generally divergent but in a controlled way.

We prove uniqueness for the problem (0.1), n arbitrary, under the condition
/.oo

(0.2) / n(a)
Ji

da == oo

1 "Not much stronger than linear" on p. 28 of [Y2] is a misprint. Logarithmic singularities that lead to linear
in p growth of ||a;|[Lp are in fact not allowed but singularities of the kind log log \x\ that produce logj9 growth
of ||^HLP as p —^ oo are covered by the results of [Y2j.
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INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 771

u) G L230, po € (1, ̂ ) and the norm \\^\\Bn
 ls bounded. By the choice II(7V) = TV + 2 this

implies uniqueness for flows with vorticity in Holder space A° = B°^ ^. As a corollary, a
solution with vorticity bounded in bmo is unique. Indeed, bmo ^-> A°.

For II as above the (unique) solution exists globally in time (n = 2) for 0 < ^ < |
and (possibly only) locally in time for j < /^ < 1. The initial vorticity belongs to the
space BY with F(N) = log^(7V + 3).

The existence theorem is proved in §9.

The proof of the uniqueness theorem given in §8 uses a "paradifferential analogue" of the
Osgood uniqueness argument and seems unrelated to the energy method. The condition (0.2)
in fact guarantees that the Lagrangian flow satisfies conditions of the Osgood uniqueness
theorem. It also looks similar to the growth condition in [Y2]. On the other hand there are
functions in By with a compact support that fail to belong to V for all sufficiently large
p (see §2). Therefore the growth condition for 0{p) is violated.

The main tool we use to get an a priori estimate in jBn are wavelet decompositions

of vorticity. In fact we obtain a complete description of all spaces of this type in terms
of wavelet coefficients. This allows to get the information about the action of a volume
preserving homeomorphism (given by the fluid flow) on By.

We use the method of H. Bahouri and J.-Y. Chemin [BC] to obtain the necessary
"paradifferential estimates" of the terms in Littlewood-Paley decomposition of the
vorticity a;.

Some of the immediate problems left open include whether the time of existence is
indeed finite for e.g., K = 1 or this restriction is due to the weakness of the method.
Also the relation with the transport theory developed by R. DiPerna and P.-L. Lions [DL],
B. Desjardins [Dl], H. Bahouri and J.-Y. Chemin [BC], J.-Y. Chemin and N. Lerner [CL],
B. Desjardins [D2], especially for the flows that are not quasi Lipschitz, seems of interest.

1. Function spaces

Let r : H —> [l,oo) be a locally Lipschitz continuous monotonically nondecreasing
function satisfying the following conditions:

(i) r(a) = 1 for a € (-00,-I], lim^oo F(a) = oo.

(ii) There is a constant C > 0 such that C-1!^/?) < F(a) < CT(/3) for a, /? G [-1, oo),
\a - f3\ < 1.

(iii) There is a constant C > 0 such that

/»00

CT(a) ^ / 2-^-°)r(0 d^ , a € [-1, oo) .
Jo

EXAMPLE 1.1. Y{a) = (N + 2)^^(0 + 3) for a >, -1, where e,n € [0, oo), except
e = K = 0.

We choose radial ^ e S^R71) such that supp$ C {^ C R71 | ^| < 1} and

1^(01 > C > 0 on {^ e R71 | |e| < j}. We also choose radial ^ C ^(R71) with
supp^ C {^ G R" | j < |^| < 2}, |^(0| > C > 0 on {^ e R71 | j < |^| < |}. Let
^(x) = 2^(2^) [i.e., ^.(O = ^(2-^)], j G Z.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



772 M. VISHIK

DEFINITION 1.2. - Let for / € 5'(R71)

^f=^(}-^}f=^'fr=^-f'.
\ V \Jlit I

AJ = ̂  (^^-}!= (^ • /^ = ̂  * / , 3 > 0 ;
Y " (JJb j

AJ = 0 , j < -2 ;

6V =^ A,/.
j^

DERNITION 1.3. - Let r be the function satisfying (i)-(iii) above. Let

( N .

(1.1) Br = \f £ S^R") ^ ||A,/HL~ ^ C7rW , N ^ -1 .
^ ^—-1 ^J=-l

The norm on By is defined as the best constant in (I.I):

/ N

r= sup f^||A,/||Loo)r(^)-1.
^ > - i V - i /N>-1 v^_i

We give the characterization of By via the wavelet expansions. For standard Besov
spaces see [FJ], [LM], [M].

Let radial -0 € ^(R71) satisfy

supp^ C ̂  G R71 | J < |^| ^ 2\ |^(0| ̂  C7 > 0 on ̂  C R- | J < |$| ^ Jl.

Choose radial ^ E ^(R'1) so that supp^ C {$ G R71 | |^| < 7r}, |^($)| > C > 0
on {^ G R7' | |^| < l}. We define the set of dyadic cubes as follows: for m G Z,
k = ( fc i , . . . ,^ ) e Z"

Q^ = {x={x^...,Xn) OR7 1 | k^-^ < X i < (^+1)2^ ; z = l , . . . ,n} .

We set for any dyadic cube Q = Qm,k

^m,^) = ̂ (2^ - fc) .

PROPOSITION 1.4. - Let f E Br. There is the following representation

00

(1.2) f(x) = ̂  a^(x - k) + ̂  ̂  a^,fc^,fc(a:) .
^ez^ m=ofccz^

77^ ̂ n^ m (1.2) ^ convergent in fi^R^. The coefficients dk, am,k satisfy the following

estimate

f
 N
 \

(1.3) C-^nr < sup ^ sup |a |̂ r(7V)-1 < C7||/||r ,
^-^m^i^ )

where the constant C > 0 does not depend on f G Br. For m = —1 we set a_i^ = a^,
k C Z71.

4° SfiRIE - TOME 32 - 1999 - N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 773

Proof. - It is possible to make the above choices of (/?,<!>, -0, ̂  so that

00

ww + E ̂ -'"o^—o = i , $ € R" .
m=0

Then, following [FJ]

00

(1.4) /(•) = ̂  (d> * /)(fc)^(. - k) + ̂  2-mn(^ * /)(2-wfc)^(. - 2-"^)

fcez^ m=o

where i^m{x) = 2mn'0(2ma;), m > 0. The series in the right side of (1.4) is convergent in

^(R^. Therefore, we define a,k = $ * /(fc); o"m,k = ^m * /(2-mfc). By construction

k|^||$*/||L-=||A-J||Loc ,

|a^,fc| ^ ||^*/HL- =||A^/||Loo

for m > 0, k G Z"^. This proves the second inequality in 1.3. It remains to prove the first
inequality. We need the following estimate from [FJ].

LEMMA 1.5 ([FJ]). — The following two inequalities hold true for any M G Z+, j^m > 0

(1.5) |(A^^)(^)| ̂  C2-(m-^n+l)(l + V\x - k2-rn\)-M for j <,m , and

(1.6) |(A,^)Or)| ̂  C2-^-rn\l + 2-1^ - k2-rn\)-Mfor m ̂  j .

T/z^ ^<^m^ inequalities are valid for j = —1, m > 0 in case (1.5) and for m = —1, j ^ 0
m ca^ (1.6) w/i^r^ ^_i^(-) = ^(- — fc).

To prove Proposition 1.4 we have to estimate |[A^/[|L°° where / is given by (1.2).
We have from Lemma 1.5

00

||A-I/HL~ ^ ||A_i ̂  a^(. - k)\\^ + ̂  ||A_i ̂  a^m,k\\^

ke^ m=o fcez71

00

< C\\ ̂  a^(. - fc)|| + ̂  || E "-.^-i^fcH ^
fcez" ^ "1=0 fcez" L°°

< C sup |afe| • sup V (1 + |a; - k^-
1
^

fcez" ^ ^^
00

+CV sup|a^fc|•2-m("+l)supy(l+|.r-A;2-m|)-M

m^o^2" ' x k
00

< G sup |afc| + C7 V 2-m-l sup |a^ ^1 .
fcez- ^ fcez-

ANNALES SCIENTinQUES DE L'fiCOLE NORMALE SUP^RIEURE



774 M. VISHIK

Likewise, for j > 0, applying Lemma 1.5

||A,/HL- < || ̂  a,A^(. - k) Loo
fcez"

+ ̂  ^ a^A^'0^

m=0 fcGZ71

oo

+ ^ || ̂  ^fcA^r^fc

m=7+l fc€Z71
Loo

< (72-^ sup |afc| V"(1+|.-A;|)-
keln " 4^

IL00

.»'
+ c y" 2-0-"1) sup io^,fci y (i + 2"1! • -^-'"i)-*^

^ ^ L.C'Jn ' ^ •̂

m=0 K^i fcCZ71 IL00

oo

+C ^ 2-(m-^n+l) sup \a^\ ^(l+2J|•-A;2-"l|)-M

m=j+l fcez" fc6Z"

j

^ C2-3-1 sup |afc| + C V" 2-y-"l) sup \a^k\
l,^7n ——^ t.r- -VizA-ez"

00

kei"m=0

+C V 2-^-^ sup |a |̂ .
-———- 1./--7TIfcez7'

m=j+l

Let
sup |a |̂ = &m , ^ > -1 ;
fcez71

m

^ ^ bj = dm ^ m > —1 ; d_2 = 0 .

j=-i

Then, for every j^ > —1, N > —1

J 00

HA^HL-< C ̂  2-^-^6^+07 ^ 2-^-^;

yn=—l m=j'+l

N AT ,m-l N Y

E II^^HL- ^ ̂  E (E 2-(m-^ + ̂  2-y-m))6^
j=—l m==—l ^j^—l J=7n /m==-l ^=-1

oo , N v

+c E (E2-(m-))6,
m=N+l S'==-l /

N oo

< C ^ 6 ^ + C ^ 2-(m-N)(^-^_l)

m=-l m=AT+l

oo

^Cd^+CT^ ^ (2-m-2-(7n+l))^

m=N+l

oo

< CdN +C Y^ 2-^-^dm .
m=A^+l

4e SfiRIE - TOME 32 - 1999 - N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 775

Suppose for any m > —1, dm
 < CT(m). Then the right side of the last inequality is

/>00

< CT(AQ + C \ 2-^-AO^(0 d$ < CT(AQ
J N

because of the conditions (ii) and (iii) describing F. This concludes the proof of the
proposition.

We now construct the predual space to By. Let Hy be defined as follows:

r °°
Hr = \f C ^(R") 3 H-},°l_i , d, > 0 , ^ d, < oo

1 j=-i

such that ||A^/HLI < ̂  ^•r0-)-1 , m > -ll .
^-m J

We set

11/H - = inf Y dj.
© {d,}

 z-^ '

PROPOSITION 1.6. - The dual space to Hy is isomorphic to By:

H^wBr .

Proof. - We omit the proof which is fairly standard (cf. [P]).

PROPOSITION 1.7. - Let f € HY. There is the following representation:
00

(1.7) f(x) = ̂  a^{x - k) + ̂  ̂  a^k^^kW •

fcez71 m^fcez^

The series in (1.7) is convergent in ^(R"^. Moreover there is a constant C > 0 which is

independent of f such that
00

(1.8) C-W ^ inf ^ E^WI®'

K}r=-i^>°' £ ^<00 J=-l

j=-i
£ |a^,fc|<^ ^•r(j)-1, m>-l

fcGZ^ j=m

We omit the proof which is similar to the proof of Proposition 1.4.

REMARK 1.8. - In particular predual Hr of the Banach space By is separable, and
S

 c—^ Hp is a dense embedding.

REMARK 1.9. - Since the function spaces By and Hy do not depend upon the choice
of $,y? satisfying standard conditions (see e.g., [P], [FJ]) Propositions 1.4, 1.7 provide a
complete description of these spaces in terms of wavelet decompositions with respect to
band-limited wavelets constructed by P. Lemarie and Y. Meyer [LM], [M2].

REMARK 1.10. - If T{N) = N + 2, N ^ -1 then obviously L°° ̂  By. In case F{N)

grows slower than (N + 2), that is r(7V) = o{N + 2) as N —> oo, the above embedding
is no longer valid. It means for such a r(7V) the space By is not comparable with the
space L°°. As we mentioned in the introduction V. Yudovich proved the global existence
and uniqueness theorem [Yl] in dimension 2 for the Euler equations with vorticity in L°°
(uniqueness for arbitrary n > 2).

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



776 M. VISHIK

2. A counterexample

PROPOSITION 2.1. - For any p G (l,oo) there exists a function f such that f € By,

f e Hpe(i^) LP(Rn) ̂  ̂  ^ ^(R") f^ ^y P^P'
Proof. - We use the following fundamental characterization of 17-spaces [LM], [M2]. To

simplify the notation we give the construction in dimension n = 1. Let ^, ̂  be obtained
from the MRA procedure [M2]. Let

00

f{x) = ̂  a^(x - k) + ̂  ̂  a^^x - k) .

kei m=o fcez

THEOREM 2.2 ([LM], [M2]). - Letp G (l,oo). TT^n / G LP if and only if the following

two conditions are satisfied:

(2.1) {ak}kei e (
p ;

/ °° \ 1/2

(2.2) g= EEl^^l2^^ G L P -
Ym=o fcez /

l^ no^ ̂ ? the function g in (2.2) ^ a discrete analogue of the Littlewood-Paley quadratic

function; XQm k denotes the characteristic function of a dyadic cube Qm,k-

To construct the example in Proposition 2.1 let a^ = 0 for k e Z so that (2.1) is satisfied.

Since r(a) —> oo as a —> oo there is a sequence {cyyi}^o satisfying the following
3 conditions:

(2.3) Cm -^ 0 as m -^ 0 ;

N

(2.4) ^ |c^| < CT(7V) , 7 V > 0 ;

m=0

(2.5) E Cml2 = 00 .

m=0

Indeed we proceed by induction.

We construct a strictly monotonic sequence of nonnegative integers {n^}, n\ = 0 and set

Cyn = [
 rl/2 ' m = ni

rn
 \ 0 , m / n^ for all i > 1.

Thus (2.3) and (2.5) are satisfied. We set C = r(0)~1 and assume n i , . . . , riq are already
constructed so that (2.4) is satisfied for all N <, riq. Choose n^+i > riq so that

9+1

Y^i-^<CT{n^.

i=l

4e SfiRIE - TOME 32 - 1999 - N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 777

Such a choice could be made since F(a) —^ oo. This takes care of (2.4). We fix a sequence
{cm}^o satisfying (2.3)-(2.5) and let

oo 2171-!

f= Ecm E ̂ ^(2"^ - ̂ )
m=0 fc=0

where £^ are taking on values 0 and 1.

We now assert that we can choose em,k in such a way that

^ ^ ^ J ° '

 a; ^ ^°.° = [°' ̂= < f ° '{x-^^ ^^f^-1, .reQo.o.

Indeed we start with

^ f l , i f |co | 2^!
^ 0 , otherwise.

Assume we constructed £m,^ m < £ so that

^ 2m-l

(2.7) ^ \Cm\2 ̂  ̂ kXQ^kW < X~2P~1 ^ x ^ QO,O .

m=0 fc==l

To do the induction step we simply set ^4-1,^ == 1 in case

i 2m-l

(2.8) ^ \cJ1 ̂  £m,kXQ^{x) + \CW^\\Q^ < x-2^

m=0 k=l

for re € Q^+i,,o 0 ^ ^ ^ 2^+l - 1 and e^i^ == 0 otherwise.

Then (2.7) is satisfied on the {i + l)-st step because of (2.8) and (2.6) follows from
(2.3) and (2.5). Obviously g(x) in (2.6) satisfies the conditions g € DpeCi.p) Lp?

 9 ^
 Lp

for any p >_ p.

We conclude from the Theorem 2.2 that / satisfies the same properties. Furthermore,
from Proposition 1.4 and (2.4) / e By. This concludes the proof.

REMARK 2.3. - The function / in Proposition 2.1 could be chosen to have compact

support. Indeed, using sufficiently regular wavelets with compact support [D], [M2] and
repeating the same construction word for word produces such a function.

3. Estimates for the Biot-Savart law

Let the vorticity uj € V° H By, 1 < po < n. We define the velocity as

u = JC * uj ,

/C being the kernel in the Biot-Savart law.

ANNALES SCIENTIFIQUES DE L'fiCOLE NORMALE SUP^RIEURE



778 M. VISHIK

THEOREM 3.1. - The function u is continuous and bounded on Rn
 with the following

modulus of continuity:

(3.1) \u{x) - u{y}\ < C(|M|LPO + |M|rr(- log^ \x - y\))\x - y\ , x ̂  y ;

(3.2) IHlL-o < C7(|H|Lpo + |H|r) , 1 < po < n .

Proof. - For any N > —1, x ^ y

N oo

(3.3) \u{x)-u(y)\< ̂  ||A,VH||Loo|rr-2/|+2 ^ ||A^||Loo

j=-l j=N+l

AT oo

<C^ \\^u\\^\x-y\^C ^ 2-^IA^IlLoo .

j=-l j=N+l

We estimate the second term in the right side of (3.3) as follows. Let

m

dm = ̂  ||A,a;||L- .

J=-l

Then,

00 00

(3.4) ^ 2-^||A^||L-< ^ 2-^(^-^_i)

J=N+1 j=N+l

oo

=-2-^+l)^+ ^ d,(2^-2-^+1))

j=^+i
00

^ -2-^+1)^ + |H|r ^ ro-)2-^
J'=JV+1

^C^TWMr

because of the conditions (ii) and (iii). We estimate now the first term in the right side
of (3.3)

N N

(3.5) ^ ||AjVu||L°° <, ||A_iVn||L<» + C^ ||A^HL~
j=-l ' j=0

^C7||A_iVH||LPo+CT(7V)||a;||r

^ G||A_ia;||Lpo + Gr(AO|H|r

^G||t<;||Lpo +C'r(^V)||(x;||r .

Here we used Bernstein's inequality and boundedness of the Calderon-Zygmund operator
u; i-f Vn in V0

. The inequalities (3.3)-(3.5) yield

\u(x) - u{y)\ ̂  C{M^ + |M|rr(AO)|;r - y\ + €2-^^^ •

4° SfiRIE - TOME 32 - 1999 - N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 779

We choose N = [- loga \x - y\] (in case \x - y\ < 2, otherwise choose N = -1). This
proves (3.1). It remains to prove (3.2). We have

00uu

|M|L~ < ||A_IU||LOO + ̂  ||A;;M||LO^HA^HL-
J==0

CO

< ||A_m||Loo +0^2-^1^111.00 .
J=0

The second term is < (7||o;||r as follows from (3.4) for N = -1. To estimate the first
term we write for \ G V^), ̂  = 1 near the origin,

(3.6) ||A_m||L- < \\W * A-i^Loo + ||((1 - xW * A-i^llLoo

< HX/CIILI ||A_io;||Loo + ||(1 - ^)/C||L.O ||A_^||Lpo

< C||A-ia;||Lpo

since ^/C e L1 and (1 - \)1C e L90 (^ + -^ = 1). This concludes the proof.

PROPOSITION 3.2. - Let uj G L^0 H V1
 where 1 < po < n, n < pi < oo. Then for all

x,y G R71, |rr - ?/| < 1 w^ tov^

(3.7) |H(rr) - 'u(?/)| < (7|a; - ̂ "'̂ IHILPI ,

where C > 0 depends on n and p^,

(3.8) IHlLoe < ClÎ HgP^ ||̂ ||§?~^ .

Proof. - For any N >_ —1

N oo

K^)-^/)|< ̂  |A^(rr)-A,^)|+2 ^ ||A^||Loo

J=-l J'=N+1

^ oo

^ ̂  ||A,V^||Loo|^-2/|+C7 ^ 2-^||A,a;||Loc

J==-l j=N+l

N

< ||A_iV^||Loo \x - y\ + C ̂  HA^HLOO |.r - ,/[

j=o
'CO

+07^; 2-^^HA^H^

J'=N+1

N

< C||A-ia;||Lpi \x - y\ + ̂  2nJ^l ||a;|[Lpi |rr - i/|

j=o

+C72-^l-^)||a;[|^

< G|H|LPi (lrr - 2/| + 2^/^ |̂  - y\ + 2-^(l-^)) .

We choose N = [-log2 \x - y\\. This proves (3.7).
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To estimate \\u\\^ we proceed as in (3.6)

INk- ^ ||(i -xWli^olHlLpo + Hx^lli^ilHlLpi •

Replacing ^(-) by x(7-K) and choosing the appropriate R yields (3.8).

PROPOSITION 3.3. - Let 1 < po < n, a; € L^0. 77i6?n n = /C * uj € L^0/^-^ ^rf

(3.9) H^HL-PO/C—PO) <: CIHkpo .

Proof. - Follows immediately from the Hardy-Littlewood-Sobolev inequality.

4. Action of volume preserving homeomorphisms on Br

Let g : R71
 °^ R" be a volume preserving homeomorphism. Assume there are decreasing

functions a, p : R -^ (0, oo), lim^_oo cr(0 = 0, lim^oo p(0 = 0, satisfying the following

(4.1) \g~\x) - g-\y}\ < Cg-ia{- \og^ \x - y\) ;

(4.2) \g{x) - g{y)\ < Cgp{- log^ \x - y\) ;

(4.3) a(Q = 2-^ , p(Q = 2-^ for $ < 0 ;

(4.4) log2cr(0 , log2^(0 are convex.

It follows from (4.3), (4.4) that

<T(0>2-^ , p(0>2-^ $ G R .

We need the following technical statement which is the main ingredient of the proof of
the a priori estimate.

PROPOSITION 4.1. - Assume g ^ p ^ o - satisfy the above properties and for m > —1

(4.5) fm{x) = ̂  a^k^x - k) ,

fc6Z71

where

(4.6) sup \a^k\ < 1 ,
fcez71

Li(rr)=^a^(rc-fc)1 .
L fcez- -1

T/z^n there is a constant 7 = 7(71) 5'MC/i that for j < m

(4.7) ||A,(^ o^-1)!!^ < Cc^c^^p^m) .
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Proof. - We have

(4.8) A,(^ o p-1)^) = ̂  a^2 '̂ /* ̂ (2^)^(2^-1^ - y) - k) dy .

k
 J

Since the statement is evident for j = m = -1,

f|^a^Cr-A;)| ^<Csnp\ak\\
L
 k I

s
]

we will assume that m > 0.

Let

(4.9) h^(x) = 2 '̂ / ̂ y)^"^-1^ - y) - k) dy

= />V'(2mff-l(.E - 2-^) - A:My)dy ,

where we made a change of variables y —> 2-•^y. Then since f ^»(y) dy = 0,

(4.10) ^,fc(2-J.r+5(2-mA;))

= V ̂ "^-^-^ - y) + ff(2-roA;)) - fc)^(y) dy

=( / + / )^(.K-y) / Vy(.r+r(y-a;)).(y-a;)dTdy
\ ^ J / Jo
\x-y\<^ \x-y\^

= I + J ,

where

g^) = ̂ (2mff-l(2-^ + g(2-mk)) - k) .

We estimate / first.

Since y? e 5'(R") we have for any real M

(4.11) |̂ | < /" \q{x - y)\\x - y\ ( \^7 y{x + r(y - x))\ dr dy

\x-y\<^

<C f \q{z)\\z\dz(\+\x\)-M .

M^

We substitute

(4.12) z = 2J(ff(2-m(w + fc)) - (7(2-"^)) ;

g{2-m(w + k)) = 2-^ + ff(2-TOA;) ;

(4.13) w = 2mg-l(2-jz + (^-"A;)) - k .
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Since g is a volume preserving homeomorphism, for any real M\,My, and since p is a
decreasing function,

(4.14) / \q{z)\ \z\ dz = 2(j-m)rl+j I \^{w)\ ̂ {l-"1^ + k)} - g{2-mk)\dw
J J\z\<^r

M^

^ 20-m)n+i^ ( [ + [ Y^(w)|p(m-log2H)dw
\ J J /
\'w\<2rn |w|>2171

<2u~rn)n^jCg ( ^(w^-^wldw

|w|^2m

00

+ 2(j-m)n+jCcg Y^ p{m+£)2-ne{l+2-e)-Ml

t=-m

< ri^ ^(j-m)(n+l)-mMs i ̂  ^0'-"i)Ti+jY /-Q\^-(Mi-n)TO

+ ̂ (^-(^-"X"1-1) + ... + p(m)2°

+ /)(m + 1)2-" + ̂ (m + 2)2-2"

+ • • • + p(.m + ̂ 2-^ + • • •)

< Cc 2(.'-m)("+l)-7"M2 + (7c 2^•?-TO^"+•?YpfO)2-^Ml-"^m

+ ̂ (^-(^-"X"1-1) + . • • + p(TO)2°) .

LEMMA 4.2. - Ler /o be any function that satisfies (4,3), (4.4). Let Ms > M^ > 0. Then

^M^-M^m _j_ ^M^-Ms(m-l) + . . . + p^m)'^^0 < C^(m)^ .

Proo/. - Since logap is convex,

^(0)^2-'"^ + ̂ ,(i)M42-("»-i)M3 4.... + p^rn)"1^0

^ p^^-^3 + ̂ (O^^TO)^^-^-1^3 + • • • + pim}^^

< PW4 [ (p^} %M42-M3m + (4^) ̂ M42-M3(m-l) + - + (4^),)020}- X^P^V \p(m}} \p{m)} }

<p{m)M4(l-2-M3p{m)-M4/rnYl .

But p(m} > 2-m; therefore, ^(m)17771 > j. This implies the statement.

REMARK 4.3. - In particular,

^M^-M^m ̂  ^M^-M^m-1) + . . . + ̂ m^^
0
 < Ca^m)^ .

To continue the proof of the proposition we note that the right side of (4.14) is

< Cc^3-^^-^2 + Cc^-^^p^m} < Ccg2u-rn)n+jp{m)

in case M^ > 0.
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Choosing Mg = 0, Mi = n + 2 we obtain from (4.11), (4.14)

|J| ^ Ccg2
(3

~
m)n+j

p(m)(l + \x\)~
M

 .

We now turn to J in the right side of (4.10)

(4.15) |J|^ t \q(x-y)\ f dT\^y(x+r(y-x))\\y-x\dy

l.'-yl̂

^C ! ^(x-y^^-y^l+^-y^dy

\x-y\^

since
y1

/ \^y(x+T(y-x))\dr^C(l+\x-y\)-1 .
Jo

The right side of (4.15) after the substitution (4.12), (4.13) becomes

(4.16) <.C J \q(z)\\z\(l+\z\)M-ldz(l+\x\rM

M^

^C f \q(z)\(\z\+\z\M)dz{l+\x\rM

M^

^ ^(,-m)n f |^(^y)|{2^|5(2-"^(w + k)) - g(2-mk)\

+ 2Mj\g{2-m(w + k)) - g(2-mk)\M} dw(l + \x\)-M

( I* P \

<C2^-m^ + )lV'(w)l((c,,2^(m-log2H)
J J /

|w|>2r7^ |w|<2m

+ c^2Mjp{m - logs H)̂  dw (1 + \x\)-M

^^(j-m)n [ ^w)\(2j~mCg\w\+2M(:>~m)cy\w\M}dw{l+\x\)~M

\w\>2•m

(
00

+C2(j~m)n ^ f,2~ne(l+2~^)~M52:'Cgp{m+l)

f,=—rn

+ 2-^(1 + 2~t)~M-2Mjcyp(m + ̂ M}) (1 + \x\}~M

< CcM2^3~m^n+r)~M6m('\. + la'n"'̂

+ (Ccg2(j~m)"•+3p{m) + Cc^2u~m)n+Mjp(m)M\l + |a•|)-M

^ C2(j-m^n(cg2jp(m) + c^2Mjp(m)M\l + \x\)-M
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for appropriate choice of Ms, Me. Combining the estimates for I and J and using (4.10)
we obtain {m > j)

(4.17) ||A,(^ o g-1)^ < sup ̂  K,fc| |/^n,,(rr)|

•c fc

< ̂ ^ sup |a^fc| sup y\l + 2
j
\x - g(2~

rn
k)\)~

M

k x ^

</^ sup ̂ (1+2^-^(2-^)1)^ ,
x
 k

where

(4.18) ^ = C^-^ (cgVp{m] + cf2MJp(m)M) .

Next we have to take care of the sum in the right side of (4.17). Let x G Rn be fixed. Let

(4.19) N(x, X) = # {k e Z" | \x - g{2-
rn

k
>
)\ < \} .

Then,
/ \ —M r ° °

(4.20) ^h-^2j\x-g(2-rnk)\) = (l-^2j\)-M'dN(x^X)

k
 J-00

/»oo

= MV / (1 + 2j\)-M-lN{x, A) dA .
Jo

We need the estimate for N(x, A).

(4.21) N(x, A) ^ # {/e £ Z" | \g-\x) - 2-"l/^| < c,-.a{- logz A)}

= # {fc € 2" | ^'"(T1^) - A;| < 2"l^-l<7(- loga A)}

^(7(l+2mn^-xa(-log2A)n).

Combining (4.19)-(4.21) we obtain

(4.22) ^(l+V\x-g(2-mk)\rM

k
/*oo

< CV \ (l+2JA)-M- l(l+27nncnla(-log2A)n)dA
Jo

/*00

< C + C^-l2mn / (1 + A)-^^ - log2 A)" dA .
Jo

To estimate the integral we split

a 23 poo\

(4.23) + / (1 + Ar^aO - log2 A)- dA
J2J /

/»00 CO

^ 2-^" / (1 + A)-^^-^" dA + C Y a{j + ̂ "2-^(1 + 2-^)-M-1

•/2J t^j

^ Cl-^ + Cff^Y ^ Ca[jY ,
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provided M is sufficiently large (M > n). From (4.17)-(4.23) and since a(j) > 2~
3

(4.24) ||A,(^o^-l)||Loo<C2^-m)n(c,2^(m)+c,M2M^(m)M)(l+2mn^-^Or)

^C^-^^aO)^^^^^) + c^^p^) .

We now choose M = (n + 1). The right side of (4.24) is

^ (^-ic^^+^^m) .

We set 7 = 2n + 1. This concludes the proof.

5. A priori estimate

Let r be a function R —» [l,oo) satisfying the conditions (i)-(iii) above. Let
ri(a) = (a + 2)F(a) for a (E [-1, oo), r\(a) = 1 for a C (-00, -1). We assume

(iv) FI satisfies the condition (iii);

(v) Fi is convex;

(vi) f^F^a^da = oo.

The conditions (i), (ii) are automatically satisfied for Fi. It is clear also that (ii)-(iv)
follow from one condition

limess^oonQOna)-1 = 0 .

Indeed, assuming this last condition, (ii) follows immediately while (iii) and (iv) are
verified using integration by parts in the right side of (iii) (also F being replaced by Fi).
For example, r(a) = log^(a + 3), a > —1, where /^ € (0,1] satisfies all the conditions
(i)-(vi). So does r(a) = log2(a + 3)log2log2(a + 5), etc.

We fix / € By n V0 D L^1 where l < p o < 2 < p i < o o and consider the Euler equation
for the vorticity of an incompressible fluid:

2

(5.1) uj{x,t}=-(v^=-^ViQ^; (^^GR'x^Ti ] ,

i=l

(5.2) v = /C * uj ,

(5.3) o;(., 0) = /(•) € Br n V0 n L^ ,

where /C is the kernel in Biot-Savart law. We fix T\ > 0 and assume we are given a flow

(5.4) <) e fC * C([0,Ti];Br, n 17° H I71) .

According to Theorem 3.1 the classical trajectories are well defined. Indeed, the conditions
of the Osgood uniqueness theorem are satisfied as follows from (vi). We refer to [CL] and

ANNALES SCIENTIFIQUES DE L'fiCOLE NORMALE SUPfiRIEURE



786 M. VISHIK

[Cl] for an appropriate version of the Osgood uniqueness theorem. Since divy = 0, the
corresponding flow is volume preserving.

We denote the flow by g^(t) = g(t}, i.e.

(5.5) 9v(x,t) = v{g^{x,t},t) ; gy(x,0) = x , x G R2 .

For any t G [0,Ti], g^'.t} is a volume preserving homeomorphism R2
 °^ R

2
.

Let A(t), t C [0,T], 0 < T < TI be a continuous positive nondecreasing function
defined as follows:

(5.6) A = CX2 ,

(5-7) A(0)=max(|KO)||^,l)

The constant (7 > 0 will be chosen later.

THEOREM 5.1. - Let f G Br H 17° H L^1. L^r ?;(•) ^ a r^M/ar solution to (5.1)-(5.3)
satisfying (5.4). L^^

(5.8) (a + 2)F'(a) < C/or a.e. a G [-1, oo) ;

(5.9) H/lknL.onL.i ^C .

Then there is a T > 0, T < Ti ^MC/Z that

W Mt)\^ <A( t ) , ^[o,r].

Both T > 0 an6? ̂  constant C in (5.6) r/ia^ defines X depend only on the constant in (5.9)
and on F. /n addition, uj(t) is equimeasurable "with f.

REMARK 5.2. - Obviously (5.8) implies (vi).

Proof. - We define first A(-) on the whole interval [0,Ti] as follows:

\{t} = max( sup |Kr)||Brpl) , t G [0,Ti] .
0<r<t 1

Let Co be a sufficiently large constant such that (see (3.7))

\w{x) - w{y)\ < CQ\X - y\ , \x - y\ ̂  ^

for any w = /C * /i where /i G L^ H L^1 is equimeasurable with /. In particular

(5.10) \v{x, t) - v(y, t)\ ^ CQ\X - y\ , \x - y\ >
 1

 t € [0, Ti] .
Zt

Also from (3.1) for Co sufficiently large

(5.11) \v{x,t) - v(y^t)\ < CoA(t)ri(- log^ \x - y\)\x - y\ , |a; - ,/| < 1

z^
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We define

{ A(^)~1 , —oo < m < mi
ri(m^)= i+(^4-i)l^(-l+) , mi < m < - 1

ri(m) , -1 < m < oo

with mi = -1 - (1 - A(^)-l)^/l(-l+)-l.

Since ^/l(-l+) > 1, we have -2 < mi < 1. It is clear that f\ is conv^ on R.

It follows from (5.10), (5.11) that

(5.12) K^) - v{y^t)\ < CoA(^)ri(-log2 \x - y\,t)\x - y\ , x / y .

We estimate stretching in the flow given by the vector-field v{x,t), t G [0,Ti].

We denote by fJi(t) = ̂ (m, t) solution to the Cauchy problem

(5.13) /^(m, t) = -C7o(log2 e)\(t)t^{m, t),t) , /z(m, 0) = m G R .

The solution exists and is unique for all t G [0, Ti] as follows easily from our construction
of fi.

PROPOSITION 5.2. - Let x, y € R
n
, x / y. Then

k(^-^(tN<2-^m5t), ^[0,Ti]

where m = — log^ \x — y\.

Proof, - Let ^(t) = |^(t)o: - g^(t}y\. Then (5.12) yields

^(t) < \v{g^t)x^-v(g^t)y^t)\

<CoA%ri(-log2^),^(t)

Therefore,

^(-log2^)) ^ -CoA(^)(log2e)ri(-log2^)^) .

Since the right side is nonincreasing on R as a function of (—log^^t)) it follows from
the Gronwall type of argument that

-log2^)^(m^) , ^€ [0 ,T i ] .

This proves the proposition.

PROPOSITION 5.3. - For any fixed t G [0,Ti] the function

m i—> /^(m,t)

is concave.

Proof. - To simplify the notation we change time and reduce the equation (5.13) to

^(m,^) = —ri(/^(m,^),t) , /^(m,0) = m .
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Let mi,m2 G R, mi 7^ m^. For any 0 G (0,1)

(6^(mi^) + (1 - 0)/,(m2^))- = -0ri(/,(mi^)^)

-(l-0)ri(/,(m2^)^) < -ri(^(mi,t) + (1 - e)^m^t),t) .

Hence,

-{e^m^t) + (1 - e)^m^t))' > f^e^m^t) + (1 - 0)^m^t),t) .

Since the right side is a nonincreasing function of -(0/^(mi^)+(l-0)^(m2, t)) employing
the same GronwalFs argument as before yields

-(6^(mi^) + (1 - e)ii{m^t)) > -/^((9mi + (1 - 6)m^t} .

This completes the proof.

We now set

p(m,t) = 2-/A(m't) .

It follows from Proposition 5.3 that \og^p{m,t) is convex. For m < -2 p,(m,t) =
m - Co(log^e)t thus p{m,t) = e60^"771.

We now set

p(m,t)=^e~
cot

p{m-2,t) ;

^^=46^.

Then all the conditions for p at the beginning of §4 are satisfied for g = Qv(t],

p(m} = p(m,t). In particular, (4.2) follows from Proposition 5.2.

There are similar statements concerning a. We just replace v(t) by —v(Ti — t), ri(m, t)
by ri(m,Ti - t), etc. Let r]{m,t) solve the Cauchy problem

rj{m,t) = -Co(log2 e)A(Ti - t)t^r]{m,t\T^ - t) , ^(m,0) = m .

PROPOSITION 5.2'. - Let x,y G R
71

, x ^ y. Then

\g^T^Wx-g,^-^t)y\<2-^rn^ , te [0,Ti]

w/i^r^ m = —log2 |a; — y\.

PROPOSITION 5.3'. - For any fixed t G [0,Ti] the function

m i—> rj(m^t)

is concave.

We set

a(m,Ti) = le-007^-^-25711) .

Then (4.1), (4.3) and (4.4) are satisfied for g = ̂ (Ti), a(m) = a{m, Ti), Cg-i = 4ecoTl.
Replacing Ti by arbitrary t € [0,Ti] we recover the desirable estimates for the
homeomorphism (gv(t))~

1
.
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To continue the proof of Theorem 5.1 we have to estimate ̂ fogv^t^^Br for^ e [0,Ti].

PROPOSITION 5.4. - Let f, gv(t) t G [0,7i] be as above. Then

yog.W-^r^cy^0!^^^ , t e [o,Ti].

Proof. - Let N > —1. We use the "wavelet" decomposition (1.2) and Proposition 4.1.
We have for arbitrary m > N (see (4.5)):

(5.14) ^IIA.ao^)-1)!!^
j=-i

TV oo

< E Eii^0^)"1)^00

j=-i^=-i
N / m oo \

= E(E+ E )l|A,(/<og„(*)-l)||L~
j=-l ^=-1 ^=m+l/

?7l A^" 00

< C(7V+2) ̂  ||/,||Loo + ̂  C2^ ^ p^t) sup |a^|

^=-1 j'=-l ^=m+l A;€ZTl

oo

<C7(7V+2)^(m)||/||^+C727N V p(^t) sup |a^| .

Ai fcezrl

We used in (5.14) that the constants c^(^±i are uniformly bounded with respect to
t e [o,Ti].

The last sum in (5.14) requires some attention. We proceed as follows. Let

^

d(, = V^ sup \a^k\ •
^kei-

Then,

00

(5.15) V p(^,t)sup|a<,fc |
<=n^i fcez"

00

= ^ ^,t)(d<-d,_i)

^=m+l

oo

=-^p(m+U)+ ^ (_^+l^)+^t))^
^=m+l

oo

<-^(m+l,t)+||/| |r E (-p(^+l^)+^^))r(^)
^=m+l

oo ^+1

<-^p(m+l^)+||/||r ^ / -9^t)d^rW

^=m+l t/^

/.oo

< -d^p(m + 1^) + G||/||r / -9eP(^ ̂ )r(0 d$
Jm+l
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since F satisfies (ii). Since (5.8) is satisfied we can estimate the integral in the right side
of (5.15) as follows:

yoo

/ -^,t)r(0dc
Jrn-^-1

<:c F a^-2,t)2-^-2't^)^
Jm+1

=C r (^(^)2-^r(e+2)de
Jm-1

/»oo

<C ^^^)2-^•t)^(0d^
Jm-1

poo

=C 2-^(^t))d^.
J ̂ (m-l,t)

We have from (5.13)

(5.16) r(0 - r(/.) = Co(log2 e) / A(T)^ /(^(T))^l(^(T), r) dr .
Jo

This combined with (5.8) yields

no^iw^^^.
Hence,

00

(5.17) ^ p(^)sup a^|
fcez71

^=m+l

< C7||/||^2C^A(T)dT^(m)2-^m-l^

<C7||/ | |^2C^A^dT^(m)p(m+l^) .

The choice of m in (5.14) so far was arbitrary. We now choose m so that (assuming N > 1)

(5.18) ^(m-l,t)>^N> ^(m-2,t) .

As follows from (5.17) the second term in the right side of (5.14) is

(5.19) < qi/l^^^^nm) .

We have to estimate r(m) as above

r^^r^m.t)^0^^^ .

Furthermore, in general, for all m

9ml^(m,t) < 1 .
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Therefore, using (5.8)

(5.20) F(m) ^ C^^N)2
C
 ^

 A(r) dT

< C7^(7V)2C^A(T)dT .

It follows from (5.14), (5.19), (5.20) that for N > 1

N

(5.21) ^ IIA.^o^-1^))!!^ < CT^AOH/I^X ̂ ^ .

j—i

This concludes the proof of the Proposition.

We can now finish the proof of the Theorem. Let A(.) satisfy the following ordinary
differential equation:

(5.22) \=C\\ A (0 )=A(0 ) , te [0,T] ,

where the constant C is sufficiently large. The time T > 0 is chosen to be less than
the blow-up time for (5.22). Then (5.9') is satisfied because (5.21) implies \(t) < A(t),
t G [0,T]. In addition to this / o gv(t)~

1 is equimeasurable with /.

This concludes the proof.

We now give an a priori estimate on an infinite interval.

THEOREM 5.5. - Let f € By n 17° H L231
 where F satisfies (iHv). Let v(t) be a regular

solution to (5.1)-(5.3) such that

0 e /c*Cioc([o,oo);Br, nl7° nl71).

Assume

(5.23) ncOri^) < C a.e. a > -1 ;

(5.24) 11/llBpnLPonLPi < C .

Then there exists a positive continuous nondecreasing function A(-) on [0, oo) such that

(5-25) 11^)11^ <A( t ) , ^e[0,oc)

This function depends only on the constant in (5.24) and on F.

Proof. - We have from (5.16), (5.23)

(5.26) r(0^r(/.)+C' I A( r )dT .
Jo

Therefore,

f00 f />t 1
(5.27) / -9^^)r(Od^<Cp(m+l^)^r(/.(m^))+ / \{r)dr\ .

^m+l t Jo J
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This yields

00 f />t 1
^ p(^^)sup|a^|^C7||/||rp(m+l,t)^r(^(m^))+/ A^drL
î fcez- I 7o J

We choose m so that (5.18) is satisfied. Then the second term in the right side of (5.14) is

(5.28) ^C||/||r{wm^))+ [t\{r)dr}
I Jo J

^C||/||r{r(AO+ /'AMdrl.
I Jo J

Using (5.26), (5.28), (5.14) we get for TV > 1

N / /lt \
^ IIA^/o^)-1)!!^ <C7||/||r7V r(7V)+ / A(r)dr
j=-i V Jo /

<c{l+ />tA(T)dT)l|/||^^l(7V).
\ Jo /

We fix an arbitrary T > 0 and choose A to satisfy the initial value problem

A =C\ , A ( 0 ) = C , t e [0,T] ,

where C is a sufficiently large constant. Then

ll/o^Wllap, < A ( t ) < A % , tG[0,T] .

This concludes the proof.

EXAMPLE 5.6. - The function

r(a) = log^(a + 3) , a> -1

satisfies (5.23) for 0 < K < j.

6. Commutator estimates

Let u be a vector field, diyu = 0, IA G L°°, VZA G Bn. Let the function 11 : H —^ [1, oo)
satisfies the conditions (i)-(iii) above. Let (e.g.) w G L°°. We define as in [BC] for j > 1

Rj(u,w) = A^-(zA,V)w - {Sj-^u, V)A^-w .

We use the normalization $(^) + SJlo ̂ (2-JO = 1 wltl:l ^e same conditions on the

support as in §1. Then -$(^/2) + $(0 = ^(0.
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^ b - f\ > 2 we have A^-A^ = 0. We also use the standard notation (when a and
b are functions or distributions)

Tab = ̂  Sj.^aAjb ;

j=-i

R{a,b) = V^ A^-aA^b .

b'-^i

Then Bony's [B] formula (see also [Ml]) reads

a • & == Tab + T^a + ̂ (a, b) .

THEOREM 6.1. - TT^r^ is an absolute constant MQ so that the following inequality holds

true:

(6.1) \\R,{u^ w)||L°o ̂  C ^ {||5,/_2Vw||Loo ||A,^||Loo + ||5,/_2V^||L- ||A,/W||L- }
Ij'-j-I^Mo

+072^ Y^ 2-J/||A,/V^||L"o||A,//w||Loo .
J'>J-MQ
\3'-3"\^

When j ' = —1 the factor ||A^/VIA||L°° ^ ̂  /^^ >yMm ought to be replaced by ||A_IZA||L°°.

Here and below the notation ^/ is to indicate this convention: ||A_i'u||L°° instead of
||A_iVn|| (also for u-^^w in the next section).

REMARK 6.2. - The first term in the first sum could be estimated as follows:

||^/-2Vw||L<-||A^||L"o < C||5,/_2w||L°o||A,/V^||L°" , / > -1 .

Notice that both the left side and the right side vanish for j ' < 0.

Proof. - The proof will follow very closely the arguments of H. Bahouri and J.-Y. Chemin
[BC]. We have

(6.2)

where

R^w)=^R^w) ,
^=1

(6.3)

R](u,w)=^AjTa^Uk
k=l

n

R](^w)=-Y^[T^^}w

fc==i
n

R^w) = Y^T^.s^Qk^w

fe=i
n

R^w) = ̂ {A,R(u^Okw) - R(S^Uk^^w)} .
k=l
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Indeed,
n

A^(n, V)w = Aj V^ UkQkW
k=l

n

= ^j E {Ta^wUk + Tu^OkW + R(uk,9kw)}
k=l

2 n

= ^^(^w) + ̂  {T^A.w + A,R(uk,9kw)}
-^=1 fc=i

3 n

= ̂ R^w) + ̂  {rs,_,^afeA,w + ^R(uk,0kw)}
^=1 fc=l

4 n

= ̂ ^(^w) + ̂ {^_,.,9fcA,w + T^^S^Uk
^=1 fc=i

+ R(Sj-2Uk^j9kw) - Ta^^Sj^Uk}

4 n

= £ ̂  + (^-2^. V)A,w - ̂  ra,A,w5,_2^ .
^=1 k=l

We claim the last term is vanishing.

Indeed,
n n

^^TQ^^^Sj-^Uk = ̂ ^j5^_2<9fcA^w • /^j'Sj^Uk .
fe=l fe=l j '

The second factor vanishes for j ' >_ j. The first factor vanishes for j ' < j. This proves
(6.2). We estimate the terms in the right side of (6.2) in L°°. We have

n

R](u,w) = ̂ Aj^S^^OkwA^Uk .
k=l j '

All the terms in this sum with \j — j'\ > MQ vanish. Hence,

n

(6.4) p^w)||Loo < ̂  E IÎ MMIA ÎlLoo .
^=1 IJ'-J'I^MO

We may assume j ' >_ 0 in the right side of (6.4) since otherwise 5^_2<9fcW = 0. Hence,

(6.5) ||A,/^||Loo < CT-^IIA./V^llLoo .

Also

(6.6) \\S^-29kW\\^ < CV\\S,^w\\^ .

The combination of (6.4)-(6.6) yields

(6.7) \\R}(u,w}\\^ ^ C ^ ||^/-2Vw||Loo||A,^||Loo
Ij'-J'I^Mo

< C7 ^ ||^-2W||L- ||A,/VH||L- , j > -1 .

Ij'-jl^Mo
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We now study R^u^w)

n

R](u,w) = -^^[^/-2^AA^A,]w
j ' k=l

n

= - ̂  ]^[5^-2^ A^](9feA^w
fc=i j/
n

= - ̂  ^ [5^-2^, A^](9fcA^W .

fc=l I^-J'I^MO

We use as in [BC] the following explicit representation of the operator in the right side

R]{u^w)(x)
n

= - E E 2jn ^v^ - y)){S^,Uk(x) - S^,u,{y))0^w(y) dy
k=l \J'-3\<Mo

 J

n

= - E E 2J(n+l) / W23^ - y)K^^Uk(x) - S^,u,{y))^w(y) dy
\j'-j\<Mo k=l

 J

since diySj'^u(y) = Sj'^dwu{y) = 0.

Applying the Taylor's formula we obtain

R]{u^w)(x)

=- E E2^^ t WV(x-y))
\j'-j\<Mo k=l J

n .1

V / Sj.^QmUk{x + r(?/ - a:)) • (xm - Vm} dr^w{y) dy
m^O

n n . i

=- ^ SS ^{z)^ S^^a^Uk{x-r2~jz)^w(x-2~jz)drdz .
\j'-j\<Mo k=lm=lJ Jo

Minkowski integral inequality yields:

n n

(6.8) ||^(^W)||L- < C^Y^ ^ ||^/-2^^||L-||A,/w||Loo

m=l k=l \3'-j\<Mo

<C ^ ||^/-2V^|Loo||A,/w||Loo .

l^-jl^Mo

Next we estimate the term R^(u,w). The argument similar to the one used for R
1 leads

to the estimate

(6.9) ||̂ w)|| < C ^ ||A^V^||Loo||A,w||Loc , j > -1 ,
Tn=j'—l
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except when m = -1 the factor ||A_iV'u||L^ ought to be replaced by ||A_i^||L-. We
now turn to R^(u^w):

(6.10) R^{u, w) = R^\u, w) + R^\u, w)

(6.11) R^\u, w) = ̂  ̂ OkR{uk - Sj^Uk, w)
k=l

n

(6.12) J^'2^ w) = Y^ ^R{Sj^Uk,9kw) - R{Sj,2Uk. A^w) .
k=l

We have:

n

^(^w) = ̂ 9fcA^- ^ A,/(nfc - Sf,_2^)A,•//w .

^=1 \3'-3"\<^

Therefore,

(6.13) ll^1^^)!!^^^ ^ ^ ||A,^||Loo||A^w||

j'>j-Mo \3'-3"\<^

^C2j E E 2-^||A,/VH||L-||A,//w||L-,
J'>J-MQ \ j ' - j " \< l

except when j7 = -1 the factor HA^/V^HL^ ought to be replaced by ||A_i'u||L-. We
now estimate the term R^'

2
{u^w):

R^^w) =J^ ^ {A,((A,/^_2^) • A,//9,w)

fc=l \3'-3"\<^

(6.14) - (A^5,_2^)(A,//A,<9fcw)}
n

-E E E [A^A,/^-2^]A^^w.
fc=l j-l>j'>j-Mo \ j ' - j " \ ^

Using the explicit integral representation as above and proceeding as with the term R'j

we arrive at

(6.15) \\Rf{u^w)\\^ <C ^ ||A,/^_2Vn||L-||A^w||Loo

\J'-J\<.MQ
\3'-3"\<^

<c Y^ ||A,/V^||L-||A^W||L-
b"-j|<Mo
\3'-3"\<^

Adding up the estimates (6.7), (6.8), (6.9), (6.13) and (6.15) and using (6.2), (6.3),
(6.10)-(6.12) yield the statement of the Theorem.
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7. Uniqueness theorem

Let II be a function R -^ [l,oo) that satisfies the conditions (i)-(iii) above. In this
section the dimension n > 2 is arbitrary.

THEOREM 7.1 (Uniqueness theorem). - Let the following conditions be satisfied:

(7.1) / n(a)-1 da = oo ;
J i

(7.1') I^o^"0' is nonincreasing for a > C , lim IIfo^"0' = 0 .
a-^oo

Let for t G [0, T], Hi(a;, t), u^{x, t) be two vector fields in R" and uj^^ = curl^i 2. Assume
the following:

(7.2) a^ € L-dO^];^) , \^^)\\n e L°°([0,r]) ;

(7.3) H^2 = /C*Cc;i^ ;

(7.4) divai,2 = 0 ;

(7-5) ^1,2 = -(^1,2, V)^i,2 - V^i,2 ;

(7.6) ^ i ,2 ( ' , 0 )= / ( . ) eBnnL^ 0 ,

where po e (l,n).

Then, u\ = u^ on [0,T].

Proof. - Let w = u-^ - u'z, u; = curiw, p == pi - ̂ 2. Then,

(7.7) w = -{u^, V)w - (w, V)'U2 - Vp , t C [0, T] ;

(7.8) divw = 0 ;

(7.9) ^ = o .

Note that w G LOO(Rn x [0,T]) as follows from (7.2), (7.3) and Theorem 3.1.

It follows from (7.7) that for any j > -1

(7.10) A,w = - (^-2^i,V)A,w - R,{u^w)

- (5^-_2W, V)A^2 - ̂ -(W, ̂ 2)

- A,V^ .
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We have according to Theorem 6.1

(7.11) \\R,(u^w)\\^ <C ^ {||5,/-2V^i||Loo||A,/w||L
\J'-J\^MQ

+||^_2Vw||Loo||A,^i||L-}

^C2
j
 ^ 2-J/||A^V^l||Loc||A,•//w||L^WI||L-||AJ//W||L-

j'>j-Mo

\3'-3"\<^

where ̂  indicates the same agreement as in Theorem 6.1.

Likewise,

K.(W^2)||I- < C ^ {||5,/-2VW||L-||A,/^||L-

Ij'-J'I^Mo

/y ̂  + ||^-2Vn2||L- ||A^/W||L°° }

^CV ^ 2-J/||A,/Vw||L-||A,/^2||L-!.

j'^j-Mo

\3'-3"\^

We have to estimate AjVp.

Taking div of both sides of (7.10) we get

(7.12') A^-Ap = -divjRj(^i,w) - divRj{w,u'z)

- tr(VA^w • V5f^•-2'Ul) - tr(VA^2 • V5^-_2w) .

Here A in the left side stands for Laplacian and we have used the solenoidality condition
for w and u^.

We consider two cases.

Case 7. j > 0. Then from (7.10), (7.8), (7.12') since

-VA^(rr) = ̂ (^l-^Ap)^)) ,

we can use a standard Littlewood-Paley argument in conjunction with the Bernstein's
inequality and arrive at

(7.13) ||A,V^|L- < C\\Rj{u^w)\\^-^-C\\Rj{w,u^\\^

+C2-J||^-2Vnl||Loo||A,•Vw||L-

+G2-J||^-2Vw|[Loo||A,Vn2||L-

<C\\R,{u^w)\\^^C\\R,(w,u^}\\^

+C7||5,_2Vni||Loo||A,w||L-

+C7||^_2Vw||L°c||A^2||L- •
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Case I I . j = -1. Then from (7.7) applying the Bernstein's inequality, choosing arbitrary

P2 ^ [~^
20

~^ °°) an^ using boundedness of H. Weyl projection onto gradients we get

(7.14) ||A_iV^||L- ^ q|A_iV^||L.2
n

<C - y^ <9fcA_i{HifcW + WkU^}
LP2

k=l

< G||A-i(^i (g) W)| |LP2 + C||A_i(w (g) ^2)||LP2

< C7 ^ (||A^^i||LP2 + ||A^2||LP2)||A^w||Lo

I^-J^I^MO

We now fix an N > —1 and estimate the sum

N N

(7.15) ^ H î, W)[|L~ + ̂  ||^(W,H2)||L»

TV N

+ ̂  ||A,Vp||L- + ̂  ||(^-2W, V)A^2||L- ^ Ql + Q2 + Q3 + Q4 .-^vjniL00 i 7 ^ \\\^j-z^^ vy^-*J l

j=-i j=-i

We will prove below that

Q,^ CH(N)\\W\\B^ , j = l , . . . , 4 .

Here the norm in Besov space B°^ ^ is defined as follows:

B ° = L
f 00 .

^ == ^ W G 5" ||w||^ ^ = ̂  ll^-wULoo < 00 ^

1 J=-l ;

The inequality (7.11) yields (see Remark 6.2)

N

^^E E {ll^/-2Vnl||L-||A,/w||L-+||^_2w||L-||A,/V^l||Loc}

3=-^-\J'-3\<Mo

(7.16) N

+c £ 2J S 2-J/||A,•/V^l||Loc||A^w||L°o .
J=-l j ' > j - M o

\3'-3"\<^

The first sum in (7.16) can be taken care of as follows. Using (7.2), (7.3) and Proposition 3.3
we obtain:

N

(7-17) E E {II^VmIMIA./wIlL- +||^/-2w||Loo||A,/Vni||Loo}
^-II^-J'I^MO

/ ^ N+MO

<C( SUp ||^/-2Vm||L°c) V ||A,/W||L-

V-Kj^TV+Mo / .̂̂ ^
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/N+MQ Y

+C7( ^ ||A,/V^i||L-) SUp ||^/_2W||L.

v^=-l / -KJ^N+MO

TV+MO

^||^i||BnnLPon(7V+Mo) ̂  ||A,/w||L"c

j'=-l

TV+Mo

< CII(AO ^ ||A,/W||L- .
J/=-l

We now turn to the second sum in the right side of (7.16)

N

(7.18) Y^V ^ 2-^||A,/Vm|M|A,//w||Loo

J=-l j'>j-Mo

\3'-3"\^

oo /mir^TV^+Mo+l) .

"̂ " A ^||L-( ^ 2 J - J I ^/ ||A,/Vni||Lo

v ^=-1 /
 \3'-3"\<^

I / oo K

^^^inwn-r ^ ||A,,V^||L- ^ ||A,//w|^ .
|^/_^/ |<1 S'7^-! /

We estimate the coefficient in front of ^°°/^i ||A^/w||L-. We consider two cases.
case j" <_ N

»timate the coemcient in front of ^ -,,^ | |A^//w||L^. We consider two cases. In
7" < N

(7.19) 2minWJ//)-^ ^ ||A,/Vui||Loc < CH{N)\\^\\B^LPO < CH(N) .

\3'-3"\<^

In case j " > N

(7.20) 2N-^ ^ ||A,/Vm||L-

^-3"^

<C2N-^Il(jff)UB ,̂PO

yoo

< G27V-J//^(J//) < C \ 2^-^(0 d$
JN

< CH(N) .

The combination of (7.18)-(7.20) yields

N ^ oo

(7.21) ^ 2 '̂ ^/ 2-^||A,/Vm|M|A^w||Loc < Cn(7V) ̂  ||A,w||L-

J=-l j'>j-Mo j=-l

\3'-3"\<^

It follows from (7.16), (7.17), (7.21) that

00

Oi ^ cn(7V) ̂  |A,w||L~ .(7.22)
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We now estimate Q^. From (7.12)

N

(7.23) Q2 < C Y^ ^ {||^/_2w||Loo||A,/V^2||L-
^-llj'-jl^Mo

+||5,/_2V^2|M|A,/W||L-}

N /

+C7 S 2J £ 2-J/||A,/Vw||L-||A,//^2||L- .

J'=-l j'>j-Mo

\3'-3"\<^

We take care of the first sum in the right side of (7.23) as follows:

N

(7.24) ^ ^ {||^/-2W|M|A,/V^||L- +||^-2V^||L-||A,/W||L-}

^-llj'-jl^Mo

, v A^+MO

<C( SUp ||^/_2w||Loo ) V HA./V^HL-

V-l^^Ar+Mo / ^^^

, x N+MO

+C( SUp ||^/_2V^2||L-) V ||A,W||L-

\-Kj/<7V+Mo / ^_^

TV+Mo

<Cn(7V) ^ ||A,w||Loo
j'=-l

using the same argument as in (7.17). To estimate the second sum in (7.23) we notice that

N ,
(7.25) ^ V ^ 2-J/||A,/Vw||Loc||A,/^2||L-

J=-l j'>j-Mo

\3'-3"\<^

N

^C'E23 E 1|A,/W||L-||A^2||L-

J'=-l j'>j-Mo

\3'-3"\<^

oo ,min(N,j+Mo) v __

<C ̂  ||A,/W||L-( ^ 2^) ^ ||A,^2||L-

j/=-i v j=-i ^ Ij"-^''!^!
00

< C ̂  ||A,/w||Loo2minW) ^ ||A,^2||L- .

J=-l l^'-^i^l

In case j
1
 < N,

(7.26) 2min^/) ^ ||A,/^2||L- < ̂ ^-^nOQU^IlBnnL.o

\3"-3'\<^-

< CT1(N)

ANNALES SCIENTinQUES DE L'fiCOLE NORMALE SUPERIEURE



802 M. VISHIK

In the opposite case j ' > N,

ynuW) ^ llA^^llL-^^^'n^H^llBnnL.

l^-J'l^l

LPO

(7 27) r ° °
v / ^ C2N-j'Tl(jf) ̂  C \ 2^n(0d^

JN

< CH(N) .
We conclude from (7.23)-(7.27) that

00

(7.28) Q2 < C7II(AO ̂  ||A,w||Loo .
j=-i

We turn now to Qs in the right side of (7.15). From (7.13), (7.14), (7.15), (7.22), (7.28)
[notice that the last two terms in the right side of (7.13) are already present in the estimates
(7.11), (7.12) for ||^(^i, w)||L°o, \\Rj{w,u^)\\^] we obtain:

00

(7.29) Qs < CH(N) ̂  ||A,w||Loo + C |A_iVp||Loo
j=-i

00

^ CIl(N) ̂  ||A,w||Loo .

Indeed, the factor in the right side on (7.14) is taken care of as follows:

||A^i||Lp2 + HA./^HL^ < C7||^i||Lp2 +G||^2||L^ .

We choose p^ = -n£o-. Then from (3.9)
n—pQ

||^1,2||LP2 < G||CI;I^HLPO < C .

N

(7.29Q Q^Y, ||^-2w||Loo||A,V^||L-

J=-l
N

< SUp ||5,-2W||L- V ||A,V^2||L-
-Kj<N ~~.- j - ^^_i

N-2

^ CH(N) ̂  ||A,w||Loo
J=-l

00

< CH{N) ̂  ||A,w||Loo .
J—l

It follows from (7.15), (7.22), (7.28), (7.29), (7.29') that
N N

(7.30) ^ ||^(m,w)||L- + ̂  ||^(w^2)||L-

J=-l J=-l
N N

+ ̂  ||A,V^||L- + ̂  ||(^_2W,V)A^2||L-
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Solving the equation (7.10) along characteristics and using (7.9) [Ajw|i=o = 0] we obtain,
for any t G [0,T] and any j > —1,

(7.31) ||A,W(^)||L- < C ( {p,(^(T),w(T))||Loo + ||^(W(T)^2(T))||L-

Jo v

+ ||A,Vp(T)||L- + ||(^_2w(T),V)A^(T)||L-}dT .

We have for arbitrary t <E [0,T], N > -1

oo N oo

(7.32) ^ l|A,w(t)||L- = ̂  ||A,w(^)||Loo + ^ IIA.W^HLOO

j=-i j==-i J=N+I
N oo

< ̂  ||A,w(t)||Loo+C7 ^ 2-^||A,Vw(t)||L- .

^'=-1 j=N-\-l

We estimate the second term in the right side of (7.32). Let

rn

(7.33) ^ = ̂  ||A,VW(^)||L- .
fc=-i

Then, from (7.2)

00 00

(7.34) ^ 2-^||A,Vw(^)||Loc = ^ 2-^(d,-d,_0
j=N+l j=N+l

oo

^N+ ^
J=N+1

= -2-^+1)^ + ^ (2-^ - 2-^'+1)) ̂

<C7 ^ 2-^nO)||a;%||BnnL.o

J=N+I

< C^-^N) .

Using (7.30)-(7.34) we get:

00 ^ 00

(7.35) ^ ||A,w(^)||L"o < Cn(7V) / ^ ||A,w(T)||L"odT+C72-N^(JV)
j=-i 70 j=-i

We denote by C(^) the following function on [0,T]

»t oo

(7.36) €(<)= / Y. ||A,w(T)||LoodT.
Jo i—i

Since

^ ||A,w(.)||^||^^^^ < C ll^(-)l)n||^^^^ + G|M|L»([o,r];L.o) < G ,
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^(t) is monotonically nondecreasing absolutely continuous function. Since C(0) = 0 there
exists a to G [0,T] such that

C(t) = 0 on [O^o] ; CM>Oon(to,r ] .

If to = T then the uniqueness follows. Therefore, we assume to < T. Let e be small
enough so that to + e < T and C(^) < 2-M1-1 on (to^o + ^). We will choose Mi later.
For any t G (^o^o + ^) we choose TV in (7.35) as follows:

7V=[- log2CWL

where the square bracket means the entire part of a real number. Then (7.35) implies:

(7.37) CW < CT(- log2 CW) • CW , C(0) - 0 .

Notice that from (7.1)
y.l/2 /.OO

/ C^IX- log2 Q-'dC = (log2 e)-1 / II(a)-1 da = oo .
Jo J i

Therefore, the Osgood uniqueness theorem applies to the initial value problem

(7.38) rj^ 8) = CH{- log^ r^ , rj(t^ 8) = 8 ,

where 6 > 0 is small. The solution 77 exists on (to^o + ^) and depends continuously on
the parameter 8. The simple GronwalFs argument now works for comparison of ^ and 77.
Then ^(t) < rf(t^8) for sufficiently small 8 and for all t G [to?to + ^)- For otherwise let

ti = mm^[wo+^ I CW = ^(^<^)}. From (7.37), (7.38)

(7.39) C(^i) < C7 / ' n(- log2 C(T))CM dr
Jto

<6+C t\{- log2 T?(T, ̂ ))r?(r, ̂ ) dr = r?(*i, 8) .
Jto

We have to use in (7.39) that the function C, ^—> II(— log^ C)C ls
 monotonically decreasing

to 0 as C —^ 0+. This is just a reformulation of (7.1').

We choose M.\ in such a way that n^o^"0' is nonincreasing for a > Afi. Now (7.39)
contradicts the definition of ti. Passing to the limit as 8 —^ 0+ we have to conclude that
^ = 0 on [to^to + e). But this contradicts the definition of to. The proof of uniqueness
is now completed.

COROLLARY 7.2. - Assume (7.3), (7.4), (7.5). Let, in addition to this,

^i,2eL°°([o,r];L^);
l l^ai lbmoeL-do^r]);

^(^O) =/(•) GbmoDL^ 0 ,

w/z^r^ po ^ (^n)- 7'̂ ^ '^i = ^2 ^^ [0^]-

Pwo/. - Let H(N) = {N + 2), N > -1. Then bmo ̂  Bn. But
/«00

/ (N-{-2)~
l
dN =00

J i

so (7.1) is satisfied. Condition (7.1') is satisfied as well. Therefore uniqueness follows
from the Theorem 7.1.

REMARK 7.3. - The same proof works for the space A° = B°^ ^ replacing the space bmo.

46 S^RIE - TOME 32 - 1999 - N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 805

8. Construction of the flow

In this section n = 2. Let F satisfy the conditions (i)-(v).

THEOREM 8.1. - Assume (5.8). Let

(8.1) / e Br n 17° n V1 , 1 < po < 2 < pi < ex) .

TTz^n ?/^r^ exists a T > 0 anJ a solution €(;(•) ?(9 ̂  Euler equations

(8.2) ^-(^v)^-V^ ^(0)=J,

(8.3) n = /C * a; , divu = 0 ,

satisfying the following condition

(8.4) ^(^^(^r];^^^1)?^^^^;^),

w/^r^ C^*([0,r]; 2?n) stands for the space ofweak^ continuous functions with values in

BY^ in the sense of duality H^ = By^.

THEOREM 8.2. - Assume (5.23), (8.1). Then there exists a solution

^(•)^L£ )c([0,oc);L^onL^)nC7^([0,oc);B^J

to the problem (8.2), (8.3).

REMARK 8.3. - The solution uj{-) in both theorems is unique provided (7.1') is satisfied.
Indeed, (5.8) implies (7.1) and uniqueness follows from the Theorem 7.1 with n = i\.
Likewise (5.23) implies (7.1) with the same II.

REMARK 8.4. - See the definition of ffpi in Section 1 (also the Proposition 1.6).

To construct the solution in Theorems 8.1, 8.2 we use approximation by regular solutions.
We need therefore the following result.

THEOREM 8.5 ([Cl]). - Let n = 2, p G (l,oo), / G H^oA7' D L^. Then there exists

a (unique) solution

^(^n^oL^ao^oo^nL^)

to the problem (8.2), (8.3).

Here A7', r G R denotes the Holder space. For convenience we recall the definition.

DEFINITION 8.6. - Let r G H.

A' = B^ = { f ^ S
f
\ I I / H A - = sup 2^||A,/||Loo < 00} .

L j'^-i J

In particular for r > 0, A7' C L°°.

PROPOSITION 8.7. - For r > 0, A7* C Br.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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Proof.

N N

E II^/HL- ^ E ^II^IA- < (1 - 2-7r llmlA- ^ CT(AQ , N > -1 .
j=-l j=-l

Proof of Theorem 8.1. - We construct for any m > 1 the solution

(8.5) c^(.) e n,>oL^([0, 00)^0 17°)

provided by Theorem 8.5 such that

(8.6) ^(0) = S^f G H^oA' .

It follows from Littlewood-Paley theory and (8.1) that

(8.7) |kn(0)||LPo <C , |K(O)||LPI < C .

We also have

N

(8.8) IK(0)||r= sup Y, ||A^(0)||Loor(AO-1 .
^>-S-_i

But Aj5^ = 0 for j > m + 2; A^5^ = Aj for j <, m — 2 and in any case

(8.9) HA^/HL- = H^A./HLOC < C7||AJ||Loo .

Using properties of F we conclude from (8.8) that

(8.10) |kn(0)||r<C||/||r.

In addition (8.5) together with Proposition 8.7 imply

(8.11) ^(.)GL^([0,oo);BrJ.

From Theorem 5.1 using (8.7), (8.10), (8.11) we find a T > 0 and a constant C > 0
independent of m such that

(8.12) l l^mllL^QO^LPonLPi) < C , l l^mllL^QO^Bri) ^ C -

Let m > i >_ 1 are two indices. We use the estimates of §7 where by abusing notation
we set II = Fi,

(8.13) Ura = K' * ̂ m ? ^ = /C * 0;̂  ,

(8.14) W = Um - Un = JC * (U0rn - ̂ ) .

The estimate (7.31) ought to be replaced by

(8.15) ||A^)||Loo < ||A,w(0)||L-+C7y t{||I^,(^(T),w(T))||L-

+ ||^(w(T),^(T°))||Loo + ||A,Vp(T)||Loo

+||(^_2w(T),V)A^(T)||Loc}dT
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since A^-w(O) does not have to vanish. Combining (7.30), (8.15), (7.32)-(7.34) yields:

N

v ii/
(8.16) ^ IÎ MIlL- < E II^WIlL0

J=-l J=-l

ft 00.t oo

+CTI(AO / V ||A,w(T)||LoodT+C2-^n(AO
170

 .=-1

for any N > —1.

We use the same function <^) as in (7.36). The estimate (8.16) implies
00

(8.17) C(^) < ̂  ||A,w(0)||L- + CTi(- log2 CM)CM

j=-i

for t € [0, T] by making the same choice of N as in §7.

We now observe that
00 00

(8.18) ^ = ̂  ||A,w(0)||L- = ̂  ||A,/C * (5^ - WIlLoo
j=-i j=-i

oo m

= ̂  ||A,^* ̂  AJ||L~

J'=-l 9=^+1

< f; ^ ||/C*A,AJ||Loo

q=W\j-q\<l

oo

< C7 ̂  11/CAJHLoo

9=^+1

oo

^C ̂  2-^||AJ||L~ .

<?=<+!

Let d^ = EJL-il|A,/||L°°. Then (8.18) implies

00

(8.19) ^ < C ^ 2-^^ - d,_i)
9=^+1q=W

oo

^+c ̂
9=^+1

r00

oo

--^-^^d.+C ̂  2^-ldq

uu /.oo

<c ̂  2-^r(q)^c 2-^r(0d^
g=^+l J^+l

< C72-^r(^) .

In (8.19) we used properties of F. Integrating both sides of (8.17) and using (8.18), (8.19)
we obtain

CW < C2-^{£) + C ( Fi(- log2 CM)C(T) dr .
Jo
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Using monotonicity of ri(-logC) • C fo1' small C > 0 as in §8 we apply a similar
GronwalFs argument to conclude

(8.20) C(^r^crt^)), ^ G [ O , T ] .

Going back to (8.17) and using again (8.18)-(8.19) and monotonicity of ri(-logC) • C
for small ^ > 0 we obtain

C(t) < C2-^) + C (
t I\ (- log2 77(7-, C72-^)))

Jo

.^(T,C2-^))dT, ^e[o , r ] .

Therefore, {^m(')}^:=i is a Cauchy sequence in the Banach space L°°([0,r];B^ i). We
remind that the norm in the Besov space B°^ ^ is defined as follows

f °° 1
,̂1 = W € ̂  | |H|̂  ^ = ̂  ||A,W||LOC < 00 .

1 ' J=-l J

Therefore, there exists a strong limit in L^QO^r];^ i)

(8.21) u^^u^L°°([^T^B^) as m ̂  oo .

We claim now that in fact uj = curin satisfies

(8.22) \W\\r^L°°^T}).

Let N > —1 be an arbitrary integer.

Consider the seminorm on L°°([0,r];B^i)

N

pN(y)=\\ ̂  11^011^
L°°([0,T])

Obviously p^ {um — u) —> 0 as m —^ oo. On the other hand, from Bernstein's inequality

N

(8.23)

Hence,

(8.24)

^ ||A,(^-o;)(.)||Lc <C727V^(^-^) .
L°°([0,T])

N N

^ ||A,^(.)||Loo - ̂  ||A^(.)||LO
L°°([0,T])

J=-l J=-l

N

^||^ ||A,^(.)||^-||A^(.)||L
IL^QO^])

J=-l

N

^||El|A,(^-.)(.)|k«||^^
J—~1

< C2N pN(um — u) —^ 0 as m -^ oo ,

4° SERIE - TOME 32 - 1999 - N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 809

where on the last step we used (8.23). From (8.12) we have

N

(8.25) ^ ||A^(t)||L- < CTi(TV) ,

j—i

where the constant C does not depend on m. Passing to the limit as m -^ oo in (8.24)
and using (8.25) yields

IISjI^^I-ll^ao.r,)^1'1^-

This implies (8.22).

In fact since {um} is a Cauchy sequence in C([0,T];B^ ^) this argument shows that
uj(t) G Br, for all t <E [0,T]. We note that (8.21) implies '

(8.26) Um -^ u strongly in L°°(R2 x [0,T]) H C7(H2 x [0,T]) .

We have in addition the following facts after possibly choosing a subsequence

(8.27) ^ -^ uj weak* in L^^r];!^0) and in L^^r];!^1) ;

(8.28) Um-^u weak* in L^QO^r];!^0) and in L^QO^r];]^1) .

Let p G 5, divp = 0 is a test function. Also let (9 G P([0,T)). Then, by construction

[T . [T

(^(0)^)0(0)+/ (^(T),p)0(r)dT+/ {um(r)^u^r)^)p)e(r)dr=0 .
Jo Jo

We have (z^n(O), p) ̂  {/C * /, p) as m -^ oo because of (8.1), (8.6). Also from (8.26)

/1T • />T •
/ (u^T)^)e(r)dr^ (H(T)^(r)dT;

Jo Jo

(T
 [T

\ {um{r\ {um{r\ V)p)0(r) dr -^ \ {u(r\ (^(r), V)^0(r) dr as m -^ oo .
Jo Jo

Therefore, the limit u satisfies the Euler equation and the initial condition

fu = —(u^ V)n — Vp ,

ldivn= 0 , u(Q) = /C* / .

The remaining part of the proof is contained in the following Lemma.

LEMMA 8.4. - The vorticity constructed above ci;(-) is weak^ continuous with values in

Br^ = H^.

Proof. - Since \\u — Um\\c(\Q T}-B° ) —)> 0 as m -^> oo we have
'•I- ' -I ' 00 , 1 /

(8.29) \\UJ — ^m\\c(\Q TVB~
1 ) ̂  ^ as m

 ̂
 00 •
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Let h e ^Fi. Consider the function t i-̂  (^(t),h) = ^p(t) on [0,T]. Let ^rn(t) =

(ujrnW.h). Then, for any to G [0,T]

(8.30) ^(t) - (^o) = (^ - ̂ n)W - (^ - ̂ )(^o) + (^nW - ̂ o)) •

For a fixed m ^m(t) — ^m^o) — ^ O a s ^ — ^ o since t ̂  a;yn(^) is (strongly) continuous
with values in Bp^. To obtain the statement of the lemma we estimate the first and the
second term in (8.30). We have

|(^ - ̂ n)W| < |((^ - ̂ m}(t), h - h)\ + |((0; - ̂ )(t), h}\ ,

where /i G Hy^.

We choose /i G B\ 1 ,^-1 so that

(8.31) | | / ,_fa |^<^

Obviously B^ ^^_i C B\^ C Hr,. Indeed, if

||A,/I|L. ^ C72-^' = C72-^ri(j)ri(j)-1 ,

this implies

00

||/|̂  < C ̂  2-^(j) < C

j—i

according to (ii)-(iv). It is clear that B\ ̂ g-i is dense in Hy^ since it contains all functions
from L1 with a bounded Fourier spectrum.

Since ||cc;(t)||ri, ||^m(^)||ri are uniformly bounded on [0,T],

(8.32) \(^-^)(t)^h-h)\<Ce .

Also, B^\ ̂  ^ooll+5 and thus

(8.33) |((o; - ̂ }(t\ h}\ ̂  C\\^ - ̂ Hcc^^^ll^llB^ ̂  .

We need here the duality (^i^-i)7
 = ̂ oo1^ (see e•§•' V^ [Tr])- we now fix any ^ > 0

(say 8 = 1). For any e > 0 we choose h to satisfy (8.31) and using (8.29) choose m so
that the right side of (8.33) becomes < e.

Then from (8.31)-(8.33) lmit_J(^(t) - (^o)| ^ Ce. This concludes the proof of the
lemma.

Theorem 8.1 is proved.

Proof of Theorem 8.2. - We repeat the proof of Theorem 8.1 word for word except
now the choice of T > 0 is arbitrary. Here we have to refer to Theorem 5.5 instead of
Theorem 5.1. Thus condition (5.23) has to be satisfied for this argument to work. This
completes the proof.
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