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ABSTRACT 

A s imple  model i s  d i s c u s s e d  which can account  f o r  many of t h e  f e a t u r e s  

observed i n  t h e  p u l s e - l i k e  i n c r e a s e s  i n  t h e  low energy  cosmic r a y  i n t e n s i t y  

t h a t  occur  a t  t h e  f r o n t  of  p ropaga t ing  i n t e r p l a n e t a r y  shock waves. It i s  

assumed t h a t  low energy p a r t i c l e s  a r e  swept up by t h e  shock,  b u t  because  

o f  e x t e n s i v e  s c a t t e r i n g  by magnet ic  f i e l d  i r r e g u l a r i t i e s  remain near  t h e  

shock f r o n t  forming t h e  p u l s e ,  I t  i s  found t h a t  t h e  i n t e n s i t y  c a n  i n c r e a s e  

s u b s t a n t i a l l y  a t  t h e  shock a s  p a r t i c l e s  g a i n  energy by making r e p e a t e d  

c o l l i s i o n s  w i t h  t h e  moving shock f r o n t .  The behav io r  of p a r t F c l e s  which 

accumulate  a t  t h e  shock i s  i l l u s t r a t e d  wi th  some s o l u t i o n s  t o  t h e  t ime- 

dependent  Fokker-Planck e q u a t i o n  which governs  cosmic r a y  b e h a v i o r  a l low- 

i n g  f o r  convec t ion ,  d i f f u s i o n ,  and p a r t i c l e  energy changes.  The p r e d i c t e d  

p u l s e  shapes  a g r e e  reasonab ly  w e l l  w i t h  the  o b s e r v a t i o n s  p rov ided  t h a t  t h e  

19 2 - 1 d i f f u s i o n  c o e f f i c i e n t  p a r a l l e l  t o  t h e  magnetic f i e l d  i s  - 10 cm. s e c .  

f o r  1 MeV p r o t o n s .  
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I. INTRODUCTION 

I n  r ecen t  papers ,  Ogilvie  and Arens (1970), and Armstrong, e t  a l ,  

(1970) d i scuss  a number of events  i n  which t h e  i n t e n s i t y  of low energy p a r t i c l e s  

(.3-10 ~ e ~ / n u c l e o n )  increases  ab rup t ly  a t  t h e  f r o n t  of propagat ing i n t e r p l a n e -  

t a r y  shock waves, forming a p u l s e - l i k e  s t r u c t u r e .  These inc reases  t y p i c a l l y  

begin some 60 minutes before  t h e  a r r i v a l  of t he  shock, reaching a peak a t  

t h e  shock passage which i s  5-50 times g r e a t e r  than  t h e  undisturbed i n t e n s i t y  

ahead of t he  shock. The ha l f -wid ths  of t he  peaks a r e  - 5-10 minutes i n  dura- 

t i o n ,  and fol lowing t h e  shock, t h e  i n t e n s i t y  i n  genera l  drops ab rup t ly  (wi th in  

a few minutes) t o  i t s  undisturbed value.  Increases  s i m i l a r  t o  t he  ones des- 

c r ibed  h e r e  have a l s o  been repor ted  by Singer (1970). 

Ogi lv ie  and Arens (1970) d i scuss  the  p o s s i b i l i t y  t h a t  these  inc reases  

r e s u l t  when low energy p a r t i c l e s  a r e  compressed between t h e  oncoming i n t e r -  

p l ane t a ry  shock and t h e  e a r t h ' s  bow shock i n  the manner discussed by Axford 

and Reid (1963). While we have no ob jec t ion  t o  t h i s  mechanism i n  p r i n c i p l e ,  

i t  should be noted t h a t  t he re  i s  a t  l e a s t  one event  i n  which the  mechanism 

does no t  appear t o  be the  dominant cause of t h e  inc rease .  Armstrong, e t  a l .  

(1970) observe a l a rge  event  on 11 January 1968 from Explorer 35, which a t  t h e  

t ime was apparent ly  loca ted  i n  t h e  magnetosheath. A s  Armstrong e t  al.  p o i n t  

ou t ,  t h i s  observa t ion  of a p a r t i c l e  i nc rease  behind t h e  bow shock, which i s  

s i m i l a r  i n  form and i n  magnitude with increases  observed i n  the  in te rp lane tary  

medium, i s  i ncons i s t en t  wi th  a p i c t u r e  i n  which the  bow shock plays an impor t an t  

r o l e  i n  the  p a r t i c l e  acce l e ra t ion .  This  event was a l s o  observed from ~~~l~~~~ 33 

which was loca ted  some 50 e a r t h  r a d i i  i n  f r o n t  of t he  bow shock (Armstrong 

e t  a l , ,  1970) and from Explorer 34 which was loca ted  near t he  bow shock bu t  

i n  t h e  i n t e r p l a n e t a r y  medium (Ogilvie  and Arens, 1970). Although i t  i s  some- 



what d i f f i c u l t  t o  e s t a b l i s h ,  t h e  e v e n t  appears  t o  beg in  a t  Explorer  33 

some 20 minutes  b e f o r e  i t  beg ins  a t  Exp lore r  34. T h i s  apparen t  t i m e  

s e p a r a t i o n  between t h e  o n s e t s  a t  t h e  two s a t e l l i t e s  i s  c o n s i s t e n t  w i t h  

a  p i c t u r e  i n  which t h e  p a r t i c l e  i n c r e a s e  propagates  w i t h  t h e  shock f r o n t ,  

and n o t  w i t h  one i n  which i n t e n s i t y  i n c r e a s e s  uniformly between t h e  bow 

shock and t h e  oncoming i n t e r p l a n e t a r y  shock. 

I n  t h i s  paper we w i l l  c o n s i d e r  a n o t h e r  mechanism: t h a t  low energy 

p a r t i c l e s  a r e  swept ahead of a  p ropaga t ing  i n t e r p l a n e t a r y  shock, b u t  a r e  

s c a t t e r e d  e x t e n s i v e l y  by magnetic f i e l d  i r r e g u l a r i t i e s  and a r e  thus  

conf ined t o  remain near  t h e  shock f r o n t  forming t h e  p u l s e .  We w i l l  f i n d  

t h a t  t h e  p a r t i c l e  i n t e n s i t y  can i n c r e a s e  s u b s t a n t i a l l y  a t  t h e  shock as  

p a r t i c l e s  g a i n  energy by making repea ted  c o l l i s i o n s  w i t h  t h e  moving shock 

f r o n t .  The w i d t h  of t h e  pu l ses  c a n  be used t o  e s t i m a t e  t h e  magnitude of 

t h e  p a r t i c l e  d i f f u s i o n  c o e f f i c i e n t  a t  low e n e r g i e s ,  and indeed t h e  

p r e d i c t e d  p u l s e  shapes  a g r e e  reasonab ly  w e l l  w i t h  t h e  o b s e r v a t i o n s  provided 

t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  p a r a l l e l  t o  t h e  magnetic f i e l d  i s  - 10 19 

2 
cm. s e c  . - I  f o r  1 MeV pro tons .  

I n  s e c t i o n  I1 we w i l l  i l l u s t r a t e  t h e  behav ior  of p a r t i c l e s  r e f l e c t i n g  

o f f  a  p ropaga t ing  i n t e r p l a n e t a r y  shock w i t h  some s o l u t i o n s  t o  t h e  t ime- 

dependent Fokker-Planck e q u a t i o n  which governs cosmic r a y  behavior  a l l o w i n g  

f o r  convec t ion ,  d i f  £us ion ,  and p a r t i c l e  energy changes .  We w i l l  show t h a t  

t h e s e  s o l u t i o n s  provide reasonab le  f i t s  t o  some observed e v e n t s ,  and on 

t h e  b a s i s  of t h e s e  s o l u t i o n s  we w i l l  i n f e r  some of t h e  g e n e r a l  p r o p e r t i e s  

expected f o r  p a r t i c l e  i n c r e a s e s  a t  shock f r o n t s  . 

11. DISCUSS ION 

Consider  a  s p h e r i c a l l y  symmetric model of t h e  i n t e r p l a n e t a r y  rnediurn 

i n  which cosmic r a y  p a r t i c l e s  behave d i f f u s i v e l y  as  they a r e  s c a t t e r e d  



among m a g n e t i c  i r r e g u l a r i t i e s  moving r a d i a l l y  outward w i t h  t h e  s o l a r  wind.  

I n  s u c h  a  model t h e  cosmic  r a y  number d e n s i t y  U( r ,T ,  t )  and s t r e a m i n g  

S ( r , T ,  t )  ( r a d i a l  c u r r e n t  d e n s i t y ) ,  p e r  u n i t  i n t e r v a l  o f  k i n e t i c  e n e r g y  T ,  

s a t i s f y  t h e  e q u a t i o n s :  

and 

Here ,  K ( r , T )  i s  t h e  p a r t i c l e  d i f f u s i o n  c o e f f i c i e n t ,  V ( r )  i s  t h e  s o l a r  

wind s p e e d ,  and CY (T) = (T + 2T0) /T + To) ,  w i t h  To t h e  r e s t  e n e r g y  o f  a  

p a r t i c l e  (Gleeson and Axfo rd ,  1 9 6 7 ) .  

On e l i m i n a t i n g  S be tween e q u a t i o n s  (1)  and ( 2 ) ,  a  Fokker-Planck 

e q u a t i o n  i s  o b t a i n e d  f o r  U: 

T h i s  e q u a t  i.on c o n t a i n s  t h e  u s u a l  terms t h a t  d e s c r i b e  t h e  c o n v e c t i o n  and 

d i f f u s i o n  o f  cosmic  r a y s ,  t o g e t h e r  w i t h  a n  a d d i t i o n a l  term ( t h e  t h i r d  

term on t h e  l e f t  s i d e ) ,  which r e p r e s e n t s  t h e  e f f e c t  o f  t h e  e n e r g y  changes  

r e s u l t i n g  from t h e  e x p a n s i o n  o f  t h e  s o l a r  wind ( P a r k e r ,  1965) .  

I n c r e a s e s  i n  t h e  p a r t i c l e  i n t e n s i t y  accompanying shocks  a r e  i n  g e n e r a l  

a lways  obse rved  on t h e  ups t r eam s i d e  o f  t h e  shock .  The enhanced i n t e n s i t y  

d rops  a b r u p t l y  (by a  f a c t o r  o f  5 -50  w i t h i n  a  few m i n u t e s )  a t  t h e  shock 

pas sage  ( O g i l v i e  a n d  Arens ,  1970;  Armstrong,  e t  a l . ,  1970) .  These  o b s e r -  

va t i o n s  i n d i c a t e  t h a t  Low ene rgy  p a r t i c l e s  ( n . 2  1 ~ e ~ / n u c l e o n )  a p p r o a c h i n g  



t h e  shock from t h e  upstream s i d e  w i l l  be  e f f e c t i v e l y  r e f l e c t e d  a t  t h e  

shock f r o n t  o r  by magnetic i r r e g u l a r i t i e s  d i r e c t i y  behind t h e  shock. 

These p a r t i c l e s  w i l l  then be swept up by t h e  moving shock and can 

accumulate  i n  a  p u l s e - l i k e  s t r u c t u r e  a t  t h e  shock f r o n t  provided t h a t  

i n t e r p l a n e t a r y  c o n d i t i o n s  ahead of t h e  shock a r e  s u i t a b l e .  

I f  t h e  magnetic i r r e g u l a r i t i e s  behind t h e  shock a r e  r e s p o n s i b l e  

f o r  t h e  p a r t i c l e  r e f l e c t i o n ,  i t  i s  probably reasonab le  t o  assume t h a t  

t h e  p a r t i c l e s  do n o t  make numerous smal l  a n g l e  c o l l i s i o n s  i n  r e v e r s i n g  

t h e i r  d i r e c t i o n s ,  b u t  r a t h e r  must r e f l e c t  d i r e c t l y ,  i n  'one c o l l i s i o n ' ,  

o f f  f i e l d  v a r i a t i o n s  which a r e  comparable i n  s i z e  w i t h  t h e  p a r t i c l e  gyro- 

r a d i u s  (assuming t h a t  such l a r g e  v a r i a t i o n s  e x i s t ) .  Behind t h e  shock, 

t h e  i n t e r p l a n e t a r y  plasma, and hence t h e  magnetic f i e l d  i r r e g u l a r i t i e s ,  

move a t  a  speed somewhat s lower  t h a n  t h e  shock speed.  I f  p a r t i c l e s  

undergo numerous c o l l i s i o n s  behind t h e  shock,  then r e l a t i v e  t o  t h e  shock 

f r o n t  t h e y  w i l l  be e f f e c t i v e l y  convected i n  a d i r e c t i o n  o p p o s i t e  t o  t h a t  

of t h e  shock p ropaga t ion ,  i . e .  t h e  shock w i l l  l eave  t h e  p a r t i c l e s  beh ind .  

I f  such  were  t h e  c a s e ,  we would e x p e c t  t h a t  t h e  i n t e n s i t y  behind t h e  

shock was n o t  s i g n i f i c a n t l y  s m a l l e r  than i n t e n s i t y  ahead,  c o n t r a r y  t o  

what i s  observed.  For s i m p l i c i t y ,  we assume t h a t  a l l  t h e  p a r t i c l e s  a r e  

r e f l e c t e d  a t  t h e  shock f r o n t  by some r e f l e c t i n g  medium moving w i t h  

speed V ' ,  e . g .  V '  could be t h e  shock speed o r  t h e  speed of t h e  i r r e g u l a r i -  

t i e s  behind t h e  shock.  It can be shown t h a t  t h e  s t reaming  a t  t h e  shock 

i s  then:  



The second term on t h e  r i g h t  s i d e  of t h i s  e q u a t i o n  d e s c r i b e s  t h e  e f f e c t  

of t h e  energy g a i n s  s u f f e r e d  by t h e  p a r t i c l e s  upon c o l l i s i o n  w i t h  t h e  

shock. 

We can i l l u s t r a t e  t h e  behav ior  of cosmic r a y  p a r t i c l e s  ahead of t h e  

shock w i t h  a  s i m i l a r i t y  s o l u t i o n  t o  t h e  Fokker-Planck e q u a t i o n  ( e q u a t i o n ( 3 ) ) .  

We assume t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i s  g iven  by K = K Or,  where K 

i s  a  c o n s t a n t  ( independent  of T ) ,  t h a t  t h e  s o l a r  wind speed V i s  c o n s t a n t ,  

and t h a t  i n i t i a l l y  ( t "  0) t h e  cosmic ray number d e n s i t y  Ui i s  g iven  by: 

where X = ~ / 2  K~ - 1 dl + V/2 K .)" + 4V(p - 1 ) / 3  K o]. Ui  i s  a  s o l u t i o n  

t o  t h e  s t e a d y - s t a t e  form of  e q u a t i o n  ( 3 )  w i t h  t h e  above forms f o r  I: and 

V ,  and w i t h  CY = 2 (e .g .  Ui d e s c r i b e s  t h e  b e h a v i o r  of a  s t e a d y  f l u x  of s o l a r  

cosmic r a y s ) .  We w i l l  be concerned h e r e  o n l y  w i t h  low energy p a r t i c l e s  

(T < < To),  and hence we have taken a/ t o  b e  c o n s t a n t  and equa l  t o  2 .  On 

assuming t h a t  t h e  s t reaming  a t  t h e  shock i s  g iven  by e q u a t i o n  ( 4 ) ,  and 

t h a t  U 4 U i  a s  r 4 m ,  we show i n  Appendix A t h a t  e q u a t i o n  (3) i s  s a t i s f i e d  

by a  s i m i l a r i t y  s o l u t i o n  i n  terms of t h e  v a r i a b l e  q  = r / V s t ,  w i t h  Vs t h e  

speed of t h e  shock (Vs i s  taken t o  be c o n s t a n t ) :  

U(T,q) = A ' T - ~ ~ ~ T ( ~ , V ~ ~ / K ~ )  +AT-%' , f o r  q  = r / V s t  2 1 (6  

where A' = 

m 

and a  = V/ n o  - 2  -2h .  r ( a ,  z ) = eeW wa-I dw is  t h e  incomplete gamma 
z 

f u n c t i o n .  The p a r t i c l e  i n t e n s i t y  J i s  determined from t h e  number d e n s i t y  

by J = v ~ / 4 w ,  where v  i s  p a r t i c l e  speed .  



The f i r s t  te rm on t h e  r i g h t  s i d e  of e q u a t i o n  (6)  d e s c r i b e s  t h e  

b e h a v i o r  of p a r t i c l e s  which a r e  swept up by t h e  shock p rov ided ,  o f  

c o u r s e ,  t h a t  A '  i s  p o s i t i v e .  From e q u a t i o n  (2)  we s e e  t h a t  t h e  s t ream- 

i n g  i n  t h e  i n t e r p l a n e t a r y  medium cor respond ing  t o  t h e  i n i t i a l  number 

d e n s i t y  Ui ( e q u a t i o n  ( 5 ) )  i s  

Hence, f o r  t h e  numerator  of  A '  t o  b e  p o s i t i v e ,  t h e  shock must impar t  a  

s t r eaming  t o  t h e  p a r t i c l e s  of  t h e  i n i t i a l  d i s t r i b u t i o n  ( S  = V1(l+2p)Ui/3;  

s e e  e q u a t i o n  ( 4 ) )  which exceeds t h e  s t r eaming  t h e s e  p a r t i c l e s  would nor-  

ma l ly  have i n  t h e  i n t e r p l a n e t a r y  medium ( e q u a t i o n  ( 7 ) ) .  We a n t i c i p a t e  

t h a t  p a r t i c l e s  w i t h  e n e r g i e s  5 10 ~ e ~ / n u c l e o n  (which a r e  presumably o f  

s o l a r  o r i g i n  (Kinsey,  1970))  w i l l  undergo e x t e n s i v e  s c a t t e r i n g  i n  t h e  

i n t e r p l a n e t a r y  medium and w i l l  t h e r e f o r e  have a  s u f f i c i e n t l y  s m a l l  outward 

s t r e a m i n g  t o  be ' o v e r t a k e n '  by t h e  shock .  These p a r t i c l e s  w i l l  then 

accumulate  a t  t h e  shock f r o n t ,  u n l i k e  p a r t i c l e s  w i t h  h i g h e r  e n e r g i e s ,  

which have t o o  l a r g e  a  s t r e a m i n g ,  o r  which do n o t  r e f l e c t  o f f  t h e  shock.  

F u r t h e r ,  when t h e  d i f f u s i o n  c o e f f i c i e n t  i s  s m a l l ,  p a r t i c l e s  which accumulate  

a t  t h e  shock w i l l  'bounce '  back and f o r t h  between t h e  shock f r o n t  and 

f i e l d  i r r e g u l a r i t i e s  ahead of t h e  shock." On each ' comple te  bounce'  (back 

and f o r t h )  a  p a r t i c l e ' s  speed i s  i n c r e a s e d  rough ly  i n  p r o p o r t i o n  t o  (V'-  V ) .  

;$We have assumed throughout  t h i s  d i s c u s s i o n  t h a t  low energy p a r t i c l e s  

can  be  b a c k s c a t t e r e d ,  s c a t t e r e d  through -- 180°, w i t h i n  a s h o r t  d i s t a n c e  

i n  t h e  i n t e r p l a n e t a r y  medium, i . e ,  t h a t  a p a r t i c l e  which i s  r e f l e c t e d  o f f  

t h e  shock i s  l i k e l y  t o  be  s c a t t e r e d  th rough  a  l a r g e  a n g l e  by f i e i d  

i r r e g u l a r i t i e s  ahead of t h e  shock,  and r e t u r n  t o  e n c o u n t e r  t h e  shock a g a i n ,  



Accordingly ,  a t  a  g iven  energy,  t h e  number d e n s i t y  a t  t h e  shock i s  

inc reased  provided p, > 1. Requi r ing  t h a t  t h e  denominator of A '  i s  

p o s i t i v e  i s  e q u i v a l e n t  t o  r e q u i r i n g  t h a t  t h e  s t reaming  which r e s u l t s  

from the  p a r t i c l e  energy g a i n s  a t  t h e  shock f r o n t  does n o t  exceed t h e  

r a t e  a t  which t h e s e  p a r t i c l e s  a r e  t r a n s p o r t e d  away from t h e  shock ,  i . e .  

where U '  i s  t h e  number d e n s i t y  of p a r t i c l e s  swept up by t h e  shock (as  

i s  determined by t h e  s i m i l a r i t y  s o l u t i o n ) ,  e v a l u a t e d  a t  t h e  shock f r o n t  

( = 1 )  I f  t h e  c o n d i t i o n  g iven  i n  (8)  is  v i o l a t e d ,  p a r t i c l e s  w i l l  

accumulate a t  t h e  shock f r o n t ,  t h e  number d e n s i t y  i n c r e a s i n g  markedly 

i n  t ime due t o  t h e  repea ted  a c c e l e r a t i o n s  i n  v i o l a t i o n  of our assumption 

t h a t  t h e  s o l u t i o n  i s  s i m i l a r .  

I n  t h e  l a r g e r  e v e n t s  which have been observed (where t h e  i n t e n s i t y  

i n c r e a s e s  by,  s a y ,  a  f a c t o r  of 25 - 50) t h e  number of p a r t i c l e s  a t  

t h e  shock f r o n t  presumably does i n c r e a s e  markedly i n  t ime,  tempered of 

c o u r s e  by t h e  r a t e  a t  which p a r t i c l e s  l eak  through t h e  shock f r o n t ,  o r  

a r e  l o s t  th rough  o t h e r  means. We t h e r e f o r e  a n t i c i p a t e  t h a t  t h e  s o l u t i o n  

g i v e n  i n  e q u a t i o n  (6)  can be used t o  d e s c r i b e  on ly  t h e  s m a l l e r  e v e n t s ,  

e . g .  where t h e  i n t e n s i t y  i n c r e a s e s  by a  f a c t o r  5. C l e a r l y ,  t h e  i n t e n s i t y  

i n c r e a s e s  d e s c r i b e d  by e q u a t i o n  ( 6 )  a r e  p r i m a r i l y  d e n s i t y  i n c r e a s e s ,  whereas 

i n  t h e  l a r g e r  e v e n t s  (which we w i l l  d i s c u s s  l a t e r )  t h e  i n t e n s i t y  i n c r e a s e s  

r e s u l t  p r i m a r i l y  from p a r t i c l e  a c c e l e r a t i o n s .  

I n  t h e  l i m i t  when t h e  p a r t i c l e s  undergo e x t e n s i v e  s c a t t e r i n g  ahead 

o f  t h e  shock ( i . e .  when V /  K~ and V s / ~  > > I ) ,  t h e  s o l u t i o n  g i v e n  i n  

1 

e q u a t i o n  (6 )  has  t h e  asympto t ic  form ( E r d e l y i ,  e t  a l . ,  1953): 



I n  t h i s  l i m i t  h " - 2 ( 1  -k 2p) /3 .  Note t h a t  a.t a  g iven  v a l u e  of r t h e  s h a p e  

of t h e  p u l s e  i s  independent of A ,  and hence independent of o u r  cho ice  f o r  

t h e  i n i t i a l  d i s t r i b u t i o n .  I t  can be shown t h a t  t h e  g r a d i e n t  o f  t h e  term 

i n  e q u a t i o n  (9) which d e s c r i b e s  t h e  bahav ior  of t h e  p a r t i c l e s  swept up by 

t h e  shock ( t h e  f i r s t  term on t h e  r i g h t  s i d e )  i s  

when e v a l u a t e d  a t  t h e  shock f r o n t  (q = 1 ) .  The h a l f - w i d t h  of t h e  p a r t i c l e  

i n c r e a s e s  ( i n  s p a t i a l  e x t e n t )  should  then  b e  roughly K / (Vs-V) . Indeed,  

t h i s  r e s u l t  should hold  g e n e r a l l y  ( n o t  j u s t  f o r  t h e  s p e c i a l  form of t h e  

d i f f u s i o n  c o e f f i c i e n t  assumed h e r e )  provided of course  t h a t  t h e  i n t e n s i t y  

a t  t h e  shock i s  n o t  i n c r e a s i n g  t o o  r a p i d l y  i n  t ime.  It should be p o s s i b l e  

t o  use t h i s  e x p r e s s i o n  f o r  t h e  h a l f - w i d t h  t o  e s t i m a t e  t h e  l o c a l  d i f f u s i o n  

c o e f f i c i e n t  a t  low e n e r g i e s ,  a l t h o u g h ,  a s  we s h a l l  d i s c u s s  l a t e r ,  c a r e  must 

be t aken  t o  d i s t i n g u i s h  between t h e  d i f f u s i o n  p a r a l l e l  t o  t h e  shock normal and 

d i f f u s i o n  a long t h e  f i e l d  l i n e s .  

I n  f i g u r e  1 we have p l o t t e d  t h e  r e l a t i v e  i n t e n s i t y  i n c r e a s e  determined 

by t h e  s o l u t i o n  g i v e n  i n  e q u a t i o n  ( 6 ) ,  u s i n g  t h e  v a l u e s  f o r  K ., V ' ,  and 

p which g i v e  t h e  b e s t  f i t  t o  t h e  d a t a  ob ta ined  by McDonald (unpubl i shed) ,  

and by Wil l iams and Arens ( O g i l v i e  and Arens,  1970) f o r  t h e  e v e n t  observed 

on 29 November 1967. The p a r t i c l e s  observed i n  t h i s  e v e n t  a r e  presumably 

18 -1 
mainly p ro tons  w i t h  e n e r g i e s  -- 1 MeV. We f i n d  t h a t  K = K o r  = .656x10 cm." s e c .  

- 1 a t  r = 1 A . U . ,  V '  = 433 km. s e c .  , and p = 3.  The s o l a r  wind speed was 

- 1 assumed t o  be 350 km. s e c .  i n  agreement w i t h  t h e  observed s o l a r  wind speed 

-1 
ahead of t h e  shock,  and t h e  shock speed was t aken  t o  b e  600 km. s e c ,  The 

i n t e r p l a n e t a r y  plasma immediately fo l lowing  t h e  shock on 29 November had a  



speed -- 450 km. s e c  ,"' ( O g i l v i e  and Arens ,  1970) ,  and hence we have 

assumed t h a t  i t  i s  magnetic i r r e g u i a r i t i e s  embedded i n  t h i s  plasma which 

r e f l e c t  t h e  p a r t i c l e s  a t  t h e  shock f r o n t .  

To  d e s c r i b e  t h e  l a r g e r  e v e n t s ,  where t h e  i n t e n s i t y  i n c r e a s e s  a r e  

presumably t h e  r e s u l t  p r i m a r i l y  of p a r t i c l e  a c c e l e r a t i o n s ,  we c o n s i d e r  

t h e  somewhat s i m p l e r  problem i n  which t h e  p a r t i c l e  b e h a v i o r  ahead o f  t h e  

shock i s  governed by a  s imple  c o n v e c t i o n - d i f f u s i o n  e q u a t i o n :  

au a - a au - + (VU) - --- ( --- ) a t  a r a r 

Equa t ion  11 d i f f e r e s  from e q u a t i o n  (3) o n l y  i n  t h a t  h e r e  we have assumed 

t h a t  t h e  geometry of  t h e  i n t e r p l a n e t a r y  medium is  p lanar  r a t h e r  t h a n  

s p h e r i c a l l y  symmetric.  The e f f e c t s  of  s p h e r i c a l  symmetry on t h e  p a r t i c l e  

p u l s e ,  which a f t e r  a l l  has  a  l i m i t e d  s p a t i a l  e x t e n t ,  should  b e  s m a l l .  

We t a k e  K and V t o  be  c o n s t a n t s ,  and assume t h a t  i n i t i a l l y  ( t " 0 )  

t h e  cosmic r a y  number d e n s i t y  i s  g i v e n  by U i  = AT-p ( independent  o f  r )  . 
On assuming t h a t  t h e  s t r eaming  a t  t h e  shock i s  g i v e n  by e q u a t i o n  (4) (wi th  

a = 2 ) ,  and t h a t  U 4 U i  as  r 4 W ,  we show i n  Apprndix B t h a t  e q u a t i o n  ( l l ) ,  

w r i t t e n  i n  terms o f  t h e  v a r i a b l e s  t and 5 = r - VsT (Vs i s  t h e  c o n s t a n t  

speed of  t h e  s h o c k ) ,  i s  s a t i s f i e d  by: 

u ( T , ~ ,  t )  = AT+ [ exp ( -  y) e r f c  ( 5 - !Ad+ ) 2 (vl -cv2 ) 2 / ~ t  2 

- - e r f c  
2 

w 

where V1 = Vs - V ,  V2 = V '  - V,  and C = ( 1  - 2p) /3 .  e r f c  (z) = dw 
5 z 

i s  ;he complementary e r r o r  f u n c t i o n .  It should  be  noted t h a t  w i t h  t h e  above 

c h o i c e  f o r  t h e  i n i t i a l  number d e n s i t y ,  U i ,  p a r t i c l e s  w i l l  always b e  swept  



up by t h e  shock r e g a r d l e s s  of t h e  cho ice  f o r  t h e  p a r t i c l e  d i f f u s i o n  

c o e f f i c i e n t .  The s t reaming  i n  t h e  i n t e r p l a n e t a r y  medium cor responding  

t o  U i  (S = V ( l  + 2p)ui /3)  i s  always l e s s  t h a n  t h e  s t reaming  which t h e  

shock impar t s  t o  t h e s e  p a r t i c l e s  (S = V 1 ( l  + 2p)ui /3) .  R e a l i s t i c a l l y ,  

then ,  t h e  s o l u t i o n  g iven  i n  e q u a t i o n  (12) should b e  used on ly  t o  d e s c r i b e  

t h e  b e h a v i o r  of low energy  p a r t i c l e s  which, s i n c e  t h e y  undergo e x t e n s i v e  

s c a t t e r i n g ,  a r e  i n  f a c t  ' o v e r t a k e n '  by t h e  shock. 

The s o l u t i o n  g i v e n  i n  e q u a t i o n  (12) has  a fundamental ly  d i f f e r e n t  

behav ior  depending on whether  Vp i s  g r e a t e r  than  o r  l e s s  t h a n  CV2.  I f  V1 

i s  g r e a t e r  than  CV2,  t h e n  f o r  l a r g e  times o n l y  t h e  f i r s t  term on t h e  r i g h t  

s i d e  i s  needed t o  d e s c r i b e  t h e  p a r t i c l e  i n c r e a s e  and t h e  s o l u t i o n  tends  t o  

T h i s  asympto t ic  form is  e s s e n t i a l l y  t h e  same a s  t h e  s i m i l a r i t y  s o l u t i o n  

(c f  e q u a t i o n  ( 9 ) )  b o t h  i n  t h e  magnitude o f  t h e  p a r t i c l e  i n c r e a s e  a t  t h e  

shock fr0n.t  (5 = O), and i n  t h e  h a l f - w i d t h  of t h e  peak, which i s  a g a i n  

( i n  s p a t i a l  e x t e n t )  - K/VS - V) . However, i f  Vl i s  l e s s  t h a n  CV2,  t hen  

t h e  t h i r d  term i n  e q u a t i o n  (12) grows e x p o n e n t i a l l y  i n  t ime and w i l l  be  

t h e  dominant t e rm i n  d e s c r i b i n g  t h e  p a r t i c l e  i n c r e a s e .  Here t h e  spectrum 

has  a  s u f f i c i e n t l y  s t e e p  n e g a t i v e  s l o p e  ( ( 1  + 2 ~ ) / 3  > (Vs -V)/(V1 - V)) s o  

t h a t  t h e  p a r t i c l e s  accumulate  a t  t h e  shock f r o n t  due t o  a c c e l e r a t i o n s  a t  

a  r a t e  f a s t e r  t h a n  t h e y  a r e  t r a n s p o r t e d  away from t h e  shock ( I t  can  be  

s e e n  from e q u a t i o n  (8) t h a t  t h e  p a r t i c l e  i n c r e a s e  cannot  be  d e s c r i b e d  by 

a s i m i l a r l i t y  s o l u t i o n  when V1 < CV2 by n o t i n g  t h a t  i n  t h i s  c a s e  

a ~ ' / a r  - - v ~ u ~ /  K .) Indeed,  O g i l v i e  and Arens (1970) f i n d  t h a t  s p e c t r a  



w i t h  s t e e p  n e g a t i v e  s l o p e s  a r e  c h a r a c t e r i s t i c  o f  t h e  l a r g e r  p a r t i c l e  

i n c r e a s e s  observed.  

Of c o u r s e  t h e  i n t e n s i t y  a t  t h e  shock does n o t  i n c r e a s e  i n d e f i n i t e l y  

i n  t ime .  For  example, i t  might b e  p o s s i b l e  t h a t  p a r t i c l e s  a r e  a c c e l e r a t e d  

by t h e  shock on ly  over  a  s h o r t  r a d i a l  d i s t a n c e  i n  t h e  v i c i n i t y  of t h e  

o r b i t  of e a r t h .  P a r t i c l e s  may undergo l e s s  s c a t t e r i n g  and hence l e s s  

a c c e l e r a t i o n  n e a r  t h e  s u n  than  t h e y  do a t  e a r t h  (Fan, e t  a l . ,  1968) ,  and 

a l s o ,  beyond t h e  o r b i t  of  e a r t h  t h e  a c c e l e r a t i o n  should be  diminished 

s i n c e  h e r e  i t  i s  r easonab le  t o  expec t  t h a t  t h e  shock speed w i l l  b e  cons id -  

e r a b l y  reduced. Note a l s o  t h a t  nowhere i n  t h i s  t r e a t m e n t  have we allowed 

f o r  t h e  f a c t  t h a t  some f r a c t i o n  of t h e  p a r t i c l e s  w i l l  n o t  be  r e f l e c t e d  

a t  t h e  shock f r o n t ,  b u t  r a t h e r  w i l l  l eak  i n t o  t h e  r e g i o n  behind t h e  shock 

and be  l o s t  t o  t h e  a c c e l e r a t i o n  p rocess .  C l e a r l y ,  t h e  r a t e  a t  which 

p a r t i c l e s  a r e  l o s t  by t h i s  o r  o t h e r  means w i l l  s i g n i f i c a n t l y  e f f e c t  t h e  

r a t e  a t  which p a r t i c l e s  accumulate  a t  t h e  shock f r o n t .  Indeed,  i t  i s  

p o s s i b l e  t h a t  a  b a l a n c e  i s  achieved between accumulat ion and l o s s  and t h e  

i n t e n s i t y  a t  t h e  shock remains f a i r l y  c o n s t a n t .  

I n  f i g u r e  2  we have p l o t t e d  t h e  r e l a t i v e  i n t e n s i t y  i n c r e a s e  d e t e r -  

mined by t h e  s o l u t i o n  g iven  i n  e q u a t i o n  (12) ,  u s i n g  t h e  va lues  f o r  V ' ,  

p ,  and K which g i v e  t h e  b e s t  f i t  t o  t h e  d a t a  ob ta ined  by McDonald (un- 

pub l i shed)  and by Wil l iams and Arens (unpubl ished)  f o r  t h e  e v e n t  observed 

on 11 January  1968. The p a r t i c l e s  observed i n  t h i s  e v e n t  a r e  presumably 

-1 
mainly p ro tons  w i t h  e n e r g i e s  -. 1 MeV. We f i n d  t h a t  V '  = 404 km. s e c .  

p = 4 ,  and we have shown t h e  curves  f o r  b o t h  K = 1 x  1018 cm.'sec .'I and 

-1 
K -. 2 x 1 0 ~ 8 c r n . ~ s e c .  . The s o l a r  wind speed was assumed t o  be 300 km.sec-I 

i n  agreement w i t h  t h e  observed wind speed ahead of t h e  shock,  and t h e  shock 
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-1 
speed was t a k e n  t o  be 600 km. s e c ,  The p a r t i c l e s  observed a t  1 A.U. 

were assumed t o  be a c c e l e r a t e d  on ly  over  t h e  d i s t a n c e  0 . 8  - 1.0 A , U .  

These curves  p rov ide  r e a s o n a b l e  f i t s  t o  t h e  observed i n t e n s i t i e s  but  

c l e a r l y  t h e y  do n o t  p r e d i c t  t h e  s t r u c t u r e  which i s  observed i n  t h e  peaks .  

111. CONCLUDING REMARKS 

It should be noted t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  ( K )  used i n  t h e  above 

d i s c u s s i o n  i s  e s s e n t i a l l y  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  a  d i r e c t i o n  p a r a l l e l  

t o  t h e  shock normal,  n o t  t h e  d i f f u s i o n  c o e f f i c i e n t  along t h e  f i e l d  l i n e s .  

Even though t h e  p a r t i c l e s  undergo e x t e n s i v e  s c a t t e r i n g ,  they should propa-  

g a t e  p r i m a r i l y  a long  f i e l d  l i n e s ,  which can be a t  a  l a r g e  angle  w i t h  t h e  

shock normal,  Should t h i s  be t h e  c a s e ,  t h e  d i f f u s i o n  c o e f f i c i e n t  p a r a l l e l  

t o  t h e  shoclc normal ( K~ ) i s  t h e n  much s m a l l e r  th.an t h e  d i f f u s i o n  c o e f f i -  

c i e n t  a long t h e  f i e l d  ( K  ) s i n c e  K cosZx,  where x i s  t h e  ang le  between 
I/ I/ 

t h e  normal and t h e  f i e l d  (Axford, 1965).  Indeed,  a d i s t i n g u i s h i n g  f e a t u r e  

between shocks which have accompanying p a r t i c l e  i n c r e a s e s  and those  which do 

n o t  may w e l l  be t h a t  i n  t h e  former c a s e  t h e  f i e l d  i s  n e a r l y  a l l i g n e d  w i t h  t h e  

shock f r o n t ,  and hence K~ i s  s m a l l  r e s u l t i n g  i n  an  accumulat ion of p a r t i c l e s .  

The p r e d i c t e d  p u l s e  shapes  agree  reasonab le  w e l l  w i t h  t h e  o b s e r v a t i o n s  
18 2 - 1 

when K 10 cm. s e c .  f o r  1 MeV p r o t o n s ,  which i m p l i e s ,  on t a k i n g  x - 7 0 ° ,  
13 2 -1 

t h a t  t h e  cor responding  v a l u e  f o r  K , ,  - 10 cm.sec.  D i f f u s i o n  c o e f f i c i e n t s  

of t h i s  g e n e r a l  magnitude,  a r e  c o n s i s t e n t  w i t h  t h e  r e c e n t  f i n d i n g s  of 

Kr imig i s ,  e t  a l ,  (1970) ,  who i n  t h e i r  s tudy  of t h e  behavior  of p ro tons  w i t h  

e n e r g i e s  -> 0.3 MeV, conclude t h a t  low energy p a r t i c l e s  undergo e x t e n s i v e  

s c a t t e r i n g  a t  l e a s t  nea r  t h e  o r b i t  o f  e a r t h ,  



F i n a l l y ,  we n o t e  t h a t  i n  t h e  l a r g e r  e v e n t s  observed,  t h e  energy  d e n s i t y  

of  t h e  p a r t i c l e s  a t  t h e  shock f r o n t  may b e  comparable w i t h  t h e  energy  d e n s i t y  

of t h e  f i e l d  (Armstrong, e t  a l , ,  1970) .  It i s  a t  l e a s t  c o n c e i v a b l e  t h a t  t h e  

p a r t i c l e  i n c r e a s e s  w i l l  c a u s e  t h e  f i e l d  t o  be  h i g h l y  i r r e g u l a r  n e a r  t h e  

shock f r o n t ,  a l t h o u g h  i f  such i s  t h e  c a s e  i t  i s  d o u b t f u l  whether  t h e  p a r t i c l e  

behav io r  can  be t r e a t e d  u s i n g  t h e  s i m p l e  d i f f u s i o n  p i c t u r e  cons ide red  h e r e .  

I n  summary, we have shown i n  t h i s  paper  t h a t  many of  t h e  f e a t u r e s  

observed i n  t h e  p u l s e - l i k e  i n c r e a s e s  i n  t h e  low energy cosmic r a y  i n t e n s i t y  

t h a t  occur  a t  t h e  f r o n t  of p ropaga t ing  i n t e r p l a n e t a r y  shoclc waves can be  

accounted f o r  by a  s imple  model i n  which low energy p a r t i c l e s  a r e  swept up 

by t h e  shock,  b u t  because  of e x t e n s i v e  s c a t t e r i n g  by magnet ic  f i e l d  i r r e g u -  

l a r i t i e s  remain n e a r  t h e  shock f r o n t  forming a  p u l s e .  We f i n d  t h a t  t h e  

i n t e n s i t y  can  i n c r e a s e  s u b s t a n t i a l l y  a t  t h e  shock a s  p a r t i c l e s  g a i n  energy 

by making repea ted  c o l l i s i o n s  w i t h  t h e  moving shock f r o n t .  It shou ld  be  

no ted ,  however, t h a t  i n  o b t a i n i n g  t h e  s o l u t i o n s  used i n  i l l u s t r a t i n g  t h e  

i n c r e a s e s ,  we have assumed t h a t  t h e  p a r t i c l e s  behave a t  t h e  shock i n  a  

r a t h e r  i d e a l i s t i c  manner. N e v e r t h e l e s s ,  t h e  s o l u t i o n s  should  i n d i c a t e  

some of t h e  g e n e r a l  f e a t u r e s  expected f o r  p a r t i c l e  i n c r e a s e s  a t  shock f r o n t s ,  

and they  do appear  t o  p rov ide reasonab le  f i t s  t o  observed i n c r e a s e s  provided 

19 2 t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  a long t h e  f i e l d  l i n e s  i s  -10 cm. set.-I f o r  

1 MeV p r o t o n s .  
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APPENDIX A 

We assume t h a t  t h e  r e q u i r e d  s o l u t i o n  i s  of  t h e  form U ( r , T , t )  = Ui u ( r , T ) ,  

where U i  =  AT-'^' t o  t h e  i n i t i a l  number d e n s i t y  ( s e e  e q u a t i o n  ( 5 ) ) .  The 

Fokker-Planck e q u a t i o n  ( e q u a t i o n  ( 3 ) )  can  t h e n  be  w r i t t e n  a s  an e q u a t i o n  

f o r  u which,  w i t h  K = K or,  V a  c o n s t a n t ,  and a =  2, becomes 
2 

where a  = V/ K 2- 2h. 

As can  be s e e n  by i n s p e c t i o n ,  e q u a t i o n  (Al)  i s  s a t i s f i e d  by a  s o l u t i o n  

of t h e  form u  = u ( ~ )  where q = r / v s t  (Vs i s  t h e  c o n s t a n t  speed o f  t h e  shock)  

i s  a  s i m i l a r i t y  v a r i a b l e .  On r e p l a c i n g  t h e  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  

t o  t and r w i t h  t o t a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  q, e q u a t i o n  (Al) becomes 

2 
9 + h ( ( l  - a )  + q (A21 

vs dyZ vs 

which i s  s a t i s f i e d  by 

u = A' 17 ( a ,  q )  + B (A3)  

-w a - 1  
where T ( a , z )  = E e  w dw i s  t h e  incomplete  gamma f u n c t i o n ;  A' and B a r e  

c o n s t a n t s .  We r e q u i r e  t h a t  U -, Ui a s  r -+ w and hence B = 1. A' ( s e e  

e q u a t i o n  ( 6 ) )  i s  o b t a i n e d  by r e q u i r i n g  t h a t  a t  t h e  shock f r o n t  (q = 1) t h e  

s t r e a m i n g  determined by e q u a t i o n  (2 )  e q u a l s  t h e  s t r eaming  determined by 

e q u a t i o n  (4) .  



APPENDIX B 

We assume t h a t  t h e  r e q u i r e d  s o l u t i o n  o f  e q u a t i o n  (11) i s  o f  t h e  form 

U ( r , T , t )  = U i ( u ( r , t )  + I ) ,  where U i  = AT-'' i s  t h e  i n i t i a l  number d e n s i t y .  

Note t h a t  u ( r , t )  must  a l s o  s a t i s f y  e q u a t i o n  ( 1 1 ) ,  which i n  terms of t h e  

v a r i a b l e s  t and 5 = r - V s t  (Vs i s  t h e  c o n s t a n t  speed of  t h e  shock) ,  w i t h  

V and rc c o n s t a n t s ,  becomes: 

where V1 = Vs -V. Equat ion (Bl )  is  t o  be  s o l v e d  s u b j e c t  t o  t h e  c o n d i t i o n  

t h a t  a t  r = V s t  t h e  s t r eaming  determined by e q u a t i o n  (2 )  e q u a l s  t h e  s t r eam-  

i n g  determined by e q u a t i o n  ( 4 ) ,  o r  e q u i v a l e n t l y  t h a t  

where V2 = Vs - V '  , C = ( 1  -I- 2,u)/3, and we have t a k e n  ff = 2 ,  

A Laplace  t r a n s f o r m  of  e q u a t i o n s  (Bl)  and (R2) w i t h  r e s p e c t  t o  t y i e l d s  

and 

where ii = empt u  d t .  On r e q u i r i n g  t h a t  ; - 0 a s  r ( o r  &)-0 , t h e  s o l u t i o n  

t o  e q u a t i o n  (B3),  s u b j e c t  t o  t h e  c o n d i t i o n  g i v e n  i n  (R4), i s  found t o  be  

fi = V2C exp ( -PC)  (B5) 
p(V2 C - K P )  

where p = - Vl / 2 ~  - /[v12 / 4 ~  + P / ~  1. I n v e r t i n g ,  we o b t a i n  (Erde lye ,  1954) 

~ ( 5 , t )  = v c exp e x -  exp6c2/4  K u\ J;- ( - 2 , )  i ) [  J, 



The i n t e g r a l  i n  equat ion (B6)  can be performed (y ie ld ing  t h e  

s o l u t i o n  f o r  U given i n  equat ion (12))  by reducing i t  i n  a s t r a i g h t -  

forward manner t o  terms involving i n t e g r a l s  of t h e  form (Abraoivi tz  

and Stegun, 1964): 

J: exp (-yu- 6 / 4 u ) e  - - _I_ [ exp ( - 6 7 )  e r f c  (+ JE - n t )  

fi ~ J Y  
0 7 )  
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FIGURE CAPTIONS 

FIGURE 1. A p lo t  of t he  r e l a t i v e  i n t e n s i t y  i nc rease  determined by 

the  s o l u t i o n  given i n  equat ion  (6) us ing  the values f o r  v o ,  V ' ,  and 

p which g ive  the  b e s t  f i t  t o  t he  da t a  obtained by McDonald (unpublished) ,  

and by Williams and Arens (Ogilvie  and Arens, 1970) f o r  the  event  ob- 

served on 29 November 1967. J = vui/4n i s  the  undisturbed i n t e n s i t y  
0 

ahead of the  shock. There i s  an unce r t a in ty  of s e v e r a l  minutes i n  t he  

l o c a t i o n  of the  d a t a  p o i n t s ,  which a r e  determined from IMP 4  raw counting 

r a t e s ,  and a l s o  i n  t he  time of t he  shock passage, which i s  shown he re  as  

occuring a t  t he  time repor ted  by Ogilvie  and Burlaga (1968). 

FIGURE 2 .  A p l o t  of the  r e l a t i v e  i n t e n s i t y  i nc rease  determined by the  

s o l u t i o n  given i n  equat ion (12) us ing  the  values f o r  6 ,  V\ and p which 

g ive  the  bes t  f i t  t o  t h e  d a t a  obtained by McDonald (unpublished) ,  and by 

Williams and Arens (unpublished) f o r  t he  event observed on I1 January 1968. 

Jo = V U ~ / ~ ~  i s  t he  undisturbed i n t e n s i t y  ahead of the  shock. There i s  an 

unce r t a in ty  of s e v e r a l  minutes i n  t h e  loca t ion  of t he  d a t a  p o i n t s ,  which 

a r e  determined from IMP 4 raw counting r a t e s ,  and a l so  i n  the  t ime of the 

shock passage, which i s  shown he re  as occuring a t  t he  time repor ted  by 

OgilvLe and Burlaga (1968), It should be noted t h a t  i n  t h i s  11 January 

event  the  i n t e n s i t y  increased aga in  fol lowing i t s  abrupt drop a t  t he  shock 

passage. We have assumed he re  t h a t  t h i s  increase  following the  shock i s  

un re l a t ed  t o  the  mechanism discussed h e r e .  
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