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Abstract

The incremental updating of lower and upper approximations under the variation of information systems
is an important issue in rough set theory. Many incremental updating approaches with respect to different
kinds of indiscernibility relations have been proposed. The grade indiscernibility relation is a fuzzification
of classical Pawlak’s indiscernibility relation which can characterize the similarity between objects more
precisely. Based on fuzzy rough set model, this paper discusses the approaches for dynamically acquiring
of the upper and lower approximations with respect to the grade indiscernibility relation when adding and
removing an attribute or an object, and changing the attribute value of the object, respectively. Since the
approaches are used in succession, they make the approximations can be updated correctly and effectively
when any kind of possible change in the information system. Finally, extensive experiments on data
sets from University of California, Irvine (UCI) show that the incremental methods effectively reduce the
computing time in comparison with the traditional non-incremental method.

Keywords: Rough set, Fuzzy relation, The grade indiscernibility relation, Incremental learning, Approxi-

mation operators.

1. Introduction

Rough set theory, a mathematical tool for dealing
with vagueness and uncertainty, was introduced by
Pawlak in 1982'. It can be used in attribute value
representation models to describe the dependencies
among attributes, evaluate the significance of at-
tributes and derive decision rules>>*>%. Rough set-
based data analysis starts from a data table, also
called an information system, which contains data
about objects of interest that are characterized by a
finite set of attributes. Objects with the same infor-
mation are indiscernible and the indiscernibility re-

* Corresponding author.

lation generated in this way forms the mathematical
basis for the theory of rough sets. By using the indis-
cernibility relation, a rough set is characterized by a
pair of sets, called the lower and upper approxima-
tions. In recent years, classical rough sets have been
extended to several general models, such as cover-
ing rough set model’, fuzzy rough set model®, vari-
able precision rough set model®, generalized rough
set model'?, probabilistic rough set model!!, etc.

With the rapid development of modern infor-
mation technology, different types of data have in-
creased dramatically. In many real-time cases, in-
formation systems may evolve over time, in other
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words, some new information becomes available
continuously while some information is no longer
useful. One can retrain the system from scratch
whenever adding or removing data(attributes or
objects), which is known as a non-incremental
approach!?.  However, the non-incremental ap-
proach becomes very costly or even intractable as
the number of data grows. Alternatively, one can
also apply an incremental learning scheme'?. The
essence of incremental learning is to allow the learn-
ing process to take place in a continuous and pro-
gressive manner rather than a one-shot experience!?.
The research on updating knowledge incrementally
has shown its importance in many areas, such as
clinical decision making, intrusion detection, stock
evaluation, and text categorization'*. Some incre-
mental learning methods with respect to rough set
theory have been proposed'*!>1%17 Chan firstly put
forward an incremental method for updating the ap-
proximations of a crisp concept based on the lower
and upper boundary sets!>. Li et al. presented
an incremental method of updating decision rules
when multi-attributes are deleted or added simulta-
neously under rough set based on the characteristic
relation'®. Zhang et al. investigated the approach for
updating approximations under neighborhood rough
sets'’. Cheng proposed two incremental methods
for the fast computing of the rough fuzzy approxi-
mations based on the boundary set and the cut sets
of a fuzzy set, respectively'. These studies have
significantly enriched the theory of rough set and
guided a way for dynamic data mining, even big data
mining.

The indiscernibility relation is a key notion of
rough set theory, which partitions the object set of
an information system into a collection of equiva-
lence classes. Zhao proposed the notion of grade
indiscernibility relation which is a fuzzy relation for
information system to characterize the difference be-
tween the grades of discernibility'®. Based on fuzzy
rough set model®, Qin investigated rough approxi-
mation operators based on the grade indiscernibil-
ity relation'®. For the sake of better applying of
the grade indiscernibility relation, Luo extend it to
incomplete information system?’. The value tol-

erance relation based rough approximation opera-
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tors are investigated”!. In this way, we defined the
approximation operators based on the grade indis-
cernibility relation in the same manner?’. Further-
more, the rule acquisition and attribute reduction
are discussed, and the advantages of the grade of
indiscernibility relation are also explained. In this
paper, we discusses the approaches for incremen-
tally acquiring approximations based on the grade
indiscernibility relation when the information sys-
tem changes. Due to these approaches are used in
succession, they can effectively updated approxima-
tions when any possible changes in the information
system occur. In order to show the succession of the
approaches, examples in this paper are used as in-
put from the output of the example before it. And
it should be noted that the order of the information
system changes can be arbitrary.

This paper is arranged as follows. In Section 2,
we review some fundamental concepts of Pawlak
rough sets and the grade indiscernibility relation.
The remainders of the sections are focused on the
approaches for incrementally updating approxima-
tions based on the grade indiscernibility relation
when the information system varies with time. With
changes of the attribute set, we discuss how to ac-
quire approximation operators in Section 3. In Sec-
tion 4, we investigate the methods for updating ap-
proximations when adding or removing an object in
the universal set. The approaches for updating ap-
proximations when changing the attribute value of
object is given in Section 5. In Section 6, we ana-
lyze the time complexity of algorithms presented in
Section 3,4,5. In Section 7, the incremental meth-
ods are evaluated on data sets from UCI. Finally we
conclude the work of this paper and preview the fur-
ther work.

2. Preliminaries

In this section, for our further development, we
briefly review some basic notions of Pawlak rough
set' and the grade indiscernibility relation'®. Mean-
while, the traditional non-incremental algorithm of
calculating approximations is presented.
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2.1. The grade indiscernibility relation

Definition 1 ! An information system is a quadru-
ple S = (U,A,V,F), where

(1) U ={x1,x3,---,x,} is a nonempty finite set of
objects called the universe of discourse;

(2) A is a nonempty finite set of attributes;

(3) V= agA Va, Vais the values domain of a;

(4) f: UXA — V is an information function such
that f(x,a) € V,, for any x € U,a € A.

Definition 2 ! Ler S = (U,A,V,F) be an information
system, B C A, the indiscernibility relation ind(B) in-
duced by B is defined as:

ind(B) = {(x,y) € U x U;¥b € B(f(x,b) =
FO,0)}

Clearly, ind(B) is an equivalence relation. If
(x,y) € ind(B), then x and y are indiscernible with
respect to B. It is noticed that, if x and y are dis-
cernible with respect to B, i.e. (x,y) ¢ ind(B), then
there exists at least one attribute b € B such that
f(x,b) # f(y,b). Thus the grade of discernibility
may be different for different pairs of objects. The
difference has not been described in Pawlak’s indis-
cernibility relation. To address this issue, Zhao pro-
posed the grade indiscernibility relation for informa-
tion system'8, which is defined as follows.

Definition 3 '8 Let S = (U,A,V,F) be an informa-
tion system, B C A, the grade indiscernibility rela-
tionship GRp on B is a binary fuzzy relation on U,
i.e. GRp: U XU — [0,1), and for any x,y € U,
GRp(x,y) = (b € B; f(x,b) = f(y, b))
According to this definition, GRp(x,y) represents
the proportion of undistinguishable attribute of x
and y in B. Clearly, (x,y) € ind(B) if and only if
GRp(x,y) = 1. Thus, GRp is a kind of fuzzification
of a indiscernibility relation ind(B). It is noticed
that GRp is a reflexive and symmetric fuzzy rela-
tion, but not necessarily transitive, i.e., GRp(x,y) A
GRp(y,7) < GRp(x,z) is not necessarily hold. From
the point of fuzzy rough set model®, Qin presented
approximation operators based on grade indiscerni-
bility relation'®.
Definition 4 '° Let S = (U,A,V,F) be an informa-
tion system, B C A. For any fuzzy subset y € F(U),
the lower approximation GRg(u) and the upper ap-
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proximations GRg(u) of u are defined as follows:
VxeU,

GRy(u)(x) = yé\U((l —GRp(x,y) V u(y));
GRp(u)(x) = yé/U(GRB(x,y) A ().

In this definition, if X € P(U) is a subset of U,
then

GRy((x) = A (1-GRy(x.y),
GRy(X)(x) = v GRy(x.).

Clearly, by the reflexivity of GRg(x,y), we have
GRy(X) € X C GRp(X) forany X C U.

2.2. The non-incremental algorithm of
computing approximations

In order to get the approximations based on the
grade indiscernibility relation, the non-incremental
method will firstly build the relation matrix and then
get the approximations from the matrix. The calcu-
lation process of the traditional way can be repre-
sented as the following Steps in Algorithm 2.1.

Algorithm 2.1 (The traditional non-incremental
algorithm of computing approximations)

Step 1: Input S = (U,A,V, f), X, B.

Step 2: Build the relation matrix M,,,, where
n=|X|,m=|U-X|.

Mo =GR (x:,x7) = i |{b € Bl £ (xinb) = £ (b))
X; € X,Xj eU-X.

Step 3: Calculate the lower approximations
GRp(X)(x)) = A (1 = GRp(xp,y)) = 1 -

yeU-X

vV GRp(x;,y) and the set Y, = {y € U -
yeU-X !

X; VvV GRp(xi,y)}, xi€X
yeU-X
__Step 4: Calculate the upper approximations
GRp(X)(xj) = \/XGRB(xj,y) and the set Ylj ={ye
ye
X; V. GRp(xj,y)}, xj e U—-X.
yeX

Step 5: Output the Mxn; GRy(X)(x;) and Y7,
x; € X; GRp(X)(xjand Y, x; € U= X; GRy(X)(x;) =
0,x; € U—-X; GRp(X)(x; = 1,x; € X.

It is easy to see that Algorithm 2.1 has a time
complexity of O(|X||U — X||B|), which is mainly de-
cided by the time cost of building the relation ma-
trix in Step 2. The following Example 1 shows the
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progress of using the Algorithm 2.1 to get the ap-
proximations based on the grade indiscernibility re-
lation.

Example 1 Let U = {xy, xp, x3, x4, X5, X6} be the uni-
versal set, A = {by,by,b3,b4,bs5} be the conditional
attribute set, B = {b1,by,b3,b4}, X = {x2,x3,x6} be
the decision set. The related information system is
given in Table 1.

Table 1

by by by by bs d
xy 2 2 1 1 3 U-X
x 2 2 1 2 2 X
x3 2 2 2 1 3 X
x4 1 1 1 2 2 U-X
x 1 2 2 2 3 X
xx 1 1 2 2 2 U-X

From the Step 2 of Algorithm 2.1 we have a rela-
tion matrix M3y3, where GRp(x,y), x; € X, x;€ U-X.

X1 X4 X5

xa (3/4 2/4 2/4
Mz =x3 |3/4 0 2/4
X6 0 3/4 3/4

The first column is the object that x; € X. The first
row is the object that x; € U - X.

From the step 3 of algorithm 2.1 we have the
lower approximations:

GR(X)(x2) = A (1 = GRp(x2,y)=1 —
yeU-X

_ 301 _

ye[\J/foRB(xz’y) =1- i = 1 and Y;\z =
oV R = .
{y’yeU—xG (2, )} = {x1}

GR(X)(x3) = A (1 = GRp(xz,y)=1 -
yeU-X

_ 3 _ 1 _

yeL\//—xGRB(x3’y) =1-35 =3 and YXA3 =
; R = .
U3 ORB03 )} = )

GRy(X)(x¢) = A (1 — GRp(xg,y)=1 —
yeU-X

_ 3 _ 1 _

yel\]/_XGRB(xﬁ,y) =1-3 =4 and Y, =

: R = .
{y,yel\]/_XG B(x6,¥)} = {x4, x5}

GRy(X)(x;) =0, x; € {x1,x4,x5}.
From the step 4 of algorithm 2.1 we have the up-
per approximations:
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GRp(X)(x1) = v GRy(x1.) = 2 and Yy ={ye
X; V. GRp(x1,y)} = {x2,x3}.

yeX

GRp(X)(xs) = yé/XGRB(M,)’) =2, and Yy ={ye
X; V. GRp(x4,y)} = {x6}.

yeX

GRy(X)(xs) = v, GRy(xs.y) = 2 and Yy ={ye
X; V. GRp(xs,y)} = {x6}.

yeX

GRp(X)(x;) = 1,x; € {x2,x3, x¢}.

3. Incrementally updating approximations
while adding or removing an attribute

The traditional non-incrementally update method is
based on static information system, which has huge
time complexity as the number of data grows. Incre-
mental update method can improve the efficiency by
using the existing approximation knowledge'8.

3.1. Incrementally updating approximations
when adding an attribute

Proposition 1 Let S = (U,A,V,F) be an informa-

tion system, BCA, beAandb ¢ B. Forany x,ye€ U,
IBI-GRB(x,y)+GR<;,)(x,y)

GRpupy(x,y) = IBI+1
_ BLOMen®l | f(x.b) = f(y.b);
W%T#, f(x,b) # f(y,b).
Proof. This proof is straightforward. a

Proposition 2 Let S = (U,A,V,F) be an informa-
tion system, BC A, be A, b¢ B, X CU. The lower
and upper approximations of X by adding b to B can
be updated respectively as follows.

Lower approximation: If x; € U — X, then
GRy iy X)(x) = GRyX)(x) = 0; If x € X,
then@BU{b}(X)(xi)

BIGR 5 (X)(x;
_ "—%—Q“ Iy € Y3(f(inb) = f(.0));
ST Y € YD = f(xib) % f(.b))
Where Y. = {y € U - X;GR(X)(x)=1 —

GRp(xi I=ly; v GR(xi,y)}

Upper approximation:  If x; € X, then
GRpup)(X)(x)) = GRp(X)(xj) = 1; If x; € U-X,
then GR puyp)(X)(x;)
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_ %’ y e Y (f(xj.b) = f(,b));
%, Vy(y e Yy — f(x;,0) # f(v,b)).

Proof. Lower approximation: For any x; € U — X,

It is obviously that @Bu{b}(X)(x,-) =GRy (X)(x;) =0.

For any x; € X, if Jy € Y} such that f(x;,b) =

f(y,b), then GRp , (X)(xi) = 1 — GRpupy(xi,y) =

1 IBIGRp(x;,)+1 _ 1— [BI(1-GRz(X)(x;))+1 _ |BIGR(X)(x;)
[Bl+1 = [Bl+1 = TOBIAT

If f(xi,b) # f(y,b) for any y € Y, then

GRppy X)) = A (1 = GRpupy(xi-y) = 1 =

(GRpuw)(xi,y0) V ( \ GRpupy(xi,y)) =
YeU-X-Y/,. f(xib)=f (D)
|BIGRB(xi,y0) |BIGRp(xi»y)+1
1=( |Bl|3+l v v |BB\+1 );

yeU=-X-Y{.f(xi.b)=f(y,b)
For any y e U-X-7Y}, we
|BIGR(xi,y0) >

where yo € Y}.

have GRp(x;,y0) > GRp(x;,y), that is

Bl+1
G i,y)+1
BRIl Therefore, GRy ,(X)(x;) = 1 -

|BIGRp(xi,y0) _ IBIGRp(X)(xi)+1

B+ BT o )

Upper approximation: For any x; € X, it is obvi-
ously that GRpy ) (X)(x;) = GRp(X)(x)) = 1.

For any x; € U-X, if Jy € Y;/j, such
that f(x;,b) = f(y,b), then GRpup(X)(x;) =

_|BIGRp(x;.,y)+1 _ |BIGRz(X)(xj)+1
GRpup)(xj,y) = BT = BT ’

If f(x;,b) # f(y.b) for any y € Y;’j,
then  GRpup(X)(xj) = yé/XGRBU{b}(xja)’) =

GRBup)(xj,y0) V ( \ GRpupy(x),y)) =
YEX=YY, f(xb)=f (D)
|BIGRp(x;,y)+1

vo( % ),

yeX-¥Y, fapb)=forky P
where yo € Y. For any y € X - Y;j, we have
' |BIGR(x;.y0)

|BIGRp(x;.y0)
|B|+1

GRB(Xj,yo) > GRB(Xj,y), that is B+ =

Lt Therefore, GRpup)(X)(x;) =

|BIGRp(x;,y0) _ |IBIGRp(X)(x;) 0
|B|+1 - |B|+1

Particularly, if ¥ = {y,} and Y )\C’/ = {y;} are sub-
sets of the universe with single element, the lower
and upper approximations of X by adding b to B can
be updated respectively as follows.

Lower approximation: If x; € U — X, then
GRp 5 X)(xi) = GRR(X)(xi) = 0; If x; € X, then

[BIGR 5(X)(xi)
GRp (X (xi) = M’l fot= o
i Xi)+
BU{b) — T [(a,b) # fr.b).
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Upper approximation: If x; € X, then
GRpupm(X)(x)) = GRg(X)(x;) = 1; If x; € U-X,
then

|BGR(X)(xj)+1 _ '

GRaop (X)(x)={ 1B —, f(xj,b) = f(u,b);
{b} J IBIGRp(X)(x}) ) b

B J(xpb) # fOb).

Since the incremental update approaches need to
use the set of ¥}, and Y, in order to maintain the
continuity of the approaches, Y} and Y, also need
to update.

Proposition 3 The set of Y}, and Y;’j by adding b to
B can be updated respectively as follows.
{ye Yy f(xi,b) = f(,b)}, Iy e ¥y,

(f(xi,b) = f(y,D));

BT sy Rl Yy e V)
- f(xi,b) # f(y,D)).
{ye Y;’j;f(x]',b) =f.b)},Iye Y)Yj
(f(x},b) = f(y,b));

yVr =

| b Y, GReun (x50} ¥y € Y -

f(xj,b) # f(y,b)).
Algorithm 3.1 (Incremental algorithm for updat-
ing approximations when adding an attribute b)
Step 1: Input the relation matrix M, x;
GRy(X)(x)), Y3, xi € X; GRp(X)(x), Y, x; € U=X;
the increasing attribute b.

Step 2: We get a new relation matrix
|B|~GRB(X,',XJ')+1

B S b) = f(x;.D);
|B|-GRp(xi,x;)

Bl+1 s f(-xl’b)if(-xj’b)
x; € X,x; € U-X. [/ According to Proposition 1.

Step 3: Calculate the lower approximations x; €
X.

If Iy e vy,
then GRp ,,, (X)(xi) =
Yo f(xi,b) = f(y,b)}.

Else  GRp ;) (X)(x:)

Ak _ . .
Vo = ORBui (3o )}
Proposition 2 and 3.

Step 4: Calculate the upper approximations x; €
U-X.

M. =

nxm

GRpup)(xi, xj) =

such that f(x;,b) = f(y,b),
|BIGR 5(X)(x:) *
# and Y,\/C\, = {y (<

1+|BIGR 5 (X)(xi)
|B|+ and

// According to
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If Jy e Y)\C/j, such that f(xj,b) = f(y,b) then

ot BIGRp(X)(x))+1 .
GRpun(X)(x) = Py ™= and Yy* =y €
YY i f(x,b) = £, D)}

BIGRp(X)(x;
Else GRB {b}(X)(X]) — lllﬁ# and
1)\6/,* {); VXGRBU{b}(xj,Y)}.// ACCOI‘dil’lg to PI’OpO—
’ ye

sition 2 and 3.

Step 5:  Output the relation matrix M,,,,;
GRp 1, OG0, Yi", xi € X5 GRpupn(X)(x)), YT,
Xj € U-X,; @Bu{b}(x)(xi) =0,x; e U-X;
GRBU{b}(X)(Xj) = l,x]' eX.

The time complexity of Algorithm 3.1 is
O(|X||U — X|), which is mainly decided by the time
cost of building the relation matrix in Step 2. In the
following Example 2, We use the results from Ex-
ample 1 to demonstrate how algorithm 3.1 update
the approximations when adding an attribute.

Example 2 We consider the information system
given in Table 1. Let U = {x1,x2,Xx3,X4,X5,X¢} be
the universal set, B = {b1,by,b3,bs} be the condi-
tional attribute set, X = {xp,x3,x¢} be the decision
set. Adding an attribute bs to B.

Using the result of Example 1.

X1 X4 X5
x2 (3/4 2/4 2/4
M3y3 =X3 [3/4 0 2/4]
X6 0 3/4 3/4
GR,(X)(x2) = i,Yg—{xl}GRB(X>(x3) YL =
{x11; GR(X)(x6) = 1, YL = {x4,x5}; GR4(X)
(xi) = 0,x; € {x1, x4, Xs} .
GRpX)(x1) = 3,Y) = {x2,x3:;GRp(X)(xs) =
3 Y3, = {66} GRp(X)(xs) = 3, Y7, = (x6}; GRp(X)(x))
=1,x; € {x2,x3, X6}

From the Step 2 of Algorithm 3.1 we have a new
relation matrix M;

3x3°
X1 X4 X5
xp (3/5 3/5 2/5
M =x3 [4/5 0 3/5
x6 \ 0O 4/5 3/5

The lower and upper approximations of X =
{x2,x3,x6} by adding b5 to B are updated as follows.
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From the step 3 of algorithm 3.1 we have the
lower approximations:

QBU{ bs}(X)(XZ): For any y € Y. Xz’ f(x2,b5) *
f(y.bs). So we have GR | (X)(Xz) = iLl - 3 and
Yy = {y;ye,y_XGRBuwsmxz W) =)

@BU{ bs}(X)(X3): dx ey x3,
f(xl’bS) then GRBU bs }(X)(X3)

€Y. f(x,bs)=f(n.bs)} ={ xi}.
G_ 5}(X)(x6) dxueY SUCh that f(xe,bs5) =

such that f(x3,bs) =

A% _
+1 - §andYX3 -

)C(,’

f(x4,b5) then GR s X (x6) = =z L and Y=
xﬁ,f(x bs) = f(y bs)} ={ X4}
G bs) X(xi) = 0, x; € {x1, X4, x5}

From the step 4 of algorithm 3.1 we have the up-
per approximations:
GRpu{ b5)(X)(x1): Ix € Y, such that f(xl,b5) =
f(xQ,b5) then GRpups)(X)(x1) = 341 = 2 and V)" =
Y5 f(x1,bs) = f(y,bs5)} = {x3}.
GRBU bs}(X)(X4). dxg € Y)\C/4, such thatf()C4,b5) =
f(xﬁ,bs) then GRpyips) (X)(x4) =3 =1and Yy =
x4’f(-x4ab5) = f(,bs)} = {x6}.
GRBU (bs)(X)(x5): For any y € Yy, f(xs,bs) #
f(,bs), so we have GRBU{;,5 X)(xs5) = =3 3 and

Y)\C/: {ya \ GRBU[b5 (XSJ)} {x3,X6}
> yeX

4+1

GRpu b5 (X)(x)) = 1,x; € (x2,3, X).
3.2. Incrementally updating approximations
when removing an attribute

Proposition 4 Let S = (U,A,V,F) be an informa-
tion system, BC A, b € B. For any x,y € U,

|BI-GRp(x,y)—GRp)(x.y)
GRB—{b}(X,y) = B x|g|_1 Lt

PO, fb) = f(v.b);
B|-GR
T BGRn  pe by # £, b).
Proof. This proof is straightforward. O

Proposition 5 Let S = (U,A,V,F) be an informa-
tion system, BC A, b € B,X C U. The lower and up-
per approximations of X by removing b from B can
be updated respectively as follows.

Lower approximation: If x; € U — X, then
GRB_{b}(X)(x,-) = GR,(X)(x;) = 0; If x; € X, then
GRB_{b}(X)(xi)
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Ty € Yo(f(xi,b) # f(,D));

Vy(y € Y] — f(xi,b) = f(3D)).
y € U - X;GRy(X)(x)=1 -

|B|-1 >
|BIGR 5 (X)(x;)
|B|-1 ’

Where YQ =

GRB(xi,y)}={y;y€l\//_XGRB(xi,y)}-

Upper approximation: If xj € X, then
GRB (X)(x]) GRp(X)(xj) = 1; If x; € U - X,
then GRp_ 1y (X)(x})

{%, Iy e Y (f(xj,0) # f(3,b));
% f.b)# f(.b).

Where Y)\c/j ={y € X; GRp(X)(xj) = GRp(x;, y)}={y;
y;/XGRB(xj’y)}'

{IBIGRB(X)(xz)—l

Proof. Lower approximation: For any x; € U — X,
it is obviously that @B_{b}(X)(xi) =GR(X)(x;) =0.

For any x; € X, if dy € Y7, such that f(x;,b) #
f(»,b), then GRy ,\(X)(x;) = 1 — GRp_p)(xi,y) =

1— |B|GRB(x, ) 1— |B|(1 GRy(X)(xi)) _ IBIGR(X)(xi)—1
= BT BT
If f(xl,b) = f(y,b) for any y € Y, then

pop)X(xi) = yeL//\—x(l — GRp_p)(xiy)) = 1 =

(GRp-py(xi»y0) V ( v  GRp-py(xi,y)) =
VEU-X-Y4 f(x1b)%£(0.)
|BIGR(xi,y0)—1 |BIGRp(xi,y)
1= (g V( v BT )

YEU-X-Y}, f(x.b)# £ (r.b)

For any y € U~ X - Y], we have
IBIGRp(xi,y0)—1

where yo € Y.

GRp(x;,y0) > GRp(x;,y), that is 1B=-1 >
B|GRp(xi.y
Hllﬂ#' Therefore, GRp (,,(X)(x) = 1 -
IBIGRp(xiyo)=1 _ IBIGRp(X)(x))

1BI-1 = T BT

Upper approximation: For any x; € X, it is ob-
viously that GRp_(X)(x;) = GRp(X)(x;) = 1. For
any xje U-X,if Ay e Y)\c/; such that f(x;,b) # f(y,b),

—_— BIGRy(x;,
then GRs_15)(X)(x;) = GRp_p)(x;,y) = “pf i =
|BIGR 5(X)(x;)

B-T

If f(xj,b) = f(y,b) for any y € Y)\c/,’
then  GRp_n(X)(x)) = y;/XGRB—{b}(xja}’) =
GRp-py(xj,y0) V( vV GRppy(xj,y) =

yex-vy AT D)#f(y.b)
|BIGRp(xj,y0)—1 v |B|GRB(Xja}’))
B=1 B-1_ /)

YEX=YY,.f (b))
For any y € X — ij, we have
|BIGRp(x},y0)—1

where yg € Y;j.

GRB()Cj,yo) > GRB(xj,y), that is B-1 >
% Therefore, ﬁg_{b}(X)(xj) =
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|BIGRB(x;,y0)—1

_ IBIGR;(X)(xj)-1
IBI-1 -

=1 . O

Particularly, if Y\ = {y;} and Y;’j = {y;} are sub-
sets of the universe with single element, the lower
and upper approximations of X by removing b from
B can be updated respectively as follows.

Lower approximation: If x; € U — X, then
GRp y(X)(x;) = GRp(X)(x;) = 0. If x; € X, then

IBIGR p(X)(xi)-1

S D) # f(k, b);
GRp p)(X)(xi) = {|B|GR|B(|X)1(x,) ‘

[BI—-1 s f(xi’b):f(ykab)'

_Upper approxi_mation: If x; € X, then
GRp_p)(X)(xj) = GRp(X)(xj) = 1. If x; € U-X,
then

BIGRp(X)(x;
— BOBEID - f(xj.b) # FO1.b);
GR-10/ X)) =4 | piGRy 00061

—mr - J&b) = fOnb).

Proposition 6 The set of Y, and Y ;\c/, by removing b
from B can be updated respectively as follows.

Yif(xi,b) = f(,b)}, Ay e ¥,
(Fxi,b) # f(3,B));

{y; vV _GRp_p(xiu )L Vy(yeYy —
yeU-X

f(xi,b) = f(y,b)).

ye Yy f(xj.b)= fy.b)l; Ay e Y

(f(x;,D) # f(y,b)),
02 v, GRa-1p1(xj: 7)) V(v € Yy, =

f(xj.0) = f(y.D)).
Algorithm 3.2 (Incremental algorithm for updat-
ing approximations when removing an attribute )
Step 1: Input the relation matrix M, x;
GRy(X)(xi), Y}, xi € X; GRg(X)(x;j, Yy, xje U=X.
Step 2: We get a new relation matrix M, =
B|-GRp(x;,x;)+1
GRp_py(xi, xj) = :B:.GA%’ S b) = 1), )
PRl fib) # f(x).b).
x; € X,xj € U~-X. [/ According to Proposition 4.
Step 3: Calculate the lower approximations x; €

Nk
Yhr =

Ve
ij =

X

If Ay e Y(f(xi,b) # f(y,b), then GRy,_, (X)(x) =
BIGR ,(X)(x)-1 .
P and Y2 = (y € Y5 [0, b) = [0, b)).
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Else Yi*={y; vV GRp (xi,y)} and
yeU-X
{ b}(X)(xi) = w%’;ﬁ#. // According to Propo-

sition 5 and 6.

Step 4: Calculate the upper approximations x; €
U-X

If Jy e Yi(f(xpb) # f(.b),  then
- BIGRp(X)(x; *
GRy_ (X)) = 2o and vy = {y €
Yl f(xj.b) = f(.D)).

Else GRp—5)(X)(x)) = DB 0M= and yy* =

{v; VXGRB_{b}(xj, y)}. // According to Propos1t10n 5
Y€

and 6.
Step 5: Output the relation matrlx My

GR(X)(x;), YQ, xi€X; GRB(X)(xJ, xj, xjeU-X;
GR,(X)(x;) = 0,x; € U - X; GRg(X)(xj = 1,x; € X.

The Algorithm 3.2 has a time complexity of
O(X||U — X|), which is mainly decided by Step 2.
In the following Example 3, We use the results from
Example 2 to demonstrate how algorithm 3.2 update
the approximations when removing an attribute.
Example 3 We consider the information system
given in Table 1. Let U = {x1,x2,x3,X4,X5,Xc} be
the universal set, B = {b1,b;,b3,b4,bs} be the con-
ditional attribute set, X = {x;,x3,x¢} be the decision
set. Removing an attribute b, from B.

Table 2.

by by by bs d
xx 2 1 1 3 U-X
x 2 1 2 2 X
x3 2 2 1 3 X
x4 1 1 2 2 U-X
xs 1 2 2 3 U-X
x 1 2 2 2 X

Using the result of Example 2.

X1 X4 X5

x2 (3/5 3/5 2/5
M3><3 =X3 [4/5 0 3/5J
x6 \ 0 4/5 3/5

A —
Y, =

{x1}; GRE(X)(x6) =
{x1, x4, x5}.

GR,(X)(x) = 2,
Y/\
0,x; €

{x1 x4}‘ GRy(X)(x3) = 1,
= {x4}; GRy(X)(x)) =

5’ x6
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GRp(X)(x1) = £, Yy = {mhi GRp(X)(xa) =
LYY = ek GRp(X)(xs) = 4, Yy, = (x3,x6h:

GRp(X)(x)) = 1,x; € {x2, %3, X).

From the Step 2 of Algorithm 3.2 we have a new

%
relation matrix M3, 4

X1 X4 X5
X2 (2/4 3/4 1/4
M =x3 |3/4 0 2/4
X6 \ 0 3/4 3/4

The lower and upper approximations of X =
{x2,x3,x6} by removing b, from B are updated as
follows.

From the step 3 of algorithm 3.2 we have the
lower approximations:

GRy_(, (X)(x2): Axg €Y}, such that f(x,b2) #

f(X4,b2) then GR,_, (X)(x) = 3 = Jand Y} =
€Yy f(x,by) # f(y,bz)} = {xa}.

For any y € Yp, f(Ga.b) = fO,b),
so we have GR, , (X)(x3) = si7=3 and
Yar=1{y ’yez\//—xGRB {bz (x3 = {x}

For any y € Y, f(x6.b2) = f(y.b),
so we have GR, b}(X)(x6) = :}1 and

L
}

Yir= {y;yel\]/—XGRB by} (X6, Y)} = {xa, x

GRp (1, (X)(xi) = 0,x; € {x1, x4, x5}

From the step 4 of algorithm 3.2 we have the up-
per approximations:

GRp_{1,)(X)(x1): For any y € xl, f(xl,bg) =
f(,b2), so we have GRp_p,)(X)(x) = £ = 3 and
Yyr= {y;y;/XGRB—{bz}(xla)’)} = {x3}.

GRp_(,)(X)(x4): For any y € X4’f(x4,b2) =
f(,b2), so we have GRp_(,,)(X)(x4) = =1 = 3 and
Yyr= {y,y;/XGRB b} (X4, )} = {x2, X6}

GRp_{ p,)(X)(xs): dxg € xS,such that fxs,by) #
f(xG,bz) then GRp_(p,) (X)(x5) Zr=3and V)’ =
€ Yy f(xs,b2) # f(y,b2)} = {x6}.

GRp_{ b,)(X)(x)) = 1,x; € {x2, X3, X6)-
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4. Incrementally updating approximations
while adding or removing an object

In this section, we consider the problem of updating
approximations based on the garde indiscernibility
relation of a target concept in terms of adding or re-
moving an object.

4.1. Incrementally updating approximations
when adding an object

Proposition 7 Let S = (U,A,V,F) be an informa-
tion system, BC A, x¥ ¢ U, XC U, UY =UU{x"}.
The lower and upper approximations of X by adding
x" to U can be updated respectively as follows.

Lower approximation: When x; € U —X, we
have @lvg(X)(x,-) =0. When x; € X, we have:

If 1 — GRp(x;,x") >  GRy(X)(x;).then
GRY(X)(x)) = GRy(X)(xi)andY}* = Y},

If 1 — GRp(xi,x") = GR(X)(xp),
GRy(X)(x)) = GRp(X)(x;) and Y* = Y, U{x"}.
If 1 - GRp(x;,x") < GR(X)(x;),

GRy(X)(xi) = 1 =GRp(x;,x") and Y " = {x"}.
Upper approximation: If x; € X, @};(X)(xj) =1;

Ifxj € UY — {x") = X, then GRy(X)(x;) = GRg(X)(x))

and Y;’j* = Y;’j. If xj=x", then ﬁl\;(X)(xV) =

V. GRp(x",y) and YY) ={y; V_ GRp(x",y)}.

yeX X yeX

then

then

Proof. Lower approximation:
If x; € X, we have GR}(X)(x;) = A
- ye(U-X)U{xV}
GRp(x,y)) = (I — GRp(x;,x") A (A (1 =
yeU-X
GRp(x1,y))) = (1 = GRp(xi,x")) A GR,(X)(x;). If
x € UV - X, it is obviously that GR;(X)(x;)
GRp(X)(x;) = 0.

Upper approximation:

If x; € X, it is obviously that GRy(X)(x;) =
GRp(X)(xj) = 1. If x;e UY—{x'}-X, we have
_V —_—

GRy(0(x) = v, GRy(xj.y) = GRs(X)(xy).  If

(I-

xj=x", we have ﬁl\;(X)(xj) = VXGRB(xj,y). O
ye

Algorithm 4.1 (Incremental algorithm for updat-
ing approximations when adding an object x" to
U-X)
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Step 1: Input the relation matrix M,x;
GRy(X)(x)), Y3, i € X; GRp(X)(x), Y, x; € U=X;
the increasing object x".

Step 2: We get a new relation matrix M
Calculate GR(x", x;), x; € X.

Step 3: Calculate the lower approximations x; €

X(m+1)* //

X

If 1 — GRp(xi,x¥) > GR(X)(x;), then
GRY(X)(x)) = GR,(X)(x;) and Y[* = Y).

If 1 — GRp(x,x¥) = GRL(X)(x), then
GRy(X)(x;) = GRp(X)(x;) and Y* = Y U{x"}.

If 1 - GRp(xi,x¥) < GRy(X)(x), then

GR}(X)(x;)) = 1 = GRp(x;,x¥) and Y}* = {x"}. //
According to Proposition 7.

Step 4: Calculate the upper approximations x; €
UvV-X

If x; € UY - {x¥} = X, then GRy(X)(x;)
GRp(X)(x;) and Yy =vy.

GRy(X)(x') = V GRp(x',y) and YV =
yeX x

{y; VXGRB(xV,y)}. // According to Proposition 7.
ye
Step 5: Output the relation matrix M,

GRY(X)(x), Y1, x; € X; GRy(X)(x;), Y*, x; € UY —
X. GRYX)(x) =0, x; € UY =X, GRy(X)(x)) = 1,
Xj € X.

The time complexity of Algorithm 4.1 is
O(|X||B|), which is mainly decided by Step 2. In
the following Example 4, We use the results from
Example 3 to demonstrate how algorithm 4.1 update
the approximations when adding an object to U — X.
Example 4 We consider the information system
given in Table 2. Let U = {x1,x3,x3,X4,X5,X¢} be
the universal set, B = {b1,b3,b4,bs5} be the condi-
tional attribute set, X = {xp,x3,x¢} be the decision
set. Adding an object x7€ ¥V to U—-X, UY = U U{x7}.

x(m+1)’

Table 3.

by bz by bs d
x1 2 1 1 3 U-X
x 2 1 2 2 X
x3 2 2 1 3 X
x4 1 1 2 2 U-X
xs 1 2 2 3 U-X
x 1 2 2 2 X
x 1 2 2 1 U-X
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Using the result of Example 3.

X1 X4 X5

xy (2/4 3/4 1/4

M3><3 =X3 [3/4 0 2/4]

X6 0 3/4 3/4
GRy(X)(x2) = 1.Y0 = {x4sGRp(X)(x3) = §, Y4\ =
(X1} GRy(X)(x6) = 1.Y5 = {x4,x5}GRH(X)(x;) =

0, x; € {x1,x4,x5}. o
GRp(X)(x1) = 3.Yy, = {13} GRp(X)(xs) =
2YY = {x.x) GRp(X)(xs) = 3, = {x}:

@B(X)(Xj) = l,xj S {XQ,X3,X6}.

From the Step 2 of Algorithm 4.1 we have a new
relation matrix:

X1 X4 X5 X7

x (2/4 3/4 1/4 1/4

M, =x3 |3/4 0 2/4 1/4
xs L0 3/4 3/4 3/4

The lower and upper approximations of X =
{x2,x3,x6} by adding x7 to U — X are updated as fol-
lows.

From the step 3 of algorithm 4.1 we have the
lower approximations:

GRu(X)(x2): Since 1 — GRp(xp,x7) >
GR,(X)(x2), then GR4(X)(x2) = GRy(X)(x2) = 1
and Y)' = Y = {xa4}.

GR)Y;(X)(xg)' Since 1 — GRp(x3,x7) >
GRy(X)(x3), then GR}(X)(x3) = GRp(X)(x3) = %
and Y\' = Y[, = {x1}.

GRV(X)()C6) Since 1 - GRB(XG,)W) =
GRy(X)(x6), then GR;(X)(x6) = GRy(X)(x6) = %
and Y* = Y[ U{x7} = {x4,x5,x7}.

GRy(X)(x:) = GRy(X)(x;) = 0, x; € {x1, X4, X5, X7}
From the step 4 of algorithm 4.1 we have the up-
per approximations:

—_V

GRy(X)(x7) = vV GRp(x7,y) = 3,¥)* =
Ye{x2,X3,X6}

;v GRp(x7,y)} = {xe}.

YE{x2,x3,%6}

GRy(X)(x)) = GRp(X)(x).Y\, = Yl.x; €
{1, x4, xs}.

GRp(X)(xj) = 1,x; € {x2,x3, X6}
Proposition 8 Let S = (U,A,V,F) be an informa-
tion system, BC A, x¥ ¢ U, XC U, UY =UU{x"}.
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The lower and upper approximations of X' = X U
{xV} by adding x" to X can be updated respectively
as follows.

Lower approximation: If x; € UY — X", then
GRU(XV)(x;) = 0; If x; € X, then GRY(XV)(x;) =
GR,(X)(x;) and Y}* =Y. If x; = x' ,then
GRy(X")(x¥) = yeUc\—XV(l —GRp(x",y)) and Y7 =

; Rp(x",y)}
{y,yeL\//_XG B(x", )}

Upper approximation: When x; € X", we have
ﬁ;(XV)(xj) =1. When xj € UY - X", we have:

IfGRp(xj,x") > GRy(X)(x)), then GRy(X")(x;) =
GRp(xj,x") and Y;’j* ={x"}).

IfGRp(xj,x") = GRp(X)(x)), then GRy(X")(x;) =
GRp(X)(x;) and Y;/j* = Y)\(/j U{x"}

IfGRp(xj,x") < GRy(X)(x)), then GRy(X")(x;) =
GRp(X)(x;) and Yy =Yy

Proof. This proof is similar to that of Proposition
7. O

Algorithm 4.2 (Incremental algorithm for updat-
ing approximations when adding an object x¥ to X)

Step 1: Input the relation matrix M yxm;
GR,(X)(x)), Y}, x; € X; GRp(X)(x;, Y x] eU-X;
the increasing object x".

Step 2: We get a new relation matrix
M, 1yxms1)- 1/ Calculate GRp(x",xj),xj e U—-X.

Step 3: Calculate the lower approximations x; €
XV

If x; € X, then GRV(XV)(x,) GR(X)(x;)
and Y* = Yp. If x; = x¥ then GRy(X")(x") =

A (1-GRp(x",y)and Y' ={y; V GRp(x",y)}.
yeUV_XV( p(x*,y)and Y1 = {y; elx B(x", )}

// According to Proposition 8.

Step 4: Calculate the upper approximations x; €
Uv-xv

If GRy(x},x¥) > GRp(X)(x;), then GR (X" )(x;) =
GRp(xj,x") and YZ],* ={x"}).

If GRp(x;,x") = GRp(X)(x;), then GRy(X)(x;) =
GRp(X)(x;) and Y;’j* = Y;’j U{x"}.

If GRy(x},x¥) < GRp(X)(x;)., then GRy(X")(x;) =

GRp(X)(x ;) and Y)\c/,-* =Y )\C’j // According to Proposi-
tion 8.
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*

Step 5: Output the relation matrix My
—_—V
GRy(X")(x), Yi*, xi € X'; GRp(XV)(xp), Y\,
xj € U = XY, GR})XV)(x) = 0,x; € U’ -
XY, GRy(X")(xj) =1, xj € X".

The Algorithm 4.2 has a time complexity of
O(|U - X||Bl), which is mainly decided by Step 2.
In the following Example 5, We use the results from
Example 4 to demonstrate how algorithm 4.2 update
the approximations when adding an object to X.

Example S We consider the information system
given in Table 3. Let U = {x1,x2,Xx3,X4,X5,X6,X7}
be the universal set, B = {by,b3,bs,bs} be the con-
ditional attribute set, X = {x;, x3,x¢} be the decision
set. Adding xg € ® to X, X" = X U {xg}.

Table 4.

by bz by bs d
xx 2 1 1 3 U-X
x 2 1 2 2 X
x3 2 2 1 3 X
x4 1 1 2 2 U-X
xs 1 2 2 3 U-X
x 1 2 2 2 X
x 1 2 2 1 U-X
xs 2 1 2 2 X

Using the result of Example 4.

X1 X4 X5 X7

xy (2/4 3/4 1/4 1/4

M3X4 =X3 [3/4 0 2/4 1/4]

X6 0 3/4 3/4 3/4
GRy(X)(x2) = 5, Y} = {xa); GRX)(x3) =
1YL =k GRy(X)(xe) = 1.Ye = {x4,x5,%};

@B(X)(xi) = O9xi € {x1,x4,x5,X7}.

GRp(X)(x1) = 2, YV = {x3}; GRp(X)(x4) =
3YY = baaxeh GRp(X)(xs) = 3.V = {xeh
GRp(X)(x7) = 2,Yy. = {x6}; GRpX)(x)) = 1,x; €
{x2,x3, x6}.
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From the Step 2 of Algorithm 4.2 we have a new

relation matrix M axd:

X1 X4 X5 X7

X (2/4 3/4 1/4 1/4
. x3 |3/4 0 2/4 1/4
4Ty | 0 374 3/4 34
xg \2/4 3/4 1/4 1/4

The lower and upper approximations of XY =
{x2,x3,x6,x3} by adding xs to X are updated as fol-
lows.

From the step 3 of algorithm 4.2 we have the
lower approximations:

GR(XY)(xg) = A (1 - GRg(x3,y)) = 1,
YE{x1,X4,X5,%7}

and Yt =1{y; |V GRp(.y)}={xa).

ye{xi,x4,x5,%7
GRy(XV)(xi) = GRy(X)(x;), Yy* =Yi, x €
{2, x3, X6}
GRp(X")(x;) = 0,x; € {x1, x4, x5, %7}
From the step 4 of algorithm 4.2 we have the up-
per approximations:

GRy(X")(x1): Since GRg(x1,x3) < GRp(X)(x)),
then GRy(X")(x1) = GRp(X)(x;) = 2 and Y¥* =
YY ={x3}.

GRy(X")(xy): Since GRg(x4,x3) = GRp(X)(xs),
then GRyx(X")(xs) = GRg(X)(xs) = 3 and YY" =
Yy, U{xg} = {x2, %6, x3}.

GRy(X")(xs): Since GRp(xs, xg) < GRp(X)(xs),
then GRyz(X")(xs) = GRg(X)(xs) = 3 and Y¥* =
Yy = {x6).

GRy(X")(x7): Since GRg(x7,x3) < GRp(X)(x7),
then GRyz(X")(x7) = GR(X)(x7) = 3 and YY" =
Yy = {xe}.

ﬁ;(XV)(xj) = 1,x;j € {x2,x3, X6, x3}.

4.2. Incrementally updating approximations
when removing an object

Proposition 9 Let S = (U,A,V,F) be an informa-
tion system, BC A, x" € U and x" ¢ X, X C U,
UM = U —{x"}. The lower and upper approxima-
tions of X by removing x" from U can be updated
respectively as follows.
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Lower approximation: If x; € U" — X, then
GRR(X)(x;)) = GRp(X)(x;)) = 0. If x; € X, then we
have:

If GRy(X)(xj) = 1 — GRp(x;,x"),  then
GRy(X)(x;) = yeU/) X(l — GRp(x;,y)) and Y* =

b: v GReoy)
yeUN-X

Ifdye Y)/g, such that GR z(X)(x;) = 1 —GRp(x;,y),
then GRY(X)(x)) = GR,(X)(x;) and Y}* = Y] —{x").

Upper approximation: ﬁg(X)(xj) =lx;eX
and GRy(X)(x,) = GRe(X)(x)), Y\* = YY,x; € U —
X.

Algorithm 4.3 (Incremental algorithm for updat-
ing approximations when removing an object x"
from U - X)

Step 1:  Input the relation matrix Mpxm;
@B(X)(Xi), Y/Q, X; € X; GRB(X)(Xj, Y)\c/j’ Xj elU-X.

Step 2: We get a new relation matrix M;X(m_l).
// Delete GRp(x", x;), x; € X from the relation matrix
MI’ZXWI‘

Step 3: Calculate the lower approximations x; €
X

If Iy € Y., such that GR ,(X)(x;) = 1 ~GRp(x;,y),
then GRp(X)(x;) = GR,(X)(x;) and Y " = Y} — {x"}.

Else GRH(X)(x)) = U/\ X(l — GRp(x;,y)) and

ye A_

Y2 ={y; VvV GRp(x;,y)}. // According to the
! yeUN-X

Proposition 9.

Step 4: Calculate the upper approximations x; €
Ut -X .

GRp(X)(x) = GRp(X)(x)),Y,* = Y. /| Accord-
ing to the Proposition 9.

Step 5: Output the relation matrix MZX(m_l);

GRAX)(x), Y)*, xi € X; GRy(X)(x)), V", x; € U" =
X; GRA(X)(x;) = 0, x; € UM = X and GRy(X)(x;) =
1, Xj € X.

The Algorithm 4.3 has a time complexity of
O(]X]), which is mainly decided by Step 2. In the
following Example 6, We use the results from Ex-
ample 5 to demonstrate how algorithm 4.3 update
the approximations when removing an object from
U-X.

Example 6 We consider the information system
given in Table 4. Let U = {x1, x3, X3, X4, X5, X6, X7, X8 }
be the universal set, B =1{by,bs,bs,bs} be the condi-

tional attribute set, X = {x», x3, X, X3} be the decision
set. Removing x4 € ¥ from U — X.

Table 5.

by by by bs d
x1 2 1 1 3 U-X
x 2 1 2 2 X
x3 2 2 1 3 X
xs 1 2 2 3 U-X
x5 1 2 2 2 X
x 1 2 2 1 U-X
x3 2 1 2 2 X

Using the result of Example 5.

X1 X4 X5 X7
xa (2/4 3/4 1/4 1/4
Mo, |34 0 2/4 1/4
4Ty | 0 374 3/4 3/4
xg \2/4 3/4 1/4 1/4

GR,(X)(x2) = 1, YL = {u)  GRy0O(x3)

X2

1YL = (ks GRy(X)(xe) = 1. Y2 = {xa.x5,x7);

424 x3

GR,(X)(xs) = 1,Y5 = {xs}; GRyX)(x)) = 0,x; €

{1, x4, x5, %7} o
GRpX)(x1) = 3, Y = {x3}; GRp(X)(xs) =

37V = {x, X6, X85 GRp(X)(xs) = 2,YY. = {xe);
\

4> Tx e 4° 7 x5
GRp(X)(x7) = 3, YY) = {x6}; GRp(X)(x)) = 1,x; €
{x2,x3, X6, X3}

From the Step 2 of Algorithm 4.3 we have a new

relation matrix M 13"

X1 X5 X7
X (2/4 1/4 1/4
x3 [3/4 274 1/4
xo | 0 3/4 3/4
xg \2/4 1/4 1/4

* —
M4><3 -

The lower and upper approximations of X =
{x2,x3,x6, x3} by removing x4 from U — X be updated
as follows:

From the step 3 of algorithm 4.3 we have the
lower approximations:

GRR(X)(x2): Since  GR,(X)(x3) = 1 —
GRp(x2,x4), then GRRp(X)(x2) = A=
ye{xi,xs,x7}
GRp(x2,y)=Fand Y} ={y; VvV  GRp(x,)}=
YE{x1,Xs5,x7}

{x1}.
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GR{(X)(x3): Since Y7, = {x1}, GRp(X)(x3) = 1 -
GRp(x3,x1), then GRR(X)(x3) = GR5(X)(x3) = 1 and
Yor =Y —{x4) = {x1}.

GR{(X)(x6):  Since dxs € Y[, such that
GR,(X)(x5) = 1 — GRp(x,Xs), then GR(X)(x6) =
GRy(X)(x6) = % and Y2* = Y — {xs} = {x5,x7}.

@g(X)(Xg): Since  GRy(X)(xg) = 1 —

GRp(xg,x4), then GRg(X)(Xg;) = A (1 -
- ye{xi,xs,x7}

GRp(xg.y)=7and Y} ={y; VvV  GRp(xs,y)}=

ye{xi,xs,x7}
{1}

GRE(X)(x;) = GRp(X)(x;) = 0,x; € {x1,X5,%7}.

From the step 4 of algorithm 4.3 we have the up-
per approximations:

GRy(X)(x)) = GRp(X)(x)). YV =
{x1,xs, 7}, and GRy(X)(x)) = 1, x; € {x2,x3, X6, Xg}.
Proposition 10 Ler S = (U,A,V,F) be an informa-
tion system, BC A, U =U—-{x"}, x" € X, X C U.
The lower and upper approximations of X" = X —
{x"} by removing x" from X can be respectively up-
dated as follows.

Lower approximation: @g(X’\)(xi) =0, x; €
U~ X", and GRy(X")(x;) = GRy(X)(xi), Y} = V),
X; € XA,

Upper approximation:  If x; € X", then
GRy(X™M(xj) = GRg(X)(x)) = 1. If xj € U" = X", we
have:

IfGRp(X)(x;) = GRp(x}, x"), then GRy(X")(x;) =

vV GRp(x;,y) and Y)\C//* ={y; V GRp(xj,y)}
yexX ’ yexX

A%
Yxﬂ Xj €

If Ay € Yy, such that GRp(X)(xj) = GRp(x},y) #

GRp(x;,x"), then GRy(X")(x) = GRp(X)(x;) and
Y,Yj* = Y;j —{x"}

Algorithm 4.4 (Incremental algorithm for updat-
ing approximations when removing an object x”
from X)

Step 1: Input the relation matrix M,xp;
GRy(X)(x)), Y3, xi € X; GRp(X)(xj, Y, xj € U =X,

Step 2: We get a new relation matrix M(*n_l)Xm.
// Delete GRp(x",x),xj € U — X from the relation
matrix M, X m.

Step 3: Calculate the lower approximations x; €
X/\

GRR(X™)(x) = GR(X)(x;), Y.* =Y. [/ Accord-
ing to the Proposition 10.
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Step 4: Calculate the upper approximations x; €
A _ YA
Ur—X
Ifdye Y)\C’j, such that GRp(X)(x;) = GRp(xj,y) #

GRp(x,x"), then GRy(X")(xj) = GRg(X)(x;) and
Yy =YY -2,

Else GRg(XA)(xj) = \}/( GRp(xj,y) and Y)\c//* =
ye A p
{y; Vv GRp(xj,y)}. // According to the Proposition
yexn

10.

Step 5: Output the relation matrix M(*n—l)xm;
GRy(XM (), Y)', xi € X GRy(XM)(xj), YV,
Xj € u” —XA; @g(XA)(x,) = O,x,- e UN —XA, and
GRp(XM)(x;) = GRg(X)(x)) = 1, xj € X".

The Algorithm 4.4 has a time complexity of

O(|U - X]), which is mainly decided by Step 2. In
the following Example 7, We use the results from
Example 6 to demonstrate how algorithm 4.4 update
the approximations when removing an object from
X.
Example 7 We consider the information system
given in Table 5. Let U = {x1,xp,x3,Xs,X6,X7,X8}
be the universal set, B = {by,b3,bs,bs} be the con-
ditional attribute set, X = {x», x3, X¢, X3} be the deci-
sion set. Removing x3 € ® from X, X" = X —{x3}.

Table 6.
by b3y by bs d
xx 2 1 1 3 U-X
x 2 1 2 2 X
x 1 2 2 3 U-X
x 1 2 2 2 X
x 1 2 2 1 U-X
x3 2 1 2 2 X
Using the result of Example 6.
Xy X5 X7
x2 (2/4 1/4 1/4
My =3 3/4 2/4 1/4
P3Tx | 0 3/4 3/4
xg \2/4 1/4 1/4

GRy(X)(x2) = 2,Y), = {x1}; GRy(X)(x3) = 1, Y}, =
{x1}; GRy(X)(x6) = 3.V = {x5,x7); GRp(X)(x3) =
2.Y0 = (x1): GRy(X)(xi) = 0,x; € {x1, x5,x7).

X8
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GRp(X)(x1) = 32

‘) Y= {X3};ﬁ1£()(xs) =
2.7 ={x6}:GRp(X)(x7) = 3. Y, = {x6}: GR(X)(x)) =

1, x; € {x2,x3, X6, Xg}.
From the Step 2 of Algorithm 4.4 we have a new
relation matrix M3_,:

3x3*
X1 X5 X7
xy (2/4 1/4 1/4
M3, 5 =X [ 0 3/4 3/4]
xg \2/4 1/4 1/4

The lower and upper approximations of X" =
{x2, x6, x3} by removing x3 from X be updated as fol-
lows:

From the step 3 of algorithm 4.4 we have the
lower approximations:

GRR(XM)(xi) = GRy(X)(x), Y)* = Y], xi €
{x2,x6,x8}, and GRRH(X™)(x;) = 0, x; € {x1,x5,%7).

From the step 4 of algorithm 4.4 we have the up-
per approximations:

GRy(X")(x1): Since GRp(X)(x1) = GRp(x1,x3),

then ﬁg(xf\)(m) = Vi GRg(x1,y) = % and
ye{x2,x6,x8}
YY'=1{y; v GRp(x1,y)} = {x2,x3}).

YE{x2,X6,X8}
GRy(XM)(xs): Since YY, = {x6}, GRp(X)(x5) =

GRp(xs,%6) # GRp(xs,x3), then GRyz(X")(xs) =
GRp(X)(xs) = 3 and Y\ = Y, — {x3} = {xg}.

GRy(X")(x7): Since YY) = {x6}, GRp(X)(x7) =

GRp(x7,%6) # GRy(x7,x3), then GRy(X")(x7) =
GRp(X)(x7) = 3 and Yy =YY — {x3} = {xg}.

GRy(XM(x;) = GRE(X)(x;) = 1,x; € (X2 6, Xs}.

5. Incrementally updating approximations
when changing the attribute value of the
object

In practical situation, the attribute values of the ob-
ject are likely to change, as well. In this section,
we discuss the methods of incrementally updating
approximations based on the grade indiscernibility
relation when changing the decision attribute value
and the conditional attribute value of the object, re-
spectively.
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5.1. Incrementally updating approximations
when changing the decision attribute value
of the object

Proposition 11 Ler S = (U,A,V,F) be an informa-
tion system, BC A, XC U, x¥ € U and x¥ ¢ X. The
lower and upper approximations of X¥ = X U {x"}
by changing the decision attribute value of x’ from
U — X to X can be updated respectively as follows.

Lower approximation: If x; € U — X", we have
GR(XV)(xi) = GRp(X)(x;) = 0. If x; € X, we have:

If Ay € Y7, such that GR(X)(x) = 1 -
GRp(x;,y) # 1 — GRp(x;,x"), then GRy(X")(x;) =
GR(X)(x;) and Y* = Y| —{x"}.

If GRp(X)(x;) = 1 = GRp(x;,x") or x; = x", then
GR(X")(x;) = yeUAXV(l — GRp(x;,y)) and Y{* =
i v GRg(xi,y)}

yeU-XV

Upper approximation: If x;€ X", we have
ﬁB(XV)(xj) =1. Ifxje U-X", we have:

IfGRp(xj,x") > GRp(X)(x;), then GRg(X")(x,) =
GRp(xj,x") and Y)\C’j* ={x").

IfGRp(xj,x") = GRp(X)(x;), then GRp(X")(x;) =

GRp(X)(x)) and Yy =Yy uxY).
IfGRp(xj,x") < GRp(X)(x;), then GRp(X")(x,) =
GRp(X)(x)) and Y{* = Y.

Algorithm 5.1 (Incremental algorithm for updat-
ing approximations when changing the decision at-
tribute value of x¥, x¥ e U-=X to x¥ € X)

Step 1: Input the relation matrix M, x;
GRy(X)(x)), Y3, xi € X; GRp(X)(x), Y, xj € U=X.

Step 2: We get a new relation matrix
M}, Dxnry- 1/ Delete GRp(x",x;),x; € X from the
relation matrix M,,, and calculate GRp(x",x;),x; €
U-X".

Step 3: Calculate the lower approximations x; €
XV

If Jy € Y, such that GR(X)(x;) = 1 -
GRp(xi,y) # 1 = GRp(x;,x"), then GR,(X")(x;) =
GR,(X)(x;) and Y* = Y] —{x"}.

Else GRy(X")(x;)) = A (1 —GRp(x;,y)) and

yeU-XV
Yir = {y;y
Proposition 11.

Step 4: Calculate the upper approximations

Xj cU-XxV

VvV GRp(x;,y)}). // According to the
eU-XV
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If GRp(xj,x") > GRp(X)(x;), then GRp(X")(x}) =
GRp(xj,x") and Y)\C’j* ={x"}.

If GRp(xj,x") = GRp(X)(x;), then GRp(X")(x}) =
GRp(X)(x;) and ¥\/* = ¥ U{x"}.

If GRp(xj,x") < GRp(X)(x;), then GRp(X")(x}) =
GRp(X)(x;) and Y)* =Y{. J/ According to the
Proposition 11.

Step 5: Output the relation matrix an Dx(m—1)}

GR,(X")(x), Yi*, xi € XV GRp(XV)(x)), Y\7,
x;eU-X"; GRy(XV)(x;) =0, x; € U~-X", and
GRp(XV)(xj) =1, x;€ X".

The Algorithm 5.1 has a time complexity of
O(|U - X||B|), which is mainly decided by Step 2. In
the following Example 8, We use the results from
Example 7 to demonstrate how algorithm 5.1 up-
date the approximations when changing the decision
value of the object from U — X to X.

Example 8 We consider the information system
given in Table 6. Let U = {x1,x2,X5,X6,X7,X8} be
the universal set, B = {by,b3,bs,bs5} be the condi-
tional attribute set, X = {x,x¢,x3} be the decision
set. Changing the decision attribute value of x5 to X
fromU—-X, XV = XU{xs}.

Table 7.

by by by bs d
xx 2 1 1 3 U-X
x 2 1 2 2 X
xs 1 2 2 3 X
x 1 2 2 2 X
x 1 2 2 1 U-X
x3 2 1 2 2 X

Using the result of Example 7.

X1 X5 X7
xy (2/4 1/4 1/4
M3y3 =X 0 3/4 3/4
xg \2/4 1/4 1/4
GRy(X)(x2) = 3, Y}, = (x1}:GRy(X)(xe) = §, Y0, =

{x5,%7};GRp(X)(x5) = 2,V =
0,x; € {x1, x5, x7}.
GRs(X)(x)) = 3,Y), =

X1

3,7V = {x6}; GR(X)(x7) = 3

4> xs
1,x;j € {x2, X6, x8}.

{x1}; GRp(X)(x:)

{x2,x8}; GRp(X)(xs) =

s & xy

YY ={x6}; GRp(X)(x)) =
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From the Step 2 of Algorithm 5.1 we have a new

relation matrix M o

X1 X7

X (2/4 1/4

« _X6 0 3/4
Moo =xe 1274 1/4
xs \1/4 3/4

The lower and upper approximations of X" =
{x2,xs,x6,x3} by changing the decision attribute
value x5 € U — X to x5 € X are updated as follows:

From the step 3 of algorithm 5.1 we have the
lower approximations:

GR(XV)(x2): Since Y[ = {x1}, GRy(X)(x2) =
1 = GRp(x2,x1), then GRy(X")(x2) = GRp(X)(x2) =
zand Y = Y], —{xs} = {x1}.

GR,(X")(x6): Since Jx; € Y, such that
GRy(X)(x6) = 1 — GRp(x6, x7), then GR (X ")(x6) =
GRy(X)(x6) = 7 and Y" = Y1: —{xs} = {x7).

GRy(X")(xg): Since Y}, = {x1}, GRy(X)(xs) =
1 - GRp(xs,x1), then GRp(X")(x3) = GR(X)(x5) =
% and Yir=Yh —{xs) = {x1).

GRy(XV)(x5):  GR(X)x5) = A (1 -
ye{x1,x7}
GRp(xs,y)) = 1 and Y)" ={y; Vv GRp(xs,y)} =
ye{x1,x7}

{x7}.

GRy(X")(xi) = GR(X)(x:) = 0, x € {x1, x7}.

From the step 4 of algorithm 5.1 we have the up-
per approximations:

GRp(X")(x1): Since GRp(x1,%5) < GRp(X)(x1),
then GRp(X")(x1) = GRp(X)(x1) = % and Y)* =
Y)\C/1 = {XQ,Xg}.

GRp(X")(x7): Since GRy(x7,x5) = GRp(X)(x7),
then GRp(X")(x7) = GRp(X)(x7) = 2 and Y)* =
Yy U{xs} = {xs,x6}.

GRp(X")(xj) =
{x2, x5, X6, X8}
Proposition 12 Ler S = (U,A,V,F) be an informa-
tion system, BC A, X C U, x" € X. The lower and
upper approximations of X" = X —{x"} by changing
the decision attribute value of x" from X to U — X
can be updated respectively as follows.

Lower approximation: If x; € U — X", we have
GR(XM)(xi) =0; If x; € X", we have:

GRp(X)(x)) = Llx; €
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If 1 — GRp(x;,x") > GRp(X)(x;),  then
GR,(X")(x) = GRp(X)(x;) and Y.* = Y.
If 1 — GRp(xi,x") = GRp(X)(x;), then

GR (XM (xi) = GRy(X)(x;) and Y ¥ = Y U{x").

If 1 — GRp(xi,x") < GRp(X)(x;),  then
GR,(X")(x;) = 1-GRp(x;,x") and Y* = {x"}.

Upper approximation: If x; € X", we have
GRp(X")(xj) = GRp(X)(x)) = 1; If x; € U= X", we
have: L

If Ay e Y;/j, such that GRp(X)(xj) = GRp(x;,y),
then GRp(X")(xj) = GRp(X)(x)) and Y{* =Yy -
o)

If GRp(X)(xj) = GRp(xj,x"), or xj = x",
then GRp(X)(x;) = v GRp(x},y) and Y =

yexh

{y; V. GRp(xj,y)}
yex

Algorithm 5.2 (Incremental algorithm for updat-
ing approximations when changing the decision at-
tribute value of x, x* € X to x* € U - X)

Step 1: Input the relation matrix M,xp;
GRy(X)(x)), Y3, xi € X; GRp(X)(xj, Y, xj € U =X,

Step 2: We get a new relation matrix
M§n+l)><(m—l)' // Delete GRB(XA,XJ'),XJ' e U -
X from the relation matrix M,,, and calculate
GRB()CV, x,-), X; € XV.

Step 3: Calculate the lower approximations x; €
X/\

If 1 — GRp(xi,x") > GRp(X)(x;), then
GR,(X")(x;) = GR(X)(x;) and Y " = Y7;
If 1 — GRp(xi,x") = GRp(X)(x;), then

GRy(X")(xi) = GRy(X)(x;) and Y = Y U{x};

If 1 - GRp(x;,x") < GRp(X)(x;), then
GR(X")(x;) = 1 = GRp(x;,x") and Y3* = {x"}. //
According to the Proposition 12.

Step 4: Calculate the upper approximations x; €
U-xt L

If Ay € Y;’i, such that GRp(X)(x;) = GRp(x},y),
then GRp(X")(x;) = GRp(X)(x;) and Y=y -
Xy

Else GRp(X)(x;) = \}/( GRp(xj,y) and Y;{,* =

ye A J
{y; Vv GRp(xj,y)}. // According to the Proposition
yex” ’

12.
Step 5: Output the relation matrix M

n (n+1)x(m=1)*
GR,(X")(x)), YI*, x; € X"; GRp(X")(x;) and Y)\C/j*,
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xj € U=X"; GR,(X")(x;)) =0, x; € U~-X", and
GRp(XM(x)) =1, xj € X".

The Algorithm 5.2 has a time complexity of
O(|X||B|), which is mainly decided by Step 2. In
the following Example 9, We use the results from
Example 8 to demonstrate how algorithm 5.2 update
the approximations when changing the decision at-
tribute value of the object from X to U — X.
Example 9 We consider the information system
given in Table 7. Let U = {x1, x2, X5, X¢, X7, X3} be the
universal set, B = {b1,b3,bs4,bs5} be the conditional
attribute set, X = {x», x5, x¢,x8} be the decision set.
Changing the decision attribute value of xg from X
to U-X, X" ={xp,x5,%6).

Table 8.

by bz by bs d
xy 2 1 1 3 U-X
x 2 1 2 2 X
xs 1 2 2 3 X
xx 1 2 2 2 X
x 1 2 2 1 U-X
x3 2 1 2 2 U-X

Using the result of Example 8.

X1 X7

x2 (2/4 1/4

_X6 0 3/4
M4X2_x8 2/4 1/4
xs \1/4 3/4

GRy(X)(x2) = 2,Y), = {x1}; GRy(X)(x6) = 1, Y5 =
{(x7); GRz(X)(xg) = %, YA = {x1}; GRz(X)(xs) =
LY0 = {7} GRp(X)(xi) = 0,x; € {x1,x7).
GR(X)(x1) = 2,YY = {x2,x3}; GRp(X)(x7) =
2YY = {xs,x6}; GRp(X)(x;) = 1,x; € {x2, X5, X6, Xs).

From the Step 2 of Algorithm 5.2 we have a new
relation matrix M_,:

3x3*
X1 X7 X8
xy (2/4 1/4 4/4
Mi,=x | 0 3/4 2/4
xs \1/4 3/4 1/4

The lower and upper approximations of X" =
{x2,x5,x6} by changing the decision attribute value
xg € X to xg € U — X,are updated as follows:
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From the step 3 of algorithm 5.2 we have the
lower approximations:

@B(XA)()Q)Z Since 1 — GRp(xp,x3) <
GRy(X)(x2), then GR(X")(x2) = 1 = GRp(x2,x3) =
0and Y = {xg}.

GR(XM)(x6): Since 1 — GRp(xg,x3) >
GRy(X)(x6). then GRy(X")(x6) = GRy(X)(xg) = 1
and Y2* =Y = {x7}.

@B(XA)()@)Z Since 1 — GRp(xs5,x3) >
GRy(X)(xs), then GRy(X")(x5) = GRp(X)(x5) = §
and Y3" = Y. = {x7}.

GR(X")(xi) = GR(X)(x;) = 0,x € {x1, X7, X8}

From the step 4 of algorithm 5.2 we have the up-
per approximations:

GRp(X™)(x1): Since dx, € Y}, such that
GRp(X)(x1) = GRp(x1,x), then GRp(X")(x1) =
GRp(X)(x1) =2 and ¥\ = VY —{xg} = {x2}.

GRp(X™)(x7): Since dxg € Yy, such that
GRp(X)(x7) = GRp(x7,%), then GRp(X")(x7) =
GRp(X)(x7) =3 and YY" = ¥ —{xg} = {x5, X}

GRp(X")(xs): GRp(X)(xs)= VvV GRp(xs,y)

Ye{x2,x5.x6}
i v GRp(xs,y)} = {x2}.
ye{x2,x5,x6}

GRp(XM)(x}) = GRp(X)(xj) = 1,x; € {x2, X5, X¢}.

4 Vi _
gand Y5 =

5.2. Incremental updating approximations when
changing the conditional attribute value of
the object

Proposition 13 Ler S = (U,A,V,F) be an informa-
tion system, B C A, b € B, changing the condi-
tional attribute value f(x*,b) to f*(x*,b), f*(x*,b) #
f(x*,b),x* € U. Foranyye U,

|BI-GRp(x",y)+1

x. % N _ ) B
GRj(x J*{M
|B| ’

JH(x",b) = f(,D);
JH(x",b) # f(y,D).

Proposition 14 Let S = (U,A,V,F) be an informa-
tion system, BC A, X C U, x* € X. The lower and
upper approximations of X by changing the con-
ditional attribute value of x*, f(x*,b) to f*(x*,b)
(f(x*,b) # f*(x*,b)) can be updated respectively as
follows.

Lower approximation: If x; € U — X,
GRp(X)(x;) = 0. If x; € X, we have

then
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If xi € X —{x"}, then GR(X)(x;) = GR(X)(x;)
and Y* =Y.

If xi = x*, then GRy(X)(x") = A (1-

yeU-X

GRy(x*,y)) and Y;\* = {y;yel\]/_XGR*B(x*,y)}.

Upper approximation: If xj € X
GRp(X)(xj) = 1. If xj € U — X, we have:

If GRp(X)(xj) = GR(x;j,x*), then GRy(X)(x;) =
V GRy(xj,y) and Y\* = {y; V. GRy(x;,y)} .
yex 7 yex

then

If Ay €YY, such that GRp(X)(x)) = GRp(x;,y),
we have:

If GR(X)(x}) > GRY(x},x*), then GRyx(X)(x;) =
GRp(X)(xj) and Y* = Y —(x*).

If GR(X)(x}) = GRY(x},x*), then GRyx(X)(x;) =
GRp(X)(x)) and Y{* = Y} U{x"}.

If GRp(X)(x}) < GRY(x},x*), then GRyx(X)(x;) =
GRy(xj,x*) and Y)\C’]_* = {x*}.

Algorithm 5.3 (Incremental algorithm for updat-
ing approximations when changing the conditional
attribute value f(x*,b) to f*(x*,b), x* € X)

Step 1: Input the relation matrix M,x;
GRy(X)(x)), Y{, xi € X; GR(X)(x)), Y\, x; € U=X;
The changing attribute value of x*: f(x*,b).

Step 2: We get a new relation matrix M,
Changing the value GRp(x",y) to GRp(x",y)

of the relation matrix My, GRp(x",y) =
IBIGRp(x" y)+1 (o b) = b):
|B|-GRLI(3X*J)_1, f*(x*’ ) =10 yeU-X/
5 [&LD)#EfG.b).

According to Proposition 13.

Step 3: Calculate the lower approximations x; €
X
If x; € X — {x*), then GRy(X)(x;) = GRy(X)(x:)
and Y)* =Y.
If x; = x*, then GRy(X)(x") = A (1-
yeU-X

% 0k Ax . * (4% -
GRyx"y) and Y = {y: v GRy(x".). /] Ac

cording to Proposition 14.

Step 4: Calculate the upper approximations x; €
U-X

If 3y € ¥/, such that GRp(X)(x;) = GRp(x},y),
we have:

If GRp(X)(x)) > GR’,(x},x*), then GRyx(X)(x;) =
GRp(X)(x;) and YYr =Yy —{x).
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If GRp(X)(x;) = GR},(x},x*), then GRx(X)(x;) =
GRp(X)(x;) and Y\/* = ¥ U{x"}.

If GRB(X)(xJ) < GR; (xJ,x ), then GRB(X)(XJ) =
GR(xj,x") and Y\f/_* {x*}.

Else GRy(X)(x)) = Y OR(x;.y) and Y =
{y, V GRy(xj,0)} . // Accordlng to Proposition 14.

Step 5: Output the relation matrix M,,,;
GRy(X)(x)), Y1, x; € X; GRp(X)(x)), Y7, x; € U~
X; GR5(X)(x) = 0, x; € U~ X, and GRz(X)(x)) = 1,
Xj € X.

The Algorithm 5.3 has a time complexity of

O(|U - X||B|), which is mainly decided by Step 2. In
the following Example 10, We use the results from
Example 9 to demonstrate how algorithm 5.3 up-
date the approximations when changing the attribute
value f(x*,b) to f*(x*,b), x* € X.
Example 10 We consider the information system
given in Table 8. Let U = {x1,x2,Xx5,X¢,X7,X3} be
the universal set, B = {b1,b3,bs,bs5} be the condi-
tional attribute set, X = {xp,x5,x¢} be the decision
set. Changing f(xs,b3) =2 to f*(xs,b3) = 1.

Table 9.

by by by bs d
xx 2 1 1 3 U-X
x 2 1 2 2 X
xs 1 1 2 3 X
xx I 2 2 2 X
x 1 2 2 1 U-X
x 2 1 2 2 U-X

Using the result of Example 9.

X1 X7 X8
xy (2/4 1/4 4/4
M35 =X6 [ 0 3/4 2/4J
xs \1/4 3/4 1/4
GRy(X)(x) = 0,Y}, = {xs}; GRp(X)(x6) = 1, Y} =
{x7); GRy(X)(x5) = §.Y5 = {x7}; GRz(X)(x;) =
0,x; € {x1,x7,x3}).
GRpX)(x1) = 2, YY) = {x2}; GRpX)(x7) =
3 Y5 = sk GRe(0(s) = §. Yy, = {nk
GRB(X)(xj) =1,x; € {x2, x5, X6}
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From the Step 2 of Algorithm 5.3 we have a new
relation matrix M}

3x3°
X1 X7 X8
X2 (2/4 174 4/4
M=% | 0 3/4 2/4
xs \2/4 2/4 2/4

The lower and upper approximations of X =
{x2, x5, x¢} by changing f(xs,b3) to f*(xs,b3) are up-
dated as follows.

From the step 3 of algorithm 5.3 we have the
lower approximations:

GRR(X)(x;) = GRy(X)(x), Y" = Yy.x; € {x2, x6}.

GRy(X)(xs)= A (1-GRjy(xs,y)) = 7 and
ye{x1,x7,x8)
Yir={y; V  GRy(xs,y)}={x1,x7,xs).

ye{xi,x7,x8}

From the step 4 of algorithm 5.3 we have the up-
per approximations:

GRy(X)(x1): Since Ix, € Y, GRp(X)(x1) =
GRp(x1,x2), and GRp(X)(x1) = GR}(x1,xs), then
GRy(X)(x1) = GRg(X)(x1) = 2 and Y\* = ¥ U
{xs} = {x2, x5}.

GRB(X)(x7) Since dxg € Y, GR(X)(x7) =
GRB(X7,X6), and ﬁB(X)()W) > GRE(X7,X5), then

GRy(X)(x7) = GRx(X)(x7) = 3, and YY" = ¥} -
{xs} = {x6}.
GRyz(X)(xg): Since dAxy € Y e GRp(X)(x3) =

GRp(xs,x2), and GRp(X)(xs) > GR}(xs,xs), then
GRy(X)(x3) = GRp(X)(x3) = 2, and Y)* =YY, —
{xs} = {x2}.
Proposition 15 Ler S = (U,A,V,F) be an informa-
tion system, BC A, X C U, x* € U—-X. The lower
and upper approximations of X by changing the con-
ditional attribute value of x*, f(x*,b) to f*(x*,b)
(f(x*,b) # f*(x*,b)) can be updated respectively as
follows.

Lower approximation: If x; € U - X,
GRp(X)(x;) = 0. If x; € X, we have

lf GRy(X)(x;) = GRp(x;,x*), then GR(X)(x;) =

b x (1-GR; (x,,y))andY/\*—{y, e GR*(xz,y)}-
ye

Ifye Y}, such that GRB(X)(x,) GRB(x,,y) we
have:

If GR(X)(x;) > GRy(x;,x"), then GRy(X)(x;) =
GR,(X)(x;) and Y}* = Y/> {x*}

then
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If GR(X)(x;) = GRy(x;,x"), then GR(X)(x;) =
GR,(X)(x;) and Y}* = Y} U{x"};

If GR5(X)(x)) < GRB(x],x ), then GRp(X)(x;) =
GRy(xj,x*) and YAI* = {x*}.

Upper approximation: If xj € X
GR(X)(xj) = 1. If xj € U = X, we have:

If xj € U-X~—-{x), then GRy(X)(xj) =
GRp(X)(x;) and Y{* = Y.

If xj = x*, then GRB(X)(x )= V GRy(x",y) and

YL ={y; \/ GR*(x D)

then

Algorlthm 5.4 (Incremental algorithm for updat-
ing approximations when changing the conditional
attribute value f(x*,b) to f*(x*,b), x* € U — X)

Step 1: Input the relation matrix M,
GR,(X)(x)), Y}, xi € X; GRB(X)(xJ, JoxjeU-X;
The changing attribute value of x*: f (x ,b).

Step 2: We get a new relation matrix M,,,.
Changing the value GRp(x",y) to GRy(x",y)

of the relation matrix M,y,, GR; (x ,y) =
IBLGRO(" )+1  fx o 1y iy .
IBIGRAE" 31 f*(x*’ AT Il Ac-
BIORECNL - (37, b) # f(y.b).

cording to Proposition 13.

Step 3: Calculate the lower approximations x; €
X

Ifdye Y", such that GRz(X)(x;) = GRp(x;,y), we
have:

If GR(X)(x;) > GRy(x;,x"), then GR(X)(x;) =
GRy(X)(x;) and Y = YA {x"};

If GR,(X)(x;) = GR; (x,,x ), then GRL(X)(x;) =
GR,(X)(x) and Y = Y2 U ')

If GRy(X)(x;) < GRy(xj,x"), then GR(X)(x;) =
GR(xj,x") and YA* {x*}.

Else GR; (X)(xl) = [/]\ X(l — GRy(x;,y)) and

yeU-
Yo = Ay, R (xi, )} .
X; {y,ye(\//—XG B(xl’y)}

sition 15.

Step 4: Calculate the upper approximations x; €
U-X

If xj e U-X-{x"},
GRp(X)(x;) and Y\* =Y.

If x; = x*, then GRB(X)(x )= V GRy(x",y) and
Yi¥=
15.

// According to Propo-

then GRz(X)(xj) =

{v; Vx GRy(x*, )} // Accordlng to Proposition
ye
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Step 5: Output the relation matrix M,,,.;
GRy(X)(x;), Y1*, xi € X; GRp(X)(x), YV, xj€ U~
X; GRy(X)(x) = 0, x; € U~ X, and GRz(X)(x)) = 1,
Xj € X.

The time complexity of the Algorithm 5.4 is

O(|X]|Bl), which is mainly decided by the time cost
of building the information system matrix in Step
2. In the following Example 11, We use the re-
sults from Example 10 to demonstrate how algo-
rithm 5.4 update the approximations when changing
the conditional attribute value f(x*,b) to f*(x*,b),
x*elU-X.
Example 11 We consider the information system
given in Table 9. Let U = {x1,x2, X5,X¢,X7,X8} be
the universal set, B = {b1,b3,b4,bs} be the condi-
tional attribute set, X = {xp,x5,x¢} be the decision
set. Changing f(xg,bs) =2 to f*(xg,bs) = 1.

Table 10.

by b3y by bs d
xy 2 1 1 3 U-X
x 2 1 2 2 X
xs 1 1 2 3 X
x [ 2 2 2 U-X
x 1 2 2 1 U-X
xg 2 1 1 2 U-X

Using the result of Example 10.

X1 X7 X3

x (2/4 1/4 4/4
M3y3 =x6 [ 0 3/4 2/4
xs \2/4 2/4 2/4

GRB(X)(XZ) =0Y xz = {xs}; @B(X)()%) = %p

Y = (ki GRy(X(xs) = 1YL = (xi,x7,xs);
GR(X)(xi) =0, x; € {x1,x7,x3}.

GRp(X)(x1) = 4, YY = {x2,xs5); GRp(X)(x7) =
3 Y o= dweh GRp(X)(xg) = 3. Yy = {wk

GRp(X)(x)) = 1,x; € {x2, x5, X¢}.
From the Step 2 of Algorithm 5.4 we have a new
relation matrix M}

3x3
X1 X7 X8
x (2/4 1/4 3/4
M =x | 0 3/4 1/4
x5 \2/4 2/4 1/4
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The lower and upper approximations of X =
{x2,x5,x6} by changing f(xg,b4) to f*(xg,b4) are up-
dated as follows.

From the step 3 of algorithm 5.4 we have the
lower approximations:

GRy(X)(x2): Since GRy(X)(x2) = GR(x2, %),
then GR,(X)(x2) = A }(1 —GRy(x2,y)) = % and

YE{x1,X7,X8

Yor={y; VvV  GRy(x2,y)}={xs};
YE{x1,X7,x8}
GRp(X)(x¢):  Since Jx7 € Y[, such that

GRy(X)(x6) = GRp(x6,x7), and GRp(X)(xe) >
GR(x6,x8) then GR,(X)(x6) = GR(X)(x6) = ‘—i and
Yir =Yy —{xg) = {x7};

ﬁ;(X)()q): Since dx; € Y;, such that
GRy(X)(x5) = GRp(xs,x7), and GRZ(X)(xs) >
GRj(xs,x3) then GR(X)(xs5) = GRz(X)(x5) =  and
YiF =Y —{xs} = {x1,x7}.

From the step 4 of algorithm 5.4 we have the up-
per approximations:

GRy(X)(xj) = GRp(X)(x)), YV =YY, xj€
fer, 7).
GRp(X)(xs)= vV GRy(xs,y)=%and Y} =
YE{X2,x5,X6}
;v GRy(xs,y)} = {x1,x7}.
YE{x2,x5,%6}

6. Algorithm analysis

The time complexities of all the incrementally up-
dating algorithms proposed in this paper are list in
the Table 11 as follow.

From the Table 11 we can see that the proposed
incrementally updating algorithms has lower time
complexity for every operation on data. In addition
to the time cost, it is obviously that every incremen-
tally updating algorithm will use less memory space
to get the information updated, because there is no
need to rebuild the whole relation matrix in an incre-
mentally updating algorithm.

The incrementally updating algorithms could be
seen as a group of functions to update the existing re-
sults to keep the relation matrix, approximation and
the set of Y’ and Y}, changing in right way when the
information system changed. And we can use differ-
ent types of the incrementally updating algorithms
in any order and with any number of times to adapt
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to any possible changing in the information system.
For example, we can use Algorithm 3.2 once and
then use Algorithm 4.1 or 4.2 twice when the basic
data need a changing of adding two objects and re-
moving an attribute. And we should note that putting
the removing type Algorithm before others will also
make the time cost reduced a bit more.

7. Experimental evaluation

In this section, we compare the computational time
of the non-incremental algorithm and the proposed
incremental algorithms on different data sets shown
in Table 12. The three data sets used herein came
from the University of California, Irvine (UCI) Ma-
chine Learning Repository (www.ics.uci.edu/). In
data set Dermatology, we delete some attributes with
missing values. Experiments were performed on a
2.40GHz Pentium Server with 8GB of memory, run-
ning Windows 10. Algorithms were code in Matlab
r2012a.

From the following experimental results, it is
clear that the incremental algorithm outperform
the traditional non-incremental algorithm in dif-
ferent cases, Table 13 ( Where NIA is the non-
incrementally updating algorithm and IA is the in-
crementally updating algorithm ) shows that the pro-
posed methods can effectively update approxima-
tions when the information system changes.

8. Conclusion

This paper discusses the approaches of incremen-
tally updating of the rough approximations based on
the grade indiscernibility relation when complete in-
formation system is varied. Taking full use of the
existing information make the time cost of the ap-
proaches reduced a lot especially when dealing with
the large-scale data. In the future, we will discuss
the methods of dynamic updating of the rough ap-
proximations based on the grade indiscernibility re-
lation in incomplete information system. Moreover,
the incremental updating approaches of the decision
rules with respect to grade indiscernibility relation
is another important and interesting issue to be ad-
dressed.
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Table 11.
Operation Non-incremental Time Incremental Time
algorithm Complexity algorithm Complexity
Adding an attribute b Algorithm 3.1 | O(X||U - X])
Removing an attribute b Algorithm 3.2 | O(X||U - X])
Adding an object x € U — X Algorithm 4.1 O(IX||B))
Adding an object x € X Algorithm 4.2 | O(|U — X||B)
Removing an object x e U — X . Algorithm 4.3 o(X))
Removfigng an (J)bject vex | Aleorithm 2.1 O(X||U = XI1B) Aliorithm 44| 0GU—-X)
xeU-X—-xeX Algorithm 5.1 | O(|U — X||B|)
xeX—->xelU-X Algorithm 5.2 O(X]|B|)
f(x,b) = f*(x,b),xe X Algorithm 5.3 | O(|U — X||B|)
fx,b) = f*(x,b),xe U-X Algorithm 5.4 O(IX||B))

Table 12.

ID Data set

Number of objects Number of attributes  Decision classes

Missing value

Zoo 101 17 7 No
2 Dermatology 366 33 7 Yes
3 Chess 3196 36 2 No
Table 13. Comparisons of computational time between non-
incremental algorithm and incremental simplified algorithm
when objects and attributes increase simultaneously(s).
Operation Z00 Dermatology Chess
NIA IA NIA IA NIA IA
Adding an attribute b 0.0115 | 0.0083 | 0.1735 | 0.0064 | 15.8108 | 0.2609
Removing an attribute b 0.0115 | 0.0077 | 0.1774 | 0.0065 | 15.8190 | 0.2316
Adding an object xe U—-X | 0.0123 | 0.0030 | 0.1582 | 0.0052 | 15.9404 | 0.1340
Adding an object x € X 0.0120 | 0.0081 | 0.1485 | 0.0074 | 16.2771 | 0.1263
Removing an object xe U —-X | 0.0101 | 0.0044 | 0.1708 | 0.0049 | 159115 | 0.1308
Removing an object x € X 0.0114 | 0.0067 | 0.1697 | 0.0057 | 16.0953 | 0.1302
xeU-X—-xeX 0.0117 | 0.0055 | 0.1726 | 0.0054 | 15.9011 | 0.1641
xeX—->xeU-X 0.0112 | 0.0099 | 0.1744 | 0.0067 | 15.7100 | 0.1548
f(x,b) = f*(x,b),xeX 0.0120 | 0.0079 | 0.1795 | 0.0067 | 159708 | 0.1184
f(x,b) = f*(x,b),xe U-X | 0.0115 | 0.0030 | 0.1623 | 0.0060 | 15.8709 | 0.1442

232



ATLANTIS
PRESS

International Journal of Computational Intelligence Systems, Vol. 10 (2017) 212-233

Acknowledgements

This work was partially supported by the National
Natural Science Foundation of China (Grant No.
61473239, 61175044, 61372187), the Fundamen-
tal Research Funds for the Central Universities of
China (Grant No. 2682014ZT28), and the open re-
search fund of key laboratory of intelligent network
information processing, Xihua University (szjj2014-
052).

References

10.

11.

12.

13.

14.

Z. Pawlak, Rough sets, International Journal of Com-
puter and Information Sciences 11(1982)341-356.

. Z. Pawlak, Rough sets-theoretical aspects of reason-

ing about data, Kluwer Academic Publishers (1991).

. Z. Pawlak, Rough set theory and its applications to

data analysis, Cybernetics and Systems 29(1998)661-
688.

. A. Skowron, Extracting laws from decision tables:

a rough set approach, Computational Intelligence
11(1995)371-388.

. Y.Y. Yao, PJ. Lingras, Interpretations of belief func-

tions in the theory of rough sets, Information Sciences
104(1998)81-106.

. W.X. Zhang, J.S. Mi, W.Z. Wu, Approaches to knowl-

edge reductions in inconsistent systems, International
Jjournal of intelligent systems 18(2003)989-1000.

. Z. Bonikowski, E. Bryniarski, U. Wybraniec, Exten-

sions and intentions in the rough set theory, Informa-
tion Sciences 107(1998)149-167.

. D. Dubois, H. Prade, Rough fuzzy set and fuzzy

rough sets, International Journal of General System
17(1990)191-209.

. W. Ziarko, Variable precision rough set model, Jour-

nal of Computer and System Sciences 46(1993)39-59.
Y.Y. Yao, Relational interpretations of neighborhood
operators and rough set approximation operators, In-
formation Sciences 111(1998)239-259.

Y.Y. Yao, Probabilistic rough set approximations,
International Journal of Approximate Reasoning
49(2008)255-271.

R.S. Michalski, Knowledge repair mechanisms: evo-
lution vs. revolution, Proceedings of the Third Inter-
national Machine Learning Workshop(1985)116-119.
A. Bouchachia, R. Mittermeir, Towards incremental
fuzzy classifiers, Soft Computing 11(2007)193-207.
Y. Cheng, The incremental method for fast computing
the rough fuzzy approximations, Data and Knowledge
Engineering 70(2011)84-100.

233

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

C.C. Chan, A rough set approach to attribute gen-
eralization in data mining, Information Sciences
107(1998)169-176.

T.R. Li, D. Ruan, W. Geert, J. Song, Y. Xu, A rough
set based characteristic relation approach for dynamic
attribute generalization in data mining, Knowledge-
Based Systems 20(2007)485-494.

J.B. Zhang, T.R. Li, D. Ruan, and D. Liu, Neigh-
borhood rough sets for dynamic data mining, Inter-
national Journal of Intelligent Systems 27(2012)317-
342.

Y. Zhao, Y.Y. Yao, Data analysis based on dis-
cernibility and indiscernibility, Information Sciences
177(2007)4959-4976.

K.Y. Qin, J.F. Luo, Rough set model based on
grade indiscernibility relation, Computer Science
42(2015)240-243.

J.E. Luo, K.Y. Qin, The rough set model based on
grade indiscernibility relation, 2015 IEEE Interna-
tional Conferences on Computer and Information
Technology (2015)1366-1371.

K.Y. Qin, J.F. Luo, Z. Pei, Rough Approximations
Based on Valued Tolerance Relations, Fundamenta
Informaticae 142(2015)183-194.

M. Lichman, UCI Machine Learning Repository,
http://archive.ics.uci.edu/ml, University of California,
Irvine, School of Information and Computer Sciences
2013.

N. Shan and W. Ziarko, Data-based acquisition and
incremental modification of classification rules, Com-
putational Intelligence 11(1995)357-370.

Y.Y. Yao, T.Y. Lin, Generalization of rough sets using
modal logics, Intelligent Automation and Soft Com-
puting 2(1996)103-119.

Q.S. Zhou, T.R. Li, et al, Research on properties of
approximations in rough sets based on characteristic
relation when object varies with time, Computer Sci-
ence 39(2012)191-197.

S.Y. Li, T.R. Li, D. Liu, Incremental updating approx-
imations in dominance-based rough sets approach un-
der the variation of the attribute set, Knowledge-Based
Systems 40(2013)17-26.

H.M. Chen, T.R. Li, C. Luo, S.J. Horng, G.Y. Wang,
A decision-theoretic rough set approach for dynamic
data mining, IEEE Transactions on Fuzzy Systems
23(2015)1958-1970.

H.M. Chen, T.R. Li, D. Ruan, J.H. Lin, C.X. Hu,
A rough-set-based incremental approach for updating
approximations under dynamic maintenance environ-
ments, IEEE Transactions on Knowledge and Data
Engineering 25(2013)274-284.

L. Feng, T.R. Li, D. Ruan, S. Gou, A vague-rough
set approach for uncertain knowledge acquisition,
Knowledge-Based Systems 24(2011)837-843.



