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The expression for the equal-time commutator between b, and b‘o‘, which was derived
previously from the consistency requirement of the BRS transformation, is proved on the basis
of canonical commutation relations and field equations. It is found that the commutators
involving &, exhibit “tensor-like” behavior quite analogously to general covariance.

The manifestly covariant quantum field theory is formulated for the coupled Einstein-
Maxwell system.

§ 1. Introduction

The manifestly covariant canonical theory of quantum gravity has been formu-
lated in quite a satisfactory way in a series of papers.”~”*  When matter fields
are of integer spins only, the gravitational part is described by the metric tensor
Juw> an auxiliary boson field 4, and a pair of the Faddeev-Popov (FP) ghosts ¢*
and ¢,. If there are half-odd-spin fields, then the gravitational part is described
by the vierbein £,, instead of ¢, (=%hh%), a new auxiliary antisymmetric boson
field s, and the corresponding FP ghosts #,, and 7,, in addition to by, ¢’ and ¢,
An important result found in V and VI is that in the latter case, though 4,,, but
not ¢,, is regarded as a fundamental field, all the field equations*™ and the
equal-time commutation relations for the “old” fields g, b,, ¢" and c, are the
same as those in the former case.

In II, we calculated the equal-time commutators between Heisenberg fields
and their first time derivatives from canonical commutation relations. Since b,’s

are not canonical variables, it is not an easy task to prove the important formu-
la**®

(60, 05"] =ik (%) 7 (0,00 +0,by) 0" 11

This commutation relation was derived from the consistency between the classical

® The second, fifth and sixth papers are referred to as II, V and VI, respectively.

#Of course, the energy-momentum tensor 7, of the Einstein equation is modified by the
introduction of new fields.

##9 The notation is explained at the end of this section.
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Indefinite-Metric Quantum Field Theory of General Relativity. VIII 657

and quantum definitions of the BRS transformation, but such reasoning cannot be
regarded as a proof because it is based on something other than canonical com-
mutation relations and field equations. Solving the Einstein equation with respect
to b,, we found some necessary and sufficient conditions for the validity of (1-1),
but their validity was not checked because the calculation to be done was ex-
tremely cumbersome.

In the present paper, we complete the proof of (1-1). The essential idea for
avoiding brute-force labor is to employs the vierbein formalism developed in V and
VI. The Ricci tensor R,, is usually expressed in terms of the affine connection
I, but it can also be expressed elegantly in terms of the spin affine connection

® as is familiar in the supergravity theory. The point is that the expression
for the commutator [I7,*, b,’] is very simple in contrast with that for [/}, 0,/].
Owing to this observation, we can very easily prove that the conditions for the
validity of (1-1) are indeed satisfied.

In addition, we can proceed further. We can calculate [R,, b,’], which is
found to be of the same form as that of [¢,, b,’]. Furthermore, many quantities
are found to have the commutator with &, of the same form. Then we are natu-
rally led to introducing a new notion of the tensor-like commutation relation.
Its physical meaning is unknown, but it is quite analogous to general covariance,
despite the fact that it is a notion completely at the operator level.

In §2, the proof of (1-1) is presented. In § 3, tensor-like commutation rela-
tions are discussed. In § 4, we formulate the manifestly covariant quantum gravi-
electrodynamics for providing additional examples of tensor-like commutation rela-
tions. The Appendix is devoted to the calculation of [T'ir,, 5,/].

Throughout the present paper, we employ the notation introduced previously.
For example,

0,X-Y=(00,X)Y,
X=0,X,

[X,Y]=[X(2),Y ()] at 2"=2",
D=0 (@ —a),
h=(—detg,) "= —det h,

gr=hg"”,

and k£ denotes the gravitational constant.

§2. Proof of (1-1)

In this section, we prove the commutation relation (1-1) on the basis of
canonical commutation relations and field equations. For simplicity, we here as-
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658 N. Nakanishi

sume that matter field is a scalar field ¢ alone; extension to more

general cases
is presented in later sections.

In our formalism, the Einstein equation is written as

Ry=E,+k(T,~%9,T) =0, 2-1)
where®

E,.=0,b,40,b,—it (0,c, 0,c"+0,6,-0,c7, (2-2)

T,=Ts,,=00-0,4—}% g/ﬂu (9705 - 0cp— m*§*) (2-3)

and T'=T"*, Furthermore, ¢,, satisfies the de Donder condition

8,5 =0. 2-4)
Now, in order to prove (1-1), we must solve (2-1) with respect to b',, after

eliminating §;;. This procedure was explicitly carried out in II. It was found

there that the necessary and sufficient conditions for the validity of (1-1) are as
follows:

[2R%—R,b,/] =0, (2-5)
[2R%— R, b;'] = —2ir (§") 'R0, (2-6)
[R%, by'] =ik (§°) 'R%0°, 27
[R%, 5,']1=0, (2-8)

where R=R”*, They are summarized as

[R,—%0%R, 0,1 =ik (§*) ' (0°%R,— 0%, R",) °. (2-9
In the following, we prove (2-9). '

As is well known (and can be easily confirmed), the Riemannian tensor

R can be expressed in terms of the spin affine connection ™ in an elegant
wapf p 3
way:

R s = Reahgn R, (2-10)
with
R,"=0,I"—0,I "+ T T2, (2-11)
which is antisymmetric both in a<>b and in x<>y. Hence
RY, =R, (2-12)

Since the commutation relations [g,,b,’] and [§w 0,’] are reproduced from
[7as 6,1 and [h,q, b,’] as shown in VI, we may calculate [R%,5,/] in the

* Throughout the present paper, 7 denotes the energy-momentum tensor but not the tensor
density. If one wishes to introduce a cosmological term, suppose that 7', includes a term proportional
to Gu.
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Indefinite-Metric Quantum Field Theory of General Relativity. VIII 659

vierbein formalism. We employ the following commutation relations established

in VI:
[tas 0,1 = — ik (§") " hpad’,0%, (2-13)
[, b, =ik () “h"0%0%, (2-14)
[I,2, 0,1 =—ikG") 10°.1,"0" (2-15)

The simplicity of (2-15) is noteworthy. From it we see that I',*" commutes with
b,.

Owing to the antisymmetry of R,,* in a<>b, we can write
R = h%h,Ru™ . (2-16)
Since (2-11) and (2-15) imply
[Ru™ b,1=0, (2-17)
from (2-14) we immediately obtain the y="Fk case of (2-9). Next, since
R=h"1HR,,"
— 210 W R+ B h R (2-18)

we have

2R — R= —h*h W Ru™. (2-19)
Hence, again owing to (2:17) together with (2-14) and (2-16), we obtain the
y=0 case of (2-9). This completes the proof.
§ 3. Tensor-like commutation relations

We continue our analysis concerning the commutators involving b, Since

it is easy to show that

[Ew, 0] =0, (3-1)
[Tsw, 8/1=0, (3-2)
(2-1) implies
[Ri, 0,1 =0. (3-3)
With the aid of the identities
Roe= (™) (R —¢"Ru) (3-4)
Ryp=(g") 7 (2R%— R+ ¢ Ry) (35

together with

[guv, bp/] — i/f (gOO) -1 (6vpgﬂ0+ 6upg0v) 63, (3 . 6)
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we can rewrite (2-9) and (3-3) into

(R '] = =ik (§) 7 (0°uRos+ 0", R ) 0" (3-7)
It is remarkable that (3.7) is of the same form as

(g1 0,1 = =10 (§") 7 (0" s00s + 0°,0) O°. (3-8)

In general, if an operator X, which may not necessarily be symmetric in <>y

>
satisfies

(X 0,1 = —ir (™) "1 (0°,X,, + 0%X ) 0%, (3-9)
then with the aid of (3-6) we see that

[X~, b/ =ir (4700) ", X0, - 609Xﬂp) 0%, (3-10)

(X, 0,/ ] =ik ™) (0", X"+ 0%, X" §°. (3-11)

In particular, X*, commutes with b,.

It is easy to see that the operators 0,0,+0,0,, 0,5,-0,c°, Ts, and ¢,7Ts,
which appear in (2-1), all satisfy (3-9). On the other hand, as remarked in the
Appendix of VI, many quantities such as /,,, I',%, 0., 0,85y 04Sas, 0utapy 0,7 a0,
0.5 and 9, (¢ denotes the Dirac field) satisfy the commutation relation

(X0, ] =—ik @™ 190, X,0°% (3-12)
Furthermore, &,, ¢’, &,, Suw, layy Lays ¢ and ¢ commute with &, Accordingly, it is
quite natural to introduce a new notion of the tensor-like commutation relation,
that is, we generally consider the following commutation relation:

k
[0 B, Y =i (§) 7 (3 0%, X0

vyvy

1
— ]gl 601)]-X”1mﬂkvl-“.owv;) 63 . (3 . 13)

It is “tensor-like” because (8-18) is consistent with taking tensor product and
with contracting upper and lower indices. For instance, if X, and Y, satisfy
(3-12) [i.e., (3:13) with £=0 and [=1], then XY, satisfies (3-9) [i.e., (3-13)
with £=0 and /=2] and ¢”X,Y, commutes with by, [ie., (3:13) with k=7=0].
In this sense, our tensor-like commutation relation is quite analogous to general
covariance, but it should be noted that the former has no classical counterpart in
contrast with the BRS transformation. We conjecture that any quantity which
is a tensor under the general coordinate transformation at the classical level
satisfies (8-18) with the same tensor character, though the converse is not
true. The tensor-like property is quite useful in practical calculations.
For a tensor density, of course, a term

— 00 Xm (3-14)

220z ¥snbny |z uo isenb Aq 90888 1/959/2/€9/0101He/d)d/Wwod dno ojwapede//:sdRy Wwoly papeojumoq



Indefinite-Metric Quantum Field Theory of General Relativity. VIII 661

should be added in the parentheses of (3-13). Therefore, it cancels the contribu-
tion from a contravariant zeroth component; for example, if X*, is a mixed tensor
density in the sense stated above, X", has the commutator with &, just like a covariant
vector (cf. the Appendix of VI).

In §2, we have restricted our consideration to the case in which matter
field is a scalar field alone. We now extend our analysis to more general cases.
In order to guarantee the validity of (1-1) and (3-7), it remains to show that
T, satisfies (3-9).

The energy-momentum tensor, 7'p,, for the Dirac field (see V) is given by

Top=2ip[1,0,— 1) — @, +T)1]o+ (nov), (3-15)
where

o={'Te, 1. =hSTe T=i[{0 115 (3-16)

T« being the 7-matrices in the flat space-time. Since ¢ commutes with b, and since
Y. I', and 0, satisfy (3-12), we immediately see that T'p,, satisfies (3-9) owing
to the tensor-like property.

In the vierbein formalism presented in V, 7', contains an additional contribu-
tion arising from the local-Lorentz gauge fixing term and the corresponding FP-
ghost one, that is, we must discuss 71y ,, which is a sum of

Tirerw=— 00" T s"0:Sar+ 10,50+ 1,0 S0r+ F s (3-17)
and
T1ippw =100  0stay (0.7 + 2% 1" — 2% 1)
—i[0,dar @+ 1T — 20" + (o)1 + Fr,  (3:18)
where

fﬂuE - garglvhﬂc (arrab/ahlc> an‘sab
+ 7 e300 G [0/ 0 (Dattic) 1055 an} (3-19)

and ]A‘/w is obtained from (3-19) by replacing 9,5, by —i[0,Zs.— (a<>b)],®
In the Appendix we prove that both T11gr, and 7T ripp,, satisfy (3-9) separately.
Thus the validity of (1-1) and (3-7) has been established also in the coupled
Einstein-Dirac system.

§ 4. Quantum gravi-electrodynamics

In this section, we formulate the manifestly covariant quantum field theory of
the coupled Einstein-Maxwell system, and then check the validity of the conjecture

* Here we have antisymmetrized it for later convenience; this is possible because I'.** is
antisymmetric in a<>b.

220z ¥snbny |z uo isenb Aq 90888 1/959/2/€9/0101He/d)d/Wwod dno ojwapede//:sdRy Wwoly papeojumoq



662 N. Nakanishi

proposed in § 3 concerning the commutators involving &, in this theory. It is
important that (1-1), (3:7), etc. are valid independently of matter fields.
The Lagrangian density for the electromagnetic field A, is given by

efEME - % hglmngﬂvFor - @”"A»aﬂB + % ahB®— ig‘“’aﬂé 0,C > (4- 1)

where F,=0,A,—0,A,. B is an auxiliary scalar field, C and C are the FP ghosts
of the electromagnetic field and « denotes a gauge parameter. The field equations
related to the electromagnetic field are

0, (hF?“) —§°9,B=0, (4.2)
90, A, +aB=0, (4-3)
9”9,0,C =0, (4-4)
9°0,0,C =0, (4-5)

where use has been made of (2-4). From (4-2) it follows that

9"9,0,B=0. (4-6)

Note that B no longer satisfies a free-field equation.

In making canonical quantization, we replace gy by T, because we wish
to regard A, rather than B as a canonical variable. Here gy is obtained from
Lem by replacing the second term of (4-1) by

+0,G"A,) -B. 4-7)

It should be noted that (4-7) contains time derivatives of 0 o
The canonical conjugates are defined by

m=0_"Lren/0A,= —hF”+§"B, 4-8)
To=0_1gn/0C = —i§"0,C , (4-9)
7o=0 T'pm/0C = +ig"0,C . (4-10)
The non-vanishing canonical (anti-) commutation relations are
LA, 7. ] =10",0°, (4-11)
{C, 1y ={C, ng’} =i0*. (4-12)
Since B= (§") “'7,°, canonical commutation relations yield
[B,B']=0, (4-13)
[A, B =i@) 00" (4-14)

From the vy=*% part of (4-11), we can show that

[A, A/T=—i@™) g0 (4-15)
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Hence from (4:3) we have
[A, A= =i @) [9.0—1—a) 0% (") 10" (4-16)

It is straightforward to see
[Fu B']=0 (4-17)

from [7.f, 7."] =0 together with (4-13) and (4-14).
In order to calculate the commutators involving B, using (2-4) we rewrite

the y=0 component of (4-2) as
QOrarB — g,ao'g()z'aﬂli‘ar + gﬂo‘aﬂgm' . Fo‘r
=9 Ok F g — 970, F (4-18)

Since the right-hand side contains no A,, we can calculate commutation relations

of B. For example,
g"[B, A/ =—¢"[0:B, A/1+¢"¢" [0:F o, A/
— g0, [F A (4-19)
With the aid of (2-4), we obtain
[B, A,/1=10,@G" 0"+ [20" (¢") "¢ —0".] (0, (4-20)
where
(6%, =0.[ @) 0] (4-21)
It is easy to show that
[B,B]=[B,C'1=[B,C’]=0. (4-22)

The electromagnetic BRS charge Qp is defined by
Op= jd‘"’x@‘” (B3,C—,B-C). (4-23)

By using the commutation relations obtained above, it can be shown that Op is
indeed the generator of the electromagnetic BRS transformation 8gm:

i[Qp X]z=8m(X), (4-24)
where

dem (A, =0,C, (4-25)

Sem(C) =iB, (4-26)

and the Sgy of any other field vanishes. The electromagnetic subsidiary condition

is, of course, defined by

220z ¥snbny |z uo isenb Aq 90888 1/959/2/€9/0101He/d1d/Wwod dno ojwapede//:sdRy Wwoly papeojumoq



664 N. Nakanishi

Qszlphys)=0. (4-27)

Having formulated the theory proper to the electromagnetic field, we discuss
the relation between the electromagnetic part and the gravitational one. First,
we note that the canonical conjugate, 7%, of ¢, is modified due to the presence
of g, in (4-7). The modification to be made is just to replace b, by b,+£A,B
in 7. Hence no change occurs about [0 §o’] and [g,, 8,].

Now, we investigate the commutators involving 5, From [A,, 7] =0 and
[7.% 7] =0, we have

[Aw bp/] =—ik (GOO) ~160/1Ap63’ (428}
[B,0,/]=0, (4-29)

respectively, where use has been made of (4-14) and [§, b,'] =ir0°,0". Likewise,
[7.", 71 =0 together with (4-11) yields

[Fo, ] =—ik @) 7'F 0%, (4-30)
whence
(£ b)) =—ik (goo) 0L+ aovFﬂo) 0°. (4-31)

It is easy to confirm that [5,, 5,7 =0 (see IT) remains unchanged by using (4-28),
(4-29) and (4-14).

The electromagnetic energy-momentum tensor 7'gy w is defined by
Tenw=20""0 L g/ 09"
=—9"F,F,.— (A,0,B+ A,0,B)
—i(0,L-0.C+0,C-0,C) —guh™ Lrn . (4-32)

It is evident from the tensor-like property that T'gy, satisfies (3-9) if the
expected tensor-like commutation relation hold for each of A,, r,, B, 0,B, 0,C
and 0,C. The first three are established already by (4-28), (4-31) and (4-29).

The last two are obviously all right. Accordingly, it remains only to calculate

[B,5,]. From (4-18) we have
9"[B, 0,1 =~ g%, b/10.B+ [¢""¢"0.F ., b, ]
- [gOfaﬂgrl . Fﬂzr bn/] . (4 33)

For calculating the last term, it is convenient to make use of (A-5). After
some calculation, in which (4-31) and (4-18) are made use of, we find

[B,b,] = —ir @) 0,8 0", (4-34)

that is, 0,8 satisfies (3-12). Thus T gy, has the tensor-like commutation relation.
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Appendix

Commutator between Tiy, and b,——

We first consider [7T'rigrm, 0,']. It is evident from the tensor-like property
that each of the first three terms of (3-17) satisfies (3-9). Hence we have only
to calculate [f,,5,”]. The explicit expression for f,, is calculated from (3-:19):

=[S 970R" + N R0 ge) 050y + (1>v) ]
+ F %050 — [, 170,050+ (1) ]
F 1970 50: 54 (A1)
with
Fuf™= — b, g B0 e+ B0,
— 1 D9 0.G0 — NS BGT0,05 - (A-2)

We know all necessary commutation relations (see IT and VI) except for [Su, 0,'],
but the calculation is rather cumbersome.
First, by direct computation, we find

[gor@rhﬂa’ bu’] = 0 > (A 3)

from which the first term £2,°070.7,°0,54 is seen to satisfy (3-9). More generally,
we obtain

[A™10. 1y, b, ]
=ikh,[2(g") ARG — KR — R W] (0% , (A-4)
where (0%); is defined by (4-21). Since (A-4) is symmetric in a<>b, its contribu-
tion vanishes when multiplied by 8,s,.* Hence the second term of (A-1) also
satisfies (3-9).
Next, we calculate [ F,,”"0,54, b,/]. Since this calculation is complicated, we
omit its details. The calculation of the first term of (A-2) is simplified by making

use of (A-4). For calculating third and fourth terms of (A-2), the following
formula is useful:

[970-0:, 0]
=ik (G") 7' 1079"0:05 — 0°%970:020 — 0%9"0ug] - 0°
+ik[— 0% (070, +0%0%) — 0% (97°g,,+ 0%,0%,)
+20% (") 79" (979, +0%0°) 1 (0%) & - (A-5)

After somewhat tedious calculation, we find

* Note that 2°°h**9:.hse— (a<>b) is a scalar under the general coordinate transformation.
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[F,.7"0¢Sas, 0, ]
= — ik ) " (0% F 050+ 0% F 0, 0 g 50) - 0
k[ —2(g") "G R R0, + AR,
+ B0+ (1eov) ] (0%) D0Sas - (A-6)

Since the remainder of (A-1) contains 5,, we must make use of the field
equation of s, presented in V:

g/lli (Oﬂavsab + aﬂsac N Fvcb - a;zsbc ) rvca)
— i [g70,F ac (0,65 + 541, — tyal,) — (a<>b)] =0. (A7)

It is evident from the tensor-like property that each term of (A-7) except for
the first one commutes with 0,. Hence

[gwa#ausab, bpl] =0. (A . 8)

Accordingly, the last term of (A-1) satisfies (3-9). Furthermore, from (A-8)

we have
[Saps 8,1 =26 (§) 7' [—00Sap- 0%+ F%0pSan- (0%) ] (A-9)
Then it is straightforward to show that
(2 170,05 San, 0]
= —ik (§*) "0, R 0,0 5 S0y + 0%10," 100,055 as) - O°
+ikh, [2 (") 'g" R0, — hF0°, — h™6* ] 0psan (6%) k. (A-10)
Comparing (A-10) with (A-6), we find that the second line of (A-1) satisfies
(3-9). Thus T'rrcr. satisfies (3-9). ~
It is now very easy to see that T'yrpp,, also satisfies (3:9), because f,, is

very similar to f,. Owing to the existence of 0, in (3-19), the replacement of
atrsa,b by

—i[0,Fe 50— (a<>0) ] (A-11)
yields extra terms
RS R0, 0 0ut's— (@) 1 + (1ow) }
—ih, g [0,E e 04850 — (a>D) ], (A-12)

which have no corresponding one in Trigrum, but each term of (A-12) evidently
satisfies (3-9). Since it is straightforward to prove

[970,0,E v, 6,"]1 =0 (A-13)

from the field equation
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Indefinite-Metric Quantum Field Theory of General Relativity. VIII 667

gm (aﬂavzab_l—auzac'rvcb_0yzbc‘Fvca) :0 ) (A14)

everything goes well in parallel with the analysis of T rigru-
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Note Added: On the validity of our conjecture stated in §3, we have obtained the following additional
supports:

i) The covariant derivative of A, satisfies the tensor-like commutation relation.

ii) Let X*,.. be a tensor at the classical level. If both X*",.. and £:.X*",.. satisfy the tensor-like
commutation relation, [X*",.., 27,,’] can be calculated by means of the Leibniz rule. Then [X*",..,Qs]
can be calculated if X*",.. is a canonical field, and we find that it equals —i0*(X*",..). Thus the
tensor-like commutation relation is consistent with BRS transformation.
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