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Abstract. In the present paper, we consider a construction pro-
posed in Xiao and Yin (2016) to improve the order of convergence
of the method from p to p+ 2m under weaker assumptions. Using
the idea of restricted convergence domains we extend the applica-
bility of the method considered by Xiao and Yin (2016). Numerical
examples where earlier results cannot apply to solve equations but
our results can apply are also given in this study.
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1 Introduction

Consider the problem of approximating a locally unique solution z* of the
nonlinear equation

F(z) =0, (1.1)

where F' : D C X — Y is a Fréchet-differentiable operator defined on
a convex subset D of X. Here X and Y are Banach spaces. Higher order
multi-point methods are studied in the literature (see [1-4, 12,13, 15]) for
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approximating the solution z* of (1.1). But, very often the computational
cost of these higher order method is very high [5-11, 14-16]. Numerous
researchers have tried to obtain a general law to accelerate the convergence
for all the iterative methods which use Newton iteration as a predictor [5-11].
Kou et al. [11] and Cordero et al. [5-7] introduced the following construction
(when X =Y =R"),

2 = O(Tr,Yi),
Tre1 = 2k — F'(yr) ' Fz),

where y, = x, — F'(z) "' F(23) and ¢ is the iteration function. Using the
above construction Kou et al. [11] and Cordero et al. [5-7] improved the
order of the given iterative method from p to p+2. Further, for using extended
Newton iteration as a predictor and accelerating the order of convergence the
following construction is introduced in [16]:

= T — al(z)  F (2),
2 = O(Tr,yr),

Tpy1 = 2 — {2 {%F’(yk) + (1 - i) F’(xk)] B — F’(xk)_l} F(z).

Using the above construction Xiao and Yin [16] improved the order of the
given iterative method from p to p + 2.

In the present paper, we consider the following construction considered
in [16] to improve the order of convergence of the method from p to p + 2m,

Yn = xp— F'(2,) ' F(z,)

Zn = ¢1(xnayn>
AV =z = G, ya) F(2n) (1.2)

AT = D G, ) F()

(

Tpp1 = 2 m) _ ng—l) _ qﬁ(mn,yn)F(z(m_l)),

n n

where both ¢ functions are small as in method (1.2), ¢; : D x D — X
is an iteration function with convergence order greater or equal to two, ¢ :

D x D — L(X) given by ¢(2y,yn) = ${4[3F (yn) — F'(z,)] 7" + F'(2,)}
and m > 2 is an integer. Our goal is to weaken the assumptions in [16], so
that the applicability of the method (1.2) can be improved.

In earlier studies such as [5-11,14-16], higher order methods are consid-
ered for approximating the solution z* of (1.1). But the convergence analysis

of these methods requires assumptions of the form (see e.g [16]):
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[1F"(x) = F"(y)l < Lllz =y, x,;ye D, L=0 (1.3)

or
1F"(z) = F" (W)l < w(llz —yll), x,y €D, (1.4)

where w(z) is a nondecreasing continuous function for z > 0 and w(0) = 0.

Notice that I and F" do not appear in method (1.2). Hence, the results
in the earlier studies using them cannot apply. A motivational example of
(1.1) that does not satisfy (1.3) or (1.4) is the following:

2?nz? +2° -2, 240
F(x):{ v 7 (1.5)

where F: [-2, 1] — R. We have that
F'(z) = 32* Ina? + 5z — 42° + 227

F"(z) = 6xInx* + 202° — 120% 4+ 10z

and
F"(x) = 6In2”® + 602% — 24x + 22.

Then, obviously, function F”” is unbounded on D. In this paper, we extend
the applicability of method (1.2) by using hypotheses only on the first deriva-
tive that appear on it.

The rest of the paper is organized as follows. In Section 2 we present
the local convergence analysis. We also provide a radius of convergence,
computable error bounds and uniqueness result, not provided in the earlier
works on this method. Special cases and numerical examples are given in the
last section.

2 Local convergence analysis

The local convergence analysis of method (1.2) is based on some scalar func-
tions and parameters. Let m > 2 be an integer, A > 1 be a parameter wq, w, v
be continuous, non-negative, non-decreasing functions defined on the interval
[0,+00).

Suppose equation
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has a minimal positive zero ry. Define functions g and hy, on the interval
[07T0) bY7

3 w((1 - 6)t)do
1-— U)O(t) ’

g(t) =

and
hg(t) =g(t) - 1.

Next, we shall show the existence of zeros for certain scalar functions
appearing in the proof of Theorem 2.1 relying on the intermediate value
theorem. We have that h,(0) = —1 < 0 and h,(t) = 400 as t — r;. By
the intermediate value theorem, function h, has zeros in the interval (0, 7).
Denote by r, the smallest such zero.

Let p; be a continuous, non-negative, non-decreasing function on the
interval [0, ;) such that

pi(po)po "t > 1 (2.2)

for some py € (0,7,). Let hy, (1) = pi(t)t* 1 —1. We have that h,, (0) = —1 < 0
and hy, (po) > 0. Denote by p; the smallest zero of function h,,, on the interval
(07 pO)'

Define functions ¢ and h, on the interval [0,79) by ¢(t) = 1(2wo(g(t)t) +
wo(t)) and

ha(t) = a(t) — 1.

We have h,(0) = —1 < 0 and hy(t) — 400 as t — 1. Denote by r, the
smallest zero of functions h, on the interval (0,ry).
Case 1:
re < p1. (2.3)

Define function p on the interval [0,r,) by p(t) = %(1_3(0 + 1—111;0(75))'
Notice that p(0) =1 and p(t) — +o0 as t — 7.
Deﬁne functions ¢y and hy, on the interval [0,7,) by ¥1(t) = (1 +
fo (t)t1)dO)g(t)t* ! and hy, (t) = ¢1(t) — 1. We have that hy, (0) =
—1 <0 and hwl( ) = 400 ast — 7. Denote by ry, the smallest zero of func-
tion hy, on the interval [0, p,). Let m > 1 be an integer and j = 2 3, ,m.
Define functions 1; and hy, on [0,7,), v;(t) = (14+p(t fo (011 ( dt)wj 1(t)
and hy;(t) = 1;(t) — 1. We have that h¢2( )=—1<0 and

Ty (ryy) = (L4 p(ry,) fy v(001(r1)ry, )dO)iby (ry,) — 1

= p(ry, fo (Ory,)do > 0,
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since ¢ (ry,) = 0. Denote by ry, the smallest zero of function hy, on the
interval (0,7y, ). Similarly, we have that hy, (0) = —1 < 0 and

1
b (rag) = 9o, ) [ r(Orv;-a)a0 >0

Denote by 7y, the smallest zero of function hi; on the interval (0,7y,_,).
Define the radius of convergence r by

r=min{ry, p1,7ry, }, 1 =1,2,3,...,m. (2.4)
Then, we have that for each t € [0,7)
0<g(t) <1, (2.5)

0< gt <1, (
0<1y(t) <1 (
0 <wp(t) <1, (
0<q(t) <1, (

and

1< p(t). (2.10)

Case 2:
p1 < Tq.

We have that hy, (0) = —1 < 0 and
hu(pr) = (L+p(p1) Jy v(0g1(p1)p})d0)gi(pr)pt ™t — 1

= pl fO le d9 > O

since g1(p1)p}~" = 1. Denote again by 7, the smallest zero of function hy,
on the interval (0, p;~'). Also we have again that hy, (0) = —1 < 0 and

1
hl/)j (r’l/)jfl) = p(r¢j1>/ U(@Tiﬂj,l)de > 07
0

by (2.10). Hence the radius of convergence can again be defined by (2.4)
Let U(a, p), U(a, p) stand respectively, for the open and closed balls in

X, with center a € X and of radius p > 0. Next, we present the local

convergence analysis of method (1.2) using the preceding notation.
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Theorem 2.1. Let F: D C X — Y be a Fréchet differentiable operator and
A > 1 be a parameter. Suppose that there exists x* € D, non-negative, non-
decreasing functions py,wo such that (2.2) is satisfied, defined on the interval
[0, 4+00) such that for each x € D,

F(z*) =0, F'(2*)'e L(Y,X), (2.11)
l2(2) = 2*|| < pr(llz — 2"l — 2™ (2.12)
and
1F" (")~ (F (@) = F'(2)]| < wo(llz — 2™)), (2.13)
where z(z) = ¢1(x,x — F'(x) " F'(x)). Moreover suppose there exist con-

tinuous, non-negative, non-decreasing functions w,v defined on the interval
[0,70) such that for each x,y € Dy := D UU(x*,rg),

1F' ()" (F' () = F'(y) || < w(llz —yl)), (2.14)
[F' (")~ F (@) < o(fle = yl)), (2.15)

and
U(z*,r) C D, (2.16)

where the radius of convergence is defined by (2.4). Then, the sequence {x,}
generated for xg € U(z*,r)—{x*} by method (1.2) is well defined in U(z*, 1),
remains in U(z*,r) for each n = 0,1,2,... and converges to x*. Moreover,
the following estimates hold

1yn — 2" < g(llzn — 2" Dllzn — 27| < llzw — 7| <, (2.17)
120 = 2" < pr(llwn — 2 Dllzn — 2*[1* < [l — 27, (2.18)
129 = 2| < Willlen — ¥ Dz — 2%l < [l — 27 (2.19)
In particular, since zr(Lm) = Tpi1
[2n41 = 27 < Y (llzn — 27| |zn — 27| < flzn — 27, (2.20)

where, the functions g, p and 1; are defined previously. Furthermore,for v €
[r,70), the limit point x* is the only solution of equation F(x) = 0 in Dy =

Proof. We shall show using mathematical induction that sequence {z,}
generated by (1.2) is well defined in U(z*, r), remains in U (z*, r) for each n =
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0,1,2,--- and converges to z* so that estimates (2.17)-(2.20) are satisfied.
By (2.1), (2.8), (2.13) and the hypotheses zy € U(x*,r) —{2*}, we have that

1F" ()~ (F" (o) — F'(2")| < wo([lwo — 27[]) < wo(r) < 1. (2.21)

It follows from (2.21) and the Banach Lemma on invertible operators [1,11,
13] that F'(z)~' € L(Y, X), yo is well defined by the first substep of method
(1.2) and

1
F'(zo) Y F (29| < )
|| ( 0) ( )H =1 —wo(HIo _I*H)

(2.22)

We can write the identity,
Yo — % = 29 — 2F — F'(20) " F(20). (2.23)
Using (2.5), (2.11)-(2.14), (2.22) and (2.23), we get in turn that
lyo = 2"l < [1F(z0) " F' () Il fo F'(2*) M (" + (o — 7))

—F"(x0)](z0 — x)db|

[2 w((1-6) o —a* [)db]lzo—2"| 224)
w((1=0)||xg—z*||)dO||xo—x™*
S T Twe(lmoa ) )

= g0 =2 Dllzo = 27| < [lwo — ™| <1,

which shows (2.17) for n = 0 and yo € U(z*, 7).

We can write by (2.11) that
1
F(xg) = F(x) — F(2") = / F'(z* + 0(zg — %)) (2o — x*)d8. (2.25)
0

Notice that z* + 0(xy — *) € U(z*,r) for each 6 € [0, 1], since ||z* + 6(xo —

z*) — x*|| = 0)|xg — z*|| < 7. In view of (2.15) and (2.25), we get that

1
| /(%) F (o) < / o8]l — 2*|])db. (2.26)
0

Notice that 2 is well-defined by (2.22) and the second sub-step of method
(1.2). By the second substep of method (1.2), for n = 0, (2.6) and (2.12), we
obtain that

20 =" = ll¢r(z0,50) — 27|

< pilllzo — 2*|llwo — 2*[I* (2.27)

< lwo —2*]| < 1,
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which shows (2.18) for n = 0 and zy € U(x*,r). Next, we must show that
linear operator ¢(xg, yo) is well- defined. Using (2.4), (2.9), (2.13) and (2.24),

we have in turn that

I2F @) (BF (o) — F'(z0)) — 2P'())] (2.28)
< SRIF @) (F () = P+ 1F ) (F ) - B
< 5wl — 1) + woleo — 2°])]
< Swo(gle” = sol)la* = ol) + wollle* = o]
< S Rwolg(r)r) + wolr)] = a(r) < 1.

Hence we get that zéi) exist, i = 0,1,2,--- ,m by method (1.2), ¢(zo, o)
exists and

1k 1 2 1 _ Ta—x*
loten )P < 5 (o + T ) = Wl
(2.29)

Using (2.26) for 2 = z,, (2.4), (2.7), (2.29), we have in turn that
Iz = 2| = 20 — ¥ + | 6(wo, yo) F' ()| | F' (%)~ F (z0)

< (14 [|@(wo, yo) F' ()| [} v(8]|20 — 2*[|)dB) || z0 — 27|

< (14 p(llzo — 2] fy w8 (|0 — z*|)) [0 — 27|*)dO)

xg1(llzo — 2*[])l|lwo — 2

= illlzo = 2" |Dllwo — 2"} < lwo — 2™} <7,

(2.30)
and for 7 =2,3,---,m
‘ * * —1 %
l=” =l < (1 plleo = 1) fy 0(Bllzy” = [)db)l|=g " — a7

< (L4 pllzo = 2*[) fy v(O;-1(l|zo — 2*|)l|z0 — 2" )d6)
xj—1(llzo — 27 |)|lzo — 27|

= Yj(llwo — @ |)llzo — 27| < [lwo — 2| <,
(2.31)
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Hence estimates (2.19)-(2.20) hold for n = 0. By simply replacing zg, yo, 20, zéi)

by :pk,yk,zk,zlg) in the preceding estimates, we arrive at estimates (2.17)-

(2.20). Then, from the estimates
Jner — 2| < cllow — 2] <1, (2.32)

where ¢ = ¥, (||zg — 2*||) € [0,1), we deduce that klim z = " and x4y €
—00

U(x*,r). Finally to show the uniqueness part, let 7' = fol F'(z*+0(y*—x*))do
where y* € Dy with F(y*) = 0. Using (2.13), we obtain that

IF ()T = F'())| < fy wo(Bll=" — y7[1)df (2.33)

< "LUO(T’_(])dH <1,

Hence, we have that T-! € L(Y, X). Then, from the identity 0 = F(y*) —
F(z*) =T(y* — z*), we conclude that z* = y*. d

Remark 2.1. (a) In the case when wy(t) = Lot,w(t) = Lt, the radius
rA= 2%% was obtained by Argyros in [1] as the convergence radius for
Newton’s method under condition (2.7)-(2.9). Notice that the conver-
gence radius for Newton’s method given independently by Rheinboldt
[13] and Traub [15] is given by

2

p:3_L<7'1.

As an example, let us consider the function f(x) = e* — 1. Then
¥ =0. Set Q = U(0,1). Then, we have that Ly =e—1 <[ =¢, so
p = 0.24252961 < r; = 0.324947231.

Moreover, the new error bounds [1] are:

L

Lol[zn — ==

s — 27 < 1=

whereas the old ones are

L
_ ¥ < Lk 2.
”anrl z H -1 LHxn _x*H Hmn x H

Clearly, the new error bounds are more precise, if Ly < L. Clearly, we
do not expect the radius of convergence of method (1.2) given by r to
be larger than r4.
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(b) The local results can be used for projection methods such as Arnoldi’s
method, the generalized minimum residual method (GMREM), the
generalized conjugate method (GCM) for combined Newton /finite pro-
jection methods and in connection to the mesh independence principle
in order to develop the cheapest and most efficient mesh refinement
strategy [1-4,13].

(c¢) The results can be also be used to solve equations where the operator
F’ satisfies the autonomous differential equation [1-4,13]:

where P is a known continuous operator. Since F'(z*) = P(F(x*)) =
P(0), we can apply the results without actually knowing the solution
x*. Let as an example F'(z) = e* — 1. Then, we can choose P(x) = x+1
and z* = 0.

(d) It is worth noticing that method (1.2) are not changing if we use the
new instead of the old conditions [16]. Moreover, for the error bounds
in practice we can use the computational order of convergence (COC)

n llznt2—Tniil
é— — |7n4+1—2n ||
lznt1—znll ’
lzrn—zn-1]l

foreachn=1,2,...
In

or the approximate computational order of convergence (ACOC)

In lzn+2—2*

5*_M for each n=0,1,2,...

o n lzn1—z*]

H:cn—a:

instead of the error bounds obtained in Theorem 2.1.
(e) In view of (2.13) and the estimate
|F' (@) F ()| = [[F'(") " (F(2) = F'(2")) + 1
< 1H[IF@) T (EF (2) = F'@)]| < 1+ wo(llw — 2*[])
condition (2.15) can be dropped and can be replaced by
v(t) =1+ wo(t)

v(t) =14 wo(re),

since t € [0, 7).
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3 Numerical Examples

The numerical examples are presented in this section.

Example 3.1. Let X =Y =R3 D = U(0,1),2* = (0,0,0). Define func-
tion F' on D for w = (z,y,2)T by

-1
F(w) = ("= 1,5~y +4.2)".
Then, the Fréchet-derivative is given by
e 0 0
F'(v)=1 0 (e—=1)y+1 0
0 0 1

Notlce that
() = L,

Choose V1 (Tns Yn) = Yn — F'(Yn) ' F(yn), A = 1, pi(t) =
using conditions (2.11)-(2.15), we get wq(t) = Lot, w(t )

1
Ly =e—1,L = eLo. The parameters are

L

rg = 0.3827, p1 = 0.2885, 1y, = 0.2553, ry, = 0.1681 = r.

Example 3.2. Let X =Y = CI0,1], the space of continuous functions
defined on [0, 1] and be equipped with the max norm. Let D = U(0,1).
Define function F' on D by

Flp)a) = pla) =5 [ ato(0) s (3.1)
We have that
Flo(©)(@) = () — 15 /0 200(0)26(0)d0, for each € € D.

Then, we get that x* = 0, wy(t) = Lot, w(t) = Lt,v(t) =2, Ly = 7.5, L = 15.
The parameters for method are

ry = 0.0667, p; = 0.0444, 1, = 0.0374, 1y, = 0.0214 = 7.
Example 3.3. Returning back to the motivational example at the introduc-
tion of this study, we have wy(t) = w(t) = 96.6629073t, v(t) = sup||F(z*) ' F(x)| =
0.7272 and vy (t) = sup||F(z*)"'F(z)| = 0.3411. Then the parameters are

rg = 0.0096, p; = 0.0090 = r, ry, = 0.0091, ry, = 0.0199.
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