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Abstract. In thispaper, weproposeandstudyanew on-linealgorithmfor learn-
ing a SVM basedon RadialBasisFunctionKernel:Local IncrementalLearning
of SVM or LISVM. Our methodexploits the “locality” of RBF kernelsto up-
datecurrentmachineby only consideringa subsetof supportcandidatesin the
neighbourhoodof the input. The determinationof this subsetis conditionedby
the computationof the variationof the error estimate.Implementationis based
ontheSMOone,introducedanddevelopedby Platt[13]. Westudythebehaviour
of the algorithmduring learningwhenusingdifferentgeneralizationerror esti-
mates.Experimentson threedatasets(batchproblemstransformedinto on-line
ones)have beenconductedandanalyzed.

1 Introduction

Theemergenceof smartportablesystemsandthedaily growth of databasesontheWeb
hasrevivedtheold problemof incrementalandon-linelearning.Meanwhile,advances
in statisticallearninghave placedSupportVectorMachines(SVM) asoneof themost
powerful family of learners(see[6, 16]). Their specificitylies on threecharacteristics:
SVM maximizesasoftmargincriterion,themajorparametersof SVM (supportvectors)
aretakenfrom thetrainingsampleandnonlinearSVM arebasedon theuseof kernels
to dealwith highdimensionalfeaturespacewithout directlyworking in it.

However, few works tacklethe issueof incrementallearningof SVM. Oneof the
mainreasonsliesonthenatureof theoptimizationproblemposedbySVM learning.Al-
thoughthereexist someveryrecentworksthatproposewaysto updateSVM eachtime
new dataareavailable[4, 11,15], they generallyimply to re-learnthewholemachine.

Thework presentedherestartsfrom anothermotivation:sincetheprincipalparam-
etersof SVM arethe trainingpointsthemselves,andasfar asa local kernelsuchasa
gaussiankernelis used,it is possibleto focuslearningonly on a neighbourhoodof the
new dataandupdatethe weightsof concernedtraining data.In this paper, we briefly
presentthe key ideaof SVM andthenintroduceincrementallearningproblem.State
of the art is shortly presentedanddiscussed.Then,we presentthe local incremental
algorithmor LISVM anddiscussthemodelselectionmethodto determinethesizeof
theneighbourhoodto beusedat eachstep.Numericalsimulationson IDA benchmark
datasets[14] arepresentedandanalyzed.



2 Support Vector Machines

Givenatrainingset �������
	������������������ , supportvectorlearning[6] triesto find ahyper-
planewith minimal norm that separatesthe datamappedinto a feature space� via a
nonlinearmap ���� !#"%$&� , where' denotesthedimensionof vectors	 � . To construct
sucha hyperplane,onemustsolve thefollowing quadraticproblem[3]:(*)�+, -. / 02143 /�5768 -./ 9 : 0;1<3 / 3 :�= / =>:@?BADCFEHGICKJ�L (1)

subjectto M. / 021N3 / = /;O�P and

PRQTSUQTV
(2)

with kernelfunction W definedas W��H	X�	�YD�Z�[�\�H	]�\^K�\�H	�YH� . Solutionof this problem
provides _`�ba ��c�d�2e �����f�\�H	��g� , a real value h with the help of optimality conditions
andthedecisionrule: ij�
	]�k�ml�nN'o�H_p^��\�H	]�dq�h�� .

Themostefficientpracticalalgorithmstoachievetheresolutionof thelatterproblem
implementa strategy of iterative subsetsselection[9, 12,13] whereonly the pointsin
thosesubsetsmayseetheir correspondinglagrangemultiplier change.This processof
optimizingtheglobalquadraticproblemonly on a subsetof thewholesetof variables
is a key point of our algorihtmsincewe usesuchan optimizationschemeon subsets
definedasneighbourhoodsof new incomingdata.

3 Incremental Learning and SVM

In incrementallearning,thetrainingdatasetis not fully availableat thebeginningof the
learningprocessasin batchlearning.Datacanarriveatany timeandthehypothesishas
to beupdatedif necessaryto capturetheclassconcept.In thefollowing,wesupposethat
dataaredrawn from a fixedbut unknown distribution.We view this taskasa first step
towardslearningdrifting concepts,e.g.learningto classifydatathataredrawn from a
distribution thatchangeover time.

More formally, theproblemconsideredheremaybestatedasfollows.Let r bea
hypothesisfamily (suchasthe gaussainkernel-basedSVM family). Let s be a fixed
but unknown distribution over �
	X��B� pairs, 	utwv and �xtU�zy|{z�{K� . We supposethat
at time } , a trainingpatternis randomlysampledfrom s . Let usdefine ~2� thecurrent
observedsampleattime } . Thegoalof incrementalon-linelearningis to find andupdate
an hypothesis� � t�r usingavailableexamplesin order to minimize generalization
error.

TheKernel-Adatronalgorithm[8] is a very fastapproachto approximatethesolu-
tion of thesupportvectorlearningandcanbeseenasa component-wiseoptimization
algorithm.It hasbeensuccesfullytestedby theirauthorsto dynamicallyadaptthekernel
parametersof the machine,doingmodelselectionin the learningstage.Nevertheless,
the only drawbackof this work is that it shouldnot be straightforward to extendthis
work to dealwith drifting concepts.

Anotherapproach,proposedin [15], consistsin learningnew databy discarding
all pastexamplesexceptsupportvectors.The proposedframework thusrelieson the



propertythatsupportvectorssummarizewell thedataandhasbeentestedagainstsome
standardlearningmachinedatasetsto evaluatesomegoodnesscriteriasuchasstability,
improvementandrecoverability.

Finally, a very recentwork [4] proposesa way to incrementallysolve the global
optimizationproblemin orderto find theexactsolution.Its reversibleaspectallows to
do “decremental”unlearningandto efficiently computeleave-one-outestimations.

4 Local Incremental Learning of a Support Vector Machine

We first considerSVM asa voting machinethatcombinestheoutputsof experts,each
of which is associatedwith asupportvectorin theinputspace.WhenusingRBFkernel
or any kernelthatis baseduponthenotionof neighbourhood,theinfluenceof asupport
vectorconcernsonly a limited areawith a high degree.Then,in theframework of on-
line learning,whenanew exampleis availableit shouldnotbenecessaryto re-consider
all the currentexpertsbut only thosewhich areconcernedby the localizationof the
input.In someextent,theproposedalgorithmis linkedwith work of BottouandVapnik
[1] aboutlocal learningalgorithm.

4.1 Algorithm

We sketch the updatingprocedureto build � � from � �g�;� when the incoming data�H	2���� � � is to be learned,� �g��� being the set of instanceslearnedso far, and � � ����g�;�X�x���
	 � ��K���>� :
1. Initialize lagrangianmultiplier 3;� to zero
2. If = �g� �
� 1 ADC � Lj� 6 (point is well classified)thenterminate(take � ��� 1 asnew hypothesis� � L
3. Build a workingsubsetof size2 with � � andits nearestexamplein inputspace
4. Learn a candidatehypothesis� by optimizingthe quadratic problemon examplesin the

workingsubset
5. If thegeneralizationerror estimationof � is abovea giventhreshold� , increasetheworking

subsetbyaddingthenext closestpoint to � � notyetin thecurrentsubsetandreturnto step4
6. � � is setto �

We stopconstructinggrowing neighbourhoods(seeFig. 1) aroundthenew dataas
soonasthegeneralizationerrorestimationfalls undera giventhreshold� . A compro-
miseis thusperformedbetweencomplexity in time andthevalueof thegeneralization
errorestimate,asweconsiderthatthisestimateis minimalwhenall dataarere-learned.
Thekey point of our algorithmthuslies on finding thesizeof theneighbourhood(e.g.
thenumber� of neighboursto beconsidered)andthuson findinga well suitedgener-
alizationerrorestimate,whatwe will focuson in thenext section.

To increasecomputationalspeed,andimplementour ideaof locality, we only con-
sider, asshown in Fig. 1, asmallbandaroundthedecisionsurfacein whichpointsmay
beinsterestingto re-consider. This bandis definedupona real � : pointsof class�K� for
which ���Iij�
	;������{ andpointsof classy\�K� for which �K��ij�
	;������{�q�� arein theband.



f(x) = 1 + ε

neighbourhoods

f (x) = 0y f (x) = −1

y f (x) = 1

new point

status changed

new decision surface

new point

Fig. 1. Left: threeneighbourhoodsaroundthenew dataandthe interestingsmallbandof points
aroundthedecisionsurfaceparameterizedby � . Right: new decisionsurfaceandexampleof point
whosestatuschanged

4.2 Model Selection and the Neighbourhood Determinaton

The local algorithmrequiresto choosethevalueof � or the neighbourhoodsize.We
have several choicesto do that.A first simplesolutionis to fix � a priori beforethe
beginningof thelearningprocess.Howeverthebest� attime } is obviouslynotthebest
oneat time }�q�} Y . Soit maybedifficult to choosea single � suitablefor all points.A
secondmoreinterestingsolutionis thereforeto determineit automaticallythroughthe
minimizationof a costcriterion.The ideais to applysomeprocessof modelselection
uponthedifferenthypothesis� � � thatcanbebuilt.

The way we chooseto selectmodelsconsistsin comparingthemaccordingto an
estimateof their generalizationerror. Oneway to do that is to evaluatetheestimation
error on a testsetandthuskeeping � asthe onefor which ���F���g� is the least.In real
problems,it is howevernotrealisticto beprovidedwith atestsetduringtheincremental
learningprocess.Sothissolutioncannotbeconsideredasagoodanswerto ourproblem.

Elsewhere,thereexist someanalyticalexpressionof Leave-One-Outestimatesof
SVMs generalizationerrorsuchasthoserecalledin [5]. However, in orderto usethese
estimates,onehasto ensurethat themargin optimizationproblemhasbeensolvedex-
actly. Thesameholdsfor Joachims’� e y estimators[10,11].Thisrestrictionpreventsus
from usingtheseestimatesasweonly do apartial localoptimization.

To circumvent the problem,we proposeto usethe boundon generalizationpro-
videdby a resultof CristianiniandShawe-Taylor [7] for thresholdedlinearreal-valued
functions.While the boundit gives is large, it allows to “qualitatively” comparethe
behavioursof functionsof thesamefamily. Thetheoremstatesasfollows:

Theorem 1. Considerthresholdingreal-valuedlinear functions� withunitweightvec-
tors on an inner productspacev andfix  �t¡ !�¢ . There is a constantc, such that for
anyprobabilitydistribution £ on v�¤¥��y|{�@{K� with supportin a ball of radius ¦ around
theorigin, with probability {Xy¨§ over © randomexamples~ , anyhypothesisi¡t¨� has
error no more thanª �¬«®<�¯°��i;���u±²�[³© ´ ¦°µkqm¶�·�¶�µ  µ ¸�¹�º µ ©oq ¸c¹zº {§j» (3)

where ·��¼·]�D j½�]½~o�Z�&�
�®�<�� µ �¾�¾@¾¿�� � � is the margin slack vectorwith respectto i
and   definedas �@���uÀÂÁ�Ã���ÄB� ÅyÆ���fij�H	��g��� .



We noticethatoncethekernelparameterÇ is fixed, this theorem,directly applied
in thefeaturespace�]È definedby thekernel WzÈ , providesanestimateof generalization
error for the machineswe work on. This estimateis expressedin termsof a margin
value   , thenormof theslackmargin vector · andtheradiusof theball containingthe
data.

In order to use this theorem,we considerthe featurespaceof dimension ÉF�
�T�
definedby theGaussiankernelwith afixedvaluefor Ç . In thisspace,weconsider� with
unit weightvectors.At step} , differentfunctions� � � canbelearntwith WÂ�Ê{��¾�¾�¾c½�ÂËXÌ�Í .
For eachW , we geta function i �� by normalizingtheweightvectorof � � � . i �� belongsto� andwhenthresholdedprovidesthesameoutputsthan � � � does.Thetheoremcanthen
beappliedto iÅ��i �� anddataof ~2� . It ensuresthat:Î QTÏ ADÐ®AÒÑFGgÓXL�GIÔÖÕzGg×�ÕzGfÑ2GgØ�L�Ù (4)

Hence,for eachW%��{�¾�¾c¾ � ËXÌ�Í , wecanusethisboundasa testerrorestimate.
However, as ¦RÚ is theradiusof theball containingtheexamplesin thefeaturespace

[17], it only dependson thechosenkernelandnotonk. Onthecontrary, �@Ú , definedas:� ��HÛ � �mÜ¨Ý�Þ��
Äß� àyT���fi �� �H	��g��� is theuniquequantitywhich differsamongfunctions i � .
Slackvector � �� arethussufficient to comparei � functions,justifying ourchoiceto use
it asamodelselectioncriterion.Lookingat thebound,wecanseethatavalueof   must
bechosen:in orderto dothat,we takeatime-varyingvaluedefinedas   � �Ê{<áß¶�_ �g�;� ¶ .
5 Experimental Results

Experimentswereconductedon threedifferentbinaryclassificationproblems:Banana
[14], Ringnorm[2] andDiabetes. Datasetsareavailableat www.first.gmd.de/˜raetsch/.
For eachproblem,we testedLISVM for differentvaluesof the threshold� . Themain
pointswewantto assessaretheclassificationaccuracy ouralgorithmis ableto achieve,
theappropriatenessof theproposedcriterionto selectthe“best” neighbourhoodandthe
relevanceof thelocalapproach.

We simulatedon-lineincrementallearningby providing theclassifierwith oneex-
ampleat a time, taken from a given training set.After eachpresentation,the current
hypothesisis updatedandevaluatedon a validationsetof sizetwo thirds the sizeof
thecorrespondingtestingset.Only the“besttest”algorithmusestheremainingthird of
this lattersetto performneighbourhoodselection.An otherincrementallearningpro-
cesscalled“rebatch”is alsoevaluated:it consistsin realizinga classicalSVM learning
procedureoverthewholedatasetwhenanew instanceis available.Experimentsarerun
on {@Ä samplesin orderto computemeansandstandarddeviations.Quantitiesof inter-
estareplottedon Fig. 2 andFig. 3. Table1 reportstheresultsat theendof thetraining
process.

We led experimentsfor the samerangeof � valuesin order to show that it is not
difficult to fix a thresholdthat implies correctgeneralizationperformance.However,
we mustbeawarethat � reflectsour expectationof theerrorperformedby thecurrent
hypothesis.Hence,smallerthreshold� shouldbepreferredwhenthedataareassumed
to be easilyseparable(e.g.Ringnorm) while biggervaluesshouldbe fixed whendata
aresupposedto beharderto discriminate.This remarkcanbeconfirmedby theobser-
vationof BananaandDiabetesresults.While thechosenvaluesof � leadto equivalent
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Fig. 2. Evolutionof themachineparametersfor theBananaproblemduringon-linelearningwith
a potentialband(seeFig. 1) definedby � O�P Ù å
Table 1. Resultsonthethreedatasets.Thepotentialbandused(seeFig. 1) is definedby � OæP Ù å .
ClassicalSVM parametersarein thetop-left cell of eachtable

Banana

VæO 6 P@P
, ç O 6 validationerror Nb of Svs èZé ê�ë A 6 G � G�ì�L ê>é�í�î

Batch/Rebatch

P Ù 6 P®ï�ð¡P Ù P®P�ñ ò 6 Ù 8 ð¡ò Ù ó ó ï®ïoð 6�ô®ô P Ù 8 ó 6 ðxP Ù P®õ ô
Besttest

P Ù 6®6 8 ð¡P Ù P 6 õ å 8 Ù ïkð 8 6 Ù å ï�õ 8 ð 8 õ 8 P Ù ó P 6 ð¡P Ù ó P®ò
LISVM � O�P Ù P@P 6 P Ù 6®6 õ�ð¡P Ù P®P ó ó ñ Ù 6 ð 6 ó�Ù ó 6 8®8 P�ð 8 ò 6 P Ù õ 8 ó ðxP Ù P<ï@õ
LISVM � OæP Ù P 6 P Ù 6®6 õ�ð¡P Ù P®P å ó ò Ù òkð¡ò Ù ñ 6 8 ï@P�ð 8 ñ@ñ P Ù õ@P®ò�ðxP Ù P@ñ<ò
LISVM � O�P Ù 6 P Ù 6®6@6 ð¡P Ù P®P ô ò 8 Ù 6 ðxï Ù ò 6@6®6 P�ð 8®8 P P Ù õ®P å ð¡P Ù P@ñ

Ringnorm

V�O 6>ö ò
, ç O 6 P validationerror Nb of Svs èZé ê�ë A 6 G � G�ì�L ê>é�í¿î

Batch/Rebatch

P Ù P 8 ô õ�ðxP Ù P@P@ñ ó P Ù ñÖð ó�Ù å õ 8 ò@P�ðxï@P 6 ñ Ù å e-
ô ð÷ñ Ù å e-

ô
LISVM � O�P Ù P®P 6 P Ù P 8 ï 8 ðxP Ù P@P ô ó P Ù ñÖð ó�Ù å õ å ô P�ð ó P@ò P Ù P®P®ï�ð¡P Ù P@P 8
LISVM � O�P Ù P 6 P Ù P®õ 8 ñ�ðxP Ù P@P ó ô åKÙ ò�ð¨ñ 8 6 ó P�ð å®å ò P Ù P@ñ ô ð¡P Ù P 6 8
LISVM � O�P Ù 6 P Ù P ô 8 ó ðxP Ù P 6 õ ñ®ò Ù ï�ð åKÙ ó 6@6 ñ®P�ð å P@P P Ù 6 å@å ð¡P Ù P@õ å

Diabetes

V�O 6 P
, ç O 8 P validationerror Nb of Svs èZé ê�ë A 6 G � G�ì�L ê>é�í�î

Batch/Rebatch

P Ù 8®8 ó ð÷P Ù P 8®8 8 ï å ðÆï Ù 6 õ ó 8 ð¡õ®P Ù 8 P Ù ô ò@ñ�ð¡P Ù P 6 ï
LISVM � O�P Ù P@P 6 P Ù 8®8 ô ð÷P Ù P 8 õ 6 ò®ïoð 8 ï Ù ò õ ô 8 ðxï@P Ù 8 P Ù ô ñ ô ð¡P Ù P 8 å
LISVM � O�P Ù P 6 P Ù 8®8 ò�ð÷P Ù P 8 6 8®8 ïoðxõ ô õ ó 8 ðxï 6 Ù ó P Ù ô å 8 ð¡P Ù P®õ 6
LISVM � O�P Ù 6 P Ù 8®8 õ�ð÷P Ù P 8 õ 8®8 ô ðxõ@ò Ù 8 õ ó ô ð ô®ô Ù ñ P Ù ô å 8 ð¡P Ù P 8 ó
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Fig. 3. Evolutionof validationerrorfor Ringnorm(left) andDiabetes(right)

(or bigger)complexity thanthe batchalgorithmfor equivalentvalidationerror, other
experimentswith �à�pÄB¾ùø show thatLISVM obtainsa lower complexity ( ø�ø SVsand¶�_x¶¿µR�¬úNû�û for Banana, {�û�ü SVsand ¶�_x¶¿µ#��ü�ýzû for Diabetes) but with a degraded
performanceon thevalidationset(ratesof 0.16and0.24respectively). For Ringnorm,
this observationcanalsobemadein thechosenrangeof values þ Äß¾ ÄzÄB{�ÿ½ÄB¾ ÄB{zÿ�ÄB¾�{�� . Re-
laxing thevalueof � leadsto a lowercomplexity at thecostof ahighervalidationerror.
Theseexperimentsconfirmthattherelevantrangeof � correpondsto abalancebetween
alow validationerrorandasmallnumberof neighboursneededto reachthethresholdat
eachstep.CPUtime measuresprovidemeansto directly evaluate� for which thelocal
approachsoundsattractive.In theRingnormtaskfor instance,CPUtime is of {®ýB¾ � sfor
a largeneighbourhood( �Â�ÊÄß¾ ÄzÄB{ ) while it is reducedto � ¾ Ä s and {z¾ ü s for respective
smaller � valuesof ÄB¾ ÄB{ and ÄB¾�{ andlowercomplexity.

Several curvesreflectingthe behaviour of the algorithmduring time weredrawn
for the Bananaproblem.Samecurvesweremeasuredfor the otherproblemsbut are
omitted for sake of space.The validationerrorscurvesshow the convergenceof the
algorithm.This behaviour is confirmedon theFig. 2(c)whereall theincrementalalgo-
rithmsexhibit a stabilizingvaluefor ¶>·]¶�µ®á®© . For LISVM and“rebatch”algorithm,the
numberof supportvectorslinearly increasewith thenumberof new observedinstances.
This is not an issue,consideringthat the squarednorm of the weightvectorincreases
very muchslower, suggestingthat if thenumberof traininginstanceshadbeenbigger,
a stabilizationshouldhave beenobserved.At last, let usconsiderthebehaviour of the
“best test” algorithmto LISVM on the Bananaproblem.This algorithmperformsthe
SVM selectionby choosingthesizeof theneighbourhoodthatminimizesthetesterror
andthusis verydemandingin termsof CPUtime.Nevertheless,it is remarkableto no-
tice thatit reachesthesamevalidationperformancewith twice lesssupportvectorsand
a restrictednormof theweightvector, illustratingtherelevanceof thelocalapproach.

6 Conclusion

In this paper, we proposea new incrementallearning algorithm designedfor RBF
kernel-basedSVM. It exploits thelocality of RBFby re-learningonly weightsof train-
ing datathatlie in theneighbourhoodof thenew data.Ourschemeof modelselectionis



basedonacriterionderivedfrom aboundanerrorgeneralizationfrom [7] andallowsto
determinea relevantneighbourhoodsizeat eachlearningstep.Experimentalresultson
threedatasetsshow very promisingresultsandopenthedoorto realapplications.The
reductionin termsof CPU time provided by the local approachshouldbe especially
importantin caseof availability of numeroustraininginstances.

Next furtherworksconcerntestson largescaleincrementallearningtaskslike text
categorization.The possibility of the � parameterto be adaptive will alsobe studied.
Moreover, LISVM will beextendedto thecontext of drifting conceptsby theuseof a
temporalwindow.
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