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This is the true joy in life, the being used for a purpose recognized by
yourself as a mighty one, the being a force of nature, instead of a
selfish, feverish little clod of ailments and grievances complaining that
the world will not devote itself to making you happy. I am of the
opinion that my life belongs to the whole community, and it is my

privilege to do for it whatever I can.

Life is no brief candle to me, it is a sort of splendid torch which I've
got a hold of for the moment, and I want to make it burn as brightly

as possible before handing it on to future generations.

— George Bernard Shaw
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Abstract

The circulant graph C,, g is the graph on n vertices (with labels 0,1,2,...,n — 1),
spread around a circle, where two vertices u and v are adjacent iff their (minimum)
distance |u—wv| appears in set S. In this thesis, we provide a comprehensive analysis of
the independence polynomial I(G, ), when G = C,, 5 is a circulant. The independence
polynomial is the generating function of the number of independent sets of G with k
vertices, for k > 0.

While it is N P-hard to determine the independence polynomial I(G,x) of an
arbitrary graph G, we are able to determine explicit formulas for I(G,x) for several
families of circulants, using techniques from combinatorial enumeration. We then
describe a recursive construction for an infinite family of circulants, and determine
the independence number of each graph in this family. We use these results to provide
four applications, encompassing diverse areas of discrete mathematics. First, we
determine a new (infinite) family of star extremal graphs. Secondly, we obtain a
formula for the chromatic number of infinitely many integer distance graphs. Thirdly,
we prove an explicit formula for the generalized fractional Ramsey function. Finally,
we determine the optimal Nordhaus-Gaddum inequalities for the fractional chromatic
and circular chromatic numbers. These new theorems significantly extend what is
currently known.

Building on these results, we develop additional properties and applications of
circulant graphs. We determine a full characterization of all graphs G for which its
line graph L(G) is a circulant, and apply our previous theorems to calculate the list
colouring number of a specific family of circulants. We then characterize well-covered
circulant graphs, and examine the shellability of their independence complexes. We
conclude the thesis with a detailed analysis of the roots of I(C), s, ). Among many
other results, we solve several open problems by calculating the density of the roots
of these independence polynomials, leading to new theorems on the roots of matching

polynomials and rook polynomials.
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Abstract

Cn,S
I(G,x)

The circulant graph on n vertices with generating set S

The independence polynomial of graph G
The path on n vertices
The cycle on n vertices

The complete graph on n vertices

The order of a graph G, i.e., the number of vertices in G

The circular distance of two vertices v and v in C), g
The degree of a vertex v

The independence number of GG

The clique number of a G

The chromatic number of G

The complement of G

The line graph of GG

The coefficient of the z* term of P(z)

The circulant Cy, (12,43, where d > 1 is fixed
The lexicographic graph product of G with H
The fractional chromatic number of G

The circular chromatic number of G

The fractional clique number of G

The list colouring number of G

The integer distance graph generated by set S
The vertex arboricity number of G

The Ramsey function of the k-tuple (ay,as, ..., ax)

The fractional Ramsey function of the k-tuple (ay, as, . ..

The independence complex of G
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Chapter 1

Introduction

1.1 Basic Terminology

In this thesis, we will use notation from Diestel’s textbook on graph theory [58]. Since
much of the standard terminology will be familiar, we just cite several definitions that
will be used repeatedly.

We will assume that all graphs are simple, i.e., no loops or multiple edges. The
graph P, is the path on n vertices, C), is the cycle on n vertices, and K, is the
complete graph on n vertices. The number of vertices in a graph G = (V| E) is its
order, denoted by |G|. The degree of a vertex v, denoted by deg(v), is the cardinality
of the set {u € V :uv € E}.

An independent set of G is a set S with the property that u,v € S — wv ¢ E.
In other words, no pair of vertices in S is adjacent in G. Trivially, any single vertex
of G is an independent set. The largest order of an independent set in G is the
independence number o(G).

A clique of G is a set S with the property that (v # v and u,v € S) — uv € E.
In other words, every pair of vertices in S is adjacent in G. The largest order of a
clique in G is the clique number w(G). We note that w(G) = a(G), for all G, where
G denotes the complement of G.

Let I" be a set of colours. A colouring 7w : V' — I' of a graph G is proper if no two
adjacent vertices receive the same colour. The chromatic number x(G) is the smallest
number of colours in a proper colouring of G.

Let G = (V,E) and G' = (V' E’) be two graphs. We say that G and G’ are
isomorphic if there exists a bijection ¢ : V' — V'’ with xy € E iff p(z)p(y) € E’,
for all x,y € V. We write this as G ~ G’. Such a map ¢ is an isomorphism. If

G = @, then ¢ is an automorphism. We will not distinguish between isomorphic

1
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graphs: thus, we will always speak of the complete graph on n vertices, and so on. A
function taking graphs as arguments is a graph invariant if it assigns equal values to
isomorphic graphs. For example, a(G), w(G), and x(G) are all graph invariants.

Weset GUG' = (VUV/ EUE)and GNG' = (VNV ENE). VNV =0,
then graphs G and G’ are disjoint. If V' C V and E’ C E, then G’ is a subgraph of
G. We write this as G’ C G. If G C G and G’ contains all the edges xy € E with
x,y € V', then G’ is an induced subgraph of G, and we say that V' induces G'. If
U is a subset of the vertices of G, the graph G — U is formed by deleting all of the
vertices in U from G, and deleting all of their incident edges as well. In the case that
U = {u} for a single vertex u, we just write G — u.

A set of edges is independent if no two edges share a common vertex, and a set
of independent edges is a matching. A perfect matching is a matching that includes
each of the vertices.

In the line graph L(G) of graph G, the vertex set is F(G), the edge set of G, and
vertices x and y are adjacent in L(G) iff x and y are adjacent as edges in GG. For
example, L(K}) is isomorphic to K minus a perfect matching, and L(C,) ~ C,, for
all n > 3. Note that a matching of k edges in G corresponds to a set of k independent
vertices in L(G), and conversely.

Other definitions will be introduced in the appropriate context. In the next two
sections, we define the two most important terms in the thesis, as they will form the

basis for everything that follows.

1.2 Circulant Graphs

Definition 1.1 A circulant graph of order n has vertex set V(G) = Z,, and edge
set B(G) ={wv :u—wv € S}, for some generating set S C V(G). This set S must
not contain the identity element 0, and must be closed under additive inverses. We

say that C,, g is the circulant graph of order n with generating set S.

We note that C,, s is an undirected Cayley graph [81] for the group G = (Z,,, +).
Thus, circulant graphs are a special case of the more general family of Cayley graphs.
Since our generating set S must be closed under additive inverses and not contain

the identity element, the following is an equivalent definition of C), g.
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Definition 1.2 Given a set S C {1,2,3,...,[5]}, the circulant graph C, g is the
graph with vertex set V(G) = Z,, and edge set E(G) = {uv : |[u — v|, € S}, where

|z|, = min{|z|,n — |z|} is the circular distance modulo n.

We will use this latter definition of C), ¢ throughout the thesis. Thus, the gener-
ating set S will always refer to a subset of {1,2,3,...,|5]}. In the literature, S is
also referred to as the connection set [5, 59).

For example, here are the circulants Cy g1 9y and Cy g3 43.

S

Y N T—

7 2 7 " ‘ v" " 2
BEAEK
6 6 ""‘"> \ 3
: 178\

Figure 1.1: The circulant graphs Cy 2y and Cy (343

Note that the circulant Cm 11232 ]) is simply the complete graph K,. Also,
Ch {1y is just the cycle C,,. We remark that C,, gy ~ C,, for any d with ged(d,n) = 1.

Circulant graphs have been investigated in fields outside of graph theory. For
example, for geometers, circulant graphs are known as star polygons [52]. Circu-
lants have been used to solve problems in group theory, as shown in [5], as well as
number theory and analysis [55]. They are well-studied in network theory, as they
model practical data connection networks [11, 100]. Circulant graphs (and circulant
matrices) have important applications to the theory of designs and error-correcting
codes [156]. Various papers have been written on the theory of circulant graphs
[1, 5, 46, 48, 55, 56, 59, 68, 78, 82, 121, 123, 140, 141, 181], but no paper has yet

explored the properties of independence in circulant graphs.



1.3 The Independence Polynomial

Definition 1.3 The independence polynomial (G, x) is Z ixx”, where iy is the

k=0
number of independent sets of cardinality k in G.

In other words, I(G,z) is the generating function of the number of independent
sets of GG, where the coefficients represent the number of independent sets of each car-
dinality. In this thesis, we will derive many properties of the independence polynomial
I(G, x), primarily when G belongs to the family of circulant graphs.

Since the independence polynomial was first introduced [87], it has proven to be a
fruitful area of combinatorial research [22, 23, 25, 26, 42, 74, 97, 98, 118, 119, 120, 130,
133, 165]. Also, independence polynomials are known to have important applications
to combinatorial chemistry and statistical physics [120, 159].

We will develop new formulas and properties of independence polynomials, and
apply these theorems to solve problems from other areas of discrete mathematics.

To illustrate, we calculate the independence polynomial of the 6-cycle Cls. We have
ip = 1 (the empty set) and i; = 6, since we can select any of the six vertices. The
coefficient i, is simply the number of non-edges of G, which equals (3) — |E(G)| = 9.

It is clear that i, = 0 for £k > 4. Finally, there are only two independent sets for
k = 3, namely {0,2,4} and {1,3,5}.

0 1 0 1

Figure 1.2: Two independent sets of size 3 in Cj.

Therefore, the independence polynomial of Cg is 1(Cg, x) = 1+ 6+ 922 +223. By
definition, it follows that for all graphs G, the independence number a(G) is equal to
deg(I(G, x)), the degree of the independence polynomial I(G, ).
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Definition 1.4 For any polynomial P(x), [x*]P(x) is the coefficient of the x* term
in P(z).

For example, we have [22]I(Cs, z) = 9 and [2*]I(Cs, ) = 0. Note that for any G,
[2°]1(G,z) =1 and [2']I(G,z) = |G|.

Using various techniques in combinatorial enumeration, we will derive explicit
formulas for I(G,x) for several families of circulant graphs. In the process, we will
find out much information about the independent sets of G. Not only will we have an
immediate formula for a(G), we will also acquire other information at no cost, such
as showing that G' contains more independent sets of one cardinality than another
(equivalent to verifying that i, > i, for some p and ¢), or determining the total
number of independent sets in G (equivalent to evaluating I(G, x) at © = 1).

We will develop several applications of independence polynomials in this thesis.
Here we describe one such application. In Chapter 4, we will examine well-covered
graphs, which are graphs for which every independent set can be extended to a max-
imum independent set. In a well-covered graph, a maximum independent set can be
found by applying the greedy algorithm. However, it is not clear how to enumerate
all maximum independent sets. By obtaining a formula for [z*(@]I(G, z), we will
know exactly how many maximum independent sets must appear in GG. Thus, once
our enumeration technique has found [z*(%)]I(G,z) independent sets of maximum
cardinality, we can immediately stop, because we know that there cannot be any
more. Once we have found all of the maximum independent sets, we can prove that
a circulant is not well covered by finding an independent set that cannot be extended
to any of these [#%)]I(G, x) maximum independent sets. This will enable us to de-
rive classification theorems of well-covered circulant graphs, and formally prove that
certain circulants are not well-covered.

For some graphs G, it is very easy to compute the independence polynomial
I(G,x). As an example, if G = K, then clearly I(K,,x) = 1+ nx, since there
are no independent sets of cardinality 2 or more. But computing (G, x) for an arbi-
trary graph G is N P-hard [79], even when G is restricted to the family of circulant
graphs [46]. Note that there is a simple reduction formula [87] which calculates any

independence polynomial (G, x) in exponential time.



Theorem 1.5 ([87]) For any vertez v,
I(G,z) =1(G—v,z)+x-I(G— N[v],z),
where the closed neighbourhood N[v] is the set {u: uw=wv or uv € E}.
We also mention the following theorem, which deals with unions of disjoint graphs.
Theorem 1.6 ([87]) Let G and H be disjoint graphs. Then
I(GUH,z)=I1(G,z)-I(H,z).

Let us briefly discuss the dependence polynomial D(G,x), which is introduced in
[74]. The polynomial D(G,x) is equal to Y czz”®, where ¢ represents the number
of cliques (i.e., dependent sets) of cardinality k& in GG. By this definition, it is clear
that D(G,x) = I(G,z), for all graphs G. Thus, we will not consider dependence
polynomials in this thesis, as D(G, ) is simply the independence polynomial of G.

We conclude this chapter by introducing two more graph polynomials, which we

will refer to several times in the following chapters.

Definition 1.7 For any graph G, the chromatic polynomial 7(G,x) is the func-

tion that gives the number of proper colourings of the vertices of G using x colours.

As a trivial example, (K3, 1) = z(x — 1)(z — 2) = 23 — 322 + 22. Much work has
been done in the study and analysis of chromatic polynomials [20, 24, 38, 61, 68, 97,
101, 112, 126, 153, 162, 166].

Definition 1.8 For any graph G, the matching polynomial M (G, x) is
M(G,x) =Y (—1)Fmypa™ 2,
k>0

where my, is the number of matchings in G with exactly k edges.

For example, M(Cs,z) = 2° — 62" + 922 — 2. Since a matching of k edges in G
corresponds to a set of k independent vertices in the line graph L(G), it follows that
the iy coefficient of I(L(G), ) is equal to the my coefficient in M(G,x). In other

words, I(L(G),z) = Z myaz®. Therefore, the following result holds.
k>0



Proposition 1.9 ([87]) For all graphs G, M(G,z) = 2" - [(L(G), — ).

Therefore, we may regard the independence polynomial as a generalization of
the matching polynomial. Like the independence polynomial, M(G,z) is a graph
polynomial that has been studied by combinatorialists [68, 81, 87]. Matching poly-
nomials have important applications to statistical physics, and arise in the theory of

monomer-dimer systems [96].

1.4 Overview of the Thesis

In Chapter 2, we investigate the independence polynomial of a general circulant graph
G = C,s, and attempt to find formulas for I(G,z). Since it is NP-hard [46] to
determine I (G, ) for an arbitrary circulant graph G = C,, g, we know that it is highly
improbable that an explicit formula for 1(C,, s, z) can be developed. Nevertheless, we
find a formula for I(C,, g, z) for three general families of circulants: when S is of the
form {1,2,...,d}, when S is of the form {d+1,d +2,..., |5}, and when G is any
circulant of degree at most three. We then discuss graph products, and show that
the lexicographic product of any two circulants is also a circulant, which enables us
to derive additional explicit formulas for I(C,s,x). We discuss the computational
complexity of evaluating independence polynomials, and show that evaluating I(G, )
at * = t is #P-hard for every non-zero value of . We conclude the chapter by
determining all circulant graphs that are uniquely characterized by its independence
polynomial, and discuss instances when two non-isomorphic circulants have the same
independence polynomial.

In Chapter 3, we describe a construction for an infinite family of circulants, and
determine a recursive formula for deg(I(G, z)) = a(G), for every graph in this infinite
family. We provide four applications of this result, encompassing diverse areas of
discrete mathematics. First, we determine a new (infinite) family of star extremal
graphs. Secondly, we obtain a formula for the chromatic number of infinitely many
integer distance graphs. Thirdly, we prove an explicit formula for the generalized
fractional Ramsey function, solving an open problem from [102, 117]. Finally, we

determine the optimal Nordhaus-Gaddum inequalities for the fractional chromatic
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and circular chromatic numbers. These new results significantly extend (or completely
solve) much of what is currently known.

In Chapter 4, we investigate additional properties of circulant graphs, and use our
results from the previous two chapters to develop various applications. First, we pro-
vide a full characterization of all graphs G for which its line graph L(G) is a circulant.
Then we examine list colourings, and provide a clever application of independence
polynomials to determine the list colouring number of a particular family of circulant
graphs. We then investigate well-covered circulants, and give a partial characteriza-
tion of circulant graphs that are well-covered. We show that the general problem is
intractable, by proving that it is co-N P complete to determine if an arbitrary circu-
lant is well-covered. To conclude the chapter, we examine independence complexes
of circulants, and classify circulants for which their independence complexes are pure
and shellable.

In Chapter 5, we investigate the roots of the independence polynomial I(C,, g, ).
We prove that the roots of I(G,x) are dense in the complex plane C, even when
G is restricted to one particular family of circulants. We investigate the roots of
I(Cy,s,x), where S is an arbitrary subset of {1,2,...,|%]}. We provide best bounds
for the roots of maximum and minimum moduli, and determine conditions for when
the roots of 1(C,, s, z) are rational. To conclude the chapter, we examine the closures
of the roots of independence polynomials, answering an open problem in [23, 97]. We
prove that this theorem on the roots of independence polynomials implies new results

on the closures of roots of matching polynomials and rook polynomials.



Chapter 2

Formulas for Independence Polynomials

In this chapter, we investigate the independence polynomials of circulant graphs. As
we will see, calculating formulas for I(G, z) is an extremely difficult task. Neverthe-
less, we will find an explicit formula for several families of circulants C, g, where S is
some particular subset of {1,2,...,[5]}.

First, we will investigate the families with generating set S = {1,2,...,d} and
then examine its complement set S = {d + 1,d +2,...,|5|}. We will use these
results to determine explicit formulas for I(C), s, 2) for all circulants of degree at
most 3. We discuss graph products to generate even more formulas for 1(C, g, z),
and then apply the lexicographic product to prove that there is no polynomial-time
algorithm to evaluate the value of I(G,t) for any t # 0. We conclude the chapter by
determining all circulant graphs that are uniquely characterized by its independence
polynomial, and discuss instances when two non-isomorphic circulants have the same

independence polynomial.

2.1 The Family S ={1,2,...,d}

Consider the generating set S = {1,2,...,d}, where 1 < d <[] is a given integer.
The circulant C,, 5 is then equivalent to the d™ power of C,, [58], where two vertices
are adjacent iff their distance is at most d. Powers of cycles have been a rich study
of investigation [10, 18, 114, 122, 127], with important connections to the analysis of
perfect graphs [9, 41, 43, 128].

In this section, we derive a formula for 1(C,, g, z), where S = {1,2,...,d} for some
fixed integer 1 < d < [5]. As a corollary, this gives us a formula for I(C,, ), by

setting d = 1. First, we need a definition and a lemma.

Definition 2.1 Let d > 1 be a fized integer. For each n, set Ay = Cp 19,4}

9
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By this definition, note that A, = K, for n < 2d + 1. Thus, we may assume

that 1 < d < ng For this fixed d, we now determine a recursive formula for
[(Anu .CL’) = I(Cn,{l,Q,.“,d}u .CL’)

Lemma 2.2 [(A,,z) = [(Ap_1,2) +x - [(Ay_g1,), for alln > 2d + 2.

Proof:  Since n > 2d + 2, we have a(A,) > 2. We see trivially that the 2% and z?
coefficients are equal in the given identity. So fix k& > 2. We will show that the z*
coefficients are equal as well.

Let {v1,vs,...,v;} be an independent set of cardinality k& > 2 in A,,, with 0 <
v < vy < ... < v < n—1. Since the circular distance satisfies the inequality
|u — v, > d for all non-adjacent vertices u and v in A,, we have v, 1 —v; > d for all
1<i<k-—1,and n+ (v; —v) > d. This can be seen by placing n points equally
around a circle, and noticing that each (adjacent) pair of chosen vertices is separated
by distance greater than d. We will expand on this idea in the following section when
we formally define difference sequences.

We classify our independent sets {vy,vs, ..., v} of A, into two families:
(a) S1 = {{v1, v, ..., v} independent in A, : vy — v =d+ 1}.
(b) Sy = {{v1,v2,...,vx} independent in A, : vy —vp_1 >d+ 1}.

Since Sy N Sy = 0, it follows that [2¥]A, = |Si] + |S2|. We will show that |S;| =
[2* YA, g1 and |Ss| = [2*] A, 1.

Case 1: Proving |S| = [#F 71 Ap_a_1.

We establish a bijection ¢ between S; and the set of (k — 1)-tuples that are
independent in A,,_4_;. This will prove that |S;| = [#F 714, _q_1.

For each element in Sy, define

¢(U1>U27 s avk) = {Ula,UQa .- 'avk—l}'

Since v, = vg—1 + (d+ 1), ¢ is one-to-one. Construct the graph A/, by contracting
all of the vertices from the set {vg_1+1,v5_1+2,..., 05} to vg_1. Then A, ~ A,_4 1.
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We claim that ¢(vy,vq,...,v;) is an independent set of A’ iff {vy,vq,... vk} is
an element of S7. To prove this claim, we list the necessary and sufficient conditions,
and show that they are equivalent.

Note that ¢(vi,vs,...,v;) is an independent set of A/ iff
(a) vi+1—vi>df0r1§i§k—2.

(b) (n—d—1)+U1—Uk_1>d.

Also, {v1,vs,...,v;} is an element of S iff
(a) vigp —v; >dfor1 <i<k-—2.
(b) Ve — V1 = d + 1.

(C) n—+wv — v > d.

We now show that these two sets of conditions are equivalent.

Note that the condition v;11 —v; > d for 1 < i < k — 2 is true in both cases. If
d(v1,v9, ..., v;) = {v1,v9,...,v5_1} is an independent set of A’ then (n —d—1)+
vy —vg_1 > d. Let vy = vp_1 + (d+1). Then, {v, vy, ..., v5_1, v} is an independent
set of A, since (n —d —1) +v; — (vp — (d+ 1)) > d, or n+ vy — v, > d. Therefore,
{v1,v9,..., v} is an element of S.

Now we prove the converse. If {vy, va, ..., vx} is an element of Sy, then vy, —v,_1 =
d+1 and n+v; —v, > d. Adding, this implies that (v —vi_1)+ (n+v1 —vg) > 2d+1,
or (n—d—1)+wv; — v,y >d. Hence, ¢p(vy,vs,...,v;) is an independent set of A’,.

Therefore, we have established that ¢ is a bijection between the sets in S; and
the independent sets of cardinality k¥ — 1 in A/, ~ A,_4_1. We conclude that |S;| =

[S(Zk_l]An_d_l.
Case 2:  Proving |So| = [2F] A, ;.

We now establish a bijection ¢ between S5 and the set of independent k-tuples in

A,_1. For each element (v, vs,...,v_1,0%) of Sy, define

o(v1, Vg, .., Vg1, V) = {V1, 09, ..., Vg1, V5 — 1}.
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Observe that ¢ is one-to-one. Construct the graph A by contracting vy, to vy — 1.
Then, A? ~ A,_1. We claim that ¢(vy,ve,...,v) is an independent set of A” iff
{v1,v9,..., v} is an element of Sy. As we did in the previous case, we establish this
claim by listing the necessary and sufficient conditions, and showing that they are
equivalent.

Note that ¢(vy,vs,...,vx) is an independent set of A” iff
(a)vi+1—vi>df0r1§i§k—2.
(b) (’Uk — 1) — Vp_1 > d.

() (m—=1)4v; — (v, — 1) > d.

Also, {vy, v, ..., v} is an element of Sy iff
(a) vigp —v; >dfor1 <i<k-—2.
(b) v — vk >d+1.
(¢) n4+wvy — v > d.

Clearly, these sets of conditions are equivalent. Therefore, we have established
that ¢ is a bijection between the sets in Sy and the independent sets of cardinality k
in A” ~ A,_;. We conclude that |Sy| = [2*]A,_;.

Therefore, we have shown that [z*] A4, = [2* 71| A, _q_1+[2"]A,_1 for all n > 2d+2,
which implies that I(A4,,x) = I(Ap_1,x) + 2z - I(Ap_a-1,2). |}

Now we find an explicit formula for I(A,,z) = I(Cy 12,4}, ), where d > 1 is a

fixed integer.

Theorem 2.3 Letn > d+ 1. Then deg(I(A,,x)) = || and

o - dk
I(An,z) = I(Chig,..a), ) = Z n— dk‘( k )Ik
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Proof: By Lemma 2.2, I(A,,x) = [(A,_1,2)+x-I[(An_g_1,2), for n > 2d+2. We

will prove the theorem using generating functions.

I(Ap,z) forn>d+1
Let f, =4 1 forl1<n<d
d+1 forn=20

Each f,, is a polynomial in x. First, we verify that f, = f,_1 + xf,_q_1, for all
n > d+1. This recurrence is true for n > 2d+2, by Lemma 2.2. For d+2 < n < 2d+1,
we have f, =1+nx=(14+n—-1)z)+x-1= f1+2fn_q_1. Finally, forn =d+1,
we have fg.1 =14+ (d+1)x = fg+afy. Thus, f, = fn1+xfrn_a_1, foralln > d+1.

Let F(z,y) = Z fpy?. For each n > d + 1, we will show that

p=0

e = (M)

Since f, = fo1 + Tfn_a_1, for all n > d + 1, we have

Z fnyn = Z fn—lyn + Z fn—d—ll’yn
n=d+1 n=d+1 n=d+1
d d—1
Fz,y) =Y fuy" =y (F(l“, NEDS fny"> +ay™ F(z,y)
n=0 n=0

d d—1
Flr,y)(1—y—ay™) = fo+hy+ > fay" = foy— > fay™™
n=2 n=1

d d
Flr,y)(1—y—ay™) = fo+ fiy+d v~ foy— D "
n=2 n=2

= (d+1)+y—(d+1)y
F(z,y) = (d+1—dy)(1—y—ay™)™"
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K

= (d+1-dy))y (y+ay™)
t=0
= (d+1—dy) ) y'(1+azy?)
=0
= (d+1—dy) Z Z (t):v“y“rd“
t=0 u=0 u
— - t w, t+du - t u, t+dut+l
= (d—l—l)Z(ux’y dZ(u)xy :

t,u=0 t,u=0

Now we extract the z*y" coefficient of F'(z,y).

R I EGUERTD B (A PRI U TD B G P

t,u=0 t,u=0

_ (d+1)<n;dk)_d<n—c§f—1)
- ()l -]
- ()5

_ (n_kdk)jLnikdk(n_kdk)

B n n —dk
- n—dk k )

Therefore, we have proven that [z*]I(A,,z) = [2Fy"|F(z,y) = 25 ("_kdk). We

note that this coefficient is non-zero precisely when n — dk > k, which is equivalent

to the inequality k < -25. Hence, deg(I(A,,r)) = [Z5]-

& m—ak
We conclude that I(Cy, (12,4}, %) = Z ( )xk |
2o n—dk\ K

As a corollary, we have a formula for I(C,,, x) by setting d = 1. This formula has
previously appeared in the literature, via alternate methods of proof.

15

Corollary 2.4 ([81, 87]) I(Cy,z) = n i k (” ; k>$k
k=0

[NIB
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It would be ideal if similar recurrence relations could be found for other sets S.
This would enable us to find explicit formulas for I(G,z) for many other families
of circulant graphs. However, no simple recurrence relation appears to exist for any
other set (or family) S, even for the two-element set S = {1, [5]}. Thus, we will need
to develop more sophisticated techniques to compute our independence polynomials.

We now develop a sophisticated combinatorial technique to compute the depen-

dence polynomial of the d*® power of C,, i.e., the independence polynomial of C, g,
where S ={d+1,d+2,...,[5]}.

2.2 The Family S={d+1,d+2,...,[%]}

Definition 2.5 Let d > 0 be a fized integer. For each n > 2d + 2, define the graph
B,, as the complement of A,,. Specifically,

B, :=A, = Cr{d+1,d+2,...,|2]}-

Note that if n = 2d + 2, then B, is the disjoint union of d + 1 copies of K5, so
I(B,,r) = [I(Ks,2)]"™ = (1 + 22)%, by Theorem 1.6. We will find an explicit
formula for I(B,,z) = I(A,,z) = I(Cn7{d+17d+2,,,.7LgJ},x), for all n > 2d + 2. Our
formula will be extremely complicated, and the proof will require many technical
lemmas.

First, we introduce the following definition, which will be used frequently through-

out the thesis.

Definition 2.6 For each k-tuple {vy,va, ..., v} of the vertices of a graph G on n

vertices, with 0 < vy < vy < ...<wvp <n—1, the difference sequence is
(dlaan"'>dk) = (UQ —V1,U3 = V2,...,V0 — Vp—1,1 + U1 _'Uk)‘

As we did in the proof of Lemma 2.2, we can visualize difference sequences
as follows: spread n vertices around a circle, and highlight the k& chosen vertices
V1, Vs, ...,V Now let d; be the distance between v; and v;;q, for each 1 < i < k

(note: vgy1 1= v1).
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In other words, the d;’s just represent the distances between each pair of high-

k j—1
lighted vertices. By this reasoning, it is clear that Z d; = n and that v; = v + Z d;
i=1 =1

foreach 1 < j <k.

Difference sequences will be of tremendous help in counting the number of inde-
pendent sets. We will carefully study the structure of these difference sequences, and
determine a direct correlation to independent sets.

To illustrate with an example, suppose we have n = 14 and d = 4. Then
{0,1,11,12} is an independent set of cardinality 4 in By = Cha(s67. The corre-
sponding difference sequence is (1,10,1,2). For each 0 < j < 13, consider the set
I; ={j,j+1,j+ 11,5 + 12}, where the elements are reduced modulo 14 and sorted
in increasing order. For example, I; = {4,5,7,8}, which has a difference sequence of
(1,2,1,10). Note that each I; is an independent set, and that its difference sequence
must be a cyclic permutation of D = (1,10, 1,2). Furthermore it is apparent that
the I;’s are the only (independent) sets with a difference sequence that is a cyclic
permutation of D.

Instead of directly enumerating the independent sets I of B,, it will be easier
to determine all possible difference sequences D that correspond to an independent
set of B,, and then enumerate the number of independent sets corresponding to
these difference sequences. For notational convenience, we introduce the following

definition.

Definition 2.7 A difference sequence D = (dy,da,...,dy) of the circulant C,, g is

(n, S)—valid if no cyclic subsequence of consecutive d;’s sum to an element in S.

By a cyclic subsequence of consecutive terms, we refer to subsequences such as
(dy—2,dg_1,dy, dq,ds, d3, dy). From now on, when we refer to subsequences of D, this
will automatically include all cyclic subsequences.

For further notational convenience, we will just say that D is valid, since the pair
(n,S) will be clear in all situations.

We note that each independent set I of B,, maps to a valid difference sequence D.

The following lemma is immediate from the definitions, and so we omit the proof.
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Lemma 2.8 Let I = {vy,vs,..., v} have difference sequence D = (dy,ds, ..., dy).
Then, I is independent in Cy, s iff D is valid.

We will now describe an explicit construction of all valid difference sequences with
k elements, and this will yield the total number of independent sets with cardinality
k. We will find a formula for I(B,,z) = I(Cp {a+1,d+2 L%J},x), for all n > 2d + 2.

As a preliminary result, we cite the following result by Michael and Traves, which is

.....

straightforward to prove.
Proposition 2.9 ([133]) Let n > 3d+ 1. Then, I(B,,z) = 1+ nz(1 + z)¢.

However, it is a difficult matter to compute I(B,,x) for 2d +2 < n < 3d. In
this case, there is no known combinatorial technique to determine the number of
independent sets of cardinality k. Much more sophisticated methods are required
to develop an explicit formula for I(B,,z), as evidenced by the statement of the

following theorem, which is the main result in this section.

Theorem 2.10 Letr =n —2d —2 > 0. Then,

'r+2J
I(Bn, x) = I(Cn,{d+1,d+2 ..... (2] T =1+ Z 2l+1< ) 2l+1(1+ )d (r+2)

From this theorem, we can deduce corollaries such as the following. The first

identity is simply Proposition 2.9.

Corollary 2.11 Let (n,d) be an ordered pair of positive integers satisfyingn > 2d+2.

(a) ]fg > 3, then I(B,,,x) =1+ nz(1+ x)4.
) 3d — 2
() If 5 <—<3 then I(B,, ) = 1+n$(1+x)d+g< 2”+ )x3(1+$)3d_”.
7 n 5
Fic<? I(B,,
(c) f3 < d 5 then I1(B,,x) equals
d— 2 d—?2 4
1+nx(1+x)d+%(3 2n—|— )x3(1+ )2 "+5(5 4n+ ) 2 (14 2)%=2",
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Proof: Let n and d be fixed. For each [ > 0, define the polynomial

n d—lr
gl(l') ( 5 )1’2l+1(1 + x)d—l(r+2).

T2+l
In Theorem 2.10, the expression g;(z) is summed from l = 0tol = L#‘fﬂ = |2
If n > 3d, then n_d2d < % = 1, and so Ln_dng = 0. It follows that [(B,,x) =

1+ go(z) = 1+ nx(l+ )4
If3 <2 <3 thenl=9<_4 < % =2, and so | 4] = 1. It follows that

I(B,,z) = 1+ go(z) + g1(x). We now compute go(x) and gi(x) to get the desired

identity.
If% <5< g, then 2 = % < n—d2d < % = 3, and so Lﬁj = 2. It follows that
I(By, ) =1+ go(x) + g1() + g2(x). We now compute go(z), g1(x), and ga() to get

the desired identity. |

It appears that these identities cannot be simplified any further, and that Theo-
rem 2.10 is the closed-form identity that we seek. To prove Theorem 2.10, we require

several technical combinatorial lemmas. However, the first one is straightforward.

Lemma 2.12 Let n and k be positive integers, with n > k. Let 7(n, k) be the number
k

of ordered k-tuples (ai,as,...,a;) of positive integers such that Zai <n. Then,
i=1
T(n, k) = (2‘)

Proof: By a simple and well-known combinatorial argument, there are (ij) ordered
k-tuples (aq, as, . .., a;) of positive integers with sum exactly j. Therefore, 7(n, k) =
(ij) + (kﬁl) + (ii) +...+ (Z:i) = (Z), which follows from repeated applications of

Pascal’s Identity. |

We now introduce [-constructible difference sequences. While the definition may
appear contrived, it is precisely the insight we need to count the number of valid dif-
ference sequences of B,,. We will show that every valid difference sequence is uniquely
l-constructible, for exactly one integer [ > 0. Then in our proof of Theorem 2.10, we
will enumerate the number of [-constructible difference sequences to determine the

number of independent sets of each cardinality.
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Definition 2.13 Let D be a difference sequence of B, = Cn7{d+1,d+2w[%”, where
n > 2d+2. Then, for each integer | > 0, D is [-constructible if D can be expressed

in the form

D= Ql>p1>Q2>p2> ) Q2l+1ap21+1

such that the following properties hold.

1. Each p; is an integer satisfying p; > n — 2d.
2. Fach Q; is a sequence of integers, possibly empty.

3. Let S be any (cyclic) subsequence of consecutive terms in D with sum > S. If
S contains at most | of the p;’s, then > S < d. Otherwise, > S >n —d.

We will prove that every valid difference sequence can be expressed uniquely as an
[-constructible sequence, for exactly one [ > 0. We will then enumerate the number
of [-constructible sequences for each [, which will give us the total number of valid
difference sequences.

A difference sequence D of B, = C’n,{d+17d+27m¢% |y is valid iff no subsequence of
consecutive terms adds up to an element in S = {d +1,d+2,...,[§]}. Since the
complement of any consecutive subsequence of D is also a consecutive subsequence
of D, there exists a consecutive subsequence with sum ¢ iff there exists a consecu-
tive subsequence with sum n — t. In other words, D is valid iff no subsequence of
consecutive terms sums to an element in [d+1,n —d — 1].

By the third property in the definition of I-constructibility (see above), every -
constructible sequence is necessarily valid because every subsequence of consecutive
terms has sum at most d or at least n—d, and hence falls outside of the forbidden range
[d+1,n —d — 1]. So every l-constructible sequence is a valid difference sequence.
In the next two lemmas, we prove that every valid difference sequence is uniquely
l-constructible, for exactly one [ > 0. First, we construct an [ that satisfies the
conditions, and then prove that no other [ suffices.

To supplement the technical details of the following proof, let us describe our

method by illustrating an example.



20

Consider the case n = 89 and d = 40. It is straightforward to show that the
difference sequence D = {9,1,9,1,9,20,10,19,2,9} is valid, i.e., no subsequence of
consecutive elements sums to any S € [41,48]. We prove that this difference sequence

D is uniquely 2-constructible, up to cyclic permutation.

Lemma 2.14 Let D be a valid difference sequence of B,,. Then there exists an integer
[ > 0 such that D is [-constructible. For this integer 1, D is l-constructible in a unique
way up to cyclic permutation, i.e., there is only one way to select the Q;’s and p;’s so

that D 1is l-constructible.

Proof: Let D = Rit1Rsty ... Ryt,,, where each t; > n — 2d and each R; is a
(possibly empty) sequence of terms, all of which are less than n — 2d. Thus, each D
has a unique representation in this form, up to cyclic permutation. In our example,
n — 2d = 9. Without loss of generality, assume t; = 20. In this case, we must have
Ry=0,t5=10, R3=0,t3 =19, Ry ={2},t4 =9, Rs =0, t5 =9, Rg = {1}, t¢ = 9,
R; ={1}, t; =9, and Ry = (). In other words, we have

b=201012 233 L L
ty, to ts Ry T4 €5 Rg t6 Ry tr

Let | > 0 be the largest integer such that for any subsequence X of consecutive
terms of D, > X < d if X includes at most [ of the ¢;’s. (In our example, | < 3
since X = {20, 10, 19} includes three of the t;’s, and Y X = 49 > d. By inspection,
it can be checked that [ = 2). For this [ > 0, we prove that D is [-constructible,
and that the assignment of );’s and p;’s is unique, up to cyclic permutation. It is
important to note that the p;’s and t;’s represent individual terms, while the );’s and
R;’s represent a sequence of terms.

First suppose that m < 2[. Note that Ry +t; + Ro +to + ...+ R+, < d since
this series contains exactly [ of the ¢;’s. Similarly, Rj .1 +t; 41+ ...+ Ry +ty < d. If
m < 2, then n =YD < 2d < n, a contradiction. Thus, m > 2l + 1. If m = 2] + 1,
then we can set (Q; = R; and p; = t; for each i. Then each D is [-constructible, since
> D < d if D contains at most [ of the p;’s, and Y. D > n — d otherwise. Note
that this is the only assignment that enables D to be [-constructible, up to cyclic

permutation.
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So suppose that m > 20+ 1. In this case, we will assign the p;’s and @);’s from the
set of t;’s and R;’s. All of the p;’s will be chosen from the set of t;’s, while all of the
Q;’s will be determined from the R;’s, as well as any leftover ¢;’s not included among
the p;’s. Thus, each p; will be a single term, and each @); will be a (possibly empty)
sequence of terms. Note that the p;’s must be chosen from the t;’s, since we require
p; > n — 2d for each 7. In our proof that the construction is unique, we will formally
justify that each p; must be at least n — 2d.

By the definition of the index [ > 0, there must be a subsequence X containing
[ + 1 of the t;’s such that its sum exceeds d. Since D is valid, no subsequence of
consecutive terms can sum to any number in [d + 1,n — d — 1]. Therefore, > X > d
implies that > X >n — d.

Cyclically permute the elements of D so that this subsequence X appears at the

front of D, i.e., redefine the R;’s and t;’s so that we have

ti+ > Rottot...+Y R+t >n—d

Then set p; =t; for 1 <i<Il+1and Q; = R; for 2 <¢ <[+ 1. In our example,
we have X = {20,10,19}, p; = 20, Q2 = 0, p» = 10, Q3 = 0, and p3 = 19. Note
that this assignment of p;’s and @);’s is necessary for D to be [-constructible: if any of
these ();’s contains a t; term, then we will obtain a contradiction because the above
subsequence X will have at most [ of the p;’s, but its sum will exceed d.

If D is l-constructible, we require the chosen p;’s and @);’s to satisfy

ZQ2 +p2+-~+ZQl+1 +pl+1+ZQl+2 <d,

since this subsequence contains [ of the p;’s. Also, we require

> Qtprt o+ Quitpat Y Quatpye>n—d

since this subsequence contains [ + 1 of the p;’s.

Let T =5 Qa+pot...+>. Quii+pis1- Then > Qo < d—Tand > Qrio+piio >
n —d — T. Since each p; and (); has already been assigned for 2 < i < [ 4+ 1,
T is a fixed integer. From these two inequalities, we claim that ;1o is uniquely

determined. Note that for some k > 0, (Q;;o must be the first k elements of the
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sequence X' = Ryio,t119, Rii3,ti43, ... Ry, tm, R1. Furthermore, p;. o would have to
be the next term, i.e., the (k + 1)™ term of X’.

We claim that k& must be the largest integer such that the first k& terms of X’ sum
to at most d —T'. This choice is unique because if k were not the largest integer, then
S Qo+ piie < d—T, and that contradicts the inequality > Qo+ piie > n—d—T.
Since k is uniquely determined, ;.2 must represent the first & elements of X', in
order for D to be [-constructible. Furthermore, p;,o must be the next term in this
subsequence. In our example, T" = 29, X' = {2,9,9,1,9,1,9}, Q4 = {2,9}, and
pe=9.

Consider this sum T+ Y Q12+ piy2 > d. By our choice of k, this sum exceeds d.
Since D is valid, this sum must be at least n — d, since this total represents the sum of
a subsequence of consecutive terms in D. Therefore, the fact that D is valid implies
that >~ Qi2+pire > n—d—T. Hence, by our construction, once we fix p; and Q); for
2 <1 <141, then Q2 and p; 2 are uniquely determined, and satisfy the properties
of l-constructibility. Note that p;.o must satisfy the inequality p;r o > n — 2d since
T+> Qe <dand T+ > Q2+ prya > n — d. By the same argument, each
p; > n — 2d. This proves that each p; is chosen from the set of ¢;’s.

Similarly, (); and p; are uniquely determined for i = [+2, ¢ = [+ 3, and all the way
up to v = 21+ 1. Once Qo171 and poy 4 are chosen, we are left with & unselected terms
for some k > 0. Then our only choice is to assign these k terms to @);. Thus, this

assignment of p;’s and );’s must be unique, up to cyclic permutation. This completes

the proof. |

In our example with (n,d) = (89,40), we have already determined p; and @); for
each 1 < i < 4. By applying the above method, we see that Q5 = {1}, ps = 9,
and @); = {1,9}. We can readily verify that this representation of D into p;’s and
(Q;’s satisfies the properties of an [-constructible sequence. Thus, we have shown that

every 2-constructible representation of D must be a cyclic permutation of

The next lemma shows that D is [-constructible for only one > 0.



23

Lemma 2.15 If D is [-constructible, then D is not l'-constructible, for any " # 1.

Proof:  Suppose that D is both [-constructible and I’-constructible. Without loss,

suppose I" < [. Since D is [-constructible, we know that D can be expressed as

D = Q1,p1,Q2,p2, - '7Q2l+17p2l+17

such that >~ S < d if S contains at most [ of the p;’s, and > .S > n — d otherwise.

If D is I'-constructible, then D can also be expressed as

/ / / / / /
D =Qy,p1, Q05 - -, Q21'+1>p21'+1a

such that > S < d if S contains at most [’ of the p)’s, and Y S > n — d otherwise.
For each 1 < j < 2l' 4 1, define X, to be the subsequence

o / / / /
X] - pj7 Qj+17pj+17 ceey Qj+l’7pj+l’7

where the indices are reduced mod (2!’ + 1).

Since X contains exactly I'+1 of the p}’s, >~ X; > n—d. This sequence X appears
exactly as a subsequence of consecutive terms in D = @1, p1, Q2, P2, - - -, Q2s1, Pors1-
Since Y X; > n —d, it follows that X; must contain at least ({ 4 1) of the p;’s, since
D is [-constructible.

For each 1 < j <21’ +1, define I'(Q) to be the number of p;’s that appear in @,
and define I'(p}) = 1 if p}; = p; for some 4, and I'(p};) = 0 otherwise.

Since X; contains at least [ 4+ 1 of the p;’s, we must have

L(p;) + T(Qy1) + T(0j) + -+ T(Qyr) + T (W) > 141,

Summing over all 1 < j < 2I' 4+ 1, we have

2U'+1 20" +1
Y T@)+('+1)Y T(p) = (1+1)2 +1).
J=1 j=1

This identity follows because each I'(Q}) is counted [" times and each T'(p}) is

counted I’ 4+ 1 times. This inequality can be rewritten as:
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N (R[S DN (S DD Dl N (")
> r@) = ; Ly

For each 1 < j < 2l' 4 1, define Y; to be the subsequence

. / / / / /
Y} - Qjapj> Qj+1>pj+1a R Qj+l’—1apj+l’—1a Qj+l’>

where the indices are reduced mod (2" + 1).

Since Y; contains exactly [’ of the p’s, > Y; < d. This sequence Y; appears exactly
as a subsequence of consecutive terms in D = Qq,p1, @2, P2, - .., Qos1, Pory1. Since

> Y; <d, it follows that Y contains at most [ of the p;’s, since D is [-constructible.

Therefore, we have
F(Q;) + F(p;.) + F(Q;’—H) + F(p;url) +.o.. F(p;'-l,-l’—l) + F(Q;H') <L

Summing over all 1 < j < 2"+ 1, we have

2U'41 2U'4+1
+1)> T(@)+1' Y T(p)) <12 +1).
j=1 j=1

This inequality can be rewritten as

20U +1 , Z(QZ’ + 1) = th{l F(p;»)
I(@Q;) < Ir+1

J=1

2041 2041
So now we have two inequalities in terms of Z I'(Q}) and Z ['(p;). From these

J=1 Jj=1
two inequalities, we have
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J J

+ D@ +1) -+ D) W2+ 1) - U TR

I - I'+1
2U'+1 2U4+1
C+DT+DRU+1) -+ T < WEr+1)—1"Y I
j=1 Jj=1
20'+1
2U+1) )y T@) > QU+HI+00+1)— @'+
7=1
2U+1
L)) > W+I14+1+1-10
j=1
20'+1
Y TW) = 1+1+1
j=1
2141

L(p) > 20'+1 (sincel>1).

By the Pigeonhole Principle, we must have I'(p;) > 1 for some index j. However,
each I'(p) < 1 and this gives us our desired contradiction.
Therefore, we have shown that for any " = [, D is not [’-constructible if D is

[-constructible. |

We require one final result. In the following lemma, we will count the number
of m-tuples (Q1,Q2,...,Q,) with a fixed sum that contain a total of ¢ non-zero
elements among the @;’s. In this case, each @); is a (possibly empty) sequence of
positive integers. We require this lemma when enumerating the number of valid

difference sequences.

Lemma 2.16 Let ay,as,...,a, be non-negative integers with sum k. Then there
are exactly (]:) m-tuples (Q1,Qs, ..., Qm) that contain a total of t non-zero elements
among the Q;’s, where each Q; is a (possibly empty) sequence of positive integers

whose sum 1s at most a;.

Proof:  Write down a string of £ ones, and place m — 1 bars in between the ones to
create the partition corresponding to the m-tuple (ay,as, ..., a,). Now select any ¢

of the k ones.
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As an example, we demonstrate this for the case (ay,aq,a3) = (5,6,4), m = 3,
k =15, and t = 6.
1717 1717 1|l7 l? 17 17 17l|17l7 17 1'

Clearly, there are (]:) ways to select exactly t ones from this string. We map each
selection to a unique m-tuple (Q1,Qs, ..., Q) which contains a total of ¢ non-zero
elements among the ();’s, so that the sum of the elements in each @; is at most a;.

Consider the substring of a; ones in the i*" partition. If no elements are selected

from this substring, set Q; = (. Otherwise, let the selected elements in the 7"
partition be in positions 1,79, ..., 1, where 1 <7y <ry < ... <71, <a,. Now define
Qi=(ro—ri,r3—ro, ...,y —Tp_1,a; + 1 —1,).

In the above example, our selection of the t’s corresponds to the sequences ()1 =
(2,2), Q2 = (1,4,1), Q3 = (3), which contain a total of ¢ = 6 non-zero elements.

Note that for each i, >~ Q; = a; + 1 — r1 < a;. This construction guarantees that
each of the ('z) selections maps to a unique m-tuple (Q1,Qs, ..., Q) with a total
of ¢ non-zero elements, so that Y  @; < a;. Given such an m-tuple, we now justify
that we can determine the unique way the ¢t ones were selected from the string. For
each substring of ones in the 7" partition, we are given @Q;. From the above definition
for @);, we can determine the values (or positions) of the r;’s by starting at r, and
calculating backwards. From r,, we can uniquely compute r,_1, 7p,_2, and so on, until
we have determined all of the r;’s, where 1 < j < p. Since we can repeat this process
for each i, each selection of the m-tuple (Q1,Q2, ..., Q) corresponds to a unique

selection of ¢t elements from a string of £ ones. Hence, this construction is bijective,

and our proof is complete. |
We are finally ready to prove Theorem 2.10.

Proof: By definition, in an [-constructible sequence, every subsequence of consecutive
terms has a sum outside the range [d 4+ 1,n — d — 1]. Therefore, each Il-constructible
sequence is valid in B,,, for every [ > 0. By Lemma 2.14 and Lemma 2.15, we have
shown that there is a bijection between the set of valid difference sequences of B,, and

the union of all [-constructible sequences for [ > 0. Every valid difference sequence D
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corresponds to a unique [-constructible sequence, for exactly one [ > 0. To determine
the number of valid difference sequences of B, it suffices to determine the number of
[-constructible sequences for each [ > 0, and then enumerate its union.

Let D be an [-constructible sequence, for some fixed [ > 0. Thus, D is valid in
B,,. By definition, any subsequence of consecutive terms containing [ of the p;’s must

sum to at most d.

Consider an [-constructible sequence D = Q1, p1, Q2, P2, - - -, Q2ui1, Pur1- We enu-
merate the number of all possible [-constructible sequences, for this fixed [ > 0. We
will show that each [-constructible sequence D must be generated in the following

way:

(a) Choose (a1, as,...,ay+1) to be an ordered (214 1)-tuple of non-negative integers

with sum k = (20 + 1)d — In.

(b) Select Q1,Q2, ..., Q41 so that Y~ Q; < ajy4 for each 1 < j <20+ 1. Note
that for j > [+ 1, the index j 4+ + 1 is reduced mod (2] + 1).

(c) From this, each p; is uniquely determined, and satisfies p; > n — 2d.

(d) The sequence D = Q1,p1, @2, P2, - - -, Qors1, Pas1 1S l-constructible.

Each of these steps is simple to enumerate, and this will enable us to count the

total number of [-constructible difference sequences.

Define X; = Qj,pj, ..., Qjti—1,pjri—1 for each 1 < j < 20 4 1, where the indices
are reduced mod (2] + 1). Since X; contains [ of the p;’s, > X; < d. Let a; be the
integer for which ZX]- = d — a;. Then each a; > 0.

Let X} = X, Qiy;. Then ) X7 < d because X contains only [ of the p;’s. Hence,
> Xi =3 X;+> Qi < d, which implies that ) Q;y; < a;. This is true for each
J, so adding [ +1 to both indices and reducing mod (20 + 1), we have Y Q; < @j1141.
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Note that

ZQJ +Dpj = n— ZXJH - ZXj—i-l—H
= n—(d—aj1) = (d— aji141)

= n—2d + Aj41 + Aj4141-

Since > Q; < ajii41, it follows that p; > n — 2d + aj4; > n — 2d, which is
consistent with the definition of [-constructibility.
Let k=) a;. We have ) X; = d — a; for each j. Adding these 2! + 1 sums, we

have In = (2l 4+ 1)d — k, or k = (21 4+ 1)d — In > 0. So k is fixed.

k+21

ol ) ways to select the

A simple combinatorial argument shows that there are (
(21 + 1)-tuple (aq,aq, ..., ay+1) so that each a; is a non-negative integer with total
sum k. For each of these (21 + 1)-tuples, we select our @;’s so that >~ Q; < aj 41 for
each 1 < j <20+ 1. By Lemma 2.16, if our (),’s have a total of ¢ non-zero elements
among them, then our selection of the ();’s can be made in exactly (’;) ways.

This [-constructible sequence D will contain a total of 2l + ¢ 4+ 1 terms, with ¢

of them coming from the union of the ();’s, and one for each of the 2/ + 1 p;’s. So

k+21

e ) ('z) possible [-constructible sequences with 2/ 4+t + 1 terms. Therefore,

there are (
there are this many valid difference sequences of B,, with 2] 4+t + 1 terms. Note that
some of these sequences are cyclic permutations of others, and we will take this into
account when we determine the number of independent sets with 2] + ¢ + 1 vertices.

Let U be the set of pairs (v, D), where v is a vertex of B,, and D is any of the
(k;rlzl) (f) [-constructible sequences with 2] + ¢ + 1 elements. Each of the n(k;lzl) (f)
pairs in W will correspond to an independent set I with 2] 4+ ¢ + 1 vertices:

[:{U,U+d1,1)+d1+d2,...,U+d1+d2+...+d21+t},

where the elements are reduced modulo n and arranged in increasing order.
We now justify that each independent set I appears exactly (2] + 1) times by this
construction. The key insight is that when [ is turned into a difference sequence D,

this D must be an [-constructible sequence, and hence has the following form:

D = Q1,p1,Q2,p2, - -7Q2l+17p2l+1-
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Therefore, there are exactly (214 1) cyclic permutations of D so that it retains the
form of an [-constructible sequence: for each cyclic permutation, the sequence begins
with the set );, for some 1 < i < 2/ + 1. Thus, we must divide the total number of
independent sets by (2/+ 1), as each one is repeated this many times. In other words,
there are =2~ (k+2l) (]Z) independent sets with 2] 4+ ¢ + 1 vertices.

2+1\ 2
Since this is true for each { > 0 and 0 <t < k = (20 + 1)d — In, it follows that

_ K420\ (K\ ori1ee
[(Bu,2) = 1+ZZQZ+1< 21 )(t)x

>0 t=0

no (k+20\ 5,
= 1
(e ()
k+20\ 544 k
= 1 1
+Zzz+1< ) (1+2)

_ RU+1)d=1(n—2)\ o4 (2l+1)d—In
= +Z2l+1< o] 2 (14 ) :

>0

Note that we require k = (20 + 1)d — In > 0 for there to be any independent sets.
Thus, [ < —%5. Letting 7 = n — 2d — 2, we conclude that

1245

d—1Ir
Ch n =1 20+1 (1 d=U(r+2)
I(Ch tat1,d+2,.. |2} T) +221+1( 9 ) (1+ )
This concludes the proof of Theorem 2.10. |

Since B,, = C, {d+1,d+2 |2]}, We have Bygio = Cogya{a+1}, which is isomorphic to

d+ 1 disjoint copies of K. In other words, I(Bag o, ) = (1+2x)%*!. In the following
corollary, we verify that our complicated formula for I(B,, ) is consistent with the

observation that I(Bag o, z) = (1 + 2x)%+
Corollary 2.17 For any fized d, 1(Bagyz,z) = (1 + 2z)¢L.

Proof: By Theorem 2.10,

d
[(Bgd+2,l’) —1= " ( ):L’2l+1(1 + $)d_2l.
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We prove that the right side of the identity equals (1 + 2x)9t! — 1. We have

(1 + 2$)d+1 -1 = ((1 —+ :L‘) + ;L')d"H — ((1 + ZL‘) _ x)d-i—l

= % (dj 1) (1+a)a™ ™ — % (dj 1) (1+ ) (=)™

=0 =0
d+1
1 . . .
_ Z <d—i— )(1 + $)z$d+1—z(1 + (_1)d—z)
1=0

d+1
d+1 . .
= E 2( + )(1+x)’xd+l_’
i

d—i is even
d
l3]

- d+1Y\ 54 d—21
= ZQ((Z—21>$ (1+2)

1=0
J

|

2(d+1)! 2+1 d—21
= (1 +x)
leo (20 + 1)l(d— 20)]

12
2d +2 d! 2041 d—21
= 1
; Nriaad—mt 4t

5]

_ n d\ o1 d—21
- ZQZH(QZ)I (1+2)7

=0

Nl

This completes our proof. |

As an additional corollary, we now have a formula for «(B,,), since this is just the
degree of I(B,, x).

.....

[z (B, x) =23 if n =2d + 2 and ¥ [(B,, ) =n if n > 2d + 2.

Proof: If n=2d+2, then B,, = Cogya (a1}, and so I(B,,x) = (1 + 2z)***. Thus,
(241 (B,, x) = 2471 = 22. Thus, assume that n > 2d + 2, i.e., r =n —2d — 2 > 0.
Theorem 2.10 gives us a formula for I(B,,z), where r = n—2d —2 > 0is a

fixed integer. For each 0 < [ < L%J, our formula for I(B,,z) adds a polynomial

of degree 21 +1+d —l(r+2) =d —Ilr + 1. Thus, a(B,,) = deg(I(B,,z)) = d + 1.

d+1

Furthermore, x terms appear in our polynomial precisely when [ = 0 or » = 0.
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From our assumption that » > 0, an z%+!

this, we immediately derive the desired result that [zt I(B,,z) =n. |

term can only appear when [ = 0. From

2.3 Circulants of Degree at Most 3

Armed with these theorems, we now find an explicit formula for I(C, g, z) for all
circulants of degree at most 3. While this may appear to be a straightforward problem,
we will discover that calculating the independence polynomials of 3-regular circulants
is surprisingly difficult.

The degree 1 case is trivial, as the only 1-regular circulant is G = Cy, () for some
positive integer n. Then, G is a disjoint union of n edges, and so Theorem 1.6 gives
us I(G,z) = I(Ky,z)" = (14 2x)™.

Let G be 2-regular. Then G = C,, (4 for some 1 < a < . Let d = ged(n, a).

Then G is a disjoint union of d cycles with % vertices [68]. By Corollary 2.4 and
Theorem 1.6, it follows that

EY d

n Kk
I(G,z) =I(Ca,z)" = Zn—dk(dk )xk

k=0

The interesting case occurs when the circulant graph G is 3-regular. In this case,
we must have G = Coy, 4,0} for some 1 < a < n. The following result shows that G

must be isomorphic to one of two graphs.

Lemma 2.19 ([55]) Let t = ged(2n,a).
(a) If 27” is even, then G' = Cap fan} 5 isomorphic to t copies of C’zTn,{l’% .

(b) If 27” is odd, then G = Cyy, {any is isomorphic to § copies of 0%7{272% )

We now find a formula for I(Cop (10, 2) and I(Copqony,®). By Lemma 2.19,
once we find an explicit formula for these two independence polynomials, we can
derive a formula for the independence polynomial of all 3-regular circulant graphs.
Before proving a lemma that relates our two independence polynomials, we require

the following definition.
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Definition 2.20 U, is the ladder graph on 2n vertices (with the vertices labelled
ag, - -, @p_1,b0,...,bn_1) if agby, apn_1bp—1 € E(U,), and for each 1 < j <n —2, a;

is adjacent to bj_1,b;,b;41 and b; is adjacent to aj_1,a;, aj41.

The ladder graph U, is illustrated in Figure 2.1.

a
ai til p, b3 bn-2 a1
bo 3y bo ag &2 bn-1
Figure 2.1: The ladder graph U,.
We now describe a connection between the graphs G, = Cop 1,y and H, =

Con g2,y (a valid labelling for n =9 is given in Figure 2.2), and the ladder graph U,.

Figure 2.2: The graphs Gy = Cg 41,9y and Hg = Cig {29}

The key insight is that U, is bipartite, and is a subgraph of both G,, and H,,, with
exactly two fewer edges. Since n is odd, we have
Gn ~ Un + {an—lbm bn—la'O}
Hn ~ Un + {an_lao, bn_lb(]}.
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Note that Gy is bipartite, but Hy is not. In the above figures comparing Uy to Gy,
we have the following labelling of the a;’s and b;’s to show that Gg ~ Ug+ {agbg, bgap }:

(ag, a1, as, ..., as) = (0,10,2,12,4, 14,6, 16, 8)

(bo, br, ba, ..., bs) = (9,1,11,3,13,5,15,7,17)

And comparing Uy to Hy, we have the following labelling of the a;’s and b;’s to
show that Hg >~ Ug + {CLgao, bgbo}i

(ag, ar, as, ..., as) = (0,2,4,6,8,10,12, 14, 16)

(bo, bl, bg, ey bg) = (9, 11, 13, 15, 17, 1, 3, 5, 7)

This connection between U, and the graphs G, and H, gives us the following

lemma.

Lemma 2.21 For each odd integer n, let G,, = Cop p10y and Hy, = Cop, 12ny. Then
I(Gp,x) = I(Hy,,x) + 22",

Proof:  We can regard G,, as the Mobius strip of H,,. In fact, G, is known in the
literature as the Mébius Graph [82]. We now explain why G,, —{a;, b;} ~ H, —{a;, b;}
for each 0 <7 <n — 1. This can be seen by removing the two vertices a; and b;, and
then twisting the cut Mobius strip G’ := G,, — {a;, b;} so that it becomes isomorphic
to H' := H, — {a;,b;}. More formally, the desired isomorphism ¢; : G' — H' is

a; for0<j<i—1
pila;) = , ,
bj fori+1<j<n-1

b, for0<;j<i—1
¢i(b) =< 7 , ,
a; fori+1<j<n-1
Hence, G,, —{a;, b;} ~ H, —{a;, b;} for each 0 < i < n—1. For a fixed 4, it follows
that for each 0 < k <n —1,

[2MI(G, — {as, b}, x) = [2F)(H, — {a;, b}, z).

Now we count the number of times each independent k-set I’ of GG,, appears among

the n possible subgraphs G,, — {a;, b;}. Among the n possible values of 0 <i <n—1,
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there are k indices where either a; or b; is an element of I’, since |I'| = k and a; % b;.
Hence, there are exactly n — k indices i for which I’ appears as an independent set

of G, — {a;, b;}. Therefore, for each 0 < k < n — 1, we have

[2"1(G,, ) = — (2" 1(G,, — {as, bi}, ).

By the exact same argument,

(M) = - L - S HI(H, o)),

Since we have shown that [2*]I(G,, — {a;,b;}, ) = [2*][(H,, — {a;, b;}, ) for each
0 <i<n—1, we conclude that [2¥]I(G,, ) = [2*]I(H,, ), for each 0 < k < n — 1.

Now we prove that [z"][(Gp,x) = 2 and [2"][(H,,z) = 0. Any independent set
of cardinality n must be either {ao, a1, ..., a,_1} or {by,b1,...,b,_1}, since a;b;y1 €
E(G) and bjaj11 € E(G). Thus, there are at most two independent sets of cardinality
n. We quickly verify that both of these sets are independent in G' (and not in H).
Thus, [2"]I(Gp,z) =2 and [2"|I(H,,z) = 0.

Therefore, we have shown that I(G,,,z) = I(H,,x) + 22", as required. ||

In Theorem 2.10, we developed a complicated formula for I(B,,z), from which

we obtain the identity for I(Cy (p—1,), ), by substituting n = 2p and d = p — 2.

Corollary 2.22 Let p > 2 be an integer. Then,

1232

20 —
[(C2p7{10—1,p}7 =1+ Z 21 " (p ) ) 2l+1(1 + x)p_4l_2'

From this, we may extract the z* coefficient of I(Csp -1}, %), for any k > 0. For

example,

—2 2 —4 -6 2p(p — 4)(p® — 8p + 18
[$4]I(Czp,{p—1,p},x)=2p(p3 )+§p<p2 )(pl ): p(p >(p3 p+18)

In the following two lemmas, we relate I(Cy, (n-1n},%) to I(Cop 1}, 2) and

I(Can 2,0}, ), which will allow us to determine an explicit formula for I(G,z), for

any circulant graph of degree 3.
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Definition 2.23 ([140]) Let S be any subset of {1,2,...,|5]}. For each integer
r > 1, definerS = {|rs|,: s € S}. If T'=rS for some integer r (with ged(r,n) =1),
then T' is o multiplier of S.

Lemma 2.24 ([140]) Consider the circulant graphs Cp s and Cpp. If T = 1S is a
multiplier of S, then Cy s >~ C), 1.

Lemma 2.25 If n is odd, then I(Cop 20}, %) = I(Copfn-1n}, ). If n is even, then
I(C2n,{1,n}7 $) = I(C2n,{n—l,n}7 $>

Proof:  We first make the following useful observation: to prove |z|s, = a for some
0 < a < n, it suffices to prove that either z+a =0 (mod 2n) or z—a =0 (mod 2n).

The case when n is even follows from Lemma 2.24, with the multiplier being
r =n — 1. Note that |n(n — 1)|s, = n, since n is even. Since the two circulants are

isomorphic, their independence polynomials must be equal.

Now consider the case when n is odd. We determine an isomorphism from G =
Con 2,0y t0 H = Oy (n—1n}. (As an example, Figure 2.3 illustrates an isomorphism
between the two graphs for the n = 9 case, namely the graphs G = Cig 29y and
H = Cig (8.9})-

Figure 2.3: The graphs G = Cig 2,9y and H = U3 439
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Let {0,1,2,...,2n — 1} be the vertices of Cy, (2,,3. Define

2

vl g ) if s odd

¢(v) =

{ v(n—1) if v is even

In both cases, we reduce the expression modulo 2n, if necessary. To prove that
¢ is the desired isomorphism from G' = Cy, 2.,y to H = Cyy, 1.0}, We establish the

following.

(a) ¢(v) has the same parity as v, for each 0 < v < 2n — 1.
(b) |u— vy, =2 in G iff |p(u) — P(v)|2n =n —1in H.
(¢) |[u—v|on =nin G iff |p(u) — ¢(v)|2, =n in H.

v

2
o(v) = @ is even. If, on the other hand, v is odd, then ¢(v) = v("z_l) + 3"("2+1).

Consider two cases for n: n = 4k + 1 and n = 4k + 3. In the former case, ¢(v) =
20k + 3(4k + 1)(2k + 1) and in the latter, ¢(v) = v(2k + 1) + 3(4k + 3)(2k + 2). In

both cases, ¢(v) is odd, since v is odd. This establishes part (a), since we have shown

First we establish part (a). If v is even, then % is an integer. Since n — 1 is even,

that ¢(v) and v must have the same parity.

Now we establish part (b). Without loss of generality, assume 0 < v < u < 2n—1.
If [u—v|9, = 2, then u—v =2 or u—v = 2n — 2. Since u and v have the same parity,
o(u) — od(v) = W (mod 2n). We have two possible cases for u — v, either
u—v=2oru—v=2n—2: in the former case, ¢p(u) —p(v) = n— 1, and in the latter
case, ¢p(u) —p(v) = n+1, once reduced mod 2n. In both cases, |p(u) —¢(v)|2, = n—1.

Let us establish the converse. If |¢(u) — ¢(v)]e, = n — 1, then ¢(u) and ¢(v) have
the same parity (since n is odd), implying by part (a) that « and v have the same
parity. Thus, ¢(u) — ¢(v) = % (mod 2n), for some 0 < v < u < 2n — 1.
Define k = “5% € N so that u —v = 2k. Then n — 1 = |¢(u) — ¢(v)|2n = |k(n — 1)|2n,
which implies that k(n — 1) is congruent to either n — 1 or —(n — 1) modulo 2n. In
other words, either (k — 1)(n — 1) or (k+ 1)(n — 1) is a multiple of 2n. Since n is

odd, we have ged(n — 1,2n) = 2, and so this implies that £ — 1 or £+ 1 must be a
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multiple of n. Finally, since 1 < k < n — 1, we conclude that k =1 or k =n — 1.

Thus, we have shown that v — v = 2k equals 2 or 2n — 2. Therefore, |u — v|s, = 2.

Finally, we establish part (¢). Without loss of generality, assume 0 < v < u <
2n — 1. If |u — v|o, = n, then u — v = n. Since u and v have opposite parity,
o(u) — d(v) = (u_v)z("_l) + 3"("2+1) (mod 2n). Substituting u — v = n, we have
o(u)—o(v) n(n2—1) + 3"(g+1) (mod 2n). This simplifies to either 2n?+n or —n?—2n,

depending on the sign. Since n is odd, both expressions are congruent to n modulo
2n. It follows that |¢(u) — ¢(v)|e, = n in each case.
Let us establish the converse. If |p(u) — ¢(v)|2n = n, then ¢(u) and ¢(v) have

opposite parity, implying by part (a) that v and v do too. Letting u —v =n +k

n+k)(n—1 3n(n+1
(k) . o))

for some —n < k < n, we have n = |¢(u) — ¢(v)]an, = |

n(n—1) | 3n(n+1)
5 &

Juli=0n "("2_1) + 3"(7;“) l2n. In the previous paragraph, we proved that -

2

is congruent to n modulo 2n.

k(n 1)

Therefore, the above equation simplifies to n = |[=5— ) 1 n|2n. This implies that

k(n—1)

5— must be a multiple of 2n. Since —n < k <n and ged(n,n — 1) = 1, k must

divide n. It follows that k =0, i.e., u — v = n. We conclude that |u — v, = n.

By parts (b) and (c), we have shown that ¢ is an isomorphism from Cly, (2,3 to

Con,{n—1,ny- Therefore, their independence polynomials must be equal. |

Applying Corollary 2.22; the following theorem gives us the exact formula for

I(G,x), where G is any circulant of degree 3.
Theorem 2.26 Let G = Cy,, (40 for some 1 < a <n. Let t = ged(2n,a). Then,
n t
(a) If? is even, then I(G,x) = (I(C’%,{%_L%},x» .

2 A\t
(b) Ian is even and% is odd, then I(G,z) = (I(Cz%7{%_17%},x) + 23:7) .

t

(c) [f27n is odd, then I(G,x) = (1(047”,{27”—1,27"},1')>5'

Proof:  Since ¢ divides 2n, 5* is an integer; if this quantity is even, then % is also an

integer. Thus, we have three cases to consider:
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(a) 2 is even and % is even. (Trivially, if % is even, then 2* is too).
(b) 2 is even and % is odd.

(c) 2 is odd.

We consider each of these three cases in order. If 27" is even, then by Lemma 2.19,
G is isomorphic to t copies of 0%7{17%}.

If % is also even, then 1(02%7{17%},17) = ](Cz%’{%_lv%},x) by Lemma 2.25. Oth-
erwise, 2 is odd, and by Lemma 2.21, 1(02%7{17%},.1:) = I(C%,{z,%},x) + 2x%, which

~+

equals 1(0%7{%_17%},55) + 227, by Lemma 2.25.

t

If 27” is odd, then by Lemma 2.19, G is isomorphic to 5 copies of C%,{z,%}. By

Lemma 2.25, ](04%’{272%},:5) :](0%7{2%_172%},55). [

For example, the above theorem shows that

I(Cﬁo,{ls,so}, x) = (I(Clo,{?,,s}, x))6
= (1(0107{475}, LL’) + 25(75)6
= (1+ 10z + 302* + 302° + 102" + 22°)°.

We now have a formula for the independence number of any 3-regular circulant
graph, since a(G) = deg(1(G, x)).

Corollary 2.27 Let G = Cyy (o} for some 1 < a <n. Lett = ged(2n,a). Then,
(a) ]f% is even, then a(G) =n —t.
2n . n .
(b) [fT is even and i odd, then a(G) = n.

2 t
(c) IfTH is odd, then a(G) =n — 3
Proof: By Corollary 2.18, a(Com, m-1,my) = m — 1, for any m > 2. From Theo-
rem 2.26, the result follows. |

We have now found a formula for I(G,z), for all circulants of degree at most 3.

As noted previously, we will not be able to obtain a general formula for an arbitrary
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k-degree circulant, due to the N P-hardness of the problem [46]. Even for the case
when G is degree 4, there is no clear method to find an explicit formula for (G, x),
as there is no known characterization or classification of degree 4 circulant graphs.
For the degree 3 case, we were able to prove that every 3-regular circulant must be
isomorphic to one of three specific families of graphs. This greatly simplified the
analysis, as we only needed to determine the independence polynomials for these
three families. However, no such result holds for circulants of degree 4. To illustrate,
even for the case n = 12, there are seven non-isomorphic circulants of degree 4, and

all of them have distinct independence polynomials.

I = 1+ 12z + 4222 + 402> + 3z2*.

C'12,{1,2}7 x
= 1+ 12z + 4222 + 5222 + 302* + 122° + 225,

~

C'12,{1,3}7 Y
= 14 12z + 4222 + 4823 + 15z*.

~

C'12,{1,4}7 x

~

= 14122+ 4222 + 522% + 182,

~

012,{2,3}7 Y

I = 1+ 122 + 422% + 362° + 92*.

( )
( )
( )
(Cizp15y, ) = 1+ 122+ 422° +522° + 332" + 122° + 22°.
( )
(Ciz,q03, @)
( )

I(Cigqzay,x) = 1+ 122 +422° +482° + 182"

It would be nice if these polynomials were all factorable, so that we could explore
deeper connections. However, five of these seven polynomials are irreducible, with
the two exceptions being I(Cia 15y, 2) = (1 + 4a + 222)(1 + 8z + 82 + 4z® + 2*)
and I(Ciaq2,43,2) = (1 + 6z + 3z*)%. Note that the latter polynomial is trivially
factorable, as Cia 24y is simply two disjoint copies of Cg19y. While there is no
obvious reason to see why I(Cy,z) = 1+ 4z + 227 should be a factor of I(Ci2 15}, %),
we will explain exactly why this must be the case in the following section, when we
discuss lexicographic products of graphs and their independence polynomials.

Alas, we suspect that it is intractable to find a general formula for I(G,x), for
an arbitrary circulant of degree d > 4. Nevertheless, we were able to find an explicit
formula for I(G,z), for any circulant of degree 3, as well as every graph in the
family A,, and B,,. These formulas will be of great help to us throughout the thesis,
including the following section, where we develop infinitely many formulas for I(G, x)

using products of graphs.
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2.4 Graph Products of Circulants

In this section, we apply graph products to generate additional formulas for I(C,, g, ).

Definition 2.28 For any two graphs G and H, the graph product is a new graph
with vertex set V(G) x V(H) such that for any two wvertices (g,h) and (¢',h') in
the product, the adjacency of these vertices is determined solely by the adjacency (or

non-adjacency) of g and g', and of h and h':

1. In the Cartesian product graph GOH, the vertices (g,h) and (¢',h') are
adjacent if (g~ ¢ and h="h') or (9=¢" and h ~ I ).

2. In the categorical product graph G x H, the vertices (g, h) and (¢',h') are
adjacent if g ~ g and h ~ h'.

3. In the lexicographic product graph G[H|, the vertices (g,h) and (¢',h’) are
adjacent if (g~ g') or (9=¢ and h ~1').

4. In the strong product graph G® H, the vertices (g, h) and (¢', 1) are adjacent
if (g~¢g and h="H)or (9=¢g and h~h) or (g~ g and h ~ K ).

If G and H are both regular, so are GOH, G x H, G|H|, and G ® H. Thus, reg-
ularity is a property closed under graph products. Due to the symmetry of circulant
graphs, a natural conjecture is that circulants are also closed under graph products,
i.e., if G and H are both circulants, then so is their product. We now prove that this

statement is true for lexicographic products, but false for all of the others.

Proposition 2.29 Circulant graphs are not closed under the Cartesian, categorical,

or strong product.

Proof: It suffices to find one pair of graphs (G, H) for which the product is not a
circulant. We establish our counterexample by comparing independence polynomials.
We will prove that circulants are not closed under the Cartesian or categorical product
by considering the graphs C'30C5 and C5x C3, and prove that circulants are not closed
under the strong product by considering the graph Cy ® Cy.
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Consider G = C3 and H = C3. Then, GOH and G x H are graphs of degree 4
and order 9. These product graphs are isomorphic to the graphs illustrated in Figure
2.4.

(0,0) (0,0)
0

(1,2) A4 (2,0

(2,1) (1,1) 2,1 (1,1)

Figure 2.4: The graph products C30C3 and C3 x Cs.

Suppose GOH and G x H are circulants. Then, we may write GOH ~ Cy g, and
G x H = Cy g,, for some generating sets Sy, 52 C {1, 2, 3,4}, with |5;]| = |Ss| = 2.

By inspection, vertex (0,0) in both GOH and G x H appears as a vertex in an
independent 2-set four times and an independent 3-set twice. By symmetry, this must
be the case for each of the nine vertices, in each of the two graphs. Thus, there are
94

% = 18 independent 2-sets and % = 6 independent 3-sets. Also it follows quickly

that there exist no independent sets of cardinality 4. Thus,
I(GOH,z) = I(G x H,z) =1+ 92 + 182% + 62°.

Each degree 4 circulant on 9 vertices is isomorphic to either Cg 19y or Co 343,
which can easily be checked using Lemma 2.24. (Note that Cy g1 9y is isomorphic to
Co 1,43 and Cy 2.4y, while Cy g34y is isomorphic to Cy 1,3y and Cy23y). By Theo-
rems 2.3 and 2.10, 1(Cy 119}, 2) = 1 4+ 92 + 182 4 32® and I(Cy (343, 2) = 1 + 9z +
1822 + 923. Therefore, neither GOH or G x H is a circulant.

Now consider G = Cy and H = (4. Then, G ® H is a degree 8 graph of order
16. Thus, if G ® H ~ C4,6 for some S C {1,2,3,4,5,6,7,8}, then |S| = 4, with
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8 ¢ S. From a computation on Maple, I(G ® H,r) =1+ 16x + 5622 + 4823 + 12z%.
Looking at each of the 35 possible 4-subsets of {1,2,3,4,5,6,7}, we find (using a
Maple computation once again) that only S = {1,2,6,7} and S = {2,3,5,6} satisfy
I(Ci65,7) = I[(G®H, x). Let us show that G ® H is not isomorphic to either of these
circulants. This will enable us to conclude that G ® H is not necessarily a circulant,
whenever G and H are both circulants.

First consider the case S = {1,2,6,7}. On the contrary, suppose G @ H ~
Cie.s- Note that Cg¢ includes two non-adjacent vertices (namely 0 and 8), which
are adjacent to the same set of eight vertices, namely {1,2,6,7,9,10,14,15}. Since
G®H is assumed to be isomorphic to C4,g, there must exist two non-adjacent vertices
a and b in G ® H that are adjacent to the same set T of eight vertices.

By the symmetry of G® H = Cy®Cy, assume without loss that a = (0,0). Letting

T be the set of vertices in G ® H that are adjacent to a, we have
T ={(0,1),(0,3),(1,0),(1,1),(1,3),(3,0),(3,1), (3,3)}.

Let 7" = {(0,2),(1,2),(2,1),(2,0),(2,3),(2,2),(3,2)} be the set of vertices in
G ® H that are not adjacent to a = (0,0). There must exist a vertex b € G ® H that
is not adjacent to a, but is adjacent to each vertex in T'. Since b ¢ a, we have b € T".
This vertex b, which is of degree 8, must be adjacent to each of the eight vertices of
T, and so must be adjacent to no vertices in 7”. However, by the definition of the

strong product, the following pairs of vertices are adjacent in G ® H = Cy ® Cy:
(07 2) ~ (17 2)7 (27 1) ~ (27 O)? (27 3) ~ (27 2)7 (27 2) ~ (37 2)

Therefore, each choice of b € 7" leads to a contradiction. We conclude that Cyg g is
not isomorphic to C,®Cy, where S = {1,2,6,7}. Now the case S = {2,3,5,6} follows
immediately from the previous case, since Lemma 2.24 implies that Cig 1267 ~
Cl6,12,3,56), with the desired multiplier being » = 3. Therefore, we conclude that

Cy ® Cy is not a circulant. |

Let us now investigate the lexicographic product G[H]. The graph G[H| can be
thought of as the graph arising from G and H by substituting a copy of H for every
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vertex of G. We prove that circulants are closed under the lexicographic product. We

first require the following lemma.

Lemma 2.30 Let G = C, 5, and H = C,, g, be circulant graphs. Construct the
lezicographic product graph G[H|, and relabel each vertez (g, h) with the integer g+nh.
Then,

(a) This relabelling of the vertices ensures that each of the nm vertices in G[H] is

assigned a unique integer label between 0 and nm — 1 inclusive.

(b) Let x = g1 + nhy and y = go + nhy be the new labels assigned to the vertices
(g1, h1) and (ga, he) in G[H]. Suppose that x >y so that 1 <z —y < nm — 1.
Among these nm — 1 possible values for x — vy, (g1,h1) ~ (g2, ha) in G[H] iff
r—y = £r (modn) for some r € Sy, or n divides x —y and =¥ = +q

(mod m) for some q € Ss.

Proof: ~ We first prove part (a) of the lemma. Let (g,h) be a vertex of G[H|. By
definition, 0 < g <n—1land 0 < h <m-—1. Thus, 0 < g+nh < (n—1)4+n(m—-1) =
n—1+nm—n=nm — 1. So each of the nm vertices under this labelling is given
an integer value between 0 and nm — 1 inclusive. Now suppose that some integer
value is assigned twice, i.e., g1 + nhy = go + nhy for some (g1, h1) # (g2, he). Then
g1 — g2 = n(hy — hy), implying that g; = ¢go (mod n). Since 0 < g1,92 < n — 1, we
must have g; = go. From this it follows that h; = hy, contradicting the fact that
(g1, h1) # (g2, ha). Hence, each of the nm vertices in G[H] is assigned a unique integer
value by this labelling.

Now we prove part (b). Let ¢g; and g, be two vertices in G. By the definition
of adjacency in circulants, as well as the definition of circular distance, we have the

following;:
(a) g1 ~ g2 in G =Cg, iff g1 — g2 = £r (mod n), for some r € 5.
(b) hy ~ hyin H = C,, 5, iff hy — hy = £¢ (mod m), for some ¢q € Ss.

By definition, (g1, h1) ~ (g2, ho) in G[H]| iff (91 = g2 and hy ~ he in H) or (g1 ~ ¢2
in G). We consider the two cases separately. Note that x —y = (g1 — g2) +n(hy — ha).
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We start with the case (g1 = g2 and hy ~ hy in H). We prove that this case
is equivalent to the condition that n divides v —y and =¥ = £¢ (mod m), for

some q € Sy. One direction is clear, since g; = g9 and hy; ~ ho in H immediately

=y _

implies the desired result, since z —y = n(hy — hy), i.e., n divides z — y and =

hy — hy = +q (mod m), for some ¢ € S;. We establish the converse: if n divides
r—y = (g1 —g2) +n(h1 —hy) and =¥ = £¢ (mod m), then g, = g, by the condition
0<g1,92 <n—1 Thus, * —y = n(hy — hy), and so hy — hy = =¥ = £¢ (mod m)
for some g € Sy, which from above implies that hy ~ hs in H.

Now consider the case (g1 ~ g in GG). We prove that this case is equivalent to
the condition that z —y = £r (mod n) for some r € S;. One direction is clear, since
g1 ~ go in G implies that z—y = (g1 —g2)+n(h1—hy) = £r+0 = £r (mod n) for some
r € S1. The converse follows just as quickly: if z —y = (g1 — g2) + n(hy — he) = 71
(mod n) for some r € S, then we must have g; ~ g, in G (note that there is no

restriction on hy and hy).

Part (b) of the lemma now follows from the two previous paragraphs. |

With this lemma, we can now prove the following theorem, that circulant graphs

are closed under the lexicographic product.

Theorem 2.31 Let G = C, 5, and H = C,, 5, be circulant graphs. Define

L5

3]
S = U tn+51 U Utn—51 UHSQ,
t=0 t=1

wheretn £ 51 ={tn£tr: r € 51} and nSy = {ng: q € Ss}.

Then, G[H] is isomorphic to the circulant Cypy, 5.

Proof:  Relabel the vertices of G[H| so that (g, h) is assigned the new vertex g+ nh.
By part (a) of Lemma 2.30, the nm vertices of G[H] are the integers from 0 to nm —1
inclusive. By part (b) of Lemma 2.30, if x = g1 + nh; and y = g5 + nhy for some
0<g1,92<n—1and 0 < hy,hy <m—1,thenz ~yin G[H|iff t—y = £r (mod n)
for some r € S, or =¥ = £¢ (mod m) for some g € S,.

Let S” denote the set of possible values x —y (where 1 < x—y < nm—1) satisfying

the congruence equations above. We note that each integer of the form ng or n(m—q)
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is in S/, where g € Ss. It is simple to check that each such integer lies in the required
interval [1,nm — 1], since 1 < ¢ < [%].

In addition to these values already in S’, we must also include each value of cn+r,
over all choices of 0 < ¢ <m—1 and r € Sy, and each value of dn —r, over all choices
of 1 <d<mandr e S;. We note that all of these values lie in the required interval
[1,nm — 1], for any choice of ¢, d, and r. We remark that any ¢ and d not satisfying
the given inequality (i.e., c < 0,¢>m —1,d <1, d > m) will make cn 4+ r and/or
dn — r fall outside of the required interval for any choice of 7, since 1 < r < [F].
As a final note, remark that v € S’ iff nm — v € S’. This will make it very easy to
compute the set of circular distances |x — ylm.

We have shown that z ~ yin G[H]iff t—y € S'. By letting S = {|z—y|nm : z—y €
S’} be the generating set produced by computing the circular distance (mod nm) for
each value of S’ we have z ~ y in G[H] iff | — y|nm € S. This proves that G[H] is
a circulant Cy,, g, for this generating set S. Given that we know which elements are
in S’, we can describe exactly the set of elements in S. Since v € S’ iff nm —v € 5/,
the elements of S are precisely those elements in S’ that are in the interval [1, [ %" |].
Let us give an explicit characterization of this generating set.

First look at all the multiples of n: each integer of the form ng and nm —ngq belong
to ', where ¢ € Sy. Clearly each ng € S, since ng < n[% ] < |[%#]. Thus, each of
n,2n,3n,...,n| %] are counted in S. Conversely, all of the elements in the latter set
are greater than | %" |, and hence do not belong to the set S. The only exception to
this occurs when m is even and ¢ = 7; however, this value has already been added
to our set S, since n - 5 = nm —n - 7. Among the multiples of n, the only values in
S are the elements ng, over all ¢ € S5.

Define tn +£5) = {tn+r: r € Si} and nSy = {ng: ¢ € Se}. From our analysis

above, we have proven that G[H| ~ Cl,, s, where

S = <£Jotn+sl) U (Qtn—sl) |JnS.,

for some indices ¢ and d.
Recall for the full set S/, wehad 0 <c<m—1and 1 <d < m. We will show
that for this reduced set S, we require 0 < ¢ < Lm7_1j and 1 < d < [%]: given that
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we are selecting the elements of S’ in the “bottom half”, this result is completely
unsurprising. We do not need to consider the lower bounds ¢ > 0 and d > 1, as they
have already been dealt with previously. We now prove the upper bounds for ¢ and
d, by establishing that all possible values of the form cn 4+ r and dn — r belong to .S
(for those two bounds), and proving that we have not missed any other values.

If c <[22 then ecn4r <n- |22+ [2] < |22] for all choices of 7. And if

c> [T L], this is equivalent to the inequality ¢ > %, since ¢ and m are both integers.
Then cn +7r > B2 1 > |B2].

Ifd<|[%] thendn —r <n-|3]—-r<[%] Andifd> [%], this is equivalent

m—+1

to the inequality d > ™5=, since d and m are integers. We have dn—r > %2+ 2 —r >

|75, except in the one special case when the following four conditions hold: n is

even, r = %, m is odd, and d = 25,

However, this case is easily dealt with: we have dn —r = %”L" -5 =" €S
But this value was already taken into account for the case ¢ = [mT_IJ and r = 7, since
n+r= |2t ntr= n+ 5 = “5*. Hence, the desired upper bound is correct:

no elements of S have been omltted, and every element of S has been included.

Therefore, we have proven that G[H] is isomorphic to Cy,, s, where
25 ] 15

S=| U tm+si | J[Utn=5 | UnsS.,
t=0 t=1

where tn £ S; = {tn+r: r € S;} and nSy, = {ng: q € Ss}.

Our proof is now complete. [

To illustrate with an example, let G' = Cig 1y and H = Cy4y. Then, n = 10,
m =29, S = {1}, and Sy = {4}. Therefore,

- <U 10t + {1}) U (U 10t — {1}> J10- {4},

which simplifies to S = {1,9,11,19,21,29, 31, 39, 40, 41}.
Thus, G[H] = Cyo,{1,9,11,19,21,20,31,39,40,41} - By a similar analysis, if we were to switch

G and H to determine the lexicographic product H[G], we derive

_ (Q)9t+ {4}> U <£Jl9t— {4}> Jo- {1},
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which simplifies to S = {4, 5,9, 13, 14, 22,23, 31, 32, 40, 41}
ThUS, H[G] = Cg(),{4?579’13’14’22723731732740741}. As a COI‘OH&I‘Y to Theorem 231, we

have the following.
Corollary 2.32 For each n and m, the graph C,[K,,] is a circulant.

Proof: Note that C,, = C), 1) is a circulant, as is K, = 'm,0- From Theorem 2.31,

we have C,,[K,,] = Cpp.s5, where

|75

5]
S = Um+@|UlUtn-{13]) o

— {:c: 1<z< L%J, r ==+l (modn)}.

This completes the proof. |

The following theorem shows that the independence polynomial of I(G[H], x) can
be calculated from I(G,x) and I(H,x).

Theorem 2.33 ([23]) For any graphs G and H, I[(G[H],z) = I(G,I(H,x) — 1).

As an application of the above identity, consider the independence polynomial
I(Cia 15y, ¢) = (14 4z + 22%)(1 + 8z + 822 + 42® + z*), which was mentioned in the
preceding section. At first glance, it is not clear why I(C4, x) should be a factor of
I(Ch2,11,5y, ). Let us explain why this follows as a direct corollary of Theorem 2.33.

Let G = Cs 1y and H = Cy = Cy1py- By Theorem 2.31, Cs[Co] = Cla.41,5)-
Also, we have I(Cg,z) = 1+ 6x + 922 + 223 from Chapter 1, which factors nicely as
(1 + 2z)(1 + 4z + 2?). Therefore, we have

(Crai,0) = I(Co[Co, )
= I(Cg,I(Cy,x) — 1) by Theorem 2.33
= I(Cs,2x + 2?)
(1+22z + 2H))(1 + 422 + 22) + 2z + 2)?)
= (1+4x+22°)(1 + 8z + 82* + 42° + ).
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From above, I(Cy,x) divides I(Cha 15y, %), i.e., I(Co[Cy), x) divides I(Cs[Ch], x).
In general, if I(G’,z) divides I(G,x), then for any graph H, Theorem 2.33 proves
that I(G'[H], x) divides I(G[H], ). This theorem enables us to determine formulas
for I(C,, s, z) for infinitely many circulants. As an example, we highlight the following

result.

Corollary 2.34 Let (m,n) be an ordered pair of integers with m,n > 2. Define
S={mpu{r: 1<z <|[%], v =241 (mod n)}. Then,

k

_
wf3
it

15

m m—k n n—7j\ ;
I = - E J
(Crun s, 7) m—k:( k ) n—j( Jj )I

k=0 Jj=1

Proof: Let G = C,, g1y and H = C,, 13. By Theorem 2.31, G[H] is a circulant on
nm vertices, with S = {m}U{z: 1 <2 < |%"|, v = %1 (mod n)}. Therefore, we
may apply Theorem 2.33 to find an explicit formula for 1(C,,, s, ). By Corollary 2.4,
the result follows. |

To illustrate, if we substitute (m,n) = (7,5) into our corollary, we obtain
I(C35,11.67.81315), ) = 1 + 35z + 3852° + 15752° + 29752" + 26252° + 8752°.

When Theorem 2.33 is combined with Theorems 2.3 and 2.10, we are able to
determine infinitely many formulas for I(C, s, x). It is highly unlikely that these
formulas can be obtained by a direct enumerative approach. Nevertheless, with The-
orem 2.33, we can immediately obtain formulas for independence polynomials such
as I(Cga (3,4,10,11,17,18,24,25,28,31,32,35,38,39,42} , L), since this circulant is the lexicographic
product of C7 3y and Cia (456}

As an aside, we mention that the Cartesian product GOH of two circulants G =
Ch.s, and H = C, s, is a circulant whenever ged(m,n) = 1. We state the following

result, which will be proven in Chapter 4 in the context of line graphs.

Theorem 2.35 Let G = C, 5, and H = C,, g, be circulant graphs. Define S to be
the set of integers k in {1,2,..., "]} that satisfy one of the following conditions:

1. k =1um, for some i € S;.
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2. k= jn, for some j € Ss.

Then, GOH 1is isomorphic to the circulant graph Cp, .

In Chapter 4, we will prove that whenever ged(m,n) = 1, the line graph of K, ,, is
a circulant, and is isomorphic to the Cartesian product K,,0K,,. However, as we saw
for the m = n = 3 case in Proposition 2.29, the Cartesian product of two circulants
is not necessarily a circulant when ged(m,n) > 1.

In Chapter 5, we investigate the roots of independence polynomials, and apply
Theorem 2.33 to show that the roots of I(G,x) are dense in the complex plane C,

even when G is restricted to the one specific family of circulant graphs, C,[K,,].

2.5 Evaluating the Independence Polynomial at ©x =t

In this chapter, we developed a number of formulas for I(G, x). Computing I(G, x)
enables us to determine [z*]I(G, x), the number of independent sets of cardinality k
in G. However, we may also be interested in evaluating I(G,z) at particular points
x = t. As an example, evaluating I(G,z) at x = 1 gives us the total number of
independent sets in the graph. There are many contexts for which such information
is useful. Evaluating a graph polynomial at particular points has been a subject of
much interest, especially for chromatic polynomials [60, 103].

To give one illustration, we provide an application from music. The 12-tone music
scale consists of the pitch classes C,C# D, D# E F F#* G, G# A, A* and B. Each
note is identified with its pitch class (i.e., each C refers to the same note, regardless of
its octave). Essentially, these “pitch classes” are the musical analogue of equivalence
classes.

Suppose we want to play a chord consisting of k different pitch classes from this

12

k) But if we were to intro-

scale. Clearly, the number of different possibilities is (
duce forbidden intervals and ask for the number of chords we could play with this
restriction, then we can answer this problem using independence polynomials. In
particular, if the forbidden intervals correspond to pitch classes that are close to-
gether (and hence, dissonant), we show that this problem can be answered from the

independence polynomial I(Ay,z) = I(Cp (12,43, ).
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As a simple example, suppose that we are forbidden to include any chord with
two pitch classes separated by a semitone or tone (for example, C' and C#, or G and
A). In other words, if we were to draw a graph with these 12 pitch classes as our
vertices, we would require every pair of pitch classes to be separated by a distance of
at least three (i.e., a minor third), to avoid any semitones or tones. Now we can ask
how many possible chords can be played with this given restriction.

Mathematically, this is equivalent to the problem of evaluating the independence
polynomial (0127{1,2}@), and then substituting z = 1 to determine our answer. In
other words, every possible chord is some independent set of the circulant Cig (1 93,
since each pair of pitch classes in an independent set is separated by at least a mi-
nor third. By Theorem 2.3, I(Cio 12y, ¢) = 1+ 122 4+ 4227 + 402° 4 32*, and so
I(Ch2,11,9y, 1) = 98. We conclude that there are 98 possible chords that can be played,

including the 55 trivial “chords” of less than three pitch classes.

We can generalize the 12-semitone octave to the n-semitone octave. As in the
12-semitone octave, the n-semitone octave is divided into n equally tempered tones,
each formed by multiplying the frequency by 27 . Musicians refer to this as the n-tet
scale (where “tet” is an acronym of Tone Equal-Tempered). While the 12-tet scale is
most common, the 19-tet and 31-tet scales have also been employed by musicians.

In an n-tet scale, the ratio between any two semitones is constant. Since notes
with similar frequencies sound dissonant when played together, we can require that
no chord include two pitch classes separated by d semitones or less, for some integer
d > 1. Now, if we were to ask how many possible chords can be played with this
restriction, we could answer that question directly from our formula for I(A,,z) =
I(Cn,{1,2,...,d}> ZE)

Let f(n,d) be the number of possible chords that can be played with this given

restriction. By Theorem 2.3, the answer is simply

|21)
n n — dk
s =Y (M),

k=3

which we derive from evaluating I(C, 12,4y, %) at x = 1, and then subtracting the

number of trivial chords with less than three pitch classes.
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Given a graph G, how difficult is it to evaluate I(G,1)? In the above example
with G = A, = C, (12,4}, we first took our known formula for I(G,z) and then
substituted x = 1. But in general, it is N P-hard to determine I (G, x), since we know
that evaluating a(G) is NP-hard [79]. Thus, it is not computationally efficient to
solve the problem by first computing the independence polynomial. Possibly we can
develop a polynomial-time algorithm to count I(G, 1) (i.e., the number of independent,
sets of ), without actually calculating the independence polynomial. This motivates
the problem of determining the computational complexity of evaluating I(G, x) at the
point x = t. To solve this problem, it is necessary to first introduce some terminology

from complexity theory.

A computational problem can be regarded as a function mapping instances to
solutions. In the case of graph-theoretic problems, our instance will always be a graph
G. Thus, we can investigate the computational complexity of evaluating invariants
such as a(G), x(G), and I(G,z). If A and B are two computational problems for
which A is polynomial time reducible to B, then we denote this as A o« B. Well-
known complexity classes include P, N P, and IN P-hard. For formal definitions on

these classes, we refer the reader to [79].

The complexity class #P (pronounced “sharp-P”) is the class of enumeration
problems in which the structures being counted are recognizable in polynomial time,
i.e., there exists a constant k for which there is an O(n*) algorithm to verify whether a
given structure has the correct form to be included in the count. While an N P prob-
lem is usually of the form, “are there any solutions that satisfy certain constraints?”,

a # P problem asks, “how many solutions satisfy certain constraints?”.

What makes # P important is that it contains # P-complete problems which
are proven to be at least as hard as any problem in the class. A problem A in #P is
# P-complete if for any problem B in #P, B o< A. As discussed in [103], examples of
# P-complete problems include counting the number of Hamiltonian paths in a graph

and evaluating the permanent of a square (0, 1)-matrix.

A problem is #P-hard if some # P-complete problem is polynomial time re-
ducible to it [103]. By definition, the class of # P-complete problems is a subset of
the class of #P-hard problems. A # P-hard problem may or may not be in #P - in



52

fact, a #P-hard problem is in #P iff it is # P-complete.

If a problem 7 is #P-hard, then the existence of a polynomial-time algorithm
for m would imply the existence of such an algorithm for all problems in the class
#P. As mentioned by Jaeger et. al. [103], since #P contains such notoriously
intractable problems, proving that a problem is # P-hard is very strong evidence of
its computational intractability.

We wish to determine the complexity of evaluating (G, t) for an arbitrary number
t. We note that the equivalent problem for chromatic polynomials has already been

solved.

Theorem 2.36 ([103]) For a graph G, let m(G,x) be the chromatic polynomial of
G. Then, ©(G,t) can be evaluated in polynomial time fort =0, t =1, and t = 2.
For all other real values of t, evaluating w(G,t) is #P-hard.

We now give a complete solution to the evaluation problem for independence
polynomials: we prove that for any complex number t # 0, it is # P-hard to evaluate
I(G,t). Furthermore, if ¢ = 1, then the problem is # P-complete. In fact, this latter

result follows immediately from a result in [103].
Proposition 2.37 [t is #P-complete to evaluate 1(G,1).

Proof: By a theorem in [103], it is #P-hard to evaluate the Tutte polynomial of
a cycle matroid G at the point (2,1), which counts the total number of independent
sets in G. In other words, it is #P-hard to compute I(G,1). However, I(G,1) is
also in #P, since the structures being counted (i.e., the independent sets of ) are
recognizable in polynomial time. Therefore, we conclude that evaluating I(G,1) is
# P-complete. |

We now solve the problem for I(G,t) for a general t € C. We develop an elegant
and simple proof, by applying our results on graph products from the previous section.

Theorem 2.38 Computing [(G,t) for a given number t € C is #P-hard iff t # 0.

Proof:  First, we note that I(G,0) = 1 for any graph G, and so the evaluation is
trivial at ¢ = 0. Now suppose there exists a number ¢ # 0 for which I(G,t) can be
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evaluated in polynomial-time. In other words, given any graph G on n vertices, for
this t # 0 there exists an O(n¥) algorithm to compute the value of I(G,t) (for some
constant k).

Let G be a fixed graph on n vertices. For each 1 < m < n + 1, define H,, to be
the lexicographic product graph G[K,,]. By our assumption, there is an O(m*nk) <
O(n?") algorithm to compute the value of I(H,,,t).

The construction of each H,, creates nm < n? + n vertices and decides if each
pair of vertices is adjacent in H,,. The number of pairs of vertices in H,, is at most
("2;“ ") = O(n%), and so constructing each H,, can be done in polynomial-time.

By Theorem 2.33, I(H,,x) = I(G,I(K,,,x) — 1) = I[(G,mxz). So I(Hy,t) =
I(G,mt) for all 1 < m < n+ 1. We know that there is an O(m*nk) < O(n?F)
algorithm to compute the value of I(H,,,t), for each m. Therefore, it takes O(n?**1)
steps to evaluate (G, x) for each x = mt. Since t # 0, these n values of x are distinct.

We know that the independence polynomial of G is I(G,z) = iy + i1z + i92* +

.. + i 2™, for some integers i;. (Note that deg(/(G,z)) < |G| =n). Letting x = mt

for each 1 <m < n+ 1, we have a system of n + 1 equations and n + 1 unknowns.

io it +igt? + .. int™ = I(G,t)
G0+ 91(2t) +i0(20)% + ...+ i, (20" = I(G,2t)

o +it(n+ Dt +ig((n+ D)2+ ... +i(n+ 1)) = I(G, (n+1)).

This system has a unique solution iff the matrix

1 t t2 "
A\ 1 ?t (2t)? (2t)"
I (n+1)t (n+1)t)* -+ ((n+1)t)"

has a non-zero determinant.
M is an example of a Vandermonde matrix, and the formula for its determinant

is well-known. It is straightforward to show that

det(M ("3") f[
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Since det (M) # 0, this system has a unique solution (ig, i1, . . ., 4,,). This system of
equations can be solved in O(n?) time using Gaussian elimination, and so each of the
1x’s can be determined in polynomial time, which in turn, gives us the independence
polynomial (G, x).

For any graph G, we have found an O(n***!) + O(n?) algorithm to determine the
formula for the independence polynomial I(G, ), where k is some positive integer.
Since deg(I(G, z)) = a(G), we have shown that «(G) can be computed in polynomial-
time for any G. This contradicts the well-known result [46, 79] that no such algorithm
exists. Since it is N P-hard to evaluate a(G) for an arbitrary graph G [79], we conclude
that it is #P-hard to evaluate I(G,t), for all non-zero t € C. |}

2.6 Independence Unique Graphs

We conclude this chapter by classifying all circulant graphs that are uniquely char-
acterized by its independence polynomial.

In [68], Farrell and Whitehead investigate circulant graphs that are chromatically
unique and matching unique. In other words, they attempt to characterize circulants
that are uniquely defined by their chromatic or matching polynomials. They prove
that of the 30 non-isomorphic circulants of order at most eight, 23 are chromatically
unique, with the seven exceptions being Cy 2y, Cs 123, Co (3}, Cs 1215 Csqay, Cs 2,415
and Cg(1,34y. Then they prove that each of these seven circulants is matching unique,
proving that every circulant on n < 8 vertices is either chromatically unique or
matching unique (or both). They conjecture that this result holds for all n.

Their analysis motivates the equivalent problem for independence polynomials.
In this section, we provide a full answer to the uniqueness problem for independence
polynomials: we prove that a circulant is uniquely characterized by its independence
polynomial iff it is the disjoint union of isomorphic complete graphs (e.g. Cs {1,2,3,4)
and Coy 3.6,9,123)- In other words, circulants are independence unique only in a handful
of cases. More precisely, we will prove that there are exactly ¢(n) non-isomorphic

circulants on n vertices, where ¢(n) denotes the number of positive divisors of n.

Definition 2.39 A graph G is independence unique if [(G,x) = I(H, x) implies
G~H.
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Some simple examples of independence unique graphs include K,, and K,,. To give
an example of a graph G that is not independence unique, consider the complement
of a tree. For any tree on n vertices, we have D(G,z) = 1+ nz + (n — 1)z?, where
D(G, x) is the dependence polynomial of G, as defined in Chapter 1. Then, I(G, z) =
D(G,z) =1+nx+ (n— 1)z So any complement of an n-vertex tree has the same
independence polynomial.

It is shown in [60] that two non-isomorphic trees can have the same independence
polynomial. An example is illustrated in Figure 2.5. It can be shown that for these

two trees,

I(Ty,z) = I(Ty,z) = 1+ 10z + 362> + 58z + 422" + 122° + 25.

D W WD G SR W O

Figure 2.5: Two trees with the same independence polynomial.

Much work has been done to characterize graphs that are chromatically unique
[35, 38, 61, 112, 126, 153, 175], in addition to graphs that are Tutte unique [57] and
reliability unique [37]. Since the problem of independence unique graphs was first
posed in [98], very few results have been found [120]. Some work has been conducted
on classifying independence unique graphs for spider graphs [119] and threshold graphs
[165]. However, other than these two specific families of graphs, not much is known.
In the recent survey paper on independence polynomials [120], these are the only two
families of graphs that are discussed.

An independence polynomial (G, x) of the form 1+ nx + ... corresponds to a
graph G on n vertices. To prove that G is independence unique, we must theoretically
examine all graphs on n vertices and determine their independence polynomials. For
small values of n, the computation is trivial. However, for an arbitrary graph, it is
N P-hard [79] to compute the independence polynomial.

Based on our analysis of independence polynomials of circulant graphs, we may

naturally ask the following:
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Problem 2.40 [Is G independence unique for all circulants?
We prove that the answer is no, as evidenced by the following counterexample.
Theorem 2.41 G = C,, is not independence unique, for any n > 4.

Proof: Let H be the graph formed by taking the path P,_;, adding a new vertex u,
and connecting u to an endpoint v; (of P,_1) and its neighbour vy. Then, I(G,x) =
I(Pyy,2)+x-I(Pys,x) and I[(H,z) = [(Py—1,2) + x - [(P,_3,x) by Theorem 1.5.
The latter identity follows by removing vertex u from H.

Then, I(G,z) = I(H,x), but clearly G % H for n > 4. Thus, G = C,, is not

independence unique, for any n > 4. |

We have just shown that C,, is not independence unique. Are there any circulants
that are independence unique, and if so, can we characterize all of them? The analo-
gous question for matching polynomials and chromatic polynomials is partially solved
in [68]. As mentioned earlier, Farrell and Whitehead prove that every circulant graph
on at most 8 vertices is uniquely characterized either by its matching polynomial or
chromatic polynomial. They conjecture that this result holds for all circulant graphs.
However, they have been unable to solve the problem for any n > 9.

We will now give a complete solution to the question for independence unique
circulants, where we prove the surprising result that a circulant G is independence
unique iff G is the disjoint union of isomorphic complete graphs. This result will

follow as a corollary of the following theorem.

Theorem 2.42 Let G = (), s be a connected circulant graph. Then, G is indepen-
dence unique iff G ~ K,,.

We conclude that circulants are not rich in independence unique graphs, even
though they are rich in chromatically unique and matching unique graphs. To prove

Theorem 2.42, we first require the following definition and lemma.
Definition 2.43 Let G = C,, s be a circulant graph. Define

S'={z: |z|, € S}U{0}.
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Note that S" = Ng[0], the closed neighbourhood of vertex 0 in G.
For each i € S, the graph H; is formed by taking G — {0}, creating a new vertex
u, and then joining u to every verter y € V(G — {0}) for which y = i +r (mod n)

for some r € S’.

For example, let G = Cg 34y, and 7 = 3. The graphs G and Hj3 are illustrated in
Figure 2.6.

o
[EnY
c

[EEY

i
(6]

5 4

Figure 2.6: The graphs G' = Cg 34} and the corresponding graph Hj.

Now we prove that I(G,z) = I(H;, z), for each i € S’

Lemma 2.44 Consider the set S" and the graph H;, as described above. For each
ieS, I(H,x)=I1(G,x).
Proof: It is clear that H; — {u} = G — {0}. Note that z € V(G — Ng[0]) iff = ¢ 5,
and y € V(H; — Ng,[u]) iff y —i (mod n) ¢ 5"
Letting ¢(z) = z + i (mod n), we see that ¢ is an isomorphism from G — N¢|[0]
to H; — Np,[u]. Therefore, I(G — N¢[0],z) = I(H; — Ny, [u], ). By Theorem 1.5,
I(Hj,z) = I(H;—A{u},x)+x-1(H; — Npg,[u],z)
= I(G—{0},z)+x-I(G— Ng[0],x)
= I(G,x).

Therefore, we conclude that I(H;,x) = I(G,z). |}
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By this lemma, G is not independence unique whenever we can find ¢ € S such
that H;  G. So in the above example, G = Cs (34 is not independence unique.

We require one additional result, which is a straightforward observation.

Proposition 2.45 ([17]) Let C, s have generating set S = {s1,52,...,8m}. Then

Ch.s is connected iff d = ged(n, s1,89,...,8m) = 1.

We now prove Theorem 2.42, that a connected circulant graph G = C), g is inde-

pendence unique iff G ~ K,,.

Proof: If G ~ K, then I(G,x) = 1 4+ nx. Clearly G is independence unique, as
any graph H with I(H,z) = 1 4 nx must have n vertices and satisfy a(H) = 1.

Now suppose that G is independence unique, where GG is a connected circulant.
Define S’ to be the closed neighbourhood of vertex 0. For all i € S’ Lemma 2.44
shows that the graph H; satisfies I(H;,x) = I(G, ). Since G is independence unique,
each H; must be isomorphic to G.

Since G is a circulant, G must be r-regular, for some r. Then the degree of each
vertex in H; must also be r. By definition, G — {0} = H; — {u}. It follows that 0
and u must connect to the same set of vertices in G — {0} and H; — {u}, respectively,
as otherwise deg, (w) # degg(w) = r for some vertex w. By definition of H;, this
implies that z € S" iff x +4¢ (mod n) € S’. This implication is true for all i € S’

Let ¢ be the smallest non-zero element of S’. Then, ki (mod n) € S’ for all
k € N. By the Euclidean Algorithm, there exists an integer k such that ki (mod n) =
ged(i,n) € S’. By the minimality of 4, this implies that ged(i,n) =i, so i|n. If i =1,
then S" = Z,,, which implies that S = {1,2,...,[5]}, ie, G ~ K,.

Now let us assume that ¢ > 1. If S” only contains multiples of i, then G = C,, 5 is
disconnected by Proposition 2.45, which contradicts our given assumption that G is
connected. So we can assume that there is an element j € S’ with d = ged (i, j) < 1.
Since z € S’ implies that  + 4 (mod n) € S’ and z + j (mod n) € ', it follows
that pi + ¢j (mod n) € S’ for all pairs of positive integers (p, q). By the Euclidean
algorithm, there exists a pair (p,q) for which pi 4+ ¢j (mod n) = d = ged(i, j) < 1,

which contradicts the minimality of i.
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We conclude that if G = C), g is a connected circulant graph that is independence

unique, then G ~ K,,. This completes the proof. |

As a direct corollary of Theorem 2.42, we now establish that a circulant G = C), ¢

is independence unique iff GG is the disjoint union of isomorphic complete graphs.

Corollary 2.46 The circulant graph G = C,, g is independence unique iff n = dk
and S ={d,2d,3d, ..., L%Jd} for some positive integers k and d.

Proof:  Suppose G = C,, g is independence unique, and let S = {s1,52,...,Sm}.
By Proposition 2.45, C,, g is connected iff d = ged(n, s1,52,...,8,) = 1. If d = 1,
then G = K,, by Theorem 2.42. So suppose d > 1, and let n = dk. Then G is the
disjoint union of d isomorphic copies of G' = Cy g/, where n’ = % and s; = % for
each 1 < i < m. If G # K, then there exists a graph H' not isomorphic to G’
for which I(G',z) = I(H',x). Letting H be the disjoint union of d copies of H’', we
have I(G,z) = (I(G,z))? = (I(H',z))? = I(H,z). In other words, if G = C,, 5 is
independence unique, we must have G’ = Ky, i.e., n’ = k and §' = {1,2,..., LgJ}

The desired conclusion follows. |

We now enumerate the number of independence unique circulants on n vertices,

for each integer n > 1. From the above theorem, this question is easily answered.

Proposition 2.47 Define ¢(n) to be the number of positive divisors of n. Then there

are ¢(n) independence unique circulants on n vertices, for each n > 1.

Proof:  From Corollary 2.46, G = C), s is independence unique iff n = dk for some
ordered pair (d,k) = (d,%). In this case, the generating set S is uniquely defined.
Therefore, exactly one independence unique circulant exists for each d|n. The desired

conclusion follows. |

We have now proven that other than disjoint unions of isomorphic complete
graphs, circulant graphs are not independence unique. We proved this by construct-
ing a non-circulant graph H with I(G,x) = I(H,x). Let us explore this concept
further.
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If G and H are both restricted to the family of circulants: must they have different
independence polynomials? A variation of this question is posed in [165], where it
is shown that if I' is the family of threshold graphs (i.e., graphs with no induced
subgraph isomorphic to Py, Cy, or Cy), then I(G,z) # I(H,z) whenever G and
H are non-isomorphic graphs in I'. If ' is the family of well-covered spider graphs
(i.e., trees having at most one vertex of degree > 3), then it is known [119] that
I(G,z) # I(H,x) for all G,H € T" with G % H. In other words, every graph in I'
has a unique independence polynomial within these two families. This motivates the

following question, for the family of circulant graphs.

Problem 2.48 Let G and H be circulants. If I(G,x) = I(H,x), then must this
imply that G ~ H?

We prove that the answer is no. The following is a simple counterexample.

Proposition 2.49 Let G = Cs 104y and H = Cs134y. Then, I(G,z) = I(H,x)
but G # H.

Proof: Tt is easily checked that I(G,z) = I(H,z) = 1+ 8z + 8z*. To prove that
G # H, it suffices to show that G % H. But this is clear, since G = Cg 3y is

isomorphic to Cy, and H = (s {2y is isomorphic to two disjoint copies of Cy. |

To give another example, G = Ci3124y and H = (3134 are graphs with
I(G,z) = I[(H,z) = 1+ 13z + 392% + 262> but G % H. The non-isomorphism of G
and H is verified by noting that the 5-wheel W5 is an induced subgraph of GG, but not
of H.

Proposition 2.49 can also be proved by comparing the sets of eigenvalues of G' and
H, and showing that they are different. To compute the eigenvalues of a graph, we
find its adjacency matrix A, and then the eigenvalues correspond to all scalars A such
that Ax = Az for some non-zero vector x.

In a circulant G' = C), g, each row of the adjacency matrix A is a cyclic permutation
of every other row. Let a = [ag, a1, ..., a,—1] be the first row of A, where a; = a,,—; = 1

iff i € S. Several papers and books have been written on circulant matrices and their
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properties [12, 46, 56, 115, 156]. In all of these works, the eigenvalues of these matrices

are studied. Here is the formula for the set of eigenvalues of (), s.

Theorem 2.50 ([46]) If n is odd, the eigenvalues of G are

(n—-1)/2 (n—1)/2 2k _
Ao = ; 2a, A=Ay = Z 2ay, cos (T) for 1 <j<—.

If n is even, then for all1 < j < %,

n/2—1 n/2—1

27k
Ao = Gpjo + Z 2a,  Aj = Ap—j = apjpcos(ym) + Z 2ay, oS (%) )

k=1 k=1

From Theorem 2.50, we can manually verify that the set of eigenvalues of G =
Cs (1,243 is different from those of H = Cg ¢4 343. Hence, we must have G % H.

Therefore, we conclude that there are pairs of non-isomorphic circulants that have
the same independence polynomial. There are several techniques to verify that two
circulants are (not) isomorphic. For example, the techniques discussed in Propo-
sition 2.49 and Theorem 2.50 are straightforward, but tedious. Is there a simpler
method to determine whether two circulants C), ¢ and C), 7 are isomorphic?

In Lemma 2.24, we gave a sufficient condition for isomorphism. In [1], Addm
conjectured that this multiplier condition is also necessary. This was later disproved
[65]. To give one counterexample, Cig (1,271 =~ Cig 12,35}, yet there is no r for which
{2,3,5} = {r,2r,7r} (mod 16). It is known that the conjecture is false if n is divisible
by 8 or is the square of an odd prime [140]. However, Adém’s conjecture is true

whenever n is square-free, i.e., there is no integer d > 1 with d?|n.

Theorem 2.51 ([140]) If n is square-free, then C,, g ~ C,, 1 iff there exists an inte-
ger r with ged(r,n) =1 such that T =rS.

By Theorem 2.51, we immediately have another proof that Ci3 11,241 % Ci3{1,3.4}-
A complete solution to the isomorphism problem for circulant graphs was recently
given by Muzychuk [141]. The results are developed in the context of Schur rings,
and an efficient algorithm is given for recognizing isomorphism between two circulant

graphs.
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In this section, we proved that a circulant graph is independence unique iff it
is the disjoint union of isomorphic complete graphs. The problem of classifying all

independence unique graphs GG remains open.



Chapter 3

Analysis of a Recursive Family of Circulant Graphs

Due to the structure and symmetry of a circulant graph, one might expect that
there is a simple algorithm to compute «(G) when G is restricted to circulants.
But as we discussed earlier, determining the independence number of an arbitrary
circulant is N P-hard. Moreover, it is shown in [46] that it is N P-hard even to get a
good approximation for a(G). A formula for a(C,, g) is known only for a handful of
generating sets. We gave several examples in Chapter 2, where we directly computed
a(Cy,s) from a formula for I(C), g, ). But even for these “simple” cases, determining
a formula for I(G, z) is an extremely complicated task.

While it may be computationally intractable to determine I(C,, g, x) for an ar-
bitrary generating set S, we may be able to determine families of sets S for which
a(Ch.s) = deg(I(Cy.s,x)) can be calculated without determining its independence
polynomial. In this section, we will determine an infinite family of generating sets
S for which this is the case. Our formula for a(C, ) will be a simple recurrence
relation, from which the independence number can easily be computed.

This infinite class of circulants will feature prominently in four important and
varied applications: a new classification of star extremal graphs; a generalization of
known results on the chromatic number of integer distance graphs; an explicit formula
for the generalized fractional Ramsey number; and the optimal Nordhaus-Gaddum
inequalities for the fractional chromatic and circular chromatic numbers. In each of

these four applications, using the formula for a(C,, 5) will be the key step.

3.1 Calculating the Independence Number «o(C), s)
Let S € {1,2,...,[5]} be the generating set for some circulant G = C,, 5. Define

+S (modn)={xr€Z: x€Sorn—uzeS}

63
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For each k-tuple of integers (aq,as,...,a;) with each a; > 3, we construct the

graphs G;(ay,as, ..., ay) as follows.

Definition 3.1 Let k > 1 and let (ay,as,...,ax) be a k-tuple of integers with each
a; Z 3.
Define ng =1, and n; = a;n;_1 — 1, for 1 <1 < k. Then for each 1 < j <1<k,

set

:l:Sj,i—l (I'IlOd ni_l) fO’F all 1 Sj <1

Sji =

{2 S = Ui fori =i
j=1

Then Gj(a1,azy...,aK) 1= Chy,s,. » the circulant graph on ny wvertices with

\

generating set Sj .

For notational convenience, we will now abbreviate Gj(al,a2,...,ak) as Gjp,
where the a;’s are assumed to be fixed integers with each a; > 3. To illustrate
our construction, let (a,as,a3) = (5,6,8). Then, we get (nq,n2,n3) = (4,23,183).
We have

S o= {1,2}

Sy = {1,2,3}

Sps = {4,5,6,...,11}
Sis = {1,2,3,20,21,22}
Sos = {4,5,...,19}
Sss = {23,24,...,91}.

Therefore, we have G1,3 = 01837{1,2,3,20,21,22}, G2,3 = 0183,{4,5,...,19}, and G3,3 =
Ci83,{23,24,....01} for the ordered triplet (a1, a2, a3) = (5,6,8).

Note that in our example, the Sj;’s form a partition of {1,2,..., %]} for k& = 3.
We prove that this is always the case, for any fixed k. This will show that the G ;’s

form an edge partition of K, , i.e., the G, ;’s induce a k-edge colouring of K, .
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Lemma 3.2 The S;;’s form a partition of {1,2,...,["]}. In other words, given
any 1 <o < [% ], there is a unique index 1 < j <k such that x € Sjy.

Proof: We proceed by induction on k. The result is trivial for £ = 1, so assume k£ > 2.

Suppose that the S;_1’s form a partition of {1,2,..., [*5=]}, where 1 < j <k — 1.

By definition, S;; = £5;,-1 (mod ni_1). Therefore, every element in the set
{1,2,...,n4_1 — 1} will appear in exactly one S, for some 1 < j < k — 1. Clearly
no other elements will appear. By definition, it follows that Sy = {ng_1, k-1 +
1,..., %]} Hence, the S;;’s form a partition of {1,2,...,[% |}, which completes
the proof. |}

Definition 3.3 For any generating set S = {s1,82,...,8} with 1 < s1 <89 < ... <
st < | 5], the end sum is Q(S) = min(S) + max(S) = s, + s;.

Definition 3.4 A generating set S = {s1,a,...,8;} is reversible if s; + s;41_; =
Q(S) foralll <i<t.

In our example, S; 3 and Sy 3 are both reversible sets with end sum ny = 23. The
following results are all straightforward to prove; we will constantly refer to them

throughout this chapter.

Proposition 3.5 For any k-tuple of positive integers (ay, as, ..., ax) with each a; >

3, the S;i’s satisfy the following conditions:
(a) Sjk=Sjr—1U{nk—1 —x: z€8Sj,1}, foralll <j<k.
(b) Sji—1 CSj; foreach1 < j<i<k.
(c) 0 <myp_y —1 <[5, with equality iff k = 1.
(d) Skr={np—1, e +1,..., 5]}
(e) Sk—1x = {ng—o,mp—a+1,... ;g1 — Ng_2}.

(f) For every 1 < j < k, the connection set S,y is reversible. Furthermore, if

1 S] S k— 1, then Q(Sj’k) = Np—1-
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(9) Foralll <j<k—1, max(S;;) <mng_q — 1.

Proof: By definition, S, = £S5 ,-1 (mod ng_1). Soeachy € S; satisfies y € Sj 51
or ng_1 —y € Sj—1. Therefore, S;, = S;r_1U{nk—1 —2: =z € S;,_1}. This proves
part (a).

By the same argument as part (a), S;; = Sji—1 U{ni-1—z: x € S5;,.1}, for each
1<j<i<k Thus, Sj;_1 C S, proving part (b).

We note that part (c) is trivial for £ = 1, since ng = 1 and ny = a3 — 1 > 2.

If k > 2, then g1 = ap_1np—o — 1 > a1y — 1 > 1. Finally, |5 = L%*l_lj >
ApNk—1

5— — 1 >mny_1 — 1, since each a; > 3. This proves part (c).

Part (d) was established in the proof of Lemma 3.2. From part (d), Sg_1 -1 =
{nk—27 Ng—o + 17 R LnkgilJ} By part (3)7

Sk—1k = Sk—1,k-1 U{nk—l — 2 T € Sp_1p—1}) = {Nk—2, 2+ 1,. .., N1 — N2},

which proves part (e).

Now we prove part (f). Fix 1 < j <k —1. Let S;jx—1 = {s1,52,...,5:}. Then,
Sik = £Sjp—1 (mod ng_1) = {81, 52,...,5¢ 841, St42, - - -, Sat }, where s; + 59441 =

ng—1 for all 1 <14 < 2¢. To confirm that S is reversible, we must verify that these

Nk—1
2

elements appear in non-decreasing order. Since s; = max(S;;_1) < |“5=], we have
s¢ < 8441, which implies that S is non-decreasing. It follows that S is reversible,
with Q(S; ) = ng—1. Note that if j =k, then Sy = {ng_1,me—1+1,..., %]}, which

is also reversible, but has a different end sum.

Finally, part (g) follows from the observation that min(S;;) = s; > 1, and so by
part (f), maX(Sij) = Sot — Q(S]Jf) — 81 = Nk—1 — 81 S Np—1 — 1. I

Each result in Proposition 3.5 holds for any k-tuple of integers (aq,as,...,ax),
where each a; > 3. Consider the truncation of the k-tuple to the first m < k ele-
ments, i.e., the m-tuple (aq,aq,...,a,). By the same argument, each of the results
in Proposition 3.5 hold for this m-tuple, which we derive by simply replacing k£ by m.
For example, S, = Sjm-1 U{nm-1—2: 2 € S5;m_1}. Werefer to this as the Trun-
cation Principle. Although it will not be explicitly stated, the Truncation Principle
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will be applied repeatedly throughout this chapter, especially in our analysis of star

extremal graphs in Section 3.2.

Definition 3.6 We say that an interval of a generating set S;i is a mazimum

sequence of consecutive terms.

For example, S 3 = {1, 2,3, 20, 21, 22} consists of two intervals of length 3, namely
the intervals {1,2,3} and {20,21,22}. For any integer k > 1, the generating set

Skk = {nk—1,mp—1 +1,..., 5]} consists of one interval of length || —ng_y + 1.
Lemma 3.7 Let1 < j <k—1. Then S, consists of 2°77=1 intervals of equal length.

Proof: ~ We proceed by induction on k. The base case k = 2 is trivial, as S12 =
{1,2,...,n; — 1}. Let k > 3 and suppose the lemma is true for £ — 1. Then, for
all 1 < j < k —2, the set S;;_1 consists of 2F=7=2 intervals of equal length. As
noted earlier in the proof of Proposition 3.5 (f), if S;x—1 = {s1,52,...,s:}, then
Sik = {51,582, ..., St, St41, St42, - - ., S} where s; + sp11_; = ny—q for all 1 <7 < 2¢.
Each half of S;; (namely the first ¢ elements and the last ¢ elements) consists of
exactly 2¥=7=2 intervals of equal length, by the induction hypothesis. Now we show
that no elements overlap, and that these intervals are disjoint. By Proposition 3.5

(g), max(Sj_1) = st < ng_o — 1, and so

Str1— 8t = (k-1 — 8t) — 8¢
= Ng_1— 28
> N1 — 2(ng2 — 1)

(ag—1ng—g — 1) — 2np_o + 2
= (ap—1 —2)ng—2 +1
> 1.
It follows that all of these intervals are disjoint. Thus, S, consists of 2¢=J~1
intervals of equal length, completing the induction. Finally, if j = k£ — 1, then we

need to show that Si_; j consists of just 2k=i=1 = 1 interval. This follows as Sk—1k =

{ng_o,nr_o+1,...,nk_1 — ng_o}, by Proposition 3.5 (e). |

Now we state the main theorem of this section.



Theorem 3.8 Let ay,as,...,ar be integers such that 3 < a; < ay < ... < a9 <

ap—1 < ap+ 1. Then,

apo(Gip—1) —1 for1<j<k-—1
a(Gjr) = ,
Ng_1 forj =k

This theorem gives us a formula for each a(G;y), for any k-tuple (ay,as, ..., a;)
satisfying the given conditions. This powerful theorem gives us a simple recurrence
relation to compute exact values of o(G) for an infinite family of circulant graphs,
rather than just upper and lower bounds. Past papers [30, 46, 48, 78, 99, 121, 123]
have established many bounds on «a(G) for various families of circulants, but only a
few formulas for o(G) have been found. In all of these known examples, the generating
set S has either consisted of at most two intervals of equal length, or has been a set
of at most 4 singleton elements (e.g. S = {z,y,z + y,x — y} for some = > y). By
Lemma 3.7, this theorem will give us the exact value of a(G) for families of circulants
with 2% intervals, for any integer k& > 1. Therefore, Theorem 3.8 extends much of
what is currently known about the values of a(C), s).

Theorem 3.8 gives us a simple polynomial time recurrence to determine a(G)
for any graph in this infinite family. To illustrate, we compute the independence
number for the graph G' = C'ig3{1,2,3.2021,221- Recall that this graph is G 3, where
(a1, as,a3) = (5,6,8).

a(Cigz 1232021.221) = 8a(Cazizy) — 1
= 8(6a(Cypz)—1)—1
— 8(6-1-1)—1
= 39.

In fact, we can find an explicit formula for o(G; ;) from Theorem 3.8.

Corollary 3.9 For each1 < j <k,

Oé(Gng) =nNj-1 H ap — Z (Hap> — 1.

p=j+1 i=j+2 \p=i
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Proof:  Fix ay,as,...,a, and let g(k) equal the right side of the above identity.
Then g(k) = arg(k—1) — 1. Also, a(G; ) = ara(Gj,—1) — 1. The desired result then

follows by a simple induction argument. |

Now we prove Theorem 3.8. First, we prove the j = k case directly. Then we

establish the 1 < j < k — 1 case by proving the upper bound, then the lower bound.
Proposition 3.10 Let k > 1. Then, a(Ggr) = ng_1.

Proof: By Proposition 3.5 (d), Skx = {nmr—1,m—1 +1,...,[%]}. The set I =
{0,1,2,...,ng_y — 1} is independent in Gy, which shows that o(Gyx) > |I| = ng_1.
But if I is an independent set with |I| > nj_;, then there must be two elements with

a circular distance of at least nj,_1, which is a contradiction. |

Now we prove that a(G; ;) < apa(G k1) — 1, for each 1 < j < k — 1. The result

will follow immediately from two lemmas. The first lemma is a result of Collins [48].

Lemma 3.11 ([48]) Let G = C,, 5. Let Gg be the subgraph of G induced by taking

any set of Q(S) consecutive vertices in G. Then, % < Ojgj).

Lemma 3.12 Let 1 < j < k —1 be fized. Let H be the subgraph of G induced by

taking any set of Q(S; k) consecutive vertices in Gjy. Then, H ~ G, ;1.

Proof: By Proposition 3.5 (f), S is reversible with Q(S;;) = nx_;. Since G;;
is a circulant, all induced subgraphs of G;; with n;_; consecutive vertices will be
isomorphic. So without loss, we can take H to be the subgraph of G induced by
the vertices 0,1,2,...,n5_1 — 1. To show H ~ G, x_1, we prove that wv € E(H) iff
wv € E(Gji-1). The latter is equivalent to the condition |u — v|,,_, € S;k-1.

Let 0 <u <wv<mng1—1 Since ny = agng_1 —1 > 2(ng_1 — 1), uv € E(H) iff
|u—vl,, =v—u € S,k By Proposition 3.5 (a), S;x = Sjk—1 U{nk—1—x: = € S},
and so v —u € S; iff v—u € S5y or nj_y — (v —u) € Sj)_1. In other words,
w € E(H) iff |[u—wvl|,,_, € Sjk—1. This proves that H ~ G;j;_1, and our proof is
complete. |

Proposition 3.13 For each 1 < j <k —1, we have a(Gj ) < aro(Gji-1) — 1.
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Proof:  From Lemmas 3.11 and 3.12, &kl < al@ie-1) = gjpee |Gjx] = ng and
‘G],k| |Gj,k71| Js

|G k—1| = ng—1, we have

Ny QpMNje—1 — 1

a(Gjp-1) = —————a(Gjp-1) < ak(Gjp-1)-

NE—1 NEk—1

a(Gjp) <

Since a(Gjr) < apa(Gjr—1), this implies that a(G,x) < ara(Gjr-1) — 1, as

required.  |j

Now we prove that a(G,x) > ara(Gjr—1) — 1, foreach 1 < j < k— 1. We will

require two lemmas. Once again, the first lemma is a result of Collins [48].

Lemma 3.14 ([48]) Let H, = C, s have a reversible generating set S, and suppose
n > Q(S) + max(S). For k > 2, define Hy, to be the circulant with n + (k — 1)Q(S)
vertices and generating set S. Let Hg be the subgraph induced by taking any set of
Q(S) wertices from Hy. Then, a(Hy) > a(Hy) + (k — 1)a(Hg) for all k > 1.

In the actual lemma found in [48], the given condition is n > Q(S) + max(S).
However, Lemma 3.14 is also correct when n = Q(S) + max(S), as the proof just
requires that there is no element z € S such that 0 < n —x < Q(S) — 1. And if
n = Q(S) +max(S), then n —z > n —max(S) = Q(S). Thus, Lemma 3.14 also holds

in this special case, and so we include this in the statement of the lemma.

Lemma 3.15 Leti € S;;, where 1 < j<k—2. Theni=x ori=mnp_1 —Ng_2+ 2

for some x € Sjp_1.

Proof: By Proposition 3.5 (f), Sj_1 is a reversible set with Q(S; ;1) = ng_o. Let
Sjk—1 =181, 52,...,5}. Then the reversibility of S;j_; implies that s;_,4+1 = ng_2—s,
forany 1 < ¢ <t.

Since S;x = £Sjx-1 (mod ng_y), we have S, = {s1,52,...,5¢, St41,---, 52},
which is also reversible. Therefore, for any 1 < ¢ <t, we have s;1; = ng_1 — St_g41 =
Ng—1 — (Nk—2 — S4), and SO S¢yq = Ng—1 — Ng—2 + Sq.

Let x € Sj)—1 = {s1,52,...,5}. By our analysis, we conclude that i = z or

it =Nk_1 — Ng_o + x for some x € S ;_1. |
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Lemma 3.16 Let k > 3, and fir 1 < j < k—2. Define H = Co,_,(nj_,—ny_s),5;,, and
H =C, Then, a(H) > ax_1a(H').

Ng—1—Nk—2,5j k—1"

Proof:  Let a(H') =t, and let I' = {v1,vs,...,v;} be a maximum independent set
of H'. We will prove that a(H) > tay_;.

Since I' is independent, for any v,, vy € I, we have |v, — vy|jv a7y € Sjr—1, which
implies that v, — vy # £r' (mod ng_y —ng_2), for all ¥’ € S; ;_4. This holds because
\V(H")| = ng-1 — ng_a.

By Lemma 3.15, every r € S, satisfies r = ' (mod ng_y — ny_2), for some
r e Sjr_1.

Let us construct an independent set of H with ta,_; vertices. Define
I'={p(nk—1—np—2) +v,: 0<p<au_—1 1<q<t}

We show that [ is independent, which will prove that «(H) > |I| = tay_;. Let
z,y € I. Then | — y|jv) = 2(Nk—1 — Ni—2) + (v4 — vp), for some integer z and
Vg, vp € I'. Since |V(H)| = ag—a(ng—1 — ng—2), it follows that |z — y|jvm) = ve — s
(mod ng—1 — ng—2). From above, this implies that |z — y|jv ) Z £’ (mod ny—y —
ng—2), for any r’ € S; ;1. But we just showed that every element in S, is congruent
modulo ny_; — ng_s to some " € S; ;. Therefore, | — y|jvm) ¢ Sjk, i€, x,y € I

implies that zy ¢ F(H). Thus, I is independent, and our proof is complete. [

To illustrate Lemma 3.16, let us use our earlier example of (a1, as, az) = (5,6,8).
For this ordered triplet, we have ny; = 4, ny = 23, and n3 = 183. This lemma states
that a(Chia,f1,2,3,20,21,22)) = 6a(Cho (1,231). We have o(Cig 11,23)) = 4, and a maximal
independent set is {0,4, 8,12}. By our lemma, the set I = {19p+4¢:0<p <5,0<
q < 3} is an independent set in Chi4,41,2,3,20,21,20) With 24 vertices.

Now we are ready to prove the upper bound.

Proposition 3.17 Let ay,as,...,a; be integers such that 3 < a; < ay < ... <
ap—2 < ap—1 < ax+ 1. Then, a(Gjr) > ara(Gjp—1) — 1, for each 1 < j <k —1.

Proof:  First, we prove that the result is true for j = k — 1. By Proposition 3.5 (e),

Sk—1k = {Mk—2,Mh—2+1,...,np_1 — ngp_2}. Now define

I={png—1+q: 0<p<ap—1, 0<qg<npo—1}
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Then, it is straightforward to check that I —{0} is an independent set of S;_1 x, which
proves that a(Gr_1%) > |I|—1 = agng_2—1 = ara(Gi_1,-1)—1, by Proposition 3.10.

Now let 1 < j < k — 2. We proceed by induction on k. There is nothing to prove
for the case k = 2, so let £ > 3, and suppose that the statement is true for all indices
less than k.

By definition, ny = agng_1 — 1 and ng_1 = ap_1ni_2 — 1. Hence,

NEg = QpNg—1 + Ng—1 — Qp—1Mk—2
= ap—1(Np—1 — Ni—2) + (g — ap—1 + 1)ng—y

= ap_1(ng—1 — ng—2) + (ar — ar—1 + 1)Q(S; k).

For each k > 1, define Hj, to be the circulant on ay_1(ng_1 — ng_2) + (k — 1)ng_4
vertices, with generating set S; ;. We wish to apply Lemma 3.14. Before we apply
the lemma, we must check that the required conditions are satisfied. We require
(ap — ag—1 + 1) > 0 and ap—1(ng—1 — nk—2) > Q(S;x) + max(S;x). The former is
satisfied because of the given inequality a1 < as < ... < ap_9 < ap_1 < ap+ 1. Now

we verify the latter inequality. Since a;_; > 3, we have

(ag—1 —3)ng—1 > 0
= ap_1Mp—1 — (Np—1 +1) > 2nyq —1
= Qp_1Mh—1 — Qp—1Np—2 > Nj—1 + (Ng—1 — 1)
= ap_1(ng—1 — nk—2) > QSjx) + (ng—1 — 1)
= ag_1(ng—1 — nk—2) > $(S;x) + max(S;x), by Proposition 3.5 (g).

Therefore, the conditions of the lemma are indeed met. By Lemma 3.14 and

Lemma 3.12, we have
a(Gj,k> = a(an,Sj,k) > Oé(Cakfl("kfl_nkfﬂvsj,k) + (ak — Qg1+ 1)O‘(Gj7k—1)'

We claim that o(Cp,_ | —n,_s.5,,.,) = @(Gjx-1) — a(Gjxr—2). By the induction
hypothesis, Proposition 3.17 holds for all (k — 1)-tuples of integers (by,bs, ..., bx_1)
for which 3 < by < by < ... < bp_o < by_1 + 1. Therefore, by the given condi-
tion 3 < a1 < ay < ... < ag_o < ag_1, the corollary holds for both the k-tuples

(ay,ag,...,ak—2,ar—1) and (ay,ag, ..., ax_9,ax_1 — 1).
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This translates to the following inequalities, by the induction hypothesis:

(Copymys=1,8;0-1) = U(Gjp-1) = ar—10(Gjp—2) — 1.

a(C(ak—l_l)nk72_1ij,k71) = a(cnk—l_"k—%sj,k—l) = (ak—l - 1)a(Gj7k—2) — L

V

But by Proposition 3.13, equality is reached in both cases. Note that in the

second case, equality follows by replacing ax_1 by ax_1 — 1 in the statement of Propo-

sition 3.13.

Subtracting one identity from the other, we have a(Gj 1) —a(Ch,_, —n;_s.5,,_1) =

(G k—2), which is equivalent to a(Cp, | —n;_5.5,,_1) = A(Gjr-1) — a(Gjr_2).

Therefore, by Lemma 3.16,

a(Gjix)

v v

>

A(Cay_ (1 —mp_2),5,5) T (ax — ar—1 + 1)a(Gjx-1)
ar-10(Cry_y—my_,8,51) + (ar — ap—1 + 1)(Gjp-1)
ap—1(a(Gjn-1) — A(Gjr-2)) + (ax — ar—1 + 1)a(Gjp-1)
apo(Gip-1) + a(Gj-1) — ap—10(Gjp—2)

apo(Gjk—1) — 1, by the induction hypothesis.

This completes the proof. |

Now Theorem 3.8 follows immediately from Propositions 3.10, 3.13, and 3.17.

3.2 Application 1: Star Extremal Graphs

A graph G is star extremal if its fractional chromatic number equals its circular

chromatic number. Let us now define these two graph invariants. First, we provide a

brief introduction to fractional graph theory.

For invariants such as w(G) and x(G), we may define a corresponding fractional

invariant [158], where we no longer require our solution to consist of whole pieces. For

example, in the case of the fractional chromatic number, denoted by x ¢(G), we will

require that each vertex get a total of one colour, allowing cases such as a vertex being

coloured % red, % blue, and % white. We will still require that no two adjacent vertices

share any amount of the same colour, i.e., we want a proper fractional colouring. If no
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vertex gets assigned a red part of more than %, then this colour contributes % to the
“total” number of colours used. The fractional chromatic number x ;(G) is defined to
be the smallest number of “total” colours used in a proper fractional colouring of G.

For example, it can be shown that x((C5) = g Figure 3.1 illustrates a proper
fractional g-colouring of (5. Our colours are denoted by the letters A, B, C, D, E.

By definition, x/(G) < x(G).

(%) &
(8) O &® (89

(W——) Ele——g

Figure 3.1: A 3-colouring of C'5 and a fractional g—colouring of Cs.

The chromatic number x(G) can be alternatively defined as the smallest cardinal-
ity of a vertex cover of G by independent sets. For example, in the above 3-colouring
of (5, the vertices that are assigned to each colour form an independent set. Since
three independent sets are required to cover all of the vertices, x(C5) = 3. In this
context, we can define x(G) using concepts from linear programming. This, in turn,
motivates the definition for x;(G).

Let M denote the vertex-independent set incidence matrix of G. The rows of
M are indexed by the vertices {v1,v,...,v,}, and the columns are indexed by the
independent subsets of the vertices, {I, I5,..., L,,}. The (i,7) entry of M is 1 when

v; € I, and is 0 otherwise.

Definition 3.18 ([158]) The chromatic number x(G) = min 1Tz, where Mz > 1,
x>0, and x € Z™. (Here, 1 denotes the m by 1 vector of all 1’s).
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The fractional chromatic number x(G) is the relazation of the integer pro-
gram into a linear program:

xf(G) = min 1%z, where Mx > 1, z >0, and x € R™.

A comprehensive reference on fractional graph theory is found in [158]. Using
the idea of relaxing integer programs of graph invariants to the linear case, they
similarly define invariants such as the fractional matching number, the fractional
edge colouring number, and the fractional arboricity number. It is shown that these
invariants always take on rational (or fractional) values, hence the name. The topic
of fractional graph theory makes important connections between graph theory and

combinatorial optimization. Now we define the circular chromatic number x.(G).

Definition 3.19 ([169]) Let k and d be positive integers such that k > 2d. A (k, d)-
colouring of a graph G = (V, E) is a mapping C - V — {0,1, ..., k—1} such that the
circular distance |C(z) — C(y)|x > d for any xy € E(G). Then, the circular chro-

matic number x.(G) is the infimum ofs for which there exists a (k,d)-colouring of

G.

For any non-trivial graph, x(G) is just the smallest k for which there exists a (k, 1)-
colouring of G. So x.(G) is a generalization of x(G). The circular chromatic number
is sometimes referred to as the star chromatic number [169, 181]. The following

theorems are known.
Theorem 3.20 ([169]) For any graph G, x(G) = [x.(G)].

Theorem 3.21 ([102]) For any circulant graph G, x;(G) = % More generally,

this identity holds for every vertex transitive graph G.
Theorem 3.22 ([121]) x;(G) and x.(G) are rational numbers satisfying
mx {6, 2} < 04(6) < (6 < x(C)

Since x¢(G) < x.(G) for all G, a natural question is to investigate when these two

invariants are equal. This motivates the definition of star extremality.
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Definition 3.23 ([78]) A graph G is star extremal if x;(G) = x.(G).

The notion of star extremality in graphs is first introduced in the study of the
chromatic number and the circular chromatic number of the lexicographic product
of graphs [78]. In all of the examples that follow, knowing that a graph is star
extremal enables us to quickly determine the circular chromatic number x.(G), which
is equal to the fractional chromatic number x;(G). By Lemma 3.20, this immediately
gives us the chromatic number y(G). For many graphs, it is extremely difficult to
compute x(G). However, in some cases, the value of x(G) is known, or can be
quickly computed. Thus, proving the star extremality of G enables us to determine
X(G).

Therefore, star extremal graphs are highly useful and important as it provides a
powerful technique to compute x(G). In all of the papers on star extremal graphs,
the focus has been to characterize families of star extremal circulant graphs.

While several papers [30, 99, 111, 121, 123, 124, 125, 177, 178] have been written
on this topic, only a few examples of star extremal circulants are known. Gao and
Zhu [78] prove that C, (12, 4} is star extremal for any n > 2d. This is generalized
by Lih et. al., who show in [121] that C), {a,.q+1,..5} is star extremal for any ordered
triplet (n,a,b) satisfying n > 2b and b > 54—“. Other families of star extremal graphs
are given in [123], where S is of the form {1,2,...,m—1,k, k+1,...,k+m—2} and
{k,k+1,.. . ki, ko, ke +1,...,[5]}. In each of the known families of star extremal
graphs, the generating set consists of at most two intervals. Even for these relatively
simple cases, it is extremely technical to prove that these circulant graphs are star
extremal, as the proof requires a great deal of case work. In this section, we will prove
the star extremality of an infinite family of circulant graphs, where these circulants
have 2% intervals of arbitrary length, for any k& > 0. The main theorem presented in
this section will greatly extend (or generalize) many of the currently known results.

Before we proceed further, let us mention that there are infinitely many circulant
graphs G that are not star extremal. The construction [181] is as follows: take any
circulant H with x;(H) # x(H) (e.g. an odd cycle). Then let G be the disjoint
union of k copies of H, for some k > 2. Then, G is a circulant, which implies that

G is a circulant. Zhu [181] proves that for this G, xf(G) < x.(G). Therefore, we



77

know that infinitely many non star extremal graphs exist. To give one example of this
construction, G = Cig 1,345 is not star extremal. For this graph, we have x;(G) =5
and x.(G) = 6.

Given G' = C,, g, and a positive integer ¢, let
M (G) = min{|ti|, : i € S},
where the product ti is reduced modulo n. Then define
AMG) =max{\(G) : t =1,2,3,...,n}.

Unlike «(G), we note that A\(G) can be determined in polynomial-time for any
G=0Cps.

The following lemma provides a sufficient condition for a graph to be star extremal.

Lemma 3.24 ([78]) Let G = C, 5. Then, \(G) < a(G). Furthermore, if N(G) =

a(G), then x;(G) = Xx(G) = zg, i-¢., G is star extremal.

In any graph G satisfying A\(G) = «(G), the value of x(G) can be calculated by
Theorem 3.20, namely x(G) = (ﬁ}

Lemma 3.24 is the main technique used to verify that a circulant G = C,, g is
star extremal, and every paper on star extremal graphs has relied on this lemma.
But as we noted earlier, it is NP-hard to compute «(G) explicitly [46], even when
G is restricted to circulants. That is why so few star extremal graphs are known.
However, by Theorem 3.8, we know the exact value of a(G) for an infinite family of
circulants G, with 2% intervals (for any k& > 0). Thus, it is a natural question to
consider the star extremality of these graphs. If we can calculate a formula for A\(G)
for each G = G}, in our infinite family, we can compare it to a(G) and check if these
values are equal.

In this section, we just restrict our analysis to the family of circulants G ;, where
3<a; <ag <...<ak1 < a, We make this restriction as the condition a;_; =
ar + 1 was just a special case we introduced to prove Theorem 3.8.

Using Lemma 3.24, we will prove the following theorem, which proves the surpris-

ing result that every graph in our infinite family is star extremal. This is the main
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result in this section of the thesis, and we will devote the next 30 pages to formally

justify this theorem.

Theorem 3.25 Let k > 2 be an integer, and let (ay,as, ..., ax) be a k-tuple of inte-
gers satisfying the inequality

3<a;<ay <...<ap1 < ay.

Consider the circulant G = Gj(ay,aa, ..., ax), as introduced in Definition 3.1.

Then G, is star extremal for all j satisfying 1 < j < k.

Let (ay,as,...,a;) be a k-tuple satisfying 3 < a; < ay < ... < ap_1 < ag.
For notational convenience, we now refer to all such k-tuples as satisfying the non-
decreasing condition. Note that in all these k-tuples, we require a; > 3.

Theorem 3.25 encompasses many of the known families of star extremal graphs
that were highlighted earlier. For example, Gy_1 is a one-interval set of the form
{a,a +1,...,b}, and G, 3 is a two-interval set of the form {1,2,...,a —1,b,b +
1,...,b4+a—2}. For many of the known examples of circulant star extremal graphs,
we can determine the k-tuple (ap,as,...,ax) corresponding to that graph. And as
we noted earlier, our construction for S;; (see Definition 3.1) generates infinitely
many examples of circulant graphs with 2* intervals, for any k& > 0. Therefore,
Theorem 3.25 represents a completely new classification of star extremal circulants,
significantly extending currently known results.

In the following definition, we introduce the ordered pair i (pim,Gim), for each
j+1<m<kandie€lS,, Wewill repeatedly use this definition in our inductive
proof that S; is star extremal, for each 1 < j < k — 1. (Note: the j = k case is

trivial, and will be handled as a separate case).

Definition 3.26 Let (aq,as,...,ax) be a k-tuple satisfying the non-decreasing condi-
tion, and fir 1 < j < k—1. Consider the generating set S, ,,, for each j+1 <m < k.
Define t; = 1 and t,, = aj11@42° - am for each j+1 < m < k. For each m
satisfying j+1 < m < k, define for eachi € S, the ordered pair (Pi,ms» Qi;m), where

(Pims Qi.m) 1 the unique pair of integers satisfying

bt = DimNm + Qi,m
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and

n

Mm

By definition, |¢; m| = |tmil|n,, for all i € S;,.

Let us illustrate this definition with a specific example.

Consider the ordered triplet (ai,as,a3) = (5,6,8), and fix j = 1. As described
previously, ng = 1, ny = 4, ny = 23, and ng = 183, from which we derive S, =
{1,2,3}, and S15 = {1,2,3,20,21,22}. By definition, ¢, = 1, { = ay = 6, and
ts = asas = 48.

We calculate (pim, Gim) for m = 2 and m = 3. For m = 2, each i € S} satisfies

6t = 23p; 2 + qi2, and for m = 3, each i € Sy 3 satisfies 48 = 183p; 3 + ¢; 3. We have

6-1 = 0-23+6
6-2 = 1-23-11
6-3 = 1-23-5

48-1 = 0-183+48
48-2 = 1-183—-87
48-3 = 1-183-39

48-20 = 5-183+45
48-21 = 6-183—-90
4822 = 6-183 —42

We derive the following ordered pairs, from the condition that —= < g; ,,, < 722

(p1,2> Q1,2) = (07 6)
(p2,2> Q2,2) = (17 —11)
(p3,2> Q3,2) = (17 —5)
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(P13, q13) = (0,48)

(P23, q23) = (1,-87)

(p33,q33) = (1,—39)
(P203,q203) = (5,45)
(p213,9213) = (6,—90)
(p22,3, q22,3) = (6,—42)

By definition, A\;,, (G;.,) = min{|¢;m| : ¢ € S;n}. In the above example, we have
A6(G12) = min{6,11,5} =5 and A\5(G13) = min{48, 87,39, 45,90, 42} = 39.

By Theorem 3.8, a(Gi3) = 6-1—1 =5 and a(Gy3) = 8-5—1 = 39. By
Lemma 3.24, both of these circulants are star extremal since 5 = A\¢(G12) < A(G12) <
a(Gr2) =5 and 39 = \s(G13) < MG13) < a(Gi3) = 39.

We will prove that A, (Gjx) = a(Gjk) for each 1 < j < k — 1, and prove that
M(Gri) = a(Grr). By Lemma 3.24, this will establish that every G, is star ex-

tremal.

To prove Theorem 3.25, we will require several technical lemmas. The first result
just highlights some trivial inequalities, and reiterates the definitions of some key

variables that will be applied repeatedly in the following proofs.

Proposition 3.27 Let (a1, as,...,a;) be a k-tuple of integers satisfying the non-
decreasing condition. Let 1 < j < k—1 be fixed. Then, the following inequalities hold
foreach j+1<m <k.

(a) 3<am_1 < ap.
(b) N = amngm—1 — 1.
(¢) tm = Qmtm_1.

(d) Ny > N1 > 2.
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(6) tym > t—1 > 0.

Proof:  Parts (a), (b), and (c) follow by definition.

Since a,, > 3, we have n,, = annm—1 —1 > ny_1. Also, Ny > nj > g =
a; — 1 > 2. This proves part (d).

Since a,, > 3, we have t,, = aptm—1 > ty—1. Also, t,,—1 > t; = 1. This proves

part (e). |

The following lemma provides a bound on p;,,, which will be essential when

proving our recursive formula for (p;m, gim), for each i € S .

Lemma 3.28 Let (a1, aq,...,ax) be a k-tuple satisfying the non-decreasing condition
and fir 1 < 5 < k—1. Consider the generating set S;,, for each j+1 < m < k.
Let tp,0 = DimMm + Qim, for each i € S; . Then, 0 < pipm < tm_1, for alli € S, .
Furthermore, if g m > 0, then pim < tp-1 — 1.

Proof: By definition, ¢; ., = tmt — pimnm < 7. Since each 7 > 1, we must have
Piim = 0, or else g >ty - 1+ ny, > 722, a contradiction. This establishes the lower
bound. Now suppose that p; ,, > t,,,—1 + 1 for some ¢ € S;,,,. Then

bt = pi,mnm+Qi,m

Z (tm—l + 1)nm + Qi,m
> (tm—l + 1)nm — Tl?m
> tm—lnm

- tm—l(amnm—l - 1)

tmnm—l - tm—l
> tmnm—l - tm

= tm(nm_l — 1)

It follows that ¢ > n,,_1 — 1. However, by Proposition 3.5 (g), i < max(S;,,) <
Nym—1 — 1, which is a contradiction. Hence, 0 < p; ,,, < %,,_1, as required.

Now we prove that p;,, < t,_1 —1 whenever ¢;,,, > 0. Since i < n,,_; — 1, we
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have Qiom = bt — PimMm < tm(nm—l - 1) — PimNm- If Pim = tm—17 then

IN

Qi,m tm(nm—l - 1) - pi,mnm
- tmnm—l - tm - tm—lnm
= amtm—lnm—l - tm - tm—l(amnm—l - 1)

= tm1 —tm <O0.
Thus, if g; » > 0, we must have p; ,, <t,,_1 — 1. |

The next three results are technical algebraic proofs, which we will require to

prove the key lemmas that imply Theorem 3.25.

Lemma 3.29 Let (a1, as,...,ax) be a k-tuple satisfying the non-decreasing condition,
and fix 1 < j < k—1. Consider the generating set Sj,, for each j+1 <m < k. Let
tm® = DimMm + Qim, for each @ € S;,,. Then, for j +2 <m <k, we have

Ny > 2tm—2Qy + 26— + 1.

Proof:  We prove the inequality by induction on m.

The base case m = j+2 is equivalent to n,yo > 2t;a;19+2t;4+1 = 2a,19+3. Since
Njy1 = aj4n;—1 > 3-2—1 =15, we have nj19 = ajonj1—1 > dajo—1 > 2a49+3,
since a;4o > 3. This establishes the base case.

Now suppose the inequality is true for all indices less than m, for some m > j + 3.

By the induction hypothesis, we have

N1 > 2tm—3m—1 + 2t,—3+ 1
AmNn—1 > 20mtm—30m—1 + 20mtm—3 + Qm
A1 > 20mtm—30m—2 + 2Qm—otm—3 + am,
N+ 1 2 2a,th—0+ 2t—o+ an,
Ny > 2amtm—o + 2ty o + (@, — 1)
N > 2t—oQy + 26,0 + 1.

This completes the induction, and so we are done. |
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Lemma 3.30 Let (a1, as,...,ax) be a k-tuple satisfying the non-decreasing condition,
and fir1 < j < k—1. Consider the generating set S;,,, for each j+1 <m < k. Let
tmi = PimMm + Gim, for each i € Sj,,. Then ny, > 2t, 1 +1 for j+1<m < k.

Proof: For j +2 < m < k, the lemma follows as a direct corollary of Lemma 3.29,
since n,, > 2t,_90m + 2tm_o +1 > 2t o0, +0+1 = 2¢,,_1 + 1. It remains
to prove part the lemma for the case m = j + 1. However, this is trivial since

Njy1 = ajn; —1>3-2—-1>3=2¢t;+1. |

Lemma 3.31 Let (a1, as,...,ax) be a k-tuple satisfying the non-decreasing condition.
Then

te(ne—1 — nk—2) = (th—1 — tr—2)nk — tp_alar — ap—1 +1).
Proof:  This proof follows directly from our established identities.

te(ng—1 — ni—2)
= aptp—1(NE—1 — Ng—2)
= lg—10kNg—1 — Qglrp_1Nk—2
= tp_1(nk + 1) — tp_ang + te_ong — agtp_1nk—2
lp—1 — tp—2)Nk + L1 + 2Nk — Qplp—1Mp—2
tee1 — th2)np + theoap1 + tra(apng—1 — 1) — aptp_2ap_1np 2

( )
( )
= (tio1 — th2)np + tpoap_1 +tr_o(arneg_1 — 1) — aptp_a(ng_1 + 1)
(th—1 — th—2)np + tpoap_1 — tp_o — tp_oay

( )

tr—1 — tg—o)ng — tr—o(ax — ag—1 + 1).

This completes the proof. |

By Lemma 3.15, if ¢ € Sj, then either ¢ = x or i = ng_y — np_o + z, for
some x € Sjj_1. In our earlier example with (ay, as,as) = (5,6, 8), we showed that
S12=1{1,2,3} and S; 35 = {1,2,3,20,21,22}. Hence, each i € Sy 3 equals x or 19+ x
for some z € 51 5. Note that ny —n; =23 —4 = 19.

Now we prove that each pair (p;, ¢ ) can be recursively generated from some

previous term (py x—1,¢uk—1), Where i € S;, and x € S; ;1. There are four possible
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representations for (p;, ¢ k), depending on the value of i € S;;. We will define a
term 7, j, which is a particular function of p, ;1 and ¢, ,—1. This term 7, is not to
be confused with a remainder function; it is simply a term we introduce for notational
convenience.

To avoid confusion in the following proof, ¢ will always refer to an element in S,

and z will always refer to an element in .S; ;.

Lemma 3.32 Let (ay,as,...,a;) be a k-tuple satisfying the non-decreasing condition
and fir 1 < 5 < k —2. Consider the generating set S, . Select any i € S;i. Then
I =T 0r%="Ng_1 —Ng_2+ 2, for somex € Sjp_1. Let Ty = Pp—1 + AGzr—1 for
this value of x.

Then, there are four possible representations of (pik, ¢ik) as a function of pyx—_1

and qQe,k—1-
Type I: (pi,k, Qi,k) = (px,k—lﬂ’x,k)
Type II: (pi,k, Qi,k) = (px,k—l +1,rpk — nk)
Type I (pig,Gik) = Pegp—1 + the1 — tp—o, "ok — te—2(ax — ag—1 + 1))
Type IV : (D, Gip) = (Dap—1 + Lot — theo — 1,70 — too(ap — ap—1 + 1) + ny)

Ifi =2 € S;k_1, then we have a Type I or Type II pair. And if i = ng_1 —np_o+2x
for some x € Sjp_1, then we have a Type III or Type IV pair.

Proof:  For each i € S;i, (pik,ix) is the unique ordered pair satisfying t,i =
DikNk + qi i, Where —%k < gy < ”_2k

Also, for each x € S;k—1, (Puk—1,Gzk—1) is the unique ordered pair satisfying

ng Ng—1

— c—1
th—1T = Pz p—1Mk—1 + Qg k-1, Where — 7 <ek-1 < 5

In the following proof, we will find all possible ways that (p; k, ¢; ) can be expressed

recursively as a function of (py x—1, Gz r—1)-
We split our analysis into two cases.
Case 1: i =x, where x € S ;1.

If i =2 € k1, we have ty_1t = ty_1& = Dy r—1Mk—1 + ¢z k-1 for some pair of
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integers (Pyk—1, Gop—1) With —=5+ < g1 < =5+, Multiplying both sides of the

identity by ay, we have

Aptp—1T = Prr—10kNg—1 + QG p—1
tht = prp—1(ne+ 1)+ argy -1
i = Pep—11k + (Pop—1+ Gl p—1)

il = Dek—1Mk + Tk

Since tyi = t,r = Py + Qug, We have r, = ¢, (mod ny). Thus, ¢ =
Tz 1 + Ing, for some integer [. We now show that [ =0 or { = —1.

Since ¢y -1 > —"5L, this implies that ¢, -1 > =" + 3. Also, pyx-1 > 0 by
Lemma 3.28. Therefore,

Tek = DPzrk-1 + Qrfx,k—1
ApMg—1 Qg
0— kol TR
2 2
ng + 1 Qg
2 2
N Qp — 1
2 + 2
N

> ——.
2

v

Thus, each 75,3 > —%. Now we show that 7 < 1. By definition, g, p—1 < 52,

and by Lemma 3.28, p, x—1 < ty_2. By Lemma 3.30, ny, > ny_; > 2t;,_o+1. Therefore,

o Ng—1 __ n 1 nE—1 n 1
Tok =Drk—1+ OQer—1 St ap- —5 =tlpo+ F +35 < H=+F +35=n
So we have shown that —% < Trypp < Ng. Since ¢ = @uk = Tz i + (N must be in
nE Nk

the interval (—%, %], we must have [ = 0 or [ = —1.

If =% < ryp < 7%, then I = 0. In this case, ¢ix = 7o, and so (Pix, Gix) =
(Pak—1, Pok—1 + @Gz k—1). This is a Type I pair.

If % < ryp < ng, then I = —1. In this case, ¢;x = T2 — 1k, and 50 (Pik, Gik) =
(Po—1 + 1, pok—1 + akGup—1 — ny). This is a Type II pair.

Therefore, we conclude that (p;x, ¢ ) must be a Type I or Type II pair, when

1=x € Sj,k—l-
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Case 2: 1t =ng_1 —Np_o +x, where x € S ;1.
By Lemma 3.31, we have

thi = tr(ngp_1 — np_2) + tpx

(tee1 — tr—o)ng — tp_o(ax — agp—1 + 1) + tgx

= (tpe1 — to—2)np — th—o(ar — ap—1 + 1) + (Do + Qo k)
(Dot — to—2)ni + (Qop — to—2(ar — ap—1 + 1)).

Let v = @ui — ti—2(ar — ax—1 + 1). By definition, t4i = p;nk + ¢k, and so

Gix = Vi (mod ny).

Note that z € Sjr_1 C Sji. From Case 1, we know that x € S;;, and -7 <

dz.k < %
We prove that —ny, < vy < 2. The upper bound is clear, since g, < %, th_o >
0, and ay—1 < ax. Now we show that v;;, > —ny;. By Lemma 3.30, ng_1 > 2t;_o + 1.

Also, gz > —5¢. Thus,

Vik = Qo — tp—o(ap —ar—1 +1)
n
> —?k — tk_g(ak — Qp—1 + 1)
n
= —?k — tp—oar + tp_o(ag—1 — 1)
> Dy
—— —tp_0a
5 k—20k
> —% + %(—nk_l +1) by Lemma 3.30
o Nk N +1 ag
2 SR
ap — 1
= —Ng + k 9
> —Nyg.

Hence, —n; < v < 5. From above, i = (pyx + ti—1 — th—2)nk + vi. Since

Gik = Vi (mod ng), gix = vig + Iny for some integer I. Since —np < vy < %, 1

must be 0 or 1, so that g; falls in the desired range (—75¢, 5]
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If =% <wp <3, then [ = 0. In this case, ¢;, = vir and so

(Piks Gik) = (Pak + the1 — te—2, Vi)

If —np < v < —"—2’“, then [ = 1. In this case, ¢; = v;x + ng, and so

(Digs i) = (P +too1 — th—o — 1,05 + 1g).

Our motivation is to express p; ;, and ¢;  recursively in terms of p, ;1 and g, k1.
To do this, we first express ¢; in terms of v; 5, which is a function of ¢, ;. We then
express ¢, as a function of 7, = Py k—1 + LGy k—1-

Note that v = ¢y, — tg—2(ar —ar—1 +1) is a function of ¢, x, and from the earlier
analysis of Type I and Type II pairs, ¢, = 7y OF @y = Tur — Ng. In all, there are

four possible subcases that we need to consider for (p;x, gi)-

(a) qi,k = Uik, with Qz.k = Tz k-
(b) ik = vig With gz = 155 — Nk
(€) i = vig + ng, With ¢z p = rp k-

(d) gk = vig + g, with gux = 15 — Nk

Consider subcase (a). We have t3i = (pyr + ti—1 — ti—2)nk + Vg In this case,

Qik = Vik, 1.6, =5 < @ix = Vi, < 5. Therefore, we have

Pik = Dak+lp—1—Tp—2
Gk = Uik
= Qi — tp—o(ay —ar—1 +1)

= Tgk— tk_g(ak — Qg_1 + 1).

Hence, this subcase corresponds to a Type III pair.
By a similar argument, subcase (c) corresponds to a Type IV pair, and subcase (d)
corresponds to a Type III pair. To conclude the proof, it suffices to prove that subcase
ng Nk

(b) leads to a contradiction, i.e., g falls outside of the required range (—75¢, %]
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In subcase (b), ¢ix = rox—nk—tk—2(ar—ar_1+1). We prove that g; , < —%, which

establishes the desired contradiction. First assume that ¢, ;—1 > 0. By Lemma 3.28,

this implies that p, ;1 < tx_o — 1. We have

qik

I IA Il

<

Vi k

Qup — tr—2(ar — ag_1 + 1)

To — N — tp—o(ar — ap—1 + 1)

Dak—1 + Qo k-1 — Nk — tr—o(ar — ag—1 + 1)

(ti—z — 1) +ay. - Tkt
ng + 1

— Ng — tk_g(ak — Qp—1 + 1)

tp—o — 1+ —ny — tpo(ar —ap—1 +1)

—nk—l

2

n .
—716 since ay > ap_1 and tp_9 > 0.

— tp—o(ar — ax—1)

The case ¢, ;-1 < 0 follows just as easily: we have

ik —

<

Dak—1 + el k-1 — M — ti—o(ar, — ag—1 + 1)

ty—o+0—ny —tg_o(ax —ar—1 + 1) by Lemma 3.28

—ny — tp—2(ar — ap_1)
ng

5

Therefore, subcase (b) leads to a contradiction.

Our proof is now complete. In the first case ¢ = € S _1, we established that

(pik, gix) must be Type I or Type II. In the second case i = ng_; — ng_g + = with

x € S -1, we established that (p; x, ¢; ) must be Type III or Type IV. This concludes

the proof. |}

This lemma generalizes to all j +2 < m < k by the same argument: (p; m, ¢im)

can be represented as a function of p,,,,—1 and ¢, ,,—1 in exactly four ways, where

it € Sjmand x € S;,,,—1. These four representations correspond to the four types

given in Lemma 3.32 (by replacing k& by m). The proof follows in exactly the same

way.
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Now we introduce the element the element y = n; —n;_;. By Proposition 3.5 (e),
y € Sjj41. (Also by Proposition 3.5 (d), y ¢ S, ;). Hence, Proposition 3.5 (b) implies
that y € S, for all 7 +1 < m < k. We will prove that ¢ = y is the element for
which |g; x| is minimized over all i € S, ;. As we will refer to this constant element y

throughout the next few lemmas, we formally define it here.
Definition 3.33 Let 1 < j <k —1 be a fized integer. Then set y = nj; — nj_; .

The following three lemmas deal with the value of ¢, ;, and will be extremely
useful in proving our key result that g, ; is a negative number satisfying the inequality
\¢ik| > —qy i for all i € S;;. This will imply that for ¢t = ¢, M(Gjk) = —qyr. We
will then prove that o(G,x) = —qyk, immediately implying that AM(G,x) = a(Gjk)-
Thus, the star extremality of G will be formally established, and this will conclude
the proof of Theorem 3.25.

Lemma 3.34 Let (ay,aq,...,ax) be a k-tuple satisfying the non-decreasing condition
and fir 1 < j < k —1. Consider the generating set S, , for each j +1 <m < k. Let
tm® = DimMm + Qim, for each i € Sj,,. Let y =mn; —n;_1. Then

Pyj+1 = Land gy 11 = —ajpan;q + 1.

Proof: By definition, ¢, 11y = py j+11j41+Gy,j+1. Since tji 1 = ajp1 and y = n;—n;j_1,
we have ¢, j11 = aj11(n; —nj_1) — In;4q, for some integer | = p,, ;1.
nj+1 nj41

There is a unique integer [ for which —=5= < ¢, ;11 < =5=. We will prove that
l=1.

First, we establish that n; —n;_; > %J This inequality is equivalent to n; =

—_

ajnj_1—1>2n,_4, or (a; —2)n;j_; > 1, which holds since a; > 3 and n,;_1 > ny =
If [ <0, then the above identity shows that g, ;11 > aj41(n; —nj_1) >

Q1T
2

"”TIH > 2 a contradiction.
If1 > 2, then gy 11 < aj1(nj—nj—1)—2n41 < @j1n;—2n5401 = njp+1-2n;41 <

i+t
2

a contradiction.
It follows that | = 1, and 80 ¢y j11 = aj+1(nj —nj_1) —Njr1 = Q11N — Qj1Nj_1 —

nj1 = (N1 +1) — ajaanj—1 —njp1 = —ajana + 1. i
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We now prove that (pym,gym) is a Type I pair for each j +2 < m < k. By
induction, we prove that if (py m, ¢ym) is a Type I pair for the base case m = j + 2,

then it must be a Type I pair for all m > 7 + 2.

Lemma 3.35 Let (ay,as,...,a;) be a k-tuple satisfying the non-decreasing condition
and fir 1 < j <k —1. Consider the generating set S, for each 7 +1 <m < k. Let
tmi = PimMm+qim, for eachi € Sj,,. Lety =nj—mn;_i. Then for each j+2 < m <k,

((Z) (py,m> Qy,m) 1S a Type Ipair with Dym = 1.
(b) Qy,m = 1 + amqy7m_1 < O

Proof: ~ We first prove that "= <ty = t,,(n; —nj_1) < ny, forall j +1<m < k.
We proceed by induction on m.
We establish the base case m = j+1. By definition, t;11 = a;4+1. We have t;.;(n;—

nj_1) = Qj41Nj; — Gj11M—1 < @;41n; — 1 = nj4q, which proves the upper bound. The

lower bound holds since tj11(n; — nj_1) = a;+1(n; —nj—1) = aj4 (nj — it ) >

J

ni+1 n; ajr1n;—1 n;
1 (”j - JT) > a5 > = =
Now suppose the inequality is true for all indices less than m, for some m > j + 2.

By the induction hypothesis, we have

tm—1(nj —mnj—1) < nNypog—1
Atm—1(n; —nj—1) < AmNpm—1 — A
tm(nj —nj—1) < apipm_1 —1
tm(nj —nj_1) = ngy,.

tm—1(n; —n;—1) > n"é—l
mtm—1(n; —nj_1) > am7;m—1
tm(n; —nj_1) > amr;m_l
tm(nj —n;—1) > amnm2_1 -1
N

tm(nj—nj_l) = —.
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Hence, we have proven the desired inequality by induction.

By definition, t,,y = tm(n; — nj—1) = PymNm + Qym, Where =7 < g, < T2

From the above inequality, —== < {,,y — n, <0 < 2.
Therefore, it follows that t,,,y — py mnm = ¢ym = tmy — N, implying that p, ,, =1
forall j+2<m <k.

Note that (py m, ¢y.m) is one of four possible types by Lemma 3.32. By this Lemma,
(Py.m> @y,m) must be Type I or Type 1I, since y € S, ,,,—1 as well.

Since Type I is the only case where p, , = pym—1, it follows that (py m, ¢y.m) must
be Type I, since py ;41 =Py jt2 = ... = Pyi = 1.
By the definition of a Type I pair, ¢ym = Ty.m = Pym—1+GmGym-1 = 1+ amqym—1.

Since ¢, j+1 < 0 by Lemma 3.34, a trivial induction shows that each ¢, ,,, < 0. |

We have now proven that each g, is negative. Now we find a bound on this

value of gy .

Lemma 3.36 Let (ay,aq,...,ax) be a k-tuple satisfying the non-decreasing condition
and fir 1 < j <k —1. Consider the generating set S, for each j +1 <m < k. Let
tm® = DimMm + Gim, for each i € S; . Lety =n; —nj_i. Then —qym > tm—2 — 1,
forall j+2<m<k.

Proof:  We prove a slightly stronger result, that —g, ,, > t,,—2 + 1. We proceed by

induction on m.

First, we establish the base case m = j + 2. The desired inequality is equivalent
to —qyjt2 > t; +1 =2, or gy 42 < —2. By Lemma 3.34, g, j41 = —a;inj—1 +1 <
—3-1+41=-2. By Lemma 3.35, ¢y j10 = 1 4+ aj42q, 41 <1+3-(-2) < —2.

This establishes the base case. Now suppose the inequality is true for all indices
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less than m, for some m > j 4+ 3. By the induction hypothesis,

—Qym-1 > tm-s+1
—OmQym—1 > Gplp—3 + ap
—qym +1 > apty_3+a, by Lemma 3.35
—Qym > Atz + (@, — 1)
—Qym > Qpeotp3 + (am — 1)
—Qym = tm-2+ (@ —1)

—Qym > t_o + 1.

This completes the induction, and so we are done. |

Now we will prove a major lemma that will require multiple pages to justify
rigorously. Part (a) of the lemma will determine the maximum value of ¢;,,, when
¢m < 0 and Part (b) will determine the minimum value of ¢;,, when ¢, > 0.
Combining both parts, this will enable us to determine the minimum value of |g; |

over all i € S;,,. We will prove that this minimum value is —g, ,,,, where y = n;—n;_;.

Lemma 3.37 Let (ay,as,...,a;) be a k-tuple satisfying the non-decreasing condition
and fir 1 < 7 < k —1. Consider the generating set S;,, for each j +1 < m < k.
Let t,,i = pimNm + Giim, for each i € Sj,,. Let y = nj —nj_1. Then, the following
statements hold for all j +1 < m < k.

(a) If Gim < 0, then
0< Piim — Py,m < (am - 1)(Qy,m - Qi,m)-

In other words, ¢;m < qym, whenever ¢;,,, < 0. Equality occurs when i = y.

di,m Z _Qy,m + tm—l-

Equality occurs when © = n,,_1 —y.
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Proof:  We will prove the lemma by induction on m. We first establish the base case
m = j + 1 for both Parts (a) and (b). Then we will prove Part (a) of the lemma, by
splitting the analysis into the four types described in Lemma 3.32. For each of these
four cases, we prove the lemma via the induction hypothesis. We use the exact same
technique to prove Part (b) of the lemma. Thus, all in all, we must prove the base

case, and then consider eight different cases to justify the lemma.

We first establish the base case m = j + 1.
By Proposition 3.5 (e), S; j+1 = {n;_1,n;-1+1,...,n;—n;_1}. Foreachi € S 1,
we calculate the pair (p; j11,¢ij+1). We have 0 < t;11% = a;417 < aj41(nj —nj_q) <

aj+1(nj —1) = ajpinj — aj1 = njs1 + 1 —ajry < njpq. Therefore, 0 < tj117 < njyq.

Since tj111 = Pijs1Mje1 + Qi1 satisfies —=5= < ¢; ;41 < ~5F, we must have
pij+1 = 0 or p;jy1 = 1. In the former case, ¢;j+1 > 0, and in the latter case,
Gij+1 < 0.

To illustrate the proof that follows, we introduce the example given at the begin-
ning of this section. In this example, recall that (a1, as,a3) = (5,6,8), ng = 183, and
So3 = {4,5,6,...,19}. For j = 2, we also have t3 = a3 = 8. Letting j = 2, the
following table generates the values of g; 3 for each i € S 3.

8-4 = 0-183+ 32
8-5 = 0-183+40
8-6 = 0-183+148

8-10 = 0-183+80
8-11 = 0-183+ 88
§-12 = 1-183—-87

8§-17 = 1-183—-47
8-18 = 1-183-39
8-19 = 1-183-31
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If g3 <0, then |g;3] = —¢i3 > 31, where the minimum value is attained at the
endpoint 7 = 19. If ¢;5 > 0, then ¢;3 > 32, where the minimum value is attained
at the endpoint ¢ = 4. We prove that in the general case, these minimum values of
|¢ij+1] always occur at the endpoints.

Among all the values of ¢ for which ¢; ;41 < 0 (ie., p;j+1 = 1), the minimum
value of |g; j+1| occurs at the endpoint ¢ = n; — n;_;. This follows from the identity
—@ij+1 = Nj+1 — tj41%, which is minimized when ¢ € S ;41 is maximized. Thus, the
minimum value of —¢; ;41 (i.e., the maximum of ¢; ;+1) occurs at i =n; —n;_; =y.

By Lemma 3.34, ¢, j+1 = —aj+1n;—1 + 1. From the previous paragraph, we have

Qyj+1 — Gij+1 > 0 for all i # y with ¢; ;41 < 0. Since p; j41 = pyj+1 = 1, we have

0 =pij1 — Pyj+1 < (@541 — D) (qyj41 — Gijs1)-

This proves Part (a) of the base case m = j + 1. Now we prove Part (b). Among
all the values of 4 for which ¢; 11 > 0 (i.e., p;;j+1 = 0), the minimum value of ¢; j+1
occurs at the endpoint ¢ = n;_;. This follows from the identity ¢; j+1 = t;11¢, which
is minimized when ¢ € S; ;1 is minimized. Thus, the minimum value of ¢; ;41 occurs
ati=mn;_1=mn;—(n; —nj_1) =n; —y.

Therefore, if ¢;j4+1 > 0, then ¢; ;41 > tjpinj-1 = ajpinj—1 = —qy;+1 + 1, by
Lemma 3.34. Since t; = 1, we have shown that ¢; ;11 > —¢y j+1 + t;, with equality

occurring when ¢ = n; —y. This proves Part (b) of the base case.

This establishes the base case m = j+1. Now let m > j+2, and suppose that the
lemma holds for all indices less than m. By the induction hypothesis, the following

identities hold for each x € Sj,,_1.
(a) If Qm,m—l < 07 then O S pw,m—l - py,m—l S (am—l - 1)(Qy,m—1 - q:n,m—l)-
(b) If qz,m—1 Z 07 then Qzm—1 Z —qym—1 + tm—2-

In proving Part (a) of Lemma 3.37, we will constantly refer to this induction

hypothesis.
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Proof of Part (a)

We split our analysis into the four cases corresponding to the types determined
in Lemma 3.32. In all four possibilities for part (a), we are only interested in
the case ¢;,, < 0, since there is nothing to prove when ¢;,, > 0. By Lemma 3.32,
each ¢;,, can be expressed recursively as a function of r;,, = Prm—1 + Gnlzm—1,
where x € §;,,,_1 satisfies i = 2 or ¢ = & + 1,1 — Nyy—2. Recall that the i = x case
corresponds to the Type I and Type II pairs, while the i = © 4+ n,,_1 — n,,_2 case

corresponds to the Type III and Type IV pairs.

For each of our four types, either ¢, ,,—1 < 0 or ¢z ,m—1 > 0. We will determine
which inequality holds for each of our four types (there will be only one), which then

enables us to use the correct statement of the induction hypothesis.

Recall by Lemma 3.35 that (pym, @ym) is a Type I pair with p,, = pym-1 =1

and Qy;m = Tym = Pym—1 + Umfym—1 = 14 Amym—1 < 0.
Case 1:  (Pim,im) is a Type I pair.

In this case, Pim = Pzm-1 and QGim = Teom = Pzm—1 + Gmfzm—1, where ¢ = v €

Sjvm_l g Sj,?’?’I,‘

As discussed above, either g, ,—1 > 0 or ¢, ,m,—1 < 0. We prove that in this case,

the former leads to a contradiction.

If ¢z m—1 > 0, then Lemma 3.28 tells us that ¢y, = prm—1+amGzm—1 = 04ay,-0 =
0, contradicting the assumption that g;,,, < 0. Thus, ¢, ,m—1 < 0. Since gz ,m—1 < 0,
we may apply the induction hypothesis on the pair (pim—1,¢zm—1). By the first

statement of the induction hypothesis, we have

Piim — Py;m = Pzm—1 — Pym—1 > 0.
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Now we prove the second half of our desired inequality. We have

Qym — 4im = (py,m—l + amQy,m—l) - (pgc,m—l + aQO,m—l)
= am(Qy,m—l - qgv,m—l) + (py,m—l - p:n,rn—l)
a
Z 7m(px,m—l - py,m—l) - (p:c,m—l - py,m—l) by the Ind. Hyp
Ayp—1 — 1
Gy — Gyt 1
- U] — 1 (px,m—l - py,m—l)
Z Pxm—1 — Pym—1 since a 2 U1
Ayp—1 — 1
pi,m - py,m . .
= ————— since (Pim, ¢im) and (Py.m, qy.m) are Type I pairs
Ayp—1 — 1
> Pism — Pym since a,, > 1.
Ay —

Multiplying both sides by a,, — 1, we obtain the desired conclusion.
Case 2:  (Pim,im) is a Type II pair.

In this case, Pim = Pzm—1 + 1 and Qiom = Teom — NMm = Pzm—1 + UmAzm—1 — Nm,
where 1 = x € Sj,m—l - Sj7m.
First, we must determine whether ¢, ,,—1 > 0 or gz ,m—1 < 0.

Suppose that g, ,—1 < 0. Then

Qiom = DPzrm-—1 + Umz,m—1 — Nm
Pxm—1 — Ny

tm—_o — N, by Lemma 3.28

< nm%—l —n,, by Lemma 3.30
N

< 5 m

— nm

= -5

This contradicts the inequality —=* < ¢;,, < %*. Therefore, we must have

Qr,m—1 Z 0.
By the second statement of the induction hypothesis, we have qg -1 > —@qym—1+

tm—27 i-e-7 Qy,m—l Z —qz,m—1 + tm—2-
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By Lemma 3.28, we have p; ., —pym = (Pam-1+1) —1 = pym—1 > 0, which proves
the first inequality.

Now we prove that (am, — 1)(qym — @im) = Pim — Pym = Dam—1. We have

(am — 1) (@ym — Gim)

> Qym — Qiym SINCE Uy > 3

= (Pym-1 + amym—1) = Pom—1 + Amem—1 — Nun)

= (Pym-1+1m) + am(@ym-1 — Gom—1) — Pem-1

= (14 nm) + am(@ym-1 — Gem-1) — Pzm—1 by Lemma 3.35

> -1 + @ (—Qem—1 + tm—2 — Gz.m-1) — Dzm—1 by the L.H.
= an(Mm—1 — 2¢um—1) + Gmtm—2 — Dem—1

> G 0+ amtym—2 — Pom—1 by the inequality g m—1 < ™5+

> 2ly—2 — Prm—1 SINCE Ay, > 3

> Pzm—1 by Lemma 3.28

(p:c,m—l + 1) —1

= Pim — Pym by Lemma 3.35 .

We have proven the desired inequality.

Case 3: (Pim, Qim) is a Type III pair.

Let © =i — (Ny—1 — Nun—2) € Sjm—1. In this case, Py = Pom—1 + (tm—1 — tm—2)

and Qi,m = Tm,m - 2l:m—2(am — Am—1 + 1) = pm,m—l + amqgv,m—l - 2l:m—2(am — Am—1 + 1)
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First assume that ¢, ,,,—1 > 0. By the second statement of the Induction Hypoth-

esis, this implies that ¢, m—1 > —@ym—1 + tm—2. In this case, we have

Gm = Pom—1+ nlem—1 — tm—2(am — am_1 + 1)
> 0+ am(—qym-1 + tm—2) — tm—2(@pm, — am—1 + 1) by the LH.
= —OmQym—-1 T Qmlm—2 — Qplm_o + QGp_1tym—2 — o
= —0mQym-1 1+ Gm—1lm—2 — tm—2
am(tm—o — 1) + @p_1tm—2 — tm—o by Lemma 3.36
> 3(tm—o — 1)+ apm_1tm—o — tym_o since a,, >3
= tm—o(@m-1+2)—3
> 1(3+2) -3
> 0.

Hence, we have g; ,, > 0, contradicting the assumption that g;,, < 0.

Therefore, we have shown that ¢, ,,,—1 < 0. Hence, we can use the first statement

of the induction hypothesis. Since t,,_1 = @;_1tm_2 > tm_2, we have

Pim — Pym = (pm,m—l - py,m—l) + (tm—l - 2l:m—2) > 07
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by the induction hypothesis. We now establish the second half of our desired inequal-
ity. We have

qy,m - Qi,m
= Qym — (pm,m—l + AmGz,m—1 — tm—2(am — Qp—1 + 1))
= (py,m—l + amQy,m—l) - (pgc,m—l + am%c,m—l) + tm—2(am — Qp—1 t+ 1)

= am(Qy,m—l - Qm,m—l) + (py,m—l - p:n,rn—l) + tm—2(am — Qp—1 + 1)
am(px,m—l - py,m—l)

2 a 1 - (p:c,m—l - py,m—l) + tm—Z(a'm — Am—1 + 1) by the [LH.
m—1
A — Q—1 + 1
= L (pm,m—l - py,m—l) + tm—2(am — Qmpm—1 + 1)
Ayp—1 — 1
> Pon—1 = Pym—1 + tm—2(@m — am—1 + 1) since a,, > a;,_q
Qp—1 — 1
1
— 1((pi,m — Pym) — (tm—1 — tm—2)) + tm—2(@m — am-1 + 1) from above
m—1 —
pi,m - py,m tm—l - tm—2
= — tr—o(Qpm — Qpe 1
am—l_l am—l_l * 2( ¢ 't )
Pim — Pym am—ltm—Z - tm—2
= — + tm—o(pm — Ay + 1
Am—1 — 1 Am—1 — 1 2( ! )
piym _ py’m
= = =ty ttn_o(@m—an_1+1
e 1 2 2( 1+ 1)
pivm B pyym
= —/———— Ftp_o(Qm — Qm—
Am—1 — 1 2( 1)
> Pim ZPym e an > apy
Qp—1 — 1
Z ZM since A, Z Ay—1-
Ay, —

Multiplying both sides by a,, — 1, we obtain the desired conclusion.
Case 4:  (Pim,im) is a Type IV pair.

Let © = i — (-1 — Ny—2) € Sjm—1. In this case, p;m = Prm—1+ (b1 —tm-2—1)
and Qijm = Toym — 2l:m—2(am — Qpm—1 + 1) + N
We now prove that g;,, > 0, which is irrespective of the sign of g ,,—1, i.e., the

induction hypothesis is unnecessary in this case.



This result will then contradict our assumption that ¢;,, < 0. We have

Qim =

>

Tm,m - tm—2(am — Q-1 + 1) + Nm
Tem — bm—2@m + Ny, SINCE Ay, > 3
Pzm—1 + amqgv,m—l - 2l:m—2am + Ny

— Ny
0-+a, - !

- 2l:m—2am + N

AmMm—1 am(_nm—l + 1)
5 + 5 + Ny

Qm
—Qm,Mm—1 + 7 + N

A
= (i + 1) + 5+ 1

mo_q
2

0 since a,, > 3.

This yields the desired contradiction.

by Lemma 3.30
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We have considered all four possibilities, and completed the induction in each

case. Therefore, we have proven Part (a) of Lemma 3.37. Now we prove Part (b).

Recall that by the induction hypothesis, we have the following.

(a) If ¢um—1 < 0, then gy m-1 < @ym-1, With equality occurring when z = y =

n; —n;—1.

(b) If gzm—1 > 0, then gym-1 > —Gym—1 + tm—2, With equality occurring when

T=Npmeg — Y = Nz — (N —Nj_1).

We will require both parts of the induction hypothesis in the following proof.

Proof of Part (b)

We have already proven the result for the base case m = j + 1. So suppose part

(b) of the lemma is true for all indices less than m, for some m > j + 2. Since our

desired inequality requires the condition g;,, > 0, we will now assume that g;,, > 0.
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Fori € S;,, € {1,2,...,n,_1 — 1}, define ¢ = n,,_; — i. Note that by Proposi-
tion 3.5 (a), ¢ € S;,, for each i € S;,,,. We will now prove that

Qiom + %,m = tm—l-

Immediately thereafter, we will show that g;,,, > 0 implies ¢;,, < 0. By part (a)
of the lemma, which we just proved, we must have ¢;,, < g, . Note that we may
apply this inequality in part (a), since i € S; .

Combining these two results, we will have ¢;., = —¢;,,, + tm-1 = —qym + 1,

proving part (b) for the case g;,, > 0.

First we prove that ¢; m + ¢;,, = tm—1 for all i € S ,,,, where 1= Nyy_q1 — 1. Since

tml = PimNm + Gim and tyi = p; N + G;.,,, We have

(Pisn + Pi)m + (Gim + G) = (i +19)

= {mNm-1

= tm—1AmMm—1
= tm1(nm +1)

= lm-1+ln-1nm.

It follows that g; m~+¢;,, = tm—1 (mod ny,), foralli € S;,,. Therefore, ¢; n+q; ,,, =
tm_1 + In,, for some integer [.

We know that 0 < ¢;,, < ”7’” and —”7’” <G < "7’" The former inequality holds

since @ € S, and the latter inequality holds by the definition of ¢;,,, since 1€ Sjm.

If | < —1, then g;,, + G < tm-1 — Ny In this case, ¢;,,, < tn1 — Ny — Gim <
tine1 — Ny, < ("é” — %) — Ny = — T — %, by Lemma 3.30. However, this contradicts

the inequality ¢;,,, > —**, which holds by definition.
If I > 1, then gim + ¢, = tm-1 + N > ny. However, both ¢;,, < = and
G < 73~ Adding these two inequalities, we arrive at our desired contradiction.

Therefore, we must have [ = 0, i.e., ¢jm + ¢, = tm—1-

For any ¢ € S, with ¢;,m > 0, we have either ¢;,, < 0 or ¢;,,, > 0. We now

explain how the former inequality implies part (b) of the lemma.
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In the case ¢;,, < 0, we may directly quote the result of part (a), which we just
proved, since ¢ € S;,,. By replacing ¢ with 7, we have G < Qym-

Therefore, if ¢;,, < 0, we have ¢;;m = —G;,, + tm—1 = —qym + tm—1, With equality
occurring when i = y, i.e., i = n,,_; —y. This establishes Part (b) of Lemma 3.37 for

all i € S, satistying ¢;,,, < 0.

It remains to consider the case ¢;,, > 0. We now prove that this case will never
occur (i.e., every possibility leads to a contradiction), which will complete the proof
of Lemma 3.37. We prove that this i € S; ,,, cannot satisty both ¢; ,, > 0 and ¢;,,, > 0.

Suppose the contrary. Then by the identity g;. + ¢;,, = tm-1, we must have
0 < Gim < tim—1. Let us consider all four of the possible types for (p; m, ¢im) given in
the proof of Lemma 3.32, and prove that in no case can the inequality 0 < ¢;m < -1
hold. This will give us our desired contradiction.

Let us consider each of the four types and derive a contradiction in each case.

This will complete the proof of Lemma 3.37.
Case 1: (Pim,im) is a Type I pair.

In this case, i = € Sj,,—1, and ¢im = Tom = Prm—1 + GmGem—1-
As we did previously, we must consider the two possibilities: either g ,,—1 > 0 or

Gz,m—1 < 0. We will derive a contradiction in each case.
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If gzm—1 > 0, then by the second statement of the induction hypothesis, we have
Qem—1 = —Qym—1 + tm—2. Therefore,

qi,m p:c,m—l + aqu,m—l

Vv

0+ @mGzm—1 by Lemma 3.28

Vv

A (—qym—1 + tm—2) by the induction hypothesis

—OmQym—1 + amtm—2
= —qym + 1+ anty,—2 by Lemma 3.35
tm—o + amt,_o by Lemma 3.36

v

tj + amty—o since m > j + 2

v

1+ apm—1tm—2 since a,, > a1 and t; =1

V

Amp—1 tm—2

tm—1-

If gy m—1 <0, then we have

qi,m p:c,m—l + a’qu,m—l

IN

DPzm—1 + @mGym—1 by the induction hypothesis

IN

tm—2 + @mQGym—1 by Lemma 3.28

tm—2 + (¢ym — 1) by Lemma 3.35
< 0 by Lemma 3.36 .

In both situations, we have shown that ¢;,, cannot lie in the interval [0, ¢,,_1],

giving us our desired contradiction.
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Case 2: (Pim,im) is a Type II pair.

In this case, i = € S -1, and ¢m = Tom — M = Prm—1 + GmGem—1 — M. We

will prove that g;,, < 0, irrespective of the sign of ¢, ,,,—1. We have

Qi;m

T:c,m — Ny

Pzm—1 + Umz,m—1 — Nim

< tpo+ Q- 1 _ N,, by Lemma 3.28
Ay Nim—1
< tm—l + T — Ny
m— 1 m+ 1
<z 5 + n 2+ —n,, by Lemma 3.30
= 0.

Therefore, we have proven that ¢;,, < 0, a contradiction.
Case 3:  (Pim, ¢i,m) is a Type III pair.

Let © = i— (N1 —Num—2) € Sjm—1. In this case, gim = To.m —tm—2(am —am_1+1).
We consider two cases: either ¢ ,—1 > 0 or gz,,—1 < 0. We derive a contradiction in
each case.

If gzm—1 > 0, then by the second statement of the induction hypothesis, g; -1 >
—Qy,m—1 + tm—2. We have

Qiom Tem — tm—2(am — Qm—1 + 1)

Pzm—1 + amqm,m—l - 2l:m—2(am — Qm—1 + 1)

Vv

0+ Umfem—1 — tm—Z(a'm — Qm-1 + ]-) by Lemma 3.28

v

0+ am(—qym-1 + tm—2) — tm—2(@m — @m—1 + 1) by the Ind Hyp.

= —O0mQym-1 + amtm—2 — Gptm—2 + A1t — tin—2

—AmQy,m—1 + am—ltm—Q - tm—2
= (—qym+1)+tnm_1 —tnu_o by Lemma 3.35
> tym_9+tm_1 — tm_o by Lemma 3.36

- tm—l-
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On the other hand, if g,.,,—1 < 0, then by the first statement of the induction

hypothesis, ¢z m-1 < ¢ym—1. We have

Qiom

Tm,m - tm—2(am — Qm—1 + 1)

Pzm—1 + amqm,m—l - 2l:m—2(am — Qm—1 + 1)

IA

tin—2 + AmGz,m—1 — tm—Z(a'm — Qpm—1 + 1) by Lemma 3.28

tm—2 + QmQzm—1 SINCE Uy > App—q and t,,—9 > 0

IN A

tm—2 + @m@Gym—1 by the induction hypothesis

tm—2 + (¢ym — 1) by Lemma 3.35
< 0 by Lemma 3.36.

In both situations, we have shown that ¢;,, does not lie in the interval [0, t,,_1],

giving us our desired contradiction.

Case 4:

(Pims ¢i,m) 1s a Type IV pair.

Let © =i — (N1 — Nup—2) € Sjm—1. In this case, ¢;m = rom — tm—2(am — @m_1 +

1)+ nm.

We prove that ¢; ., > t,,—1, irrespective of the sign of g, ,,—1. We have

Qi,m

T:c,m - tm—2(am — Qmpm—1 + 1) + Nm

Pzm—1 + Umzm—-1 — tm—Z(a'm — Qm-1+ 1) + Ny,

0+ an, Ll tm—2(@m — @m—1 + 1) +n,, by Lemma 3.28
oy Moy

_Tl —tm—o(@pm — Q1 + 1) + 1y
Ny, + 1

- 2 - tm—2(am — Qm—1 + 1) + Nm

- tm—Z(a'm — Qm—1 + ]-) - 5

2
tm—2am + tm—2 - tm—2am + tm—2am—l - tm—2

1 1
(tm—Qam +tm2+ _) - tm—?(am — Qp—1 + ]-) - 5 by Lemma 3.29

tm—2am—l

tm—1-
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Therefore, we have proven that ¢;,, > t,,—1, a contradiction.

In all four cases, we have shown that there exists no ¢ € .S}, for which ¢;,,, > 0
and ¢;,,, > 0. If g;,,, > 0, then we must have ¢; ,, < 0. As discussed before, we may
now directly quote part (a) of the lemma which states that ¢;,, < gy, with equality
occurring when i = y, i.e., i = Ny_1 — y.

Combined with our earlier proof that g;, + ¢;,, = t;m—1, we conclude that q; ,, >
—Qym + tm—1, With equality occurring when i = n,,,_; — y. This establishes Part (b)
of Lemma 3.37.

We have now examined every possible case for both Parts (a) and (b), and com-

pleted the induction. This concludes the proof of Lemma 3.37. [

With these results, we are finally able to prove Theorem 3.25, the main theorem

of this section.

Proof: Before proceeding, we recall some definitions. Given G' = C,, g, and a positive
integer t,

M (G) = min{|ti|, : 1 € S},

where the product ti is reduced modulo n. In addition,
AMG) = max{\(G) : t =1,2,3,...,n}.

By Lemma 3.24, \(G) < «(G). Furthermore, to prove that G is star extremal, it
suffices to prove that A\(G)) = a(G). Specifically, to prove G is star extremal, we only
need to find one integer ¢ for which \(G) = a(G).

For j = k, we have A\ (G} ;) = min{ng_1,ng—1+1,..., [ |} = ng_1, which equals
a(Grr), by Theorem 3.8. Thus, ¢ = 1 satisfies the desired identity.

For 1 < 5 < k—1, we require a more sophisticated strategy, and that is the reason

why we introduced the ordered pair (p;x,qix). As discussed earlier, to prove that

each G}, is star extremal, it suffices to find one integer ¢ for which

At(Gj’k) = m1n{|tz|nk 11 € Sj,k} = min{\qi7k| 11 € S]}k} = Oé(Gij).
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Finding such a t for each 1 < 7 < k — 1 will complete the proof of Theorem 3.25.

We now prove that ¢ = a;i1a;42- - ay is the desired value of . Recall that by
our definition of ¢;x, we have |txi|,, = |gix|. For this index t = ¢, we prove that
i =mnj —nj_1 =y gives us the minimum value of |ti|,, = |¢; x|, and we will show that
this minimum value equals o(G; ).

By Theorem 3.8, recall that

aka(Gj7k_1) —1 forl S j S k—1

a(Gj) = {

Np_1 for j =k

If ¢; 1, < 0, Lemmas 3.35 and 3.37 give us ¢;x < gy <0, or |¢ix| > |gyk] = —qyi-
Equality occurs when i = y.

If ¢;x, > 0, Lemmas 3.35 and 3.37 give us ¢; > —qyr + tp—1 > 0, with equality
when i = ny_; — y. In other words, |g; x| > —qyr + ti—1.

This proves that min{|g; x| : ¢ € Sj,} = min{—qyx, =Gy x +thi-1} = —qy-

This implies that for ¢ = t;, \(Gjx) = —qyk, where y = n; —n;_;. By
Lemma 3.35, ¢, r = 1 + axqyr—1, from which it follows that |g, x| = ax|qyr—1] — 1. In
other words, A\, (Gjx) = agA,_,(Gjk—1) — 1. This identity holds for any k-tuple sat-
isfying 3 < a1 <ay <... < ag, with 1 < 5 <k — 1. This argument easily generalizes
to the identity i, (Gjm) = amA, ,(Gjm—1) — 1 foreach j+1 <m <k.

By Theorem 3.8, &(G;m) = am(Gjm—1) — 1, which is the exact same recurrence
relation. So to prove that A\, (G;r) = a(G;x), it suffices to verify that the func-
tions have the same value for the base case m = j + 1. But this is trivial, since
M (Gija1) = —Qyj1 = ajnj1 —1 = aj1a(Gj;) — 1 = a(Gjj41), by Lemma 3.34
and Theorem 3.8.

We have thus shown that every G, is star extremal, for all k-tuples satisfying

3<a; <as <...<ag. Our proof is finally complete. |

3.3 Application 2: Integer Distance Graphs

If S is a subset of the positive integers, then the integer distance graph G(Z,S) is
defined to be the graph with vertex set Z, where two vertices v and v are adjacent iff

|lu —v| € S. As with other families of graphs, a natural question is to determine the
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chromatic number of G(Z,S), the minimum number of colours required to colour the
vertices of G(Z, S), so that no two adjacent vertices receive the same colour.

Thus, S is the set of forbidden distances with respect to colouring the integers
on the real line. In a way, we can regard the integer distance graph G(Z,S) as the
infinite analogue of the circulant C), g.

The distance graph, first introduced by Eggleton, Erdés and Skilton [63], is mo-
tivated by the well-known Hadwiger-Nelson problem which asks for the minimum
number of colours needed to colour all points of the plane such that points at unit
distances receive different colours. This problem is equivalent to determining the
chromatic number of G(R?,{1}), which is known to be at least 4 and at most 7. A
comprehensive survey of this well-studied problem appears in [40].

Motivated by the plane colouring problem, we can consider the analogue to the
one-dimensional case by investigating the chromatic numbers of distance graphs on
the real line R and the integer set Z. A particularly interesting problem is deter-
mining the value of x(G(Z, S)) for a given set S. Much work has been done on this
problem [30, 34, 63, 64, 99, 107, 108, 109, 110, 123, 125, 170, 171, 172], and we now
highlight some of the known results from these papers. For notational convenience,
we abbreviate x(G(Z, S)) by x(Z, S) .

If |S] < 3, then an explicit formula for x(Z, S) is known [34, 170] for all possible
sets S. For sets with |S| > 4, only some partial results have been solved [107, 171].
For example, a formula is known for S = {z,y,z + y,y — 2} with y > = > 0 and
also for S = {1,2,3,4n}. If S = {2,3,z,z + y}, then x(Z,S) is known for many
pairs (z,y). It is shown [109] that x(Z,S) < |S| + 1, for an arbitrary S, and so a
natural question is to classify the sets S for which equality is reached. However, a
full classification has not yet been found.

If S is of a particular form, then several results are known. For example, it
is proven [125] that x(Z,S) = m if S = {1,2,...,n}\{m,2m,...,sm}, for some
n>(s+1)m. If S={x, 2z, ..., nx,y} where (z,y,n) is an ordered triplet of positive
integers, then it is known [110] that x(Z,S) = |S|+ 1 if x =1 and (n + 1) divides y;
otherwise, x(Z, S) = |S|.

We highlight one final result, as we will employ it later in this section.
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Theorem 3.38 ([108]) Let a and d be positive integers so that S = {a+ kd : k =

0,1,2,...} is an arithmetic sequence (either finite or infinite). Then

B e e

a
X(Z,S) =4 2 if d is even or |S| =1

3 otherwise

Most of the known formulas for x(Z, S) occur when S is a small set of singleton
elements, or when S is a highly structured set, such as an arithmetic sequence. We
generalize many of these results in this section, by determining a formula for x(Z, S),
for every generating set S = S, in our infinite family of circulants. This gives us
explicit values of x(Z, S) for a new (infinite) family of sets S, which extends much of

what is currently known. For example, if (a1, as, as,as) = (5,6,8,10), then
Sia={1,2,3,20,21,22, 161,162, 163, 180, 181, 182}

And from the main theorem in this section, we will derive that x(Z, S14) = 10. Our
theorem will calculate x(Z, S) for sets S with 2* intervals of arbitrary length, for any
k > 0. This is a significant extension of previously published results. In this main
theorem, we give the correct formula for x(Z, S), for every S = 5, ;. As an immediate
corollary, we can determine the formula for the chromatic number x (G, ), for each
1 <7 < k. As we will see at the end of this section, the formula is remarkably simple.

Recall how the S;;’s are defined. Given any k-tuple of non-decreasing integers
(ay,as,...,ax), we first define ng = 1, and n; = a;n;—; — 1, for 1 < i < k. Then for

each 1 < j <i <k, we define

:l:Sj,i—l (mod ni_l) forall 1 < j <1
Sjvi = n. i—1
{1,2,,L5J}—gsj’l fOI‘jZi

We now state the main theorem of this section.
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Theorem 3.39 Let 3 <a; <ay <...<ap1 < ag, and let Sjy be defined as above.
Then,

a; if1<j<k—1landk >3
a; +3 . o
—5 ifj=k>3orifj=k=2anda, >3
ap + 2 .
X(Z,S;k) = 5 ifi=k=2anda; =3
1
al; ifj=k=1

(=1 (k) =(1,2)

Before we prove Theorem 3.39, we will require two lemmas.

Lemma 3.40 Let C, s be a circulant, where S C {1,2,...,|5]|}. Then, x(Z,S) <
X(Ch,s)-

Proof:  Define S’ = S|U{n —2: x € S}. Since S C &', it follows that x(Z, S) <
X(Z,S"), as |[u —v| ¢ S" implies that |u — v| ¢ S. In other words, any k-colouring of
G(Z,S") must also be a k-colouring of G(Z, S).

We now prove that x(Z,S’) = x(C,.s). Combined with the inequality x(Z, S) <
X(Z, S"), this will complete the proof. By definition, any proper colouring of G(Z, S")
must satisfy u — v ¢ S’ whenever u > v. By the definition of S’, any proper colouring
of C,, ¢ must satisfy u —v ¢ S’ whenever u > v. The condition for a proper colouring
is identical for both graphs: the only difference is that G(Z, S’) is an infinite graph,
while (), s is not.

We now justify that x(Z, S") = x(Cy.s). First note that any k-colouring of G(Z, S”)
can be made into a k-colouring of C), g by taking its restriction to just the n vertices
of the circulant. Now we establish the converse: start with any k-colouring of C), s.

We explain how this generates a k-colouring of G(Z, S”).
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For a particular k-colouring of C,, g, let {V1, Vs, ..., Vi} be the set of colour classes

produced. We define the following tiling of the k colour classes:
W,=Vi+nZ={x+ny: z€V;,, yeZ}

We now justify that each W; is independent in G(Z, S’), thus proving that the set
{Wh,Ws, ..., Wy} represents the colour classes corresponding to a proper k-colouring
of G(Z,S5").

Suppose on the contrary that a and b are not independent in some W, where
a>b. Then |[a — bl =a—b=pn+uv, —vy €5, where v1,v3 € V; and p is some
non-negative integer. Since 0 < vy,vo <n—1and 1 < pn+v; —vy < n—1, it follows
that p=0orp=1.

If p =0, then vy — vy € S, from above. So v; > vy. By definition of S’, this
implies that v; — vy € S or n — (v — vy) € S. In other words, v; and vy are not
independent in C), g, and thus cannot belong to the same colour class V;. We have a
contradiction.

If p=1, then n+v; — vy € S'. So v > v;. By definition of S’, this implies that
n+vi—ve=n—(vg—v;) € Sorn—(n+v; —uvy) =vy—wv; €S. In other words, v;
and v, are not independent in C), g, and thus cannot belong to the same colour class
Vi:. We have a contradiction.

This establishes the converse, that every k-colouring of C,, ¢ can be extended to
a k-colouring of G(Z, S"). Hence we conclude that x(Z, S") = x(C,,s). Since we have
already proven that x(Z, S) < x(Z, S’), the proof is complete. [

There are infinitely many sets S for which equality does not hold. As a simple
example, consider the case n =4 and S = {1,2}. Then x(Z, S) = 3, while x(Cy..s) =

Lemma 3.41 Let (ay,as,...,a;) be a k-tuple of integers such that 3 < a3 < ag <

o< ag. Then,ﬁ<ajforall1§j§k.
J

Proof: Let 1 < m < k be an integer. By induction on m, we will prove that the
inequality a;a(Gjm) — nym > 1 holds for all 1 < j < m. Letting m = k, this will

establish the lemma.
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We proceed by induction on m, proving the inequality for each 1 < j < m. The
base case m = 1 is trivial, as ny = a; — 1, and a(G1,1) = 1. So let m > 2, and suppose
the lemma is true for all indices less than m. Then, by the induction hypothesis,

a;a(Gjm—1) — Npm—1 > 1 for each 1 < j < m — 1. We have

a;a(Gjm—1) = Np—1 > 1
;am(Gjm_1) — GpNm—1 > G
aj(a(Gjm)+1)—n, —1 > a, by Theorem 3.8.
a;o(Gjm) —Mm >y —aj+1
a;o(Gjm) —nm > 1, since a,, > a;.
This proves the lemma for each 1 < 57 < m — 1. Finally for j = m, we have

a(Gumm) = Num—1, by Theorem 3.8. And so a,,&(Grym) — N = ANp—1 — Ny, = 1,
and our induction is complete.
Thus, letting m = k, we have shown that a;a(G,x) — np > 1, from which the

desired conclusion follows. |
Now we are ready to prove Theorem 3.39.

Proof:  We first deal with the most difficult (and most interesting!) case 1 < j < k—1,
with k£ > 3. We prove that x(Z, S; ) = a; in this case.

By Theorem 3.25, G is star extremal. By Lemma 3.24 and Lemma 3.41,
Xe(Gjr) = a(g—?k) < aj. Therefore, x(G;x) = [x.(Gjx)] < a;, by Theorem 3.20.
Finally, Lemma 3.40 implies that x(Z, Sjx) < x(Ch,.s,,) = X(Gjx) < a;.

To complete the proof, we need to prove that there is no (a; — 1) colouring of

X(Z, S} ). We split our analysis into two subcases: when j = 1, and when 2 < j <
k—1.

Subcase 1: j =1.

On the contrary, suppose there is an (a; — 1)-colouring of G(Z, S; ). We note
that Sy, ={1,2,...,a; — 2}. Note that an (a; — 1)-colouring of G(Z, S; ) must be

unique, up to a permutation of colours. In fact, the colouring can be characterized
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very easily as follows: u and v have the same colour iff u =v (mod a; — 1).

By Proposition 3.5 (b), S12 € S, and so any (a; — 1)-colouring of G(Z, S )
must have the property that u and v have the same colour iff u = v (mod a; — 1).
So in any proper colouring, the vertices 0 and (a; — 1)(az — 1) must be coloured the
same, and hence (a1 — 1)(ag — 1) & Sy, for all k > 2.

We claim that ny —n; +1 € S; 3. To see this, note that a; —2 =n; —1 € Sy ,.
Since Sy 3 = £512 (mod ng), we have ng — (ny — 1) € S13. Thus, ng —ny +1 € S
for all k > 3.

However, ng —ny+ 1= (agn; —1) —ny+1=mn3(as —1) = (a1 — 1)(ag — 1) ¢ Sy .

And this is a contradiction for all & > 3. Therefore, no such (a; — 1)-colouring exists.
Subcase 2: 2<j<k-—1.

On the contrary, suppose there is an (a; —1)-colouring of G(Z, S; ;). Let H; be the
restriction of this graph to the vertices {0,1,2,..., (a; — 1)n;_1}. By the Pigeonhole
Principle, there must be n;_; 41 vertices in H; that appear in the same colour class.
Let these vertices be vy, v9, ..., vy, arranged in increasing order, where m = n;_; + 1.
Thus, v, —v1 < (a; — 1)nj_;.

Let u; = v;y 1 — v; for each 1 < i < m — 1. Since v; and v;,1 belong to the same
colour class, u; ¢ S;x. By Proposition 3.5 (b), S;;+1 C Sjx, and so u; ¢ Sj 1. By
Proposition 3.5 (e), Sj+1 = {nj—1,nj-1+1,...,n; —nj_1}, so either 1 < wu; < n;_;
or u; > nj — n;_y. First, suppose some u, > n; —n;j_; + 1, for some 1 <p < m — 1.
Since each of the other u;’s are at least 1, we have

m—1

Um — U1 = E U;

i=1

(n]—n]_1+1)—|—(m—2)1
(nj —nj—1+1)+ (njor +1-2)
= ajnj_l —1

> ((lj - 1)77,j_1.

Since vy, —v1 < (aj — 1)n;j_1, we have our desired contradiction. This shows that
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u; < nj_q, foreach 1 <i<m—1.

For each 1 < i < m, define w; = v; —v;. Since v; and v; belong to the same colour
class, w; = v;—vy ¢ S, ;+1. Consider the strictly increasing sequence {wy, ws, . .., wp, }.

Since Wy, = vy, —v1 > m—1 =mn,_1 and w,, ¢ S; 11, we must have w,, > n; —n;_1.

Since w; = 0 < n;_; and w,, > n; — n,_;, there must exist a unique index r
for which w, < n;_; and w,1; > n; — n;_;. For this r, we have u, = v,1; — v, =
Wyy1 — Wy > (nj —MNj1 + 1) — (nj_l — 1) =n; — 2nj_1 +2= ((lj — 2)le_1 +1> nj—1.

And this contradicts our claim that every u; < n;_s.

In both subcases, we have proven that no (a; — 1)-colouring exists in G(Z, S, ).

Therefore, we have shown that x(Z,S;;) = a; forallk >3 and 1 <j <k —1.

To complete the proof of Theorem 3.39, we must consider the cases j = k and

(7,k) = (1,2). We split these cases into further subcases.

In all of these cases, we remark that S, is a sequence of consecutive integers. If
j =k > 1, then by Proposition 3.5 (d), Skr = {nk—1,m—1 + 1,...,[5]}. And if
(7,k) = (1,2), then S10 = {1,2,...,a; — 2}, by Proposition 3.5 (e).

By Theorem 3.38, we have x(Z, S12) = (%W + 2 = a; — 1, which proves the
final case of Theorem 3.39.

Also by Theorem 3.38, x(Z, Sk.x) = [‘i'—jﬂ +2, where |S| = [ % | —ng_1+1. From
this, it follows that for all £ > 1,

[1S] —1
X(Z,Skr) = 151 —‘+2

L)
1

Ng—

We now determine a simple formula for { W for each k > 1.
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If =k =1, we have ng =1 and n; = a; — 1. Thus,

X(Z,51,) = _%—‘_‘_1

_ _Vlz_lﬂ“

-1
- |& J+1

Ifj=k=2anda; =3, wehaveng=1,ny =a; —1 =2, and nyg =agn; — 1 =

2ao — 1. Thus,

X<22w522> = _L%%Jw +-1

r 2[12—1
_ 41

,_
[\

I
Q
no
—
_|_

We have two cases remaining: when 7 = k£ > 3, and when j = k£ = 2 and a; > 3.

Note that in both of these cases, n,_ is at least 3. Since n, = agni_1 — 1, we have

apNp—1 — 2 < {%J | @1 — 1 < apNp—1 — 1
2 — L2 2 - 2 )

This implies that

o L _1F] e 1
2 M1 Mo 2 2ng
nEg
If aj, is even, then the above inequality shows that % — 1 < }1:71 < %, implying
that || =%
Nk—1

And if ay, is odd, then the above inequality shows that “kz_ L < be < “k; L since
s

ng_1 > 3. This implies that [—-‘ — aptl

Nk—1 2
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Consolidating both of these case into one identity, we have “iﬂ = L“kTHJ
Therefore,
_ (5]
X(Z> Sk,k) - +1

Nk—1
ap+ 1

= 1

B ap + 3

= |75 |

= a; +3 since j = k.
- 2 -

Therefore, we have shown that
([ q; if1<j<k—1andk>3
a; +3 o o
5 ifj=k>3orifj=k=2and a; >3
az+2| ...
X(Z,S;k) = 5 ifj=k=2anda; =3
1
_“;__ﬁj:k:1
ap —1 if (jak):(lvz)

\

This completes the proof of Theorem 3.39. |

Therefore, we have successfully verified our formula for x(Z, S; ), for every pos-
sible generating set S;; in our construction. As a corollary of Theorem 3.39, we
can quickly derive the chromatic number for every graph in this infinite family

Gj,k - Cn

kSik*
Theorem 3.42 Let3< a1 <ay <...<ap1<ay, and1 < j<k. Then,

aj—1 ifj=k=1

a; otherwise

X(Gjr) = {
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Proof: By Theorem 3.21, x;(G,x) = a(g—’;k) Since G, is star extremal by The-
orem 3.25, x.(Gjx) = xf(Gjk) < a; by Lemma 3.41. By Theorem 3.20, x(G,x) =
[xc(Gjk)] < aj. This identity holds for all 1 < j < k.

In Theorem 3.39, we showed that x(Z,S;;) = a; whenever 1 < j < k — 1 and
k > 3. In this case, we must have x(Gjr) = a;, since x(Gjr) = X(Cn,.s,,) =
X(Z,S; ) = a; by Lemma 3.40.

Now consider the other cases. If j = k& > 1, then by Theorems 3.21 and 3.8,

nj ajnj,1—1 1

Xc(ijk) - Xf(Gj’k) - a(g];,k) = aGyy) omj1 aj; = nj—1’

If j =k =1, then nj_y = 1 and so x.(G,x) = a1 — 1 in this case. Hence,
X(Gjk) = [xe(Gjk)] = a1 —1. And if j = k > 1, then n;_y > 1 and so x(Gj) =
[X(Gi)l = [a; — 751 =a;.

Finally, consider the case (j,k) = (1,2). By Theorem 3.8, a(G12) = axc(G11) —

1 = ay — 1. Therefore, xc(Gjx) = Xr(Gjn) = 5757 = “3’2‘1__11 = “2(‘;12:11)_1. Since
3 < a; < as, we have a1 — 1 < % < a;. This implies that x(G;) =

Xe(Gi)] = [ = an.
Therefore, in all cases, we have shown that x(G, ) = a;, with the exceptional

case X(Gjx) =a; —1 when j =k = 1. [

3.4 Application 3: Fractional Ramsey Numbers

In this section, we determine an explicit formula for the generalized fractional Ramsey
number 7, (a1, az, . . ., ag), solving an open problem from [102, 117].

Stated in its most general form, Ramsey Theory claims that within any sufficiently
large system, some regularity must always exist. In other words, “complete disorder
is impossible” [83]. Ramsey Theory is the study of regularity in complex random
structures. This branch of mathematics has laid the groundwork for many important
areas of current combinatorial research, which have applications to diverse areas of
pure and applied mathematics. Ramsey theorists have made significant contributions
to fields such as dynamical systems and ergodic theory.

This branch of mathematics grew out of the seminal paper by Frank Ramsey
[152] in 1930, which constituted a first step in an unsuccessful attempt to prove the

continuum hypothesis [132]. The motivation for Ramsey Theory originates from the
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so-called “party problem” [83], which is stated as follows.

Problem 3.43 If sixz people attend a party, prove that there must be a group of three

mutual acquaintances, or a group of three mutual strangers.

The proof is a straightforward application of the Pigeonhole Principle. We now

define the Ramsey number r(a, b).

Definition 3.44 The Ramsey number r(a,b) is the smallest positive integer n
such that if Hy and Hy are any graphs for which K, = Hy @& Hs, then w(Hy) > a or
W(Hg) Z b.

In other words, in any 2-edge decomposition of K, either the first subgraph has
a clique of cardinality a or the second subgraph has a clique of cardinality b. We can

generalize this to a k-edge decomposition Hy @ Hy @ - - - B Hy.

Definition 3.45 The generalized Ramsey number r(ay, as, ..., a;) is the small-
est positive integer n such that if Hy, Hs, ..., Hy are any graphs for which K, =
Hi @& Hy ® -+ ® Hy, then w(H;) > a; for some 1 < i < k.

Ramsey’s celebrated theorem [83, 152] states that (a1, as, . .., ax) is well-defined,
for any choice of the a;’s.

Problem 3.43 tells us that r(3,3) < 6. To show that r(3,3) > 5, it suffices to
find two Kjs-free graphs H, and H, with K5 = H; © Hy. A solution is H; = Cs (1
and Hy = Cs(9y. Both H; and H, are isomorphic to Cs, and hence, contain no K3
subgraph. Thus, r(3,3) = 6.

Since Hy = H; and w(H,) = w(H;) = a(H;), we can alternatively define r(a, b)
to be the smallest n such that for any graph G on n vertices, either w(G) > a or

a(G) > b.

Definition 3.46 ([83]) A graph G is Ramsey (a,b)-critical if |G| = r(a,b) — 1,

and G contains neither a clique of order a or an independent set of order b.

For example, it can be shown that the only Ramsey (3, 3)-critical graph is G = Cs.

We will assume that in the generalized Ramsey number r(aq, as, . . ., a), each a; > 2,
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as the case min{ay, as,...,a;} = 1 implies that r(ay, as,...,a;) = 1 (since a single
vertex is a clique of cardinality 1). Also we will assume that k > 2, since r(a;) = a;.

The following observations are trivial.
1. If a; < b; for each 1 <i < k, then r(ay,as,...,ar) < (b, ba, ..., bg).
2. If 0 is a permutation of {a;}, then r(ay,as, ..., ax) = r(Goq1), Go@); - - - Co(k))-
3. r(ay,ag, ... a5, 2) =r(ay,as, ..., a).

Thus, we will assume that 3 < a; < ap < ... < a;. Remarkably, r(3,3,3) = 17
is the only non-trivial Ramsey number known for k£ > 2. All other known Ramsey
numbers are of the form r(a,b), and only nine have been determined. An excellent
survey of known results and bounds appears in [151]. Table 3.1 lists the nine known

non-trivial Ramsey numbers of the form r(a, b).

(a,b) | r(a,b)
(3,3) 6
(3,4) 9
(3,5) | 14
(3,6) | 18
(3,7) | 23
(3,8) | 28
(3,9) | 36
4,4) | 18
(4,5) | 25

Table 3.1: The nine known Ramsey numbers of the form r(a, b).

The proofs for the cases (a,b) = (3,6),(3,7),(3,8),(3,9), (4,5) require computer
analysis and elaborate case-checking. More details can be found in [151]. But the
other four cases require no case-checking at all. We provide a new proof of these
results, by involving independence polynomials to prove our lower bounds.

We first state a lemma that can be proven using a simple parity argument.

Lemma 3.47 ([83]) Suppose r(a,b—1) and r(a—1,b) are both even. Then r(a,b) <
r(a,b—1)+r(a—1,b)—1. If they are not both even, thenr(a,b) < r(a,b—1)+r(a—1,b).
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Now we compute the exact values of three Ramsey numbers. All of these results
were known to Greenwood and Gleason [85] in 1955, and were cited in [83]. However,
our proofs for the lower bounds are slightly different, as we will apply our work on

independence polynomials.
Theorem 3.48 r(3,4) =9, r(3,5) = 14, and r(4,4) = 18.

Proof: ~ We know that 7(3,3) = 6 and r(2,4) = r(4) = 4. By Lemma 3.47,
r(3,4) <r(3,3)+7r(2,4)—1=9. By Lemma 3.47, we have r(3,5) < r(2,5)+7r(3,4) =
547(3,4) <14 and r(4,4) < r(3,4)+r(3,4) < 18. This establishes the upper bounds.

To complete the proof that r(a,b) = n, we must construct a Ramsey (a, b)-critical
graph G. All of our critical graphs will be circulants.

Let G = Cg 11,43 Then, G = Csq2,33- By Theorems 2.10 and 2.26, I(G,x) =
148z 4 1622 +8z%. By Theorem 1.5, I(G,x) = 1+ 8z +1222. Thus, w(G) = a(G) =
deg(I(G,z)) =2 < 3 and w(G) = a(G) = deg(I(G,x)) = 3 < 4.

Let G = Ci31,5). Then, G = Cis {2,346y By Theorem 1.5, I(G,z) = 1 + 13z +
5222 + 78x3 + 39x* and (G, x) = 1 + 13z + 2622, Thus, w(G) = a(G) =2 < 3 and
w(G) = a(G) =4 < 5.

Let G = Cirq1248- By Lemma 224, G = Cizz567 =~ Cir{1245), with the
multiplier 7 = 3. By Theorem 1.5, I(G,z) = I(G,z) = 1 + 17z + 6822 4 6823, so

w(@)=w(G) =3<4. |

This technique of calculating the independence polynomial is more rigorous than
the approach where we can determine the graph invariants by simply drawing the
diagram. For small graphs, the “by inspection” method is sufficient, but we will
require a more formal approach for graphs of larger order.

In [104], it is proven that the Ramsey (3,3)-critical, (3,5)-critical, and (4,4)-
critical graphs are unique. In addition to G' = Cs 41,4y and its complement, there are
two other Ramsey (3, 4)-critical graphs. However, neither graph is a circulant.

Unfortunately, not all Ramsey (a, b)-critical graphs are circulants. It would be
very convenient if that were the case, as that would produce better lower bounds for
the Ramsey numbers than the ones currently known. But to quote [83], “it appears

likely (though not certain) that the structure of these maximal Ramsey graphs is
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illusory. Perhaps combinatorialists have again been victimized by the Law of Small
Numbers: patterns discovered for small k evaporate for k sufficiently large to make
calculation difficult”. Despite extensive research, hardly anything is known about the
Ramsey numbers, and it has become increasingly difficult to improve the currently
known bounds.

While it appears intractable to calculate an explicit formula for r(aq, as, ..., ax),
we now introduce the generalized fractional Ramsey number r,, (a1, ay, ..., a;), and
determine an explicit formula for this function.

Earlier in this chapter, we defined the fractional chromatic number x;(G) as the

linear relaxation of the IP for x(G). We do the same for the fractional clique number
wr(G).

Definition 3.49 ([158]) Let M be the vertez-independent set incidence matriz of G.
The dual IP of x(G) gives us the value of the clique number w(G).
w(G) =max1 -y, where My <1,y >0, and y € Z".

Then the fractional clique number w(G) is

wi(G) =max1-y, where M'y <1,y >0, and y € R".

For any graph G, we have w(G) < w¢(G) = xs(G) < x(G), by the duality
theorem of linear programming [45]. In [102, 117], the fractional Ramsey number

Tw; (a1, Gz, ..., a;) is introduced as an analogue to the Ramsey number.

Definition 3.50 The fractional Ramsey function is the smallest positive integer
n such that if Hq, ..., Hy are any graphs for which K,, = Hy @& Hy & --- @ Hy, then
wr(H;) > a; for some 1.

Note that 7, (a1, ag, ..., a;) must exist for any choice of the a;’s, as it is bounded
above by r(ay,as,...,a;). This follows because w(H;) < wg(H;), for each subgraph
H;.

Since x;(G) = wy(G) for all G, 7y, (ay, az, ..., ap) = 1y, (a1, ag, . . ., a;). Hence, we
make the important note that these two functions are interchangeable. For notational

consistency, we will only refer to the function r,,,(ay, as, ..., ax).
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Trivially, we have 7, (a) = a and (2, az, a3, . .., ar) = ru,(az,as, . . ., a). So we
will assume that (ag, as, ..., ax) is a k-tuple of integers with 3 < a; < as < ... < ay,

and k > 2. The following formulas are known:

Theorem 3.51 ([102, 117]) Let a and b be positive integers with 3 < a <b. Then
Tw,(a,b) = ab—b.

Theorem 3.52 ([102, 117]) Let a > 3 be an integer. Then for any integer k > 2,

To,(a, a, ..., a)=a"—a" —ad""—... —a" —a
————
k times

These are the only known results for the fractional Ramsey function, where the
a;’s are all integers. In this section, we apply Theorem 3.8 to prove a complete
generalization, for any k-tuple of integers (aq,as, ..., ax). As with other Ramsey
functions, this formula is invariant under any permutation of the a;’s. However, in
this formula, there is a slight twist: to get the desired Ramsey number, one must first
order the a;’s in increasing order. Nevertheless, this does not change the invariance
of our generalized formula.

Note that by Theorem 3.21, w¢(G) = x(G) = % for any circulant graph G.

Theorem 3.53 Let ay,as, ..., a; be integers with 3 < ay < as < ... < ag. Then,

k k k
rwf(al,ag,...,ak):Haj— E Haj .
=1

i=2 \j=i

Proof:  Recall that we defined ng = 1 and n; = a;n;_1 — 1 for each 1 < i < k. By
the same argument as Corollary 3.9, the right side of the identity is equal to nj + 1.

We first prove the upper bound rwf(al,a2, c.oar) < ng + 1. We proceed by
induction on k. The case k = 1 is trivial. By the induction hypothesis, suppose that
the result is true for the index k — 1, where k& > 2. Let n = n;, + 1 = agng_1. Let
K,=H & Hy@&---® H,. We will show that w¢(H;) > a; for some 1 < i < k. This
will prove the upper bound.

Consider G' = H1 @ Hy @ -+ @ Hp_1. If w(G') > np_1 + 1, then G’ contains a
clique of cardinality ny_; + 1. Restricting G’ to the set of vertices belonging to this
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clique, we have a (k — 1)-edge colouring of K, ;1. By the induction hypothesis,
Tw, (a1, a2, ... ap—1) < npy + 1, and so we must have wy(H;) > a; for some 1 <i <
k—1.

Now consider the case that w(G’) < ng_1. Then by Theorem 3.21, we have

| Hy| n n ApNp—1
wr(Hy) = o(Hy) oy (@) e "

In any k-edge colouring of K,,, we have shown that w;(H;) > a;, for some 1 <1i <
k. This proves that 7, (a1, as,...,ax) < ng + 1.

To complete the proof, we need to find a k-edge colouring of K, such that if H;
is the subgraph induced by colour j, then w¢(H;) < a;, for all j. This will establish
the lower bound r, ; (a1, as,...,ax) > n,. Conveniently, the earlier construction of the
G, x's is exactly what we need for our k-edge colouring (i.e., k-edge decomposition) of
K,,.

Let H; = Gj(a1,a9,...,a;) = G for each 1 < j < k. By Lemma 3.2, the
S;x’s form a partition of {1,2,...,[% |}, and so the H;’s induce a k-edge colouring

of K,,. We wish to prove that w(G;) < a;, for each 1 < j < k. But this follows

immediately, since w¢(G,x) = a6 < @;, by Theorem 3.21 and Lemma 3.41.
Js
Therefore, we have proven that r, (a1, az, ..., ax) = ng + 1, as required. |

This completes the main theorem of this section.

We now introduce a generalized class of Ramsey numbers, which we will call
m-Ramsey functions. This definition first appeared in the literature as f-Ramsey

functions in [33], and was developed further in [116].

Definition 3.54 ([33]) Let (a1, as,...,a;) be a k-tuple of positive real numbers.
Then for any parameter m, the w-Ramsey function r.(aq, as, . .., ay) is the smallest
integer n such that in any k-edge decomposition G1®Go® - -- B Gy, of K, 7(G;) > a;

for at least one index 7.

Hence, the w-Ramsey function is r(ai, ay, . .., a). Similarly, r, (a1, as, ..., ay) is
the m-Ramsey function for the fractional clique number (i.e., the fractional chromatic

number).
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We note that for some graph parameters 7, the m-Ramsey function is not well-
defined. For example, if we let 7(G) be the number of components of G, then r,(2,2)
does not exist. To see this, note that C, and C, are both connected for every
n > 5, and so we have 7(C,) = n(C,) = 1 < 2. But by a theorem in [116], if
lim, 0o m(K,,) = 00 and 7(H) < m(G) whenever H C G, then r,(a,ag,...,a) is
well-defined.

Thus, we may define r.(ay, as,...,a) for any parameter 7 satisfying these two
conditions. Three such parameters are x(G), x.(G), and x¢(G) = ws(G). Having
already determined a formula for ry, (a1, as, ..., ar) = 1y, (a1, as, . .., a), we turn our
attention to the corresponding Ramsey functions for the first two parameters.

Let us consider the Ramsey functions 7y (as, as, . . ., ax) and ry (a1, as, . . ., a;). The

former appears in [116].
Theorem 3.55 ([116]) Let ay,as, ..., ax be integers with a; > 3 for each i. Then,
ry(ar,ag, ..., a;) = (@ —1)(ag — 1) - (a — 1) + 1.

Like with other Ramsey functions, this formula is invariant under permutation of
the a;’s. As discussed earlier, this invariance property also holds for our formula for
wa(al, as, ..., ax), proven in Theorem 3.53.

To our surprise, the circular chromatic Ramsey number equals the fractional Ram-

sey number. The proof is essentially a corollary of our previous theorems.

Theorem 3.56 Let aq,as, ..., a; be integers with 3 < ay < as < ... < ag. Then,

(1)

Proof:  As we showed in the proof of Theorem 3.53, the right side of the identity

k

Ty (a1, az,...,a;) = Haj — Z

k

7j=1 =2

is equal to ng, + 1, where ng = 1 and n; = a;n;_; — 1 for each 1 < i < k. Since
X7(G) < xc(G) for all G, it follows by definition that

"ol Gz, .. ax) <1y (ar,ag, ..., ag).

Therefore, 7, (a1, as,...,ar) < ni + 1, by Theorem 3.53.
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To complete the proof, we need to find a k-edge colouring of K, such that if H,
is the subgraph induced by colour j, then x.(H;) < a;, for all j. We use the same
k-edge partition as in Theorem 3.53. Let H; = Gj(ai,aq,...,a;) = Gjj, for each
1 <j < k. By Lemma 3.2, the S;;’s form a partition of {1,2,...,[% ]}, and so the
H;’s induce a k-edge colouring of K,,. It suffices to prove that x.(G;x) < a;, for
each 1 <5 < k.

In Theorem 3.25, we proved that each G;; is star extremal, ie., x;(G;x) =

Xc(Gjk). Therefore, we have x.(G;x) = xs(Gjxr) = < a;, by Theorem 3.21

N
a(Gj k)

and Lemma 3.41. This completes the proof. |

Our analysis of m-Ramsey functions will be continued in the following section,
where we use m-Ramsey functions to determine the optimal Nordhaus-Gaddum in-

equalities for the fractional chromatic and fractional clique number.

3.5 Application 4: Nordhaus-Gaddum Inequalities

In [143], Nordhaus and Gaddum determined bounds for the sum and product of the

chromatic numbers of a graph and its complement.
Theorem 3.57 ([143]) Let G be a graph on n vertices. Then,

2v/n] < x(GQ)+x(G) < n+1,
n < X(G) X(@) < {(”;1) J

Nordhaus and Gaddum also showed that these bounds are optimal by finding

examples of graphs for which equality is reached. Since then, various papers have
been published on determining optimal bounds for 7(G) + 7(G) and 7(G) - 7(G), for
other graph parameters 7. In the literature, these results are known as Nordhaus-
Gaddum inequalities.

Since the notion of an optimal bound is ambiguous, let us formally define our
notion of optimality. We say that the function f(n) is an optimal lower bound for

m(G)+m(Q) if for every integer n, f(n) < 7(G)+n(G) for any graph G on n vertices,

and the value f(n) cannot be replaced by any larger real number.
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Since there are only finitely many graphs on n vertices, the optimal bound f(n)
is simply the minimum value of 7(G) + 7 (G) over all possible graphs G on n vertices.
Thus, there must be at least one graph G (with |G| = n) for which equality is attained.

In all cases, the function f(n) is uniquely defined. As a specific example, f(n) =
[24/1] is the optimal lower bound for x(G) + x(G). In some papers, it is written that
2v/n < 7(GQ) + 7(G) is the optimal lower bound; by our definition, that will not be
the case.

Nordhaus-Gaddum inequalities have been established for many other graph pa-
rameters, such as the independence and edge-independence number [32, 67], list-
colouring number [54, 77|, diameter, girth, circumference, and edge-covering number
[179], connectivity and edge-connectivity number [51], achromatic and pseudoachro-
matic number [7, 180], and arboricity [136, 173]. In some cases, bounds are found,
yet it is unknown if they are optimal. A survey of known theorems (pre-1971) is given

in [31]. Two such results are as follows.

Let a;(G) be the edge-independence number of G. Then, it is shown [32] that

S ca@+a@=2 7],

0 < n(G) (@) < {gf

Let 1(G) be the edge-covering number of G. Then, it is shown [179] that

9. [g] < B(G) + Bi(G) <2n—2— {gJ :
2] < i) s < o=l

G @ G is a 2-edge decomposition of K, i.e., a partition of the edges of K, into
two subgraphs. (For convenience, we will now refer to all edge decompositions as
decompositions). We can generalize this to examine all k-decompositions of K,
and determine bounds for S5 7(G;) and [, 7(G;). We refer to these as gener-
alized Nordhaus-Gaddum inequalities. Generalized bounds have been found when 7
is the chromatic number [51, 77, 146|, the clique number, list colouring number, and
Szekeres-Wilf number [77].
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In this section, we apply the m-Ramsey function, introduced at the end of the previ-
ous section. Using m-Ramsey functions, we derive a theorem that gives us the optimal
lower bound of 3% (@), for any graph parameter 7 for which lim,, . 7(K,) = 0o

and 7(H) < w(G) whenever H C G.

As an application, we derive an explicit formula for this optimal lower bound,

when 7 is the chromatic number x(G) and the vertex arboricity p(G).

In all of the known examples in the literature, the parameter w(G) is integer-
valued. In this section, we also provide the first instances of Nordhaus-Gaddum
inequalities where the parameters are rationalvalued, and our optimal bounds are
non-integers. We will determine the optimal bounds for 7(G) + n(G) and 7(G) -
7(G), when 7(G) is the fractional chromatic number y;(G) and when 7(G) is the
circular chromatic number x.(G). For the most difficult of the four inequalities, we
will establish the optimality by finding a star extremal circulant graph G for which

Xf(G) + x¢(G) = xe(G) + x.(G) attains the desired lower bound. Our result will

follow as an immediate consequence of theorems proven earlier in this chapter.

We will first prove our optimal lower bound of Zle 7(G;), for any graph param-
eter m. As an application, we determine the exact lower bound for the parameters
X(G) and p(G). Following that, we will determine the optimal Nordhaus-Gaddum in-
equalities for x;(G) and x.(G). Thus, the remainder of this section will be separated

into two parts.

In the previous section, we defined the m-Ramsey function 7 (ay, as, . .., ax). In the
following theorem, we make an important connection showing that the lower bound
for any generalized Nordhaus-Gaddum inequality can be expressed in terms of the
corresponding m-Ramsey function. Note that in the following theorem, 7(G) is not
restricted to be an integer; in fact, 7(G) can be any positive real number. This result

will enable us to determine the correct Nordhaus-Gaddum inequalities for x ;(G) and

Xe(G).

Theorem 3.58 Let m be a graph parameter, with lim,, ., 7(K,) = co and m(H) <
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7m(G) whenever H C G. Then, for any k-decomposition G1 ® Gy @ ... ® Gy, of K,

=1

k
Z?T(Gi) > inf{Zai | rr(a1+e,a0+¢,...,ap+¢) >n Ve> O} )
j i=1
Moreover, this lower bound is optimal.

Proof: Let S be the set of real numbers ¢ for which there is a k-tuple (a1, as, . .., ax)
of real numbers with ¢t = Zle a; and rr(ay +¢e,a2 +¢€,...,a,+¢) > n, for all € > 0.

First we justify that S is non-empty. Let r be the smallest number for which
m(H) < r for every subgraph H C K,. Then for any k-decomposition G @& Gy &
... ® Gy of K, we must have 7(G;) < r. Then (r,r,...,r) is a k-tuple satisfying the
above conditions, and so kr € S.

Thus S is non-empty and it must have a finite-valued infimum. In fact, it is
straightforward to see that S = (m, 00) or S = [m, 00), where m = inf S. We wish to
prove that Zle w(G;) > m.

On the contrary, suppose that there exists a k-decomposition G1 & Gy ® ... D Gy,
of K,, for which Y2F  7(G;) = m/ < m. Let 7(G;) = b; for each i. Now consider the
m-Ramsey number 7,(by +€,by +¢,...,bx + €).

If there exists an & > 0 such that r.(by +¢&,bo +¢&,...,br + &) < n, then by
definition, there must exist an index 7 such that m(G;) > b; + . But then b; > b; + ¢,
a contradiction. Therefore, we must have 7 (b;+¢,bs+¢,...,by+¢) > n for alle > 0.
But then Zle b =m' <m < Zle a;, contradicting the minimality of m. Hence,
no such m’ exists, and we conclude that Zle m(G;) > m for all k-decompositions
GioGyd... DG, of K,,.

By the definition of the m-Ramsey function, r,(a;+¢, as+e¢, ..., ar+¢) > n implies
the existence of a k-decomposition G; ® Gy @ ... ® Gy, of K,, with 7(G;) < a; + ¢ for
each 7. So in this decomposition, Zle 7(Gi) < m + ke. Since such a decomposition
exists for any € > 0, we conclude that Zle 7(G;) can be made as close to m as
we wish. Therefore, we conclude that SX% | 7(G;) > m, and that this lower bound

cannot be reduced any further. |

As a specific case of Theorem 3.58, we have the following result.
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Corollary 3.59 Let 7 be a graph parameter such that 7(G) € N for all G. Then, for
any decomposition G1 ® G @ ... D Gy of K,

k
ZW(Gi)zmin{Zai | ro(ag +1laa+1,... a0+ 1) >n, aieN}.
; i=1

=1

Moreover, this is the optimal lower bound.

Proof:  Observe that for any small ¢ > 0, we have 7(G;) > a; + 1 iff 7(G;) > a; + €.
Since 7(() is an integer-valued function, we must have r (a1 +1,a2+1,..., a5+ 1) =
re(a1 +¢e,as +€,...,a;r + €) for any k-tuple (aq,aq,...,ax), with 0 < ¢ < 1. The

conclusion follows from Theorem 3.58. |

Using Corollary 3.59, we now determine the optimal lower bounds for Zle m(G)
for two parameters, namely the chromatic number y(G), and the vertex arboricity
number p(G). The vertex arboricity is the minimum number of subsets that V(G)
can be partitioned into so that each subset induces an acyclic subgraph.

First, we require additional definitions and a theorem from Lesniak-Foster and
Roberts [116].

Definition 3.60 Let P be a graphical property that is possessed by the trivial graph
K. Then the vertex partition number v(G) of a graph G is the minimum number
of subsets into which the vertex set of G can be partitioned so that each subset induces

a subgraph having property P.

As an example, if we let P be the property that a graph is edge-free, then v(G)
is simply the chromatic number x(G). Hence, x(G) is a vertex partition parameter.

Note that every vertex partition parameter is integer-valued.

Definition 3.61 If v is a vertex partition parameter, then for each positive integer
k, let (k) denote the largest integer m for which there exists a k-decomposition of

K, such that v(H;) =1 for all 1 <i < k.

As a simple example, x(G) is a vertex partition parameter for which (k) = 1 for
all k.
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Definition 3.62 A graphical property P is co-hereditary if P is closed under sub-

graphs and disjoint unions.

To be more specific, if P is co-hereditary, then every subgraph of a graph having
property P also has property P, and the graph consisting of disjoint subgraphs each
having property P, also has property P. As an example, the property that a graph
is edge-free is co-hereditary, but the property that a graph is connected is not.

Letting m be a vertex partition parameter v, we can investigate the v-Ramsey
function r,(ay,aq,...,ax), defined the same way as our m-Ramsey function. The

following result is proved by Lesniak [116].

Theorem 3.63 ([116]) Let ay,as,...,a; be positive integers and let v be a vertex
partition parameter for which lim v(K,) = oo and the corresponding property P is

co-hereditary. Then,

k
TV(a’laa'% ‘. '>ak) =1 ‘l’v(kf) . H(CLZ — ].)
=1

From Corollary 3.59 and Theorem 3.63, we can derive the optimal lower bound of

Zle 7m(G,;), for the parameter m = v.

Theorem 3.64 Let v be a verter partition parameter for which lim v(K,) = oo
and the corresponding property P is co-hereditary. If Gy ® Gy & ... & Gy is any
k-decomposition of K,,, then

212 [’f \ v(leJ |

=1
Moreover, this is the optimal lower bound.

Proof:  From Theorem 3.63 and Corollary 3.59, we have

k
ZV(GZ> > min{Zai | r,,(a1+1,a2—|—1,...,ak+1)>n, CLZ‘EN}

=1 i=1

k
= min{Zai | 7(k)aras...ax +1>n, aiEN}
i=1

k
= min{Zai | 7(k)aras...ax > n, aieN}
i=1

ko ok % by the AM-GM inequality.

v
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Note that equality occurs iff n = v(k)m* for some m € N, and each v(G;) = m.

Such a decomposition G; ® Gy @ ... D Gy, of K,, must exist, since
ro(m4+1,m4+1,...,m+1)>0(k)m* =n.

Also, if % is not a perfect k™ power, then we apply a discrete smoothing ar-
gument, to establish the following claim: given a fixed product ajas...ax, the sum

ai + as + ...+ ai is maximized when the a;’s are as close as possible. If the a;’s are

all integers, we require each a; to be |r| or [r], where r = ¢ (- From this, one

must have

iy(Gi) > [l{: ; v?k)]

i=1

Moreover, this must be the optimal lower bound. |

In [116], it is shown that X (k) = 1 and p(k) = 2k. Also, it is straightforward to
verify that both x(G) and p(G) satisfy the conditions of Theorem 3.64. Therefore,
by Theorem 3.64, we have

Corollary 3.65 Let G1 ® Gy @ ... D Gy be any k-decomposition of K,,. Then,

k k
DGz kY and 3 (G 2 k- o
The first result on 3% ¥(G;) appeared in [146] with a different proof, while the
second result is original. Our lower bound on Zle p(G;) is a generalization of the
k = 2 case, which was shown in [136].
By determining a formula for 77(k) for other co-hereditary vertex partition param-
eters, we will immediately derive a formula for the lower bound of S>F_ v(Gy). Tt is

hoped that several other Nordhaus-Gaddum inequalities can be established through

this process.

We can also determine optimal lower bounds for various generalized Nordhaus-
Gaddum inequalities by computing formulas for various m-Ramsey functions. For
some parameters (such as the clique number w(G)), it seems intractable to determine

values for r.(ay,as,...,ax), even for the case k = 2. That is why the optimal lower
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bound for the Nordhaus-Gaddum inequality a(G) +a(G) = w(G) +w(G) is a formula

in terms of Ramsey functions [32].

We now state the main theorem of this section, which determines the optimal
Nordhaus-Gaddum inequalities for both x;(G) and x.(G). We note that two of the
trivial bounds were established by Wang and Zhou [174], who proved that x.(G) +
Xe(G) < n+1 and x.(G) - x.(G) > n. We now provide all of the correct optimal
bounds, for both graph invariants.

To simplify the proof, we split the main result into two separate theorems; first
we establish our desired bounds, and then we prove the optimality of these bounds

by constructing for each n, a graph G of order n for which equality is attained.

Theorem 3.66 Let G be a graph on n vertices. Then,

n

NoORENCEw

min { 27/, } < XHG) + X4 (B) < xe(G) + Xl @) S+ 1,

— — n+1 2
n < 4(0) 1) € 0l6) - 1[0 < K ) J .
Theorem 3.67 All four bounds given in the statement of Theorem 3.66 are optimal.

Note the similarity of Theorem 3.66 to Theorem 3.57: in three of the four cases,
the bounds are identical. However, the lower bound for x ;(G)+x(G) is different. For
example, if n = 7, then Theorem 3.66 implies that x ;(G) + x;(G) > min{6, 2} = 3,
whereas Theorem 3.57 shows that x(G) + x(G) > [2V/7] = 6. For this lower bound

of xf(G) + x(G), we will prove the optimality by finding a star extremal circulant
graph G attaining the desired bound.

In the previous section, we discussed the generalized fractional Ramsey function
Tw, (a1, az, ..., a;), which is the m-Ramsey function for the parameter w;(G) = x(G).
By Theorem 3.22, w;(G) = x(G) > w(G), and so 1, (a1, ag, . . ., ax) is well-defined,

since it is bounded above by r(aq, as, . .., ar).
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Theorem 3.68 ([102, 117]) Let 7, (x,y) be the wy-Ramsey function for two vari-

ables. Let x,y > 2 be any real numbers. Then,

rop (€, y) = min{[([z] = Dy, [([y] = D]}

Knowing this formula for r, (z,y) = ry, (2, y) is the key to proving Theorem 3.66,

since Theorem 3.58 provides the optimal lower bound for x (G) + x¢(G) in terms of

this Ramsey function.
Corollary 3.69
X7(G)+xs(G) > inf {a; +az | ro,(a1+¢c,a0+€)>n Ve>0}.

We now determine the minimum value of a; + ay for which r,,, (a1 +¢€,a2 +¢) > n

for all £ > 0. This will establish the optimal lower bound for x ((G) + x;(G), which
in turn will give us the optimal lower bound for x.(G) + x.(G).
Before we proceed with the proof of Theorem 3.66, we require a definition and

several lemmas. To simplify notation, we introduce the function t(n) .

Definition 3.70 For each integer n > 1, set

t(n):min{mx/m, Wi + LW]}

The following lemmas will all include this definition of ¢(n). Our main theorem,

Theorem 3.66, will follow quickly from these three results.

Lemma 3.71 Let p = |\/n]. Then n = p*+ q for some 0 < q < 2p. Then, t(n) can

be represented as the following piecewise function.
( 2n
? if p? <n < p*+ L

[2y/n] =2p+1 ifp’+5<n<p’+p

n(2p+1)

e ifpP+p+l<n<p’+2

2vn]=2p+2 ifpP+ 2L <n<p*+2p
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Proof:  Since p? +p < (p+ 3)? < p* + p + 1, we can readily verify the following

identities.
2p if n = p?
2vn]=¢ 2p+1 ifp*> <n<p*+p
2p+2 ifpP+p+1<n<p*+2p
Py P <n<p?4p
n n b
_I_ =
L\/ﬁj |. V n + \/ﬁJ n n . 9 2
—+—— ifp°+p+1<n<p°+2p
p p+l
It n < p? + _then n < p? + 3p + 4p+2 _ (4p3+2p221_;ipz(2p+1)+p _ 2p342r§i21+2p =
2
Cpt2)(p"tp) Z}ipl ara Wthh implies that 3+ -5 = ;22” J:; U < 9p+2. Similarly, if n > p? + el
then n > p? + 2 + o = (2p+22;ip1 2) which implies that St = (2213:;1) > 2p+ 2.

We will use these inequalities in our case analysis below.

If n = p?, then [2\/n] = v+ L\/ an’ and so t(n) = 2p = 27".

2 2 p n __ 2n
Ifp?<n<p +§,then2p+1> , and so t(n) = L\/_J+L\/n+\/ﬁJ_7'

1uﬂ+§§n§p%uxmw2p+1<llmﬂaw()zmvm=ﬁ@+l

If p? 1<n<p? hen 2p+2 e % — =
P Hp+1<n <p?+ P, then 2p+2 > S 4 2y and so t(n) = EORW
n(2p+1)
_“'ﬁ_ p2+p
If p? + 25 <n < p? + 2p, then 2p+2 < 2 4 o and so t(n) = [2y/n] = 2p +2.

This completes the proof. |

By inspection, we can verify that 2\/n < t(n) < 2y/n+ 1 in each of the four cases
above. Therefore, [2/n] and 7= + W

these two expressions differ by at most 1.

are “close” in the sense that for any n,

Lemma 3.72 Let n be a fized positive integer. For each integer 1 < k < n, define
k) = k+ (%] and fo(k) = § + gy Then, min{fi(k), f2(k)} > t(n), for all

k. Moreover, this is the optimal lower bound, i.e., there exists at least one index
1 < k <n with min{ f1(k), fo(k)} = t(n).
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Proof:  Fix n. We first prove that fi(k) > [2y/n] for all 1 < k < n, which implies
by definition that f;(k) > t(n) for each k. Let n = p* + ¢, where 0 < ¢ < 2p.

If ¢ =0, then f1(k) > [2y/n] = 2p is equivalent to k+ [7] > 2p, or [7] > 2p— k.
Since (p — k) > 0, n = p* > 2pk — k* = k(2p — k). Therefore, [2] > 7 > 2p — k.

If 1 < q < p,then fi(k) > [2y/n] = 2p + 1 is equivalent to [#] > 2p — k + 1.
Since (p—k)*> >0, n > p* > 2pk — k* = k(2p — k), and so % > 2p — k. It follows that

[F1>2p—k+1.

If p+1<q < 2p, then fi(k) > [2y/n] = 2p+ 2 is equivalent to [7] > 2p —k +2.
Since p and k are integers, (p — k)(p — k +1) > 0, and so p* + p > 2pk — k> + k =
k(2p—Fk+1), from which we get 7 > ”2% > 2p—k+1. It follows that [2] > 2p—k+2.

Note that in all three cases, equality occurs if k = p = |y/n]. Therefore, we have
shown that fi(k) > [2y/n] for all 1 < k < n, with at least one value of k for which

equality occurs.

Now let us prove that fy(k) > t(n) for each k. This will conclude the proof of
the lemma. We split our analysis into the four cases described in Lemma 3.71, which

conveniently allows us to apply the formula for #(n).

The desired inequality fo(k) > 27" is equivalent to 7 + ﬁ > 27", which simplifies

k
to [ 7] (% —1) < k. If 2k —p < 0, the result is trivial, so assume otherwise. We divide
both sides by 2k —p > 0, and so it suffices to prove that [ 7] < 2:—;. We consider two
further subcases: when p* + 5 > (2p + 1)k — k?, and when p* + § < (2p + 1)k — k°.

In fact, for each of our four cases, we will separate our analysis into two subcases.
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If p 4+ % > (2p+ 1)k — k?, then

k,2

IN

(2p + 1)k — <p2 + g)

1
<p+§)(2k—p)
2 D _ 2
(p +2)(2k ) k*p

p*+L kp

k,2

IN

IN

IA

Therefore, LEJ < % <

If p> +2 < (2p+ 1)k — k?, then 2] < LPQZgj < 2p — k. Since 2(k — p)? > 0, we
have 4pk — 2k? — 2p? + kp < kp, which is equivalent to 2p — k < %. Therefore, we

have |#] < 2p — k < 72, with equality iff k = p = [/n].

Case 2: p*+5<n<p*+p.

The desired inequality fo(k) > 2p + 1 is equivalent to L%J(@ —1) <k If

(2p + 1)k < n, the inequality is trivial, so assume that W — 1 > 0. Then, it

suffices to prove that || < (27343%'

If n > (2p+ 1)k — k?, then

n > (2p+1)k—k
2p+Dk—n < Kk
n((2p+1)k—n) < k*n

n kn
k= (2p+Dk—n

Therefore LEJ << __

Lkl T kR T (2p+ k=0’



If n < (2p+ 1)k —k?, then [2] < 2p—k.
we have

n

n

n

2pn

(2p—k)2p+ 1)k —2pn+ kn

(2p — k) ((2p + 1)k —n)

2p — k

Therefor H<2 p< o Fm

R I ~2p+1D)k—n
Case 3: p*+p<n<p*+2L

n(2p+1)

The desired inequality f>(k) > =5
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From n > p* + & and p* > k(2p — k),

2 P
D"+ B
P*(2p+1)
2p
kE(2p —k)(2p+1)
2p
E(2p—k)(2p+1)
kn

kn

A%

v

IN IV

IA

kn
Cp+1)k—n

IN

n

is equivalent to | 7] (Getlk 9y < k.

p%+p

If (2p+ 1)k < p? + p, the inequality is trivial, so assume otherwise. Then, it

n k(p?+
suffices to prove that [] < %-

Since (2p + 3)(2p + 1) = (2p + 2)2 — 1, we have

(p+3)@p+1)
p+1

If p? + 2 > (2p + 2)k — k?, then

equivalent to 2p + 2 >

(2p+3)(2p+1)

52 < 2p + 2, which is

(2p + 2)k — k?

(p—l—%) (2p + 1>k:
p+1

<p+ g) 2p+ Dk —E*(p+1)

— k2

E*(p+1)

K (p* + p)

k(p* +p)
(2p+ 1Dk —(p* +p)
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PP+ 2 - k(p* +p)
2

(2p+ 1k — (p* +p)

Therefore, LEJ < % <

If p? + 22 < (2p + 2)k — k2, then [2] < V’* | <2p—Fk+1.
Since k and p are both integers, (kK — p)(k —p — 1) > 0, with equality iff £ = p =
|v/n| or when k = p+ 1= |y/n] + 1. Thus, we have

(k—p)(k—p—1) 0
(k—p)* = (k—p)
2k +k—p*—p

(2p + Dk — (p* +p)

(2p + 1)((2p + Dk — (0 +p))

2p+1)((2p+ Dk — (P> +p)) = K*2p+ 1) + k(p* +p)
2p+1—-k)((2p+ Dk — (p* +p))

2p—k+1

v

0

]{52

/{52

k*(2p + 1)
k(p* + p)

k(p® +p)
k(p* +p)
2p+ 1k —(p* +p)

AN VAN VAN VAN VAN AV

IN

k(p* +p)
(2p+ 1)k — (p* +p)

Therefore, {%J <2p—k+1< , with equality holding iff k£ =

|v/n]or k= [/n|+1.
Case 4: p2+%§n§p2+2p.

The desired inequality fo(k) > 2p + 2 is equivalent to L%J(@ - 1) <k If
(2p+2)k < n, the inequality is trivial, so assume otherwise. Then, it suffices to prove
that [ 7] <

kn
= @pr2)k—n
If n > (2p + 2)k — k?, then

2p+2)k—k < n

(2p +2)kn — k*n < n?
(2p+2)kn —n? < k’n
n kn
I G S
k= (2p+2)k—n

kn

< -
T~ (2p+2)k—n

Therefore, L%J 3%
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If n < (2p+2)k — k?, then [2] < 2p—k+ 1. Since (k—p)(k—p—1) >0, we

have k2 — (2p + 1)k + p(p +1) > 0, or p* +p > (2p + 1)k — k2. Also, ZE2EH0) —

p2+37p+4;% <p2+%. Thus, we have

3 1

n > p’+ %
(2p +2)(p* + p)

2p+1

2p+1n > (2p+2)(p° +p)
(2p+1)n (2p +2)((2p + 1)k — k?)
2p+1)(2p+2)k— (2p+ )n k*(2p + 2)
(2p+ 1) ((2p+2)k —n) k*(2p + 2)
(2p +1)((2p+2)k —n) — k*(2p+2) + kn kn
2p+1—k)((2p+2)k —n) kn
20—k +1

n >

ININ A

IN

kn
2p+2)k—n

IN

kn

Therefore, we have {%J <p—-k+1< m

This clears all of the cases, and so we have shown that fs(k) > t(n) for each
1 < k < n. Earlier we showed that fi(k) > [2y/n] > t(n). Therefore, we conclude
that min{ fi(k), fo(k)} > t(n), for all 1 < k < n. Furthermore, we showed that
in Cases 1 and 3, fo(|v/n]) = t(n) and in Cases 2 and 4, fi(|v/n]) = [2v/n] =
t(n). Therefore, for any integer n, there is at least one index 1 < k < n for which

min{ f1(k), fo(k)} = t(n), which implies that our lower bound is indeed optimal. [

Lemma 3.73 Let n > 2 be a fixed integer. Say that a pair (z,y) of real numbers is
n-amicable if ([y] — 1)z > n and ([x] — 1)y > n, where x,y > 2. If (z,y) is an
n-amicable pair, then x +y > t(n). Moreover, this is the optimal lower bound, i.e.,

inf(z + y) = t(n), where the infimum is taken over all n-amicable pairs.

Proof:  Given any fixed » > 2, (z,y) is amicable if y satisfies [y] > 2 + 1 and

y > ﬁ Let Y denote the set of real numbers y satisfying both inequalities. Then,

infY =morinfY = -, for some positive integer 1 < m < n. We have the same
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result for z: for a fixed y > 2, the infimum of x must be k or 7, for some integer

1<k<n.

So let us consider two cases: when x = k +¢ and when z = 7 + ¢, where ¢ is some
infinitely small positive real number. In each case, we will determine the infimum of
x + y such that (x,y) is n-amicable. Note that for any fixed x, (z,y) is amicable iff
[y] > 2 +1andy > =T

If © =k + ¢, then we require [y| > + 1 and y > £. Then, (z,y) is not n-

Fre
amicable when y = [7], but is n-amicable when y = [7] +¢’, for any ¢’ > 0. Hence,

in this case, inf(z +y) = k + [7], for some 1 <k < n.

If © = & + ¢, then we require [y] > +1and y > 75— = 7. The latter

T+e THel-1 [Z]
inequality does not hold if y = ﬁ, but does if y = ﬁ + ¢, for any ¢ > 0. We check
k k
that this value of y also satisfies the former inequality: if y = ] +e' > a+e' =k+€,
k k

then [y]| > k + 1, implying that [y] > k+ 1= %
k

Thus, (z,y) is n-amicable when y = ﬁ + ¢/, for any ¢’ > 0. Hence, in this case,
k

inf(x—l—y):%+%f0rsome1§k§n.

In Lemma 3.72, we defined f1(k) = k+ [}] and fo(k) = 3 + 7. We just proved
that there exists a pair (x,y) with inf(x +vy) = min{ f1(k), f2(k )} for some 1 < k <mn.
But in Lemma 3.72, we proved that there exists a k for which min{f(k), fo(k)}
attains the minimum value of ¢(n). Thus, we conclude that inf(z 4+ y) = t(n), and

our proof is complete. |

We are finally ready to prove Theorem 3.66. In addition to our lemmas, we will

repeatedly apply Theorem 3.22; which states that for any graph G on n vertices,

max {w<G>, %} < (G) < xl@) < X(G).

We now prove Theorem 3.66.



Proof: By Theorems 3.22 and 3.57, x 1(G)+x(G) < x(G)+x.(G) < x(G)+x(G) <
n+ L Similarly, x((G)xs(G) < x(G)xe(G) < x(G)x(G) < L
applications of Theorem 3.22, x.(G)x.(G) > x;(G)xs(G) > =
Thus, we have justified three of the four bounds.

Finally, we prove that t(n) < x;(G) + x4(G). Let © = a; + ¢ and y = as + €. By
Corollary 3.69, the optimal lower bound of x;(G) + x;(G) is the infimum of the set
of possible sums a; + ap such that ry (z,y) = ry, (a1 + &, a2 +¢) > n, for any € > 0.
Thus, we require z and y to be chosen so that ([z] — 1)y > n and ([y] — 1)z > n.
In other words, we seek to find the n-amicable pair (x,y) so that its sum z + y
is as small as possible. By Lemma 3.73, the infimum of all possible sums z + y
equals t(n), implying that inf(a; + a2) = t(n), taken over all possible sums a; + as.
Therefore, we have proven that x;(G) + x;(G) > t(n). By Theorem 3.22, we also
have x.(G) + xc(G) > t(n). This completes the proof of Theorem 3.66. |

To verify Theorem 3.67, we only need to establish the existence of one extremal
graph for each of our four bounds.

We require the following definition and theorem.

Definition 3.74 ([73]) For each ordered triplet (n,x,y) with x +y —1 < n < xy,
the set T'(n,x,y) of graphs is defined as follows: consider a rectangular array M
with x rows and y columns, where we place at most one dot in each of the xy entries
of M. We place a dot in each entry of the first row and first column of M, which
accounts for x +y — 1 dots. Now place n — (x +y — 1) dots in any of the remaining
entries of M. Then a graph G in the family T'(n,x,y) is formed by taking the n dots
of M as the vertices of G, and defining adjacency as follows:

(a) Any two dots in the same column are adjacent.
(b) No two dots in the same row are adjacent.

(c) Any two dots which belong to distinct rows and columns may or may not be

adjacent.

Note that for any G' € T'(n, z,y), we have x(G) = w(G) = z and x(G) = w(G )
By Theorem 3.22, this implies that x.(G) = x;(G) = z and x.(G) = x;(G) =
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Theorem 3.75 ([73]) Let G be a graph on n vertices. Then, x(G)+ x(G) = [2/n]
iff G € T(n,x,y), where x +y = [2y/n].

To finish this section, we prove Theorem 3.67, which enables us to conclude that
the Nordhaus-Gaddum inequalities found in Theorem 3.66 are indeed optimal. For
the most difficult case among our four bounds, our extremal graph will be a star

extremal circulant.

Proof:  For each of our four bounds, it suffices to find one graph on n vertices for
which equality is attained. This will complete the proof of Theorem 3.67.
Let G = K,,. Then, w(G) = x(G) = n, which implies that x;(G) = x.(G) = n,

by Theorem 3.22. By the same argument, x ;(G) = x.(G) = 1. Hence, for this graph

G, X1(G) + x4 (G) = Xe(G) + xe(G) =n+ 1, and x¢(G)x;(G) = Xe(G)xe(G) = n.
Let G = K,, U K,,_,, be the disjoint union of K,, and n — m isolated vertices,

where m = [®5]. Then, w(G) = x(G) = m, implying that x;(G) = x.(G) = m.

Also, G consists of a complete K,,_,, subgraph, of which every vertex is joined to each

of the other m vertices of the graph. Thus, w(G) = x(G) = n —m + 1, implying that
X#(G) = xe(G) =n —m+ 1. Since m = [ 21|, we have

X7 (G) x5 (G) = xe(G) - xe(G)
- 5 G [5))
|62

The last line follows from a simple case analysis (n even and n odd).

Finally, we verify the existence of a graph G for which x (@) + x;(G) = x.(G) +

Xc(G) = t(n). Since t(n) is defined to be the minimum of two functions, we consider

both possibilities separately.

Case 1:  t(n) = [2y/n].
By Theorem 3.75, x(G) + x(G) = [2y/n] = t(n) if G € T(n,z,y). In any
such graph G, x(G) = w(G) and x(G) = w(G). By Theorem 3.22, we must have

X5 (@) +x7(G) = xe(G)+xe(G) = x(G)+x(G) = t(n). Any such graph G € T'(n, z,y)

is an extremal graph.
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Case 2:  t(n) = o T L\/n:L-\/ﬁJ'

By Lemma 3.71, this case only occurs when p? < n < p? + Lor pPP+p+1<n<

2 3p : _ . n n
p*> + 3. For the values of n for which [2y/n] = /] T WSk an extremal graph

must exist from the analysis in Case 1.

Thus, we may assume that t(n) = A T L\/nz\/ﬁj > [2y/n]. Tt is easy to check
that this requires n > 7. Let G = C, (12, a3, where d = [\/n] — 1. Then, G =
Ch{d+1d+2,..[2)y- By Theorem 2.3 and Corollary 2.18, al@) = Lﬁj and a(G) =
d + 1. We now prove that both G and G are star extremal.

To prove that G is star extremal, we cite theorem by Gao and Zhu [78] which
states that (), (12, 4y is star extremal for any n > 2d. By this theorem, G is star

extremal for each n > 7 since n > 2d = 2|/n| —2. To prove that G is star extremal,

.....

.....

for each n > 7, since n > 2-| 5] and |5 > w = %. Therefore, we have proven

that both G and G are star extremal.
By Lemma 3.21, we have

Xr(G) = xlG) = Ty = 7] 1o

oG d+1 [V

From above, note that p> <n < p*+2or p>+p+1<n < p?+ 2. In both these

x1(G) = xc(G) =

cases, a simple case analysis shows that
n
RN N
[l - Ly

Therefore, X ((G) + xf(G) = xe(G) + x.(G) = N

+—F= = t(n), as required.
Lv/n+v/n) Q b

Thus, for all four bounds, we have determined the existence of an extremal graph.
This completes the proof of Theorem 3.67, and hence our Nordhaus-Gaddum inequal-

ities are indeed optimal. |



Chapter 4

Properties and Applications of Circulant Graphs

In this chapter, we study various properties and applications of circulants. First,
we investigate line graphs, and give a full characterization of all graphs G for which
its line graph L(G) is a circulant. Then we determine the list colouring number of
a particular family of circulants, by making an elegant connection to independence
polynomials. We then characterize families of circulant graphs that are well-covered,
and show that it is co-NP complete to determine if an arbitrary circulant is well-
covered. To conclude the chapter, we study independence complexes of circulant

graphs, and characterize pure complexes that are shellable.

4.1 Line Graphs of Circulants

Recall that the line graph of G, denoted L(G), is the graph with vertex set E(G),
where vertices x and y are adjacent in L(G) iff edges x and y share a common vertex
in G. As an example, we can readily verify that if G = K4, then L(K;) ~ Cg 1,9}
This example was also presented in the introductory chapter of the thesis.

Line graphs make connections between many important areas of graph theory.
For example, determining a maximum matching in a graph is equivalent to finding a
maximum independent set in the corresponding line graph. Similarly, edge colouring
is equivalent to vertex colouring in the line graph. Much research has been done on
the study and application of line graphs; a comprehensive survey of results is found
in [149).

In [176], Whitney solves the determination problem for line graphs, by showing
that with the exception of the graphs K 3 and K3, a graph is uniquely characterized
by its line graph.

Theorem 4.1 ([176]) Let G and H be two graphs for which L(G) ~ L(H). If
{G, H} 7& {K173, Kg}, then G ~ H.

144
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By Whitney’s Theorem, we will refer to G as the corresponding graph of L(G),
whenever L(G) # K.

Let ® be any mapping from the set of finite graphs to itself. For example, the line
graph operator L is such a mapping. A natural question is to determine all families
of graphs I' for which T is closed under ®.

This question is investigated in [149] for ® = L, where the author surveys known
families of graphs I" for which G € T implies L(G) € I". As a simple example, the
family of regular graphs is closed under L, since the line graph of an r-regular graph
G is a (2r — 2)-regular graph. Other L-closed families include k-connected graphs,
non-chordal graphs, non-perfect graphs, non-comparability graphs [2], and Eulerian
graphs [95].

Since a circulant is regular and vertex transitive, a natural conjecture is that
L(G) is a circulant whenever G is a circulant. As discussed above, such is the case
for G = Ky = Cy 1,9y It is also true for C,, = C), (13, since L(C,,) ~ C,. However, a

counterexample to the conjecture is found for G = K.
Theorem 4.2 L(K5) is not a circulant graph.

Proof:  Since K5 has 10 edges, L(K5) has 10 vertices. Suppose on the contrary that
L(K5) is a circulant. Then, L(Kj5) = Cyg g for some generating set S C {1,2,3,4,5}.
Since K is 4-regular, this implies that L(K5) is 6-regular, and hence |S| = 3. Fur-
thermore, 5 ¢ S, as otherwise L(K5) would have odd degree. Thus, S must be one of
{1,2,3}, {1,3,4}, {1,2,4}, or {2,3,4}. We may reject the latter two cases since Cyg g
has a 5-clique (namely the set {0,2,4,6,8}), while L(K5) clearly has no 5-clique.
Therefore, S = {1,2,3} or S = {1,3,4}. By Lemma 2.24, C1g 11,231 ~ Cio,41,3.4}
with the multiplier » = 3, which implies that L(/K5) must be isomorphic to Cio 1,23}
This circulant contains ten distinct 4-cliques, namely the cliques {7,7+ 1,71+ 2,7+ 3}
for 0 < i <9, where each element is reduced mod 10. This implies that L(K5) must
also have ten 4-cliques. However, L(K3) has only 5 cliques of cardinality 4, since a
4-clique must arise from four pairwise adjacent edges in K3, and this occurs iff all

four edges share a common vertex in K5. Therefore, no such set S exists. |

We have given examples of graphs G for which L(G) is a circulant, and shown that
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G = K5 does not satisfy this property. A natural question is to characterize all graphs
G such that L(G) is a circulant. A complete characterization theorem is the main
result of this section. Before we proceed with the main theorem, let us characterize
a specific family of graphs (which appeared in the proof of Theorem 2.35) for which

its line graph is always a circulant.

Lemma 4.3 Let G = K,, where gced(a,b) = 1. Then, L(G) =~ Cy, g, where

S:{lgkg {%J:a\korb%}.

Proof:  Let (X,Y) be the bipartition of G, with |X| = a and |Y| = b. Represent
each edge in G by an ordered pair (z,y), where 0 <z <a—1land 0 <y <b—1. We
will label each edge xy in G with the integer e, , := bxr + ay (mod ab). Thus, edge
(x,y) in G will correspond to the vertezr e, , in L(G).

We claim that e, , is one-to-one. On the contrary, suppose that e, , = e, for
some (z,y) # («',y'). Then b(x — 2') = a(y’ —y) (mod ab). Since ged(a,b) = 1, we
must have a|(x — ') and b|(y' —y). But 0 < z,2/’ <a—1and 0 <y,y <b—1, and
so this implies that (x,y) = (2/, '), a contradiction. Therefore, the vertices of L(G)
are the integers from 0 to ab — 1, inclusive.

Vertices e, and e, s are adjacent in L(G) iff v = 2’ or y = ¢/. In the former case,
we have |e, ,—€4 y/|ap = |ay—ay'|s = aly—y'|s, and in the latter case, |e,,—€4r yr]ap =
|bx — bx'|op = b|lz — 2'|,. Hence, e, ~ ey, in L(G) iff |e,y — €y y|ap € S, where S is
the union of all possible values of aly —y'|, and bz —2/|,. Note that 1 < |y—y'[, < |2]
and 1 < |z — 2|, < [§]. Then this implies that S takes on every multiple of a and b

less than or equal to L“—bJ Hence,

2
ab

We conclude that L(G) is isomorphic to the circulant Cypp 5. |}

To give an example, if G = K712, then L(G) ~ Cga(712,14,21,24283536,42}- We
note that Lemma 4.3 fails when ged(a,b) # 1. As an example, consider G = Kj 3.
Then L(G) is the Cartesian product K3OKj3, which is not a circulant by the proof of
Theorem 2.29.
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As an aside, we can easily compute the independence polynomial I(L(K,p),x).
Even though our line graph may not be a circulant when ged(a, b) # 1, the following

theorem holds for all ordered pairs (a, b).

Theorem 4.4 Let G = K, for any positive integers a and b. Then,

[(L(G),z) = mjib) k! (Z) (Z) ",

Proof: By definition, I(L(G),z) = > ;- irx®, where i), is the number of indepen-
dent sets of cardinality k£ in L(G). But an independent set with k vertices in L(G)
corresponds to a unique matching of k edges in GG. Thus, if we let my be the number
of matchings with k edges in G, then I(L(G),z) = > o mrt”.

So it remains to compute the number of matchings in K,;, with k edges. The
first edge can be any of the ab edges in K,;. Other edges in our matching cannot
include either endpoint of this edge, so we can delete all edges incident with these
two vertices. So the second edge can be any of the (a — 1)(b — 1) edges remaining.
We continue this process, and find that there are (a —k+1)(b— k4 1) choices for the
k" edge. Therefore, my, is the product of all of these terms, divided by k! to account
for each of the permutations of selecting our k edges. Therefore, we have

a(a—1)...(a—k‘+1]z!b(b—1)...(b—k+1) :k"@)(Z)

mpr =
Since I(L(G),x) = ¥, mxa”, our proof is complete. |}

We remark that a special case of Theorem 4.4 (when a = b) appears in [81].
Theorem 4.4 gives us an additional family of building blocks from which we may
derive even more explicit formulas for independence polynomials of circulants. For

example, letting (a, b) = (4,9) gives us
I(Cs6,{4,8,9,12,16,18), ) = 1 + 36z + 4322% + 20162° + 3024z*.

Now taking the lexicographic product of G = Csg489,12,16,18) With any other
circulant H for which I(H,x) is known, we can determine /(G[H],z). For example,

if H = Cs 413, then Theorems 2.31 and 2.33 enable us to determine the independence
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polynomial I(G[H],z) = I(Cis0 s, 2), where S is the following generating set on 29

elements.

S = {4,8,9,12,16, 18,20, 24, 27,28, 32, 36, 40, 44, 45, 48,
52, 54,56, 60, 63, 64, 68,76, 80, 81,84, 88,90}.

Therefore, the independence polynomial of circulants with “seemingly random”
generating sets can be exactly determined by this process of taking the lexicographic

product.

We have now shown that L(G) is a (connected) circulant if G = K4, G = C,,, or
G = K, for some ged(a,b) = 1. What is surprising is that these are the only such

possibilities. The rest of this section is devoted to proving this theorem.

Theorem 4.5 Let G be a connected graph such that L(G) is a circulant. Then G
must either be Cy,, Ky, or K, for some a and b with ged(a,b) = 1.

Proof: If G is connected, then so is L(G). So let us assume that L(G) = C,, s is a
connected circulant graph.

If 7 is a vertex of L(G), then the corresponding edge in G will be denoted e;. Thus,
x ~yin L(G) iff e, and e, share a common vertex in G.

First, we consider the case when 1 is an element of the generating set S. We will

prove that if 1 € S, then G must be K, ,,, C,, or K.

IftS=1{1,2,...,[5]} then L(G) = K,,. This implies that G = K ,, for all n (and
in the special case n = 3, we could also have G = K3 = (). So assume L(G) # K,.
Then, there must exist a smallest index k such that 1,2,...,k € Sand k+1 ¢ S.
Note that k& < [§] — 1. We split our analysis into three subcases.

Case 1: 3<k<|[§] -1

The vertices {0,1,2,...,k} induce a copy of Ky,1 in L(G), since 1,2,...,k € S.
Therefore, the edges in {eg, €1, e,..., e} must be pairwise adjacent in G. Since
k > 3, these k + 1 edges must share a common vertex v in G. Now consider edge

ext1- This edge is adjacent to e; for each 1 < ¢ < k, and thus, shares a common
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vertex with each of these k edges. Since k£ > 3, u must also be an endpoint of exy.
But then eg ~ e, 1, which contradicts the assumption that k+1 ¢ S. Thus, no graph

(G exists in this case.

Case 2: k =2.

First note that if n < 5, then L(G) = K,, so suppose that n > 6. If n = 6,
then L(G) = Cs 1,2y, from which we immediately derive G = K, (this result was
also quoted in the introduction to this section). So assume that n > 7. Consider the
subgraph of G induced by the edges {eq, e1, €2, €3, €3, €n_2,€,_1}.

If 1,2 € S and 3 ¢ S, we claim that this subgraph of G must be isomorphic to
one of the graphs in Figure 4.1. For notational convenience, we represent edge e; by

just the index k.

Figure 4.1: Possible subgraphs of G induced by these 7 edges.

To explain why this subgraph of G must be isomorphic to one of these five graphs,
we perform a step-by-step case analysis. Start with the edges eq, €1, and ey. Either

these three edges induce a K3 or a K 3. In each case, add edge e3. Since 3 ¢ S, e3 is
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adjacent to e; and ey, but not ey. Now add e, _;. This edge is adjacent to ey and ey,

but not e,. At this stage, we have three possible cases, as illustrated in Figure 4.2.

Figure 4.2: Possible subgraphs of G induced by {eg, €1, €2, €3, €,_1}.

Now add edge e,,_o, which is adjacent to ey and e,_1, but not e;. Finally, add
edge e,_3, which is adjacent to e,,_s and e,_1, but not eg. Adding these two edges in
all possible ways to our three graphs in Figure 4.2, we find that there are five possible

subgraphs. These five subgraphs correspond to the graphs in Figure 4.1.

If n =7, then e; ~ e4 in the second graph of Figure 4.1 (top centre) and ey ~ e5
in other four. But this contradicts the assumption that 3 ¢ S. So assume n > 8.
In the second graph, e, 3 ~ e; and e,_5 » ey, which shows that 4 ~ S and 4 ~ S,
a contradiction. We get a similar contradiction for the other four graphs: e, _5 ~ €5
and either e,,_3 »~ e or e,_; = e3.

So in the case k = 2, we must have n = 6. Thus, L(G) = Cg 11,9, implying that
G =K.



151
Case 3: k=1.

If S = {1}, then L(G) = C,, and so G = C,, (in the special case that n = 3, we
could also have G = K ,,). So we may assume that |S| > 1 and that n > 4. We know
that 2 ¢ S since k = 1. Let [ be the smallest index for which 1 € S, 2,3,...,1 ¢ S,
and [ +1 € S. Note that 2 <[ < ng — 1.

The vertices {0,1,...,1 4 1} induce a copy of Ciyo in L(G), since 2,3,...,1 ¢ S.
Since [ > 2, the edges {eg, €1, ..., €41} must induce an (I + 2)-cycle in G. Let x be
the vertex shared by ey and ey, and let y be the vertex shared by e;11 and ey.

Now consider e;,5. Since ;1o ~ €;,1 and e; o » ¢, one of the endpoints of e,
must be y. Since ;19 ~ e; and e;15 * ey, one of the endpoints of ;.5 must be x. But
then this forces e;1o = 2y = ey, which is a contradiction, since [ +2 < |[5] +1 < n.

Thus, no graph G exists in this case.

We have proven that if 1 € S and L(G) is a circulant, then G must be K ,, K4
or C,. Now consider all generating sets S with 1 ¢ S.

Suppose we have L(G) = (), s with some element = € S such that ged(z,n) = 1.
There must exist an integer y with xy = 1 (mod n). Then the set y.S = {|yil|, : i € S}
is a generating set with |S| elements, and by Lemma 2.24, C), s >~ C,, ;5. Since 1 € yS,
we have reduced the problem to the previously-solved case of 1 € S.

Therefore, we may assume that every i € S satisfies ged(i,n) > 1. We now
prove that in such a generating set S, if L(G) = C,, g, then G must be the complete
bipartite graph K,;, where a and b are integers for which ged(a,b) = 1 and n = ab.
The remaining details of the proof are quite technical as we require multiple subcases,

and a very careful treatment of the Extreme Principle.

Let S = {s1,582,...,8m}. By Proposition 2.45, ged(n, s1,S2,...,8m) = 1, or else
G = C,, ¢ is disconnected. For every integer ¢ with ged(¢,n) = 1, define

tS = {|t$|n T e S} = {tl,tg,. .. ,tm}.

We claim that there exists an integer ¢ > 1 so that ged(ty,ts, ..., t,) = 1.

If ged(sy, S2,---,8m) = 1, then this claim is trivial, since we can set ¢ = 1. So
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suppose ged(sq, S2, - .., Sm) = d > 1. Note that ged(n, s1, S2, ..., 8,) = ged(n, d) = 1.
).

Therefore, there must exist an integer ¢ > 1 such that td = 1 (mod n). Then,
ts; = td- % = % (mod n) for each 1 <14 < m, implying that t; = |ts;|,, = %. Hence,

ged(ty, ta, ...y ) = 2 ged(s1, 82, .., Sm) = 1.

Hence, we have proven the existence of such an index ¢. Therefore, by Lemma 2.24,
L(G) = C, 5 ~ Cps, with ged(ty, ta, ..., ty) = 1.

For each 2 < k < m, consider all k-tuples (a1, as, . . ., ax) comprised of the elements
of S so that ged(ay, as, . .., ar) = 1. Clearly such a k-tuple exists for k& = m by setting
a; = t; for each 1 < ¢ < k =m. Of all k-tuples satisfying ged(aq, as, ..., ax) =1 (over
all k > 2), select a k-tuple for which the sum a; + as + ... + a; is minimized.

We will show that & = 2, i.e., there exists an ordered pair (ai,as) such that
aj,as € tS and ged(aq, as) = 1. Suppose on the contrary that the minimum k-tuple
satisfies £ > 3. Then L(G) = C, s is a connected circulant graph with vertex 0
adjacent to each of aq, as, and as. Consider ey in the corresponding graph G. We
know that e,,, e,,, and e,, share a common vertex with ey. By the Pigeonhole
Principle, two of these three edges must share the same common vertex, and hence
la; — a;l, € tS for some 1 < i < j <3.

Without loss, suppose that ay — a; € tS. We have ged(ay, as) = ged(ag, az — ay).
If ay —ay = a; for some 1 < j < k, then ged(aq,as, aq,...,a;) = 1, contradicting
the minimality of our chosen k-tuple. If a; — a; does not already appear as some a;
in our minimum k-tuple, then ged(ay, as — a1, as, ay, . ..,ax) = 1, and once again we
have contradicted our minimality assumption.

Therefore, in a minimum k-tuple satisfying the given conditions, we must have
k = 2. This minimum k-tuple must be a pair (a,b), where a + b is minimized over all
pairs such that a,b € tS and ged(a,b) = 1. Without loss, assume a < b. Specifically,
this choice of (a,b) implies that b — a ¢ ¢S, as otherwise the pair (a,b — a) satisfies
ged(a,b — a) = 1 and contradicts the minimality of (a,b). Since 1 ¢ tS, we have
2<a<b< 5]

We now show that |a + b|, ¢ tS. On the contrary, suppose that |a + b, € tS.
Consider the subgraph of G induced by the edges in the set {eq, €4, €p, €o—a, €atd, €24 }-
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Since 2a < a+ b < n and ged(a, b) = 1, these six edges are distinct.

From a,b,|a + 0|, € tS and b — a ¢ tS, a simple case analysis shows that this
subgraph must be isomorphic to K4, with one of two possible edge labellings, as shown
in Figure 4.3. We arrive at this conclusion by considering the edges in the following
order: eq, €4, €y, €qrp, €h_a, and eg,. After we have included five edges, there are four
possible subgraphs. But after we include es,, we must eliminate the two cases with
€p_a 7% €4, and this leaves us with the two labellings in Figure 4.3. As before, we
represent edge e, by just the index k for notational convenience.

b-a +
Q o —2P o

2a a+b b-a 0

0 2a

Figure 4.3: Two possible edge labellings of Kj.

In both valid labellings, ey ~ ea,. Therefore, if |a 4+ b|,, € ¢S, this implies that
12al,, € tS as well.

Now consider the edge e,,_,. We claim that edge e,,_, is distinct from the other six
edges. Note that ged(a,n) > 1, ged(b,n) > 1, and ged(a,b) = 1, with 2 <a < b < 3.
If n—a equals 0, a, b or b—a, then we have an immediate contradiction. If n—a = a+b,
then n = 2a + b, so that ged(a,n) = ged(a, 2a + b) = ged(a, b) = 1, by the Euclidean
algorithm. But then ged(a,n) = 1, which is a contradiction. Finally, if n — a = 2a
(i.e., n = 3a), we argue that (a,b) is not the minimum pair satisfying the given
conditions. Let b’ = |a + b|, € tS. Since a < b, we have a +b > 2a > %, and so
b =la+bl, =n—(a+b) =2a—>b. Then, ged(a,b’) = ged(a, 2a — b) = ged(a, b) = 1.
Note that o’ = 2a — b < b. So (a,b) is a pair satisfying ged(a,b’) =1 and a,b’ € ¢S,

0|3

—~

thus contradicting the minimality of (a, b).

Thus, edge e,,_, is distinct from the six other edges in this K, subgraph, and is



154

adjacent to each of eq, e,, and e;. But the three edges {ey, eo, e, } induce the path Py,
and so e,_, must coincide with one of the edges e .y, €y_q, Or €s,. This establishes

our desired contradiction, and so we have shown that |a + b|, & tS.

We have now shown that a,b € ¢S, ged(a,b) =1, b —a ¢ ¢S, and |a + b, ¢ tS.
We will now prove that in our circulant L(G) = C), +s, n must equal ab, and that the

generating set ¢S must equal

tS:{lﬁk‘S {%bJ :a|korb|k:}.

By Lemma 4.3 and Theorem 4.1, this will immediately establish our desired con-
clusion that G = K, ;. Hence, it suffices to prove that n = ab, and that 1 <k < L%bj

is an element of ¢S iff k is a multiple of a or b.

Now consider the subgraph of L(G) induced by the vertices {0, a, b, n — a,n — b}.
It is well-known (and straightforward to show) that any line graph L(G) is claw-free,
i.e., L(G) has no induced K3 subgraph. This implies that |2a|, € tS, as otherwise
{0,a,b,n — a} induces a K 3 subgraph in L(G), since b — a ¢ tS and |a + b, ¢ tS.
Similarly, if n > 2b, then |2b|,, € tS as well. In the exceptional case that n = 2b (i.e.,
b=14% = |5%]), we have b = n — b, and we will deal with this case separately.

We have shown that in our generating set ¢S, if a € tS, then |2al,, € tS. We now

prove that n must be a multiple of a. Since a < [ 5], we know that n > 2a. Consider

two cases.
Case 1:  |3al, € tS.

We will show that n must be a multiple of a, and that ka € tS for each 1 < k <
|52]. The subgraph of G induced by the edges {eq, €4, €24, €34} must be isomorphic
to K4, since these edges are pairwise adjacent. Let u be the vertex common to
each edge. Since ey, is adjacent to e,, es,, and es,, it follows that u must also be
an endpoint of ey, which implies that |4a|, € tS since ey ~ e4,. Continuing in this
manner, we see that each |kal, € tS, for all £ > 4. Now, let d = ged(a,n). Then,
there exists an integer m for which |mal, = d, which implies that d € ¢tS. If d < a,
then (d,b) is a pair with ged(d, b) = 1 since d = ged(a,n)|a. And this contradicts the
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minimality of (a,b). Therefore, we must have d = a, which implies that a|n. Hence,

\ka|, € tS for each k > 1. In other words, ka € tS for each 1 < k < [-].
Case 2:  |3al, ¢ tS.

We prove that if |3al, ¢ ¢S, then n = ka for some 3 < k < 6. Consider the
subgraph of G induced by the edges {eq, €4, €24, €34, €44, €54, €60 }, Where the indices
are reduced mod n (if necessary). We now split our analysis into two subcases: when
n does not divide ma for any m < 6, and when n|ma for some m < 6.

If n does not divide ma for any m < 6, then these seven edges must be distinct.
We claim that if |3al, ¢ tS, then the edges {eg, €4, €24, €34 €44, €54} Must induce a
copy of Ky, with one of two possible edge-labellings as shown in Figure 4.4. In both
possible edge labellings, eg ~ e4,, i.e., |4al, € tS.

Figure 4.4: Two possible K4 subgraphs induced by {eq, €4, €24, €34, €44, €54 } -

This is justified by doing a case analysis, considering the edges in the following
order: e, €4, €24, €34, €44, and e5,. After the first five edges have been included, there
are three possible subgraphs. But after we include e5,, we see that we must eliminate

the subgraph with ey ¢ e4,. This leaves us with the two subgraphs in Figure 4.4.

Now consider eg,. We know that eg, ~ es3,, while eg, is adjacent to each of ey,
€4q, and e5,. And this implies that eg, and eq coincide, which is a contradiction.

Therefore, n must divide ma for some m < 6. If n < 6a, then this reduces to the
previously solved Case 1, where we showed that ka € ¢S for 1 < k < [5-]. Thus,
Case 2 only adds one possible scenario not previously considered, namely the case

n = 6a and 3a ¢ tS.
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Therefore, we have shown that n =0 (mod a) and that ka € ¢S for each 1 < k <
| 5=, with the only possible exception being the case when 3a ¢ tS and n = 6a. We
have an analogous result when we replace a by b, except in the special case n = 2b.

Thus, we have shown that L(G) = C,, 15 must satisty one of the following four cases.

1. n = 6a, with a,2a € tS, 3a ¢ tS, and Ib € tS for 1 <1 < |5 ].
2. n = 6b, with b,2b € S, 3b ¢ tS, and ka € tS for 1 <k < |3 ].
3. n=2b, withbets, andkaetSforlgkgL%J.

4. n = mab for some integer m, with ka € ¢S for 1 < k < [3-] and Ib € tS for
1<I< 5]

Note that the third case is a special instance of the fourth case (when m = 1 and
a = 2), so we may disregard this case as we will include it in our analysis of the fourth
case. We first prove that the first two cases cannot occur, leaving us with only Case

4 to consider. In this remaining final case, we will prove that n must equal ab and

that
tS:{lgk:g {%bJ :a\korb|k}.

As mentioned previously, this enables us to conclude that G = K, by Lemma 4.3

and Theorem 4.1.

We show that the first two cases are impossible. By symmetry, we will just
disprove the first case. As mentioned before, the subgraph of G induced by the edges
{€o0, €q, €24, €34, €4a, €54} Must be isomorphic to Ky, since a,2a € tS and 3a ¢ tS.
There are two possible labellings of the edges on K, as shown in Figure 4.4. Now
consider the edges e, and e, ;, which are distinct from the six edges of the subgraph
since ged(a,b) = 1 and a,b > 1. Since b—a ¢ t.S, we must have e, » e, and e, » €a,.
Also, we must have e, ~ e,ip, €, ~ €9, and e,y ~ e,. Therefore, the only possible
edge labellings are given in Figure 4.5.

The first graph has e, ~ e3, and e, » es,, and the second graph has e,y ~ €3,

and e, ~ eg,. Therefore, in both graphs, |2a — b|, ~ ¢S and |2a — b|,, = tS, a
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Figure 4.5: Two possible subgraphs induced by this set of eight edges.

contradiction. Thus, we have proven that the first two possible cases for L(G) = C,, 1s

are impossible, and so we only need to consider the fourth and final case.

We have n = mab for some integer m, where ka € tS for 1 <k < [g-] and Ib € t.S
for 1 <1< |3]. We now prove that n = ab, i.e., m = 1.

Suppose that m > 1. Since b > a > 1, we have a > 2 and b > 3. Therefore, the
edges {eo, €a, €24, €5, €ab, €(at1)s} are distinct. The edges {eq, €,, €24, €ap} are pairwise
adjacent in G, and so they must induce a copy of K 4. Let u be the vertex common
to all four edges. Since the edges {eo, €, €ap; €(a11)p } are pairwise adjacent in G, these
four edges must also induce a copy of K 4. It follows that e, and €41y, must also
have vertex u as one of its endpoints. But then e, ~ e, which implies that b—a € t5,

a contradiction. Thus, we must have m = 1.

If m =1, then L(G) = Capts, where the generating set ¢S includes every element
ka€tSfor 1 <k<|%] andibetS for 1 <1< |%]. First assume that ¢S contains
no other elements. Then this implies that tS = {1 < k < [%2] : alk or bk}. From
Lemma 4.3, this is precisely the line graph for G = K,;, where ged(a,b) = 1. By

Theorem 4.1, L(G) = Cup1s implies that G = K.

Therefore, suppose that ¢S contains other elements than the multiples of a and b.
Let ¢ be the smallest element of .S that is not a multiple of a or b. Note that ¢ > a
and ¢ > b since (a,b) is the smallest pair with ged(a,b) = 1, and a,b € tS.

Let ¢g = xy in G. Since each multiple of a is an element of tS, the edges
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€05 €a, €24, €34, - - - all share the same vertex in G. Without loss, assume this ver-
tex is x. Similarly, the edges eq, €y, €9, €3, . . . all share the same vertex in G. This
common vertex must be y, since b—a ¢ tS. Now consider e., which shares a common
vertex with eg. Without loss, assume e. has an endpoint x. Then, e. is adjacent to
exq for all k > 1, where the index is reduced mod n. Thus, |c¢ — ka|, = |c — kaly is
an element of tS for all £ > 1.

Let ¢ = pa+ q, where (p, ¢) is the unique integer pair with 0 < g < a — 1. Letting
k=pand k =p+ 1, we have |c — pal, = ¢ € tS and |c — (p+ 1)a|, = a —q € 5.
By the minimality of ¢, both ¢ and a — ¢ must be multiples of a or b. Clearly neither
is a multiple of a. Thus, ¢ and a — ¢ must both be multiples of b. But then its sum,

q+ (a — q) = a, must be a multiple of b. This contradicts the fact that ged(a,b) = 1.

We have shown that if ¢S contains some element ¢ other than multiples of a or
b, we obtain a contradiction. Thus, ¢S cannot contain any other elements than the
multiples of a and b. We have proven that if L(G) = C,, ;s is a circulant, then we
must have n = ab and tS = {1 < k < [2] : alk or bk}. From our earlier analysis,
L(G) = Cyp s implies that G = K.

In conclusion, we have proven that if L(G) is a circulant, then G must be one of
Ky, C,, or K,;, where ged(a,b) = 1. We have now given a complete characterization

of all circulant line graphs. This completes the proof of Theorem 4.5. |

4.2 List Colourings

In this section, we investigate the list colouring number x;(G) of a graph, and cleverly
utilize the formula for the independence polynomial I(C),, x) to calculate the values
of x;(G) for a particular family of circulant graphs. To our knowledge, the main
result in this section provides the first example of a graph family whose list colouring

number can be determined directly from its independence polynomial.

Definition 4.6 The list colouring number x;(G) is the smallest integer n such
that if each vertex v of G is assigned any list L(v) of possible colours with |L(v)| = n,

then G has a proper colouring.
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The list colouring number is introduced in [66], and is also known in the literature
as the choice number. Since a list colouring is a generalization of the usual colouring
(i.e., assigning the list L(v) = {1,2,...,n} for each vertex), it follows that x,;(G) >
X(G), for all G.

We often have x;(G) = x(G), but this is not always the case. For example,
X(K24) = 2 and x;(K24) = 3. The former is clear since Ky, is bipartite. To prove
the latter, we first note that any 3-list colouring of K5, admits a proper colouring
(select any colour for each of the vertices of degree 4, and then there is at least one
colour left to properly colour each of the remaining four vertices). To show that
xi(G) = 3, we exhibit a list of two colours for each vertex of K4, such that the lists

do not admit a proper colouring. This is illustrated in Figure 4.6.

Figure 4.6: A 2-list colouring of K54 that is not proper.

We also give the following example, where x(K77) = 2 and x;(K77) = 4. Figure
4.7 gives a 3-list colouring that is not proper, showing that x;(K77) > 3. We remark
that the lists correspond to the edges of the Fano Plane.

We now show that the difference y;(G) — x(G) can be made as large as we wish.

Proposition 4.7 The difference x;(G) — x(G) can take on infinitely large values,

even when G s restricted to circulants.

Proof:  First, we establish that x;(K,,) > k, for n = (%k_ 1). To find the desired
k-list colouring of K, ,, let (X,Y’) be the bipartition of K, , and assign each of the
(%k_l) k-subsets of {1,2,...,2k — 1} to a vertex of X. We do the same for Y. Any

proper colouring of K, , must consist of at least k distinct colours assigned to the
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124 235 346 457 561 672 713
O

124 235 346 457 561 672 713

Figure 4.7: A 3-list colouring of K77 that is not proper.

vertices of X and at least k distinct colours assigned to the vertices of Y (which must
all be different from the colours used to colour X). Therefore, any proper colouring
of K, , must require at least 2k distinct colours. Hence, we conclude that no proper
colouring exists with this assignment of 2k — 1 total colours.

Letting G = K, ,, we have x;(G) > k, implying that x;,(G) — x(G) > k—2. Thus,
Xi(G) — x(G) can be made arbitrarily large. Even when G is restricted to circulants,
Xi(G) — x(G) can take on infinitely large values: this is immediate from the previous

paragraph, since K, ,, = Czn,{1,3,5,...,2n—1}- |

We now develop more properties of x;(G) by investigating graph orientations,

where we direct each edge uv in F.

Definition 4.8 A directed graph (digraph) 6 is Eulerian if its in-degree equals the

out-degree for each vertex of G.

_)
This digraph G is not required to be connected, and is allowed to have any number

of isolated vertices.

Definition 4.9 Let ee(a) be the number of Eulerian subgraphs of G which have
an even number of edges, and let eo(a’)) be the number of Fulerian subgraphs which

have an odd number of edges.
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For convenience, we say that the empty graph is an even Eulerian subgraph. Our
results will involve applications of the following theorem by Alon and Tarsi [4] that
relates Eulerian subgraphs of 6 to the list colouring number y;(G). This theorem is
extremely surprising and powerful, as it connects two topics that appear to have no

connection.

Theorem 4.10 ([4]) Let G be an orientation of G such that the out-degree of each
vertex is k — 1. If ee(a) # 60(5)), then x;(G) < k.

To illustrate Theorem 4.10, we calculate the list colouring number of the circulant

G = Cy 1,2}
Proposition 4.11 Let G = Cy g19y. Then xi(G) = 3.

Proof:  Since G contains a K3-subgraph, we have x;(G) > x(G) > 3. Now we show
that x;(G) < 3, which will complete the proof.

We remark that G is the union of two edge-disjoint 9-cycles, Cq 1y and Cy (93.
Let G be the orientation of G where each of these 9-cycles is oriented clockwise.
Specifically, the orientation will have v — v + 1 and v — v + 2 for each 0 < v < 8,
where addition is computed mod 9. For example, 1 -3 -4 —-6 -8 — 0 — 1is
an example of a 6-cycle in 5), and hence is an Eulerian subgraph of 6

We determine the number of Eulerian subgraphs in G . Define ug to be the number
of Eulerian subgraphs of 6 with k edges. (Later in this section, we will prove that
each k-edge Eulerian subgraph with £ < 9 must be a directed k-cycle). With the aid

of Maple, we calculate the following values of uy, for each 0 < k < 9.

E{O[1[2/3|4]5]6 |7 |8]|9
up 101010 ]0[9]130]27]9|2

Table 4.1: Eulerian subgraphs for the circulant Cy (1 oy.

Since 6 is Eulerian, the complement of an Eulerian subgraph of 6 is also Eulerian.
Because |E(a>)| = 18, it follows that uy = ujg_y for 0 < k < 9. Therefore, we have
ee(G)=1+30+9+9+30+1=280and eo(G) =9+ 27+2+27+9 = 74. Since
ee(?})) # 60(6), Theorem 4.10 implies that x;(G) <3. |}
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Later in this section, we will provide a generalization to Proposition 4.11, by

proving that x;(Csm,1,2y) = 3 for any m > 2.

Our proof above is extremely unsatisfying, as we have relied on a Maple procedure
to enumerate our Eulerian subgraphs. However, there is no known algorithm to
enumerate Eulerian subgraphs of an arbitrary digraph G. We should note that
counting Eulerian orientations and Eulerian cycles in a general (undirected) graph is
# P-complete [19, 134], and so it is possible that counting the number of Eulerian
subgraphs of G is also # P-complete. We conjecture that this is indeed the case.

However, if the graph has a certain structure, then combinatorial techniques can
be used to count the number of Eulerian subgraphs. As an example, we prove the
following theorem which is a generalization of the above result. But first we require

a technical combinatorial lemma and a corollary.

Lemma 4.12 For each k > 1, define S(k) = (—1)"- (k k2_,2 1). Then for
9 _

allk > 1,

Sk+2)—Sk+1)+S(k)=1.
Proof: Let £ > 1. Then,

_ Lji;J(_l)i. (l{;—kQ_zl—l)
1) +Zl(_1)i' (k];_z;rl1) B L%J(_l)i. (k—k;zl—l)
1) ) 'J_l(_l)iﬁ-l _ (kk—_(z;(—zlﬁ IL) 1) B LliJ(—l)i . (k _k;zl_ 1)

1=
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-2 [ Lale) (el

C(k—i+1 , ,
) (—1) '<k5—2i—1) , by Pascal’s Identity

I (_1)2-_1.(;{:_—2((@%—_11))?1)

Therefore, we have proven that S(k+2) — S(k+ 1)+ S(k)=1,forall k > 1. |}

Corollary 4.13 S(u) = S(v) whenever u=v (mod 6).

Proof: By Lemma 4.12, we have

S(k+6)—S(k+5)+Sk+4) = 1
Sk+5) —S(k+4)+Sk+3) = 1
Sk +3)+S(k+2) —Sk+1) = —1

—S(k+2)+S(k+1)—S(k) = —1

Adding the four equations, we have S(k 4+ 6) — S(k) = 0. This identity holds for
any k > 1, and hence the sequence {S(k)}¢2, has period 6. It is easy to show that
S(5) = 8(6) =0, S(1) = S(4) =1, and S(2) = S(3) = 2. Thus, we can use these
initial values to compute S(k), for any £k > 1. |

Having established Lemma 4.12 and Corollary 4.13, we now determine an infinite

family of circulants for which x;(G) = 3 for every graph in this family. We provide two
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proofs: the first will be a combinatorial enumeration, and the second will use inde-

pendence polynomials. The following theorem is a generalization of Proposition 4.11.

Theorem 4.14 Let G be the circulant Cs,, {19y, where m > 2 is an integer. Then,
XI(G) =3.

Proof:  Since K3 is a subgraph of G, we have y;(G) > x(G) = 3. We now use
Theorem 4.10 to prove that y;(G) < 3. Given an orientation 5), define wuy to be the

number of Eulerian subgraphs of G with k edges. We determine a formula for wuy.
Case 1: m =2n+ 1 is odd.

Note that G is the union of two disjoint Hamiltonian cycles, namely Cs,, 1y and
C3m,q2y- Orient each edge of these cycles clockwise, i.e., v — v+ 1 and v — v + 2,
where addition is computed mod (6n+3). Each vertex in this digraph has out-degree
2, and so it suffices to prove that ee(?})) # 60(6) for this orientation G. Since G is
Eulerian and |E(5>)| = 12n + 6, up = Ujonie_k for 0 < k < 6n + 3. By inspection,
up = 1 and ugu3 = 2. So let us assume that 1 < k < 6n + 2.

Let C_’; be a connected Eulerian subgraph of G with k edges. We now prove that
each C?k must be a directed cycle. Since C?k has k edges, the entire trail C?k consists of
k+ 1 vertices, with possibly some vertices overlapping. But C_)'k is Eulerian, and so the
last vertex must coincide with the first vertex vq, so that v; has the same in-degree
and out-degree.

If the vertices of C_)'k are vy, Vg, . .., Uk, v (in that order), then we must have v;,1 —
v; = 1 or 2 (mod 6n + 3), for each 1 < i < k. Thus, the difference sequence of each
C_’; must only contain 1’s and 2’s. Furthermore, its sum must be congruent to 0 (mod
6n + 3), because the trail C?k starts and ends at the same vertex v;.

Since 1 < k < 6n + 2, it follows that the sum of these k elements must be at least
1 and at most 12n + 4, since each term is 1 or 2. From the previous paragraph, this
sum is congruent to 0 (mod 6n+ 3). Thus, this sum must be exactly 6n+ 3. In other
words, the trail C_’; makes exactly one loop around the 6n+ 3 vertices of the circulant,

before returning to the initial vertex.
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Note that every connected Eulerian subgraph on k edges (with & < 6n + 2) must
satisfy k > [%1 = 3n+ 2. And so C_)'k cannot have more than one component.
Thus, every Eulerian subgraph C?k (with 1 < k < 6n + 2) is connected, and hence, is

a directed cycle.

To enumerate the number of possible Eulerian subgraphs C?k, we will determine
the number of k-tuples (di,ds, . ..,dy) such that d; + ... + dp = 6n + 3, with each
d; € {1,2}. We then will match up this k-tuple to a directed Eulerian subgraph C?k,

and check to make sure that each subgraph is counted only once.

Suppose that in a given k-tuple (di,ds,...,dy), exactly i of the elements are 1
and the other k£ — i elements are 2. Then we have i + 2(k — i) = 6n + 3, which gives

1 =2k — 6n — 3. So there are (%_’gn_g) k-tuples satisfying the required conditions.

_
We consider two cases: either ), includes vertex 0, or it does not. As mentioned
H
earlier, each C} must be a directed cycle. So in our enumeration of all directed cycles,
—
we will cyclically arrange the vertices of each C} so that the indices are in increasing

order (i.e., the first vertex is either 0 or 1).

— —
If C} includes vertex 0, then there are ( possibilities for C%, a unique

2k—lgn_—>3)
directed cycle for each of our k-tuples above. If C) does not include vertex 0, then
it must include vertex 1. Hence, in our k-tuple (dy,ds,...,dy) corresponding to the
difference sequence of C_;, the last entry must be 2 (and not 1). Thus, we need to
enumerate the number of k-tuples satisfying this extra condition. In our k-tuple, we
can select any ¢ = 2k — 6n — 3 of the first £ — 1 elements to be 1. Thus, there are
(%fgé_s) possible choices. Each k-tuple corresponds to a unique C?k that does not
include the vertex 0.

We have considered all possible cases, and so we conclude that

- i . kE—1
T\ 2k —6n—3 % —6n—3)’

for each 1 < k < 6n + 2.

We now have a formula for uy for each 1 < k£ < 6n + 2. Using this formula,
we can determine an expression for ee(@) — 60(6) in terms of S(n), as defined in
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Lemma 4.12. We have

—

ee(G) — eo(G)

= (—1)*us

I
DO

0
6n+2
= 2- ( (—1)kuk) + Up — Upn+3 T U12n+6

Z(—l)kuk) +1-2+41

k k—1
= 2 —1)* 2. —1)*
Z( )(2/’<:—6n—i’>)jL ( )<2k—6n—3>
k=1 k=1
6n+2 6n—+1
k k—1
= 2 —1)* 2 —1)* 2. (=1)5"*2.1
( )(2/’<:—6n—i’>)jL ( )<2k—6n—3> (=1)
k=1 k=1
6n+2 6n—+1
k k—1
- 9 —1)k 2 —1)k 2
( )(2/’<:—6n—i’>)jL ( )<2k—6n—3)+
k=1 k=1
T & 6n+1— 2 2 6n—1— 2
o 6n+2—i el 6n —i
= 2. —1)6n+2—1 B 9. _ )61 - 9
ZZ_;( ) (6”+1_2i) " i:O( ) (671—1—2@') *
3n . 3n—1 .
S on+2—1 . on —1
= 2- _1 ? _2. _1 K3 2
,Z_;( )<6n+1—2i) i:O( )<6n—1—2z)jL

= 25(6n+2)—25(6n) + 2.
By Corollary 4.13, ee(@)—eo(@) = 2(S(6n+2)—S(6n)+1) =2(5(2)—5(6)+1) =
2(2—-0+1) =6. Since this number is not 0, Theorem 4.10 implies that x;(G) = 3.

Case 2: m = 2n is even.

Note that G is the edge-disjoint union of C3, 11y and Csy, g2y, The former is a
Hamiltonian cycle, and the latter is the union of two disjoint cycles on 3n vertices.

Orient each of these three cycles clockwise, i.e., v — v + 1 and v — v + 2, where
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addition is computed mod 6n. Each vertex in this digraph has out-degree 2.

By following the exact same technique as Case 1, we see that ug = 1, ug, = 2, and
U = Uyon_p for all 1 < k < 6n—1. By the same reasoning as in the previous case, for
— —
any Eulerian subgraph C} with 1 < k < 6n — 1, Cy must be a directed cycle. By the
. . : . : k k—1
same combinatorial technique as earlier, we determine that u, = (2k_6n) + (2k—6n)’
for each 1 < k < 6n — 1. Using this formula, we now determine an expression for

ee(a) — eo(a) in terms of S(n). We have

|E(G)]
= > (Dw
k=0
12n
= (—1)*uy
k=0

I
N

+1+2+1

6n—1
= 2 (Z (_1>kuk> + Uo + Ugn + Ui2n
k=1
Y
k=1

<6n+2

_ 9. ig(—l)’“(% f 6n) +2- Té(—l)k<2;]z:6ln) +4
i ) PR RS s A Rl RS
— 9 6nz_l(—l)’“(% f 6n) +2 6n_2<—1>’“<2::én) +2

=0 ) =0
3n—1 . 3n—2
6n —1—1 S bn—3—1
— 9 1 6n—1—1 2. 1 6n—2—1 9
;( ) <6n—2—2i)+ z:o( ) 6n—4—2i

) _2'3nz—1(_1)i 6n—1—i +2.‘°’”Z‘2(_1)2. 6n—3-i\
a g 6n — 2 — 2 p 6n — 4 — 2

—  —25(6n —1) +25(6n — 3) + 2.
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Therefore, ee(a) — 60(5) = 2(S(6n —3) — S(6n — 1) + 1). By Corollary 4.13,
this quantity equals 2(S(3) — S(5) +1) = 2(2 — 0+ 1) = 6. Since this number is not
0, Theorem 4.10 implies that x;(G) =3. |}

This combinatorial argument has some nice ideas, but there is a more elegant
proof of Theorem 4.14. For this proof, we incorporate ideas from our earlier work
on independence polynomials. We deliberately include both proofs in this section
to contrast the different techniques involved, and illustrate the power of connecting
our problem to the theory of independence polynomials. First, we require a new

definition.

Definition 4.15 Let 6 be a digraph. Then, the Alon-Tarsi polynomial of 6 15
_ |E(G) . -
AT (G, x) = Z uy - x°, where uy is the number of Eulerian subgraphs of G with k

k=0
edges.

For example, in our earlier example for G = Cy (1 93, the Alon-Tarsi polynomial is
AT(@, r) =1+ 92° +302° + 2727 + 92% + 22° + 9210 + 272! 4 3022 + 923 + 218,
The following observation is trivial.
— — —
Corollary 4.16 ee(G) —eo(G) # 0 iff —1 is not a root of AT(G,x).

There is a significant benefit to combining these values of u; into one polynomial.
As we will see in the following proof, we will now be able to compute the coefficients
of the Alon-Tarsi polynomial without actually enumerating any subgraphs (as in
the first proof to Theorem 4.14). Once we obtain the polynomial, we just need to
check if x = —1 is a root. If it is not, then we obtain the desired condition that

ee(a) + 60(6), which enables us to apply Theorem 4.10.

Lemma 4.17 Define H, = C,, 11,2y. Let }Tn be the orientation of H, wherev — v+1
and v —v+2 (modn), for 0 <v<mn—1. Then,

AT(H,,z) = 2" - [I(cn, z)+ 1 (Cn, %)] + (1427,
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Proof: Asanexample,1 -3 —4—6— 8 — 0 — 1is a directed 6-cycle of ng). As
discussed in the proof of Theorem 4.14, for each Eulerian subgraph with n — k edges
(with 1 < k < mn—1), the subgraph must be isomorphic to m, and hence, there are
k isolated vertices. Thus, for each Eulerian subgraph of }Tn on n — k vertices, there
are k isolated vertices which we will represent by set S. So in the above example of
our directed 6-cycle of }7;, we have S = {2,5,7}. We claim that these k vertices are
independent in C),. In other words, we prove that each subgraph m of f?n can be
mapped to an independent set of C),, by showing that no isolated pair of vertices in
m is adjacent in C,.

On the contrary, suppose that S contains two adjacent vertices t and ¢t 4+ 1. Then
the directed cycle m (formed by the complement of these k vertices) cannot include
either of these two vertices. But in this directed cycle v1 — vo — ... — v, — v1,
each v;11 —v; (mod n) equals 1 or 2. So at least one of t or ¢ + 1 must appear in
the directed cycle, which gives us our desired contradiction. Thus, each of the u,,_j
possible Eulerian subgraphs maps to a unique independent set of C,, with k vertices.
Similarly, for any set of k independent vertices in C),, its complement will consist of
n — k vertices, which can be ordered to form a unique directed cycle in ];Tn We simply
arrange the n — k vertices in increasing order (from 0 to n — 1), and this will give us
the desired directed cycle in ];?n, since each pair of adjacent vertices has a distance
of 1 or 2. Letting i, be the number of independent sets of cardinality k in C,,, we
conclude that i, = u,,_s, foreach 1 <k <n — 1.

We observe that ug = 1, u,, = 2, and ug,_, = u for each 1 < k < n — 1. Also,

19 = 1. Therefore,

AT(]‘?n,x) = Zuk -k
k=0
n—1 2n—1
= 1+ w22+ > w2t 2™
k=1 k=n+1
n—1 2n—1
= Zuk-xk+ Z up - ¥ + (14 22" + 22)
k=1 k=n+1

n—1 2n—1

= > g " ) g+ (14 227+ 2™
k=1 k=n-+1
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n—1 n—1
= 2" Zun_k xR 4 Zun_k SR (14 22" + 2®)
k=1 k=1

n—1 n—1
= x"-Zz’k-:v_k+x"-Zz’k-xk+(1+2x"+x2")
k=1 k=1
1
= 2" [] (Cn,—> +I(Cn,x)] — 2ig - 2" + (1 + 22" + ")
x

3

= 2" [I(C’n,x)+l (Cn%)} + (1 + 2*").

Thus, we have established the desired identity. |
As an immediate corollary, we have a new and elegant proof to Theorem 4.14.

ﬁ
Proof: Let G = Csy, 1,2y, where G is the same orientation as described in the

statement of Lemma 4.17. Then, from Lemma 4.17, we have

AT(G ,z) = z°™ - [I(Cgm, x)+1 <03m, %)] + (14 25™).

Substituting = —1, we have AT(@, —1) = (=1)*™ .2 I(Cs,,—1) + 2. From
Lemma 2.2, [(Cy,x) = I(Cy_1,2) + x - [(C_y, x) for all k > 4. Substituting z = —1,
I(Cy,—1) = I(Cx—1,—1) — I(Cx—2,—1). From the initial values I(Cy, —1) = —1
and 1(C5,—1) = —2, we immediately see that I(Cs,,, —1) = 2 when m is even, and
I(C5,, —1) = —2 when m is odd. In other words, I(C3,,,—1) =2 (=1)™.

Therefore, AT(G, —1) = (=1)%" - 2- I(Cy, 1) +2 = (=1)?"-2.2. (—1)" +2 =
442 =6.

Since x = —1 is not a root of AT(@,SC), Corollary 4.16 implies that ee(@) —
60(5)) # 0. By Theorem 4.10, we conclude that x;(G) =3. |}

We remark that when n # 0 (mod 3), Theorem 4.10 does not help us, since
AT(@, 1) =2-(=1)"-I(C,,—1) + 2 = 0. Thus, we need to develop alternative
techniques to determine the list-colouring number of C, (1,23, for n # 0 (mod 3).

To determine the list-colouring number of Cs,, (1.2}, we developed a bijection be-

tween Eulerian subgraphs of Cs,, 1,9y and independent sets of C,,. This enabled us
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to apply Theorem 4.10. Naturally, this leads us to ask if there are any other pairs of
graph families (G, H) for which we can obtain a simple correspondence between Eu-
lerian subgraphs of G and independent sets of H. We hypothesize that this technique
can be applied to calculate the values of x;(G), for other families of graphs G.

4.3 Well-Covered Circulants

Definition 4.18 ([147]) A graph G is well-covered if each mazimal independent

set of vertices has the same cardinality.

In other words, a graph is well-covered iff every maximal independent set is also
a maximum independent set.

Given a graph G, the problem of determining «(G) is N P-hard [79]. But in a well-
covered graph, every independent set can be extended to a maximum independent
set, and so a(G) can be trivially computed using the greedy algorithm. In other
words, there is a polynomial-time algorithm to compute «(G) for any well-covered
graph. Well-covered graphs were first introduced by Plummer in [147], and a detailed
survey of properties of well-covered graphs appears in his survey article [148].

As an example, C7 is well-covered because each maximal independent set has three
vertices. However, Cy is not well-covered because the maximal independent sets are
{0,3}, {1,4}, {2,5}, {0,2,4}, and {1,3,5}, and these sets do not all have the same
cardinality.

In this section, we will classify circulant graphs that are well-covered, by applying
our previously-determined formulas for independence polynomials. We characterize
the set of all well-covered circulant graphs C,, ¢ for the families S = {1,2,...,d}
and S = {d+1,d+2,...,[5]}, as well as for the family of circulants of degree
3. By applying the lexicographic product to these well-covered graphs, we will also
generate a larger infinite family of well-covered circulants. Determining whether a
graph is well-covered is co- N P-complete [44, 157]. Even when restricted to the family
of circulants, we prove that it is still co-N P-complete to determine if the graph
is well-covered. Thus, there will not exist a nice characterization of well-covered
circulants. Nevertheless, we make some progress in characterizing families of well-

covered circulants.
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To start this section, we first list all connected non-isomorphic well-covered cir-
culants on at most 12 vertices. Table 4.2 was generated via a simple Maple program
that enumerated maximum independent sets, and manually checked the well-covered

property of each circulant.

Possible generating sets S
{1,3}
{1}
{1,3},{1,4}
{1,3},{1,2,4}
{1,4},{2,5},{1,2,5},{1,3,5}
{1,2},{1,3},{1,2,4}

12 {1,4},{3,4},{1,2,6},{1,3,5},{1,3,6}, 12,3, 4}, {2.3,6],
{1,4,6},{3,4,6},{1,2,4,5},{1,3,4,6},{1,3,5,6},{1,2,3,5,6}

—| =
—| ||l oS

Table 4.2: Connected well-covered circulants on at most 12 vertices.

A characterization of all well-covered cubic graphs (i.e., graphs of degree 3) is
found in [28]. A natural question is to determine which of these graphs are circulants.
In this section, we answer this problem in two different ways. Our first proof will
follow from the main classification theorem given in [28], while our second proof will
follow more elegantly from our work on independence polynomials. In Chapter 3, we
introduced the infinite family of circulant graphs G . In this chapter, we determine
a necessary and sufficient condition for a circulant G to be well-covered.

The independence polynomial of well-covered graphs has been a topic of interest.
Brown, Dilcher, and Nowakowski [22] conjectured that if G is well-covered, then
I(G,x) is unimodal (i.e., the coefficients of I(G,x) are increasing up to a certain
term, then decreasing after that term). This was disproved by Michael and Traves
in [133], who found counterexamples for a(G) € {4, 5,6, 7}. Matchett [130] extended
this result by showing that for all 4 < a(G) < 11, there exists a counterexample GG
to the well-covered unimodality conjecture. Recently in [118], Levit and Mandrescu
discovered a general construction for counterexamples for any «(G) > 8.

Motivated by the literature connecting independence polynomials to well-covered

graphs, we investigate well-covered circulant graphs, and determine necessary and
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sufficient conditions for certain circulants to be well-covered. In some of our proofs, we
directly apply our earlier theorems on independence polynomials. The basic strategy
is as follows: to prove that a graph G is not well-covered, we first list all of its
maximum independent sets, and then determine a smaller independent set I’ that is
not a subset of any of these maximum independent sets. This proves the existence
of a maximal independent set that is not maximum, which implies that G is not

well-covered.

If we know the exact formula for some I(C, s, ), we can calculate the x®(Cn.s)
coefficient of the polynomial, giving us the exact number of maximum independent
sets. Thus, once our enumeration technique has found [z*(“»s)]I(C,, s, z) indepen-
dent sets of maximum cardinality, we can immediately stop, because we know that
there cannot be any more. This method of extracting the coefficients of our in-
dependence polynomials is powerful when proving that a particular circulant is not
well-covered. Another technique is to investigate difference sequences; this will be our
approach in proving the following two theorems on the well-coveredness of C, (12,4
and Cn,{d+1,d+2,...,[% 3. After we obtain these two results, we prove our result on the

well-coveredness of cubic circulants.

It is well-known [71] that C,, is well-covered iff n < 5 or n = 7. The following

theorem generalizes this result.

Theorem 4.19 Let d > 1 be fived. Then, C, (12, ay ts well-covered iff n < 3d + 2
orn = 4d + 3.

Proof: Let G = Cy 12,43 By Theorem 2.3, a(G) = | ;35| = p, for some integer p.
Then, n = (d+ 1)p+ ¢, for some 0 < g < d. If p < 2, then G is trivially well-covered.
This is seen by noting that G is a circulant, and hence every vertex of G appears in
some maximum independent set, by vertex transitivity. Since the p < 2 case been
dealt with, assume that p > 3.

Let a and b be the unique pair of integers such that n = a(p — 1) + b, where
0<b<p-—2 Sincen = (d+1)p+q = a(p—1)+b, it follows that a > d + 1.
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Consider the difference sequence

The sum of the elements of D’ is (p —b— 1)a + b(a + 1) = n. Each term in the
sequence is at least d+1. Thus, D’ is a valid difference sequence of G with |D’| = p—1.
It follows that D’ must be the difference sequence of (at least) one independent set
I'={v1,v9,...,0p1}, With0 <wv; < vy <...<v,01 <n—1L

If G is well-covered, then there exists an independent set I of cardinality a(G) = p
with I’ C I. Let I = I'U{w}, for some 0 < w < n— 1. Suppose 1 < j <p—1is the
index for which v; < w < v;41, where addition is reduced mod (p — 1).

Since [ is an independent set of G, we require v;4; —w > d+1and w—v; > d+1.
Hence, vj11 —v; > 2d + 2. In other words, a necessary condition for G to be well-

covered is a + 1 > v;41 — v; > 2d + 2, which simplifies to

1
{MJ:aZQdJﬂ,
p—1
First suppose that p > 4. Then,
d+1 d+1 d 2d + 1 2d + 1
{( i )791+QJ < 4= )pl+ —d+1+ +1 <d+14+25 0 cogyn,
p— p— p—

with equality iff (p,d,q) = (4,1,1). This case (which corresponds to G = Cy) is not
well-covered; this is easily seen by inspection. In all other cases, we have established

a contradiction. Thus, G is not well-covered if n and d satisfy o(G) =p = | 25| > 4.

Now suppose p = 3. Then if ¢ < d — 2, then

L(d;l_)pleqJ _ Ls(d+21)+qJ < L3(d+ 1);(d—2)J

FCZT%—lJ <2d+1.
Hence, if p = 3 and G is well-covered, then we must have ¢ = d or ¢ = d — 1.
Thus, the only two possible well-covered graphs occur in the cases (p, q) = (3,d) and
(p,q) = (3,d — 1). These pairs correspond to the circulants G = Cyqy3(1,2,..qp and
G = Cigy2,(1,2,...4y, respectively. We prove that the former is well-covered, while the

latter is not.
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Consider the graph G = Cug1312,...ay- By Theorem 2.3, o(G) = L?TJF{O)J =3. We
show that every maximal independent set has cardinality 3. Let I’ be an independent
2-set. Without loss, let I’ = {0, z}, for some = € [d+1,3d+2]. Ifd+1 <z < 2d+1,
then [ = {0,z,x + d+ 1} is an independent 3-set of G. If 2d + 2 < z < 3d + 2, then
I ={0,d+1,x} is an independent 3-set of G. In both cases, I’ can be extended to a
maximum independent set I. Thus, we have shown that every maximal independent
set has cardinality p = 3, proving that G is well-covered.

Now consider the graph G' = Cyqy2412,..4)- Assume G is well-covered. By Theo-
rem 2.3, o(G) = L‘tld—ﬁj = 3. Thus, every maximal independent set must have three
vertices. Since the set I’ = {0,2d + 1} is independent in G, there must exist a vertex
x such that [ = I" U {z} is independent in G. f 0 <z < dor3d+2 <z <4d+1,
then |x — Olggeo < d, and if d +1 < x < 3d + 1, then |x — (2d 4+ 1)|4q42 < d. In
both cases, we obtain a contradiction. Thus, no such x exists. We have shown that

I cannot be an independent set in GG, and so I’ is a maximal independent set in G

(with cardinality 2). Hence, G is not well-covered in this case.

We conclude that if p > 3, then G is well-covered only for the case (p, q) = (3,d),
ie., when n =4d+ 3. If p < 2, then n < 3d + 2, and G is trivially well-covered in
each of these cases. We conclude that G = C), (12, 4y is well-covered iff n < 3d + 2
or n = 4d + 3, and this completes the proof. |

At the conclusion of this section, we prove that it is co- N P-complete to determine
whether an arbitrary circulant G is well-covered. Despite the difficulty of the general
problem, we have given a full characterization of well-covered graphs for the family
A, = Cpq12,..4y- We now determine a full characterization for the complement family

B, = Cy td+1,d+2,...,| 2]}

2

.....

n > 2d+ 2. Then G is well-covered iff n > 3d or n = 2d + 2.

Proof: First note that G = B,, is clearly well-covered if n = 2d+ 2, since G is simply
d 4 1 isomorphic copies of K,. Thus, we can assume that n > 2d + 2.
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By Corollary 2.18, o(G) = d + 1. It is easy to see that the difference sequence
(1,1, ..., 1,n—d) is valid. This gives rise to n independent sets of cardinality d+ 1,
—_————

d
namely the sets {i,1+1,i+2,...,i+d}, for each i = 0,...,n— 1, where the elements

are reduced mod n. By Corollary 2.18, [#%*!]I(B,,z) = n, and so there cannot be
any other maximum independent sets. Therefore, if G is well-covered, then every

independent set must be a subset of {i,i+1,i+2,...,i+d} for some 0 <i <n-—1.

First consider the case 2d +3 < n < 3d. In this case, d > 3. The set I’ =
{0,d,n — d} is independent in G, since the circular distances are d, n — d, and
n — 2d < d, none of which appear in the generating set S = {d+1,d+2,...,[5]}.
But I’ cannot be contained in an independent set of cardinality d 4+ 1 > 3, since there
is no ¢ for which I' C {i,i+ 1,9+ 2,...,i+ d}. Hence, I’ cannot be extended to a

maximal independent set of cardinality d 4+ 1, and so G is not well-covered.

Finally, consider the case n > 3d. Let I’ be any independent set {vi,vo, ..., vk},
with £ < d+1. Without loss, assume that v; = 0and 0 < vy <wv3 < ... <v, <n—1.
Since I’ is independent in G, no v; € [d+ 1,n —d — 1]. So each v; < d or v; > n —d.
If vo >n—d, then I' C {i,i+1,i+2,...,i +d} where i = n —d. If v, < d,
then I’ C {i,i+ 1,9+ 2,...,i+ d} where i = 0. In both cases, I’ is contained in a
maximal independent set of cardinality d + 1. So the only other case to consider is
when vy < d and vy > n — d. Then there is a unique index j such that v; < d and
vjp1 > n —d. We require |vj 1 — vl € {d+1,d+2,...,|5]}, so v —vi], < d.
Since 0 < v; < d, this implies that v;1; > n +v; —d. Letting i = n +v; — d, we
have I' C {i,i+ 1,i+ 2,...,7+ d}, which shows that I’ is contained in a maximal
independent set of cardinality d + 1. This proves that all maximal independent sets

have the same cardinality, so G is well-covered.

Thus, we have proven that B,, is well-covered iff n > 3d or n = 2d + 2. |

In Chapter 2, we introduced the graph families A, and B,, and examined the
class of 3-regular circulants. Having determined the well-coveredness of A,, and B,
it is a natural question to investigate which 3-regular circulants are well-covered. Our
first proof will rely on a known classification of the set of well-covered cubic graphs.

Our second proof will be a more elegant proof, which will be a short application
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of independence polynomials. We provide both proofs as they utilize completely

different techniques.

Definition 4.21 Let X, Y, Z be the graphs defined in Figure 4.8.

<
X
X

Figure 4.8: Graphs which generate the family of cubic graphs.

Definition 4.22 A terminal pair is a pair of adjacent vertices of degree 2.

Thus, X and Y have two terminal pairs while Z has only one.

Theorem 4.23 ([28]) Let ¥ denote the class of cubic graphs, constructed as follows:
given a collection of copies of X, Y, Z, join every terminal pair by two edges to a

terminal pair in another (possibly the same) graph, so that the result is cubic. Then

every graph in W is well-covered.
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Because X and Y have automorphisms exchanging the two vertices in one terminal
pair while fixing the vertices in the other terminal pair, it does not matter how we join
up each pair of terminal pairs. Realizing that each X and Y have two terminal pairs
and each Z has one, we construct graphs in the family ¥ by stringing together copies
of X and Y in cycles, or in paths with a copy of Z at each end. Thus, a connected
graph in ¥ can be characterized by giving the sequence in which we join the X's,
Y’s, and Z’s. For example, the graph ZXYY Z is a cubic well-covered graph, as is
— XYY XY —. In the latter case, the dashes indicate that the remaining terminal
pairs at the endpoints are to be joined in a cycle.

When we form “cyclic” elements of U, we can use just a single X or Y. Thus, the
graphs —X — and —Y — belong to the family W. We can quickly show that the former
is isomorphic to Cg (2,33 and the latter is isomorphic to Cg 11.43. In [28], the following

characterization theorem of well-covered connected cubic graphs is presented.

Theorem 4.24 ([28]) Let G be a connected cubic graph. Then G is well-covered iff
G eV, G =Kzs, G=Ky, or G is one of the four graphs in Figure 4.9.

b3 <
A &

Figure 4.9: Four well-covered cubic graphs.
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Using this characterization, we now determine all connected well-covered circulant

graphs of degree 3.

Theorem 4.25 Let G be a connected circulant cubic graph. If G is well-covered,
then G must be isomorphic to one of the following graphs: Cy 12y, Cs 1,3}, Ce 2,3},
Cs,{1,4}; or Clo,{z,s}-

Proof:  As noted earlier, — X — and —Y — are both cubic circulants, corresponding
to the graphs Cg 23y and Cjg (4, respectively. We also note that Ks3 = Cg 13
and Ky = Cy 1,2y Of the four given graphs in the statement of Theorem 4.24, only
C5 x K, is a circulant (the top right graph in Figure 4.9), and it is easily seen to be
isomorphic to Cyg g25. By Theorem 4.24, it remains to show that other than —X —
and —Y —, no other graph in W is a circulant. This will complete the proof.
Suppose on the contrary that G € W is a circulant, where G is not isomorphic
to either —X — or —Y —. Then G must contain an induced subgraph of X, Y, or Z.
We show that none of these three cases is possible, completing the proof. Since G is

cubic, G must be isomorphic to Cay, 4,0}, for some 1 < a < n.
Case 1: X is an induced subgraph of G.

Label the vertices of X, as shown in Figure 4.10.

Figure 4.10: Graph X and its vertices labelled.

Without loss, let w = 0. Then {u, v, z} must be a permutation of {a,n,2n — a}.
There are six possible triplets (u,v,x) that arise. By isomorphism, we may assume

that v < v. Furthermore, X is an induced subgraph of G for the case (u,v,z) =
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(a,m,2n — a) iff X is an induced subgraph of G for the case (u,v,z) = (2n — a,n, a).
This is seen by multiplying the colour assigned to each vertex by —1 and reducing
mod 2n. By this analysis, six cases reduce to four, which then reduce to two.

From the assumption u < v, there are only two distinct cases to consider: when
(u,v,z) = (n,2n — a,a) and when (u,v,z) = (a,2n — a,n). Since uv € E(G), we
must have |u — v|a, € {a,n}.

In the first case, we have |u —v| =n—a € {a,n}. Since 1 < a < n, it follows that

n—a=a,ora= 4. But then v = 37" and z = §. So |v — x|y, = n, which implies

that vo € E(G), a contradiction.

n

In the second case, |u —v| = 2n —2a € {a,n}. If 2n —2a = n, then a = %, and

we get the same contradiction as above. Otherwise, 2n — 2a = a, so a = 2?" Then

(u,v,w,z) = (2?", 4?”,O,n). Since y and z are adjacent to x = n, y is either 5?” or

z. But then y is adjacent to u or v (since its circular distance is n), and that is a

contradiction because X is an induced subgraph of G.
Case 2: Y is an induced subgraph of G.

Label the vertices of Y, as shown in Figure 4.11.

(7]

u
O

<

t
0

w X y y4

Figure 4.11: Graph Y and its vertices labelled.

Without loss, let ¢ = 0. Then {s, u,y} is a permutation of {a, n,2n—a}. As we did
in Case 1, we only need to consider two cases by symmetry: (s,u,y) = (n,a,2n — a)
and (s,u,y) = (2n — a,a,n). In the former case, either = or v must be n + a, since it
is adjacent to u = a. But then this vertex must be adjacent to s = n, a contradiction.

In the latter case, either (z,v) = (2a,n + a) or (z,v) = (n + a,2a). But 2y € E(G)
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and vy ¢ E(G), so v =n+a and v = 2a. Since wx € E(G), this forces w = n + 2a

(mod 2n). However, this implies that vw € E(G), a contradiction.
Case 3: 7 is an induced subgraph of G.

Label the vertices of Z, as shown in Figure 4.12.

u Vv w
O

X y z

Figure 4.12: Graph Z and its vertices labelled.

Without loss, let v = 0. Then {u, w, z} is a permutation of {a, n,2n—a}. Aswe did
in Case 1, we only need to consider two cases by symmetry: (u,w,z) = (2n —a,a,n)
and (u,w, z) = (n,a,2n — a). In the former case, zw € E(G) and so n —a € {a,n}.

2 = q, which implies

Clearly this implies n —a = a, or a = §. But then |u — z|y, = 5

uz € E(G), a contradiction. In the latter case, |z — wl|s, = 2n — 2a € {a,n}. So
a=2%ora=2% Ifa=2% then uw € E(G), a contradiction. And if a = %, then
y =w+n = 3. But then uy € E(G), a contradiction.

This clears all of the cases, and hence, we have established the proof of Theo-

rem 4.25. |}

In this proof, our solution quotes a known classification of connected well-covered
cubic graphs, and then determines which of these graphs are circulants. Although
this proof is not complicated, it is somewhat unsatisfying that this proof hinges on a
known classification theorem. However, when we use independence polynomials, we
can prove our result directly and more elegantly. Here we provide a second proof to

Theorem 4.25, using our theorems from Chapter 2.
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Proof:  Every connected 3-regular circulant G'is isomorphic to Cap, (a,m}, for some
1 < a < m. By Proposition 2.45, G is not connected iff ged(a,m) > 1. So we must
have ged(a,m) = 1. By Lemma 2.19, every connected 3-regular circulant must be
isomorphic to one of the following graphs: Cy, (1,20}, Can+2,{1,2n+115 OF Canya 22041}

Let us consider each of these cases separately.
Case 1: G = C4n,{1,2n}-

G is well-covered for n < 2 so suppose n > 3. By Theorem 2.26, a(G) =
deg(I(G,z)) = 2n — 1. Let D = (dy,ds,...,ds,—1) be a valid difference sequence.
Then each d; > 2 and ) d; = 4n. The only way this is possible is if some d; = 4 and
the rest of the d;’s are 2, or if some d; = dj, = 3 and the rest of the d;’s are 2. In our
difference sequence D, we cannot have a subsequence of n consecutive terms equal
to 2, or else its total is 2n € {1,2n}, a contradiction. Thus, the only valid difference
sequence (up to cyclic permutation) is

D=(22..,23272 .., 23).

-

n—1 n—2

In other words, every maximum independent set must have the difference sequence
D. This difference sequence D gives rise to exactly 4n maximum independent sets
{vo, vo+dy,vo+dy+ds, ..., vg+d1+do+. . .+da,_2}, by setting each vertex of G as the
“initial” vertex vy and reducing each element mod 4n. By the structure of D, these
independent sets must all be distinct. We have not missed any maximum independent
sets, since [¢?" I (G, x) = [#*" I (Can f1,20}, ) = [#2" 7 I(Can 20120}, ) = 4n, by
Corollary 2.18.

For n = 3, consider the independent set I’ = {0,4,8}. I’ is maximal in G =
C2,41,6) because the addition of any vertex to I’ will no longer preserve independence.
Thus, G is not well-covered in this case, since |I’| =3 < 2n — 1. For n > 4, consider
I' ={0,3,6}. Suppose I’ C I for some maximum independent set |I| = 2n — 1. If
any v € {1,2,4,5} appears in I, then [ will no longer be independent. Thus, the
difference sequence of I must contain a pair of consecutive elements equal to 3, and

thus cannot be a cyclic permutation of D. So I cannot be a superset of {0,3,6},
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and we conclude that G is not well-covered in this case. Thus, G = Cy, 1,20} 18

well-covered iff n =1 or n = 2.
Case 2: G = C4n+2,{1,2n+1}~

G is well-covered for n = 1 so suppose n > 2. By Theorem 2.26, a(G) =
deg(I(G,x)) = 2n+ 1, and the unique difference sequence is D = (2,2,...,2). There
are two possible maximum independent sets, the set of even vertices and the set of
odd vertices. Now let I’ = {0,3}. Clearly, I’ cannot be extended to one of these

maximum independent sets. So G = Cly49 {12041} is well-covered iff n = 1.
Case 3: G = C4n+2,{2,2n+1}~

G is well-covered for n < 2 so suppose n > 3. By Theorem 2.26, a(G) =
deg(I(G,x)) = 2n. Let D = (dy,da, ..., ds,) be a valid difference sequence. Then
each d; # 2 and ) d; = 4n + 2. We cannot have consecutive d;’s being 1, so at most
n of the d;’s equal 1. Suppose exactly p of the d;’s equal 1, where p < n. Then
the remaining (2n — p) d;’s sum to 4n + 2 — p, each of which is at least 3. Hence,
(An+2—p)>3(2n—p),orp>n—1.

So we either have p = n — 1 or p = n. In the first case, the remaining (n + 1)
terms must all equal 3 as its sum is 4n + 2 — p = 3n + 3. In the second case, the
remaining n terms must sum to 3n + 2.

If n is even (let n = 2t), a valid difference sequence D occurs when p =n — 1.
D=(1,3,3,1,3,...,1,3,1,3,3,1,3, ..., 1,3).
N— —

t—1 t—2

And if n is odd (let n = 2t — 1), a valid difference sequence D occurs when p = n.
D=(1,4,1,3,...,1,3,1,4,1,3, ..., 1,3).
1 t—2
t — -

For example, if n = 6, then D = (1,3,3,1,3,1,3,1,3,3,1,3), and if n = 5,
then D = (1,4,1,3,1,3,1,4,1,3). In both cases, this difference sequence gives rise
to 4n + 2 distinct maximum independent sets. By Corollary 2.18, [#2"]I(G,x) =
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(22" I (Cant2, 220413, ) = [@*"]1(Cins2,i2n2n+13, %) = 4n + 2, and so this confirms
that there are no other maximum independent sets.

If n > 4 is even, we let I’ = {0,5} and if n > 3 is odd, we let I’ = {0, 3,6}.
In both cases, I’ cannot be a subset of an independent set I with cardinality 2n,
since the difference sequence of I must be a cyclic permutation of D. Therefore,

G = Ciny2,02,2n+1y is well-covered iff n =1 or n = 2.

We conclude that there are only five connected well-covered circulants of the form
G = Oy {an}, Where ged(a,n) = 1. These circulants are isomorphic to one of the

following: Cy (1,2}, Cs 1,3}, Co12,33> Cs 11,43, Croq2,53- This completes the proof. |

As a corollary, we classify all degree 3 circulants that are well-covered.

Theorem 4.26 Let G = Cy,, (o0, where 1 < a < n. Let t = ged(2n,a). Then G is
well-covered iff 2* € {3,4,5,6,8}.

Proof: In Lemma 2.19, we proved that
(a) If 27" is even, then G' = Cy,, (4,0} is isomorphic to ¢ copies of 02%7{17%}.
(b) If 27" is odd, then G' = Cy, {40} is isomorphic to % copies of 04%7{272771}.
By Theorem 4.25, we require 2* to be 4, 6, or 8 in Case (a), and % to be 6 or 10

in Case (b). This establishes the desired result. |

Therefore, we have found necessary and sufficient conditions for a graph G =
Cy.s to be well-covered, for each of our three families. The following result on the
lexicographic product enables us to determine even more families of well-covered

circulants.

Theorem 4.27 ([167]) Let G and H be nonempty graphs. Then G[H] is well-

covered iff G and H are both well-covered.

From Theorems 2.31 and 4.27, if G and H are well-covered circulants, so is its
lexicographic product G[H|. This gives us infinitely more examples of well-covered cir-

culant graphs. If G and H are any of the well-covered graphs found in Theorems 4.19,
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4.20, and 4.26, then G[H] is also well-covered. For example, since G = Ci5 {123 and
H = Cip 45y are both well-covered, Theorem 2.31 shows that

G[H] = C150,{1,2,13,14,16,17,28,29,31,32,43,44,46,47,58,59,60,61,62,73,74,75}

is also well-covered.

We have now given a full characterization of all well-covered circulants, for each
of the families appearing in Chapter 2. Using the lexicographic product, we have
determined infinitely more families of well-covered circulants. We now examine other
known families of well-covered graphs and determine which ones are circulants.

At the beginning of Chapter 3, we defined the circulant graph G = Cy, s, , for
each 1 < j < k, where (ay,as,...,ax) is a k-tuple of integers with each a; > 3. We
now determine a precise necessary and sufficient condition for G to be well-covered.

Before we present our characterization theorem, we require two lemmas.

Lemma 4.28 Let 1 < j <k —1. If G;1_1 is not well-covered, then G, is also not

well-covered.

Proof:  If G, ;1 is not well-covered, there must exist a maximal independent set
I' = {vy,v9,...,u,} in Gji_1 that is not a maximum independent set. In other
words, |I'| =m < a(G; 1) — 1. Thus, if we add any other vertex v’ € G,y to I’,
then |u' — v;],,_, € Sjk—1 for some index 1 <7 < m. Using I’ as a building block, we
will construct a maximal independent set I* of G; for which [I*| < a(Gj). This
will prove that G is not well-covered. Without loss, assume that 0 < v; < vy <
e < Uy < |Gjp] =1 =mngq — 1.
First define the set

I={pnp_1+v,: 0<p<ar—2, 1<i<m}.

We claim that I is an independent set of Gjj. Our proof is similar to that of
Lemma 3.16. On the contrary, suppose that I is not independent. Then there exist
distinct vertices x,y € I such that |x —yl,, € Sj,. Note that 1 < |z —y|,, < ng_1—1,
since max(S; ) < ny_1 — 1 by Proposition 3.5 (g).
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For any z,y € I with 0 < 2 <y < ng_y — 1, we have |z —y|,, =y —x or
|z — y|n, = nk + 2 —y. We now explain why the latter “wraparound” case cannot
oceur if | —y|,, < ng_1 — 1. By definition of the set I, y < (ay —2)ng_1 + vy, where
U, € Gji—1. Since G ;_; is a graph on ny_; vertices, labelled 0,1,2,...,n;_; — 1, we

have v,,, < ny_1; — 1 implying that y < (ax — 2)n,_1 + ng_1 — 1. Therefore,

ng+r—y > np+0—(ap —2)np_1 — (N1 — 1)
= apng—1 — 1 —apng—1 + 2np_1 —np—1 + 1
= MNkg-1

> ng_1 — L.

Since |z — y|n, < ng—1 — 1, we have shown that |z — yl|,, =y — =, for all choices
of z,y € I. This implies that |z — y|,, = 2nk—1 + (v4 — vp) for some integer z, and
Uq, vy € I'. By definition, G} ;1 has ng_; vertices, labelled 0,1,2,...,n,_; — 1. Since
0 < g, v < mg—y — 1, the inequality 1 < |z — yl,, < ng_; — 1 implies that z = 0 or
z=1.

If z=0, then |z — y|,, = v, — v, i.€, v, — vy € Sjj. By Proposition 3.5 (a), this
implies that |v, — vp|n,_, € Sjk—1, contradicting the assumption that v, and v, are
independent in G j_1.

If z =1, then |z —y|,, = np—1+ve— vy € S; k. By Proposition 3.5 (a), this implies
that v, — v, = vy — Vb|n,_, € Sjk—1, contradicting the assumption that v, and v, are
independent in G ;1.

Therefore, I is an independent set of G . Essentially, [ is created by taking a; —1
translates of the maximal independent set I’, thus constructing an independent set
with m(ay — 1) vertices. We note that every vertex v € I satisfies the inequality
0 < v < np—ngk_q. The latter inequality follows from the fact that png_1 + v, <
(ar, —2)ng—1+ (ng—1 — 1) = (ar, — Dng1 — 1 = agng—1 —ng—1 — 1 = ngg — ng_1.

By the maximality of each of the translates of I’, any u ¢ I with 0 < u < ng—ng_4
cannot be added to I while still preserving independence. Specifically, if u = pnj_,+u’
for some 0 < p < ap—2and 0 < u' < ng_; — 1, then there exists an index 1 < i <m
such that |u" — v;|,,_, € Sjk—1. For this ¢, let v = png_1 + v;. Then v € I satisfies

lu — vy, = |v —vil, € Sjk. Thus, I is maximal when restricted to this subset of
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n, — ng—1 + 1 vertices.

Now consider the other n;_; — 1 vertices of G, which appear consecutively in
G,k By Lemma 3.12, any subset of Q(G;j) = ny_1 consecutive vertices in Gj
induces a copy of Gj;_1. Thus, these remaining nj_; — 1 vertices of G, induce a
proper subgraph of G; ;_1, and hence we can select at most a(G ;—1) of these vertices
so that they are independent in G/ .

We construct a maximal independent set I* of G, ;, that includes all of the m(a;—1)
vertices from our set /. From the above paragraph, any extension of I to a maximal
independent set I* of G, will add at most a(G;,_1) additional vertices. We now

compute the cardinality of I* and prove that it is not maximum. We have

1 < I+ a(Gjp-1)
= m(ar — 1) + (Gjx-1)
(a(Gp-1) = D(ar — 1) + a(Gjx-1)
(ar, — 1)

IN

aro(Gjp—1) —

A\

apo(Gjr—1) — 1 , since a; > 3.

= a(Gjx) , by Theorem 3.8.

Hence, I* is a maximal independent set of G;; that is not maximum. Thus,
we conclude that for any 1 < 7 < k — 1, G is not well-covered if G;;_; is not

well-covered. |

Lemma 4.29 Let k > 3 and let (a1, as,...,ax) be a k-tuple satisfying the non-
decreasing condition 3 < a; < ... < ag. Then Gr_1x = Ch, fny s ot1,mp_1—np_o}

18 not well-covered.

Proof:  First, we deal with the special case k = 3 and a; = as = a3 = 3. In this case,
we have n; = 2, np = 5, and n3 = 14. Hence, we need to show that Gy3 = Ci4 (23
is not well-covered. By two applications of Theorem 3.8, a(Ga3) = aza(Gaz) — 1 =
asng —1=3-2—1=05.

For example, the set I = {0, 1,5, 6,10} is a maximum independent set of G5 3. This
set I has the difference sequence (1,4,1,4,4). Note that a valid difference sequence
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D = (dy,ds, ds, dy, ds) has at most two 1’s, or else two vertices in the corresponding
independent set will differ by 2 € Sy3. Thus, at least three of the d;’s must be at
least 4. Since the d;’s sum to 14, it follows that every maximum independent set of
(2,3 must have a difference sequence that is a cyclic permutation of D = (1,4,1,4,4).

Thus, the independent 2-set {0, 7} cannot be extended to an independent 5-set in
Ga3 = Claq2,3y- Therefore, we have proven the lemma in this special case, and hence
we can assume that k > 4, or that £k = 3 and a3 > 4.

For each 1 <17 < ay, define

irz' == {(Z — 1)nk_1 + ]., (Z — 1)nk_1 + 2, ceey (Z — 1)nk_1 + nk—l}
= {(—Dng1 + 1,0 —Dng—1 +2,...,ing—1},

where each element is reduced modulo ny (if necessary).
For example, T} = {1,2,...,ng_1} and T = {ng_1+1,np_1+2,...,2n,_1}. Since

agni_1 = n + 1, the case 1 = a; corresponds to the set
To, = {(ar — Vg1 + 1, (ax — Dy +2,...,mp — 1,0, 1},

Thus, every vertex of Gj_1 is included in exactly one T;, with the exception of
vertex v = 1 which appears twice. This separation of the n, = apng_1 — 1 vertices
into ay, classes is illustrated in Figure 4.13.

By Lemma 3.12, each subgraph H; of G_1 induced by the ny_; vertices of 7; is
isomorphic to Gy_1,—1. Hence, a(H;) = a(Gg-1,-1) = Ng—2, by Theorem 3.8. For
any independent set I of Gj_1 j, we must have |I NT;| < nj_o. Also by Theorem 3.8,
note that a(Gr—1x) = axa(Gr_15-1) — 1 = agng_o — 1.

We now explain why every maximum independent set I (containing v; = 1) must
have nj;_, elements in common with each T;. We will then construct an independent
set that cannot be extended to satisfy this requirement, thus proving the existence
of a maximal non-maximum independent set. This will imply that Gj_;; is not
well-covered.

Let I be a maximum independent set of Gy_; . By the vertex transitivity of

Gr—1, we assume without loss that v = 1 is an element of /. Suppose there exists
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(ap-Dmy_+1

e

k-1

an_l+1

3

Figure 4.13: Separating n; = apni_1 — 1 vertices into a; classes.

an index 1 < i < ay, for which |[I NT;| < ng_s. Then,

ag

Z |I N ,Tz| < ApNg_o.
i=1
But every vertex of I is included in exactly one T;, except for v = 1 which appears
twice. Thus,
ay,
I +1=Y_[INT)| < apng_o.
i=1
This implies that |I| < agng—2 —1 = a(Gx_1), which contradicts the maximality
of I. Hence, in any maximum independent set I containing v = 1, we must have
|I N'T;| = ny_o for each 1 < i < ay.
We construct a maximal independent set [* by first setting four initial vertices:
v = 1, Vg = N1 — N9 + 2, V3 = Q(le_l - nk_g) + 3, and Vy = 3(nk_1 — ’n,k_g) + 4.
We will extend this set of 4 vertices to a maximal independent set.
We now justify why these four vertices form an independent set in Gj_q . First
note that vy < n, = agni_1 — 1, since a, > 3 and ni_o > n; > 2. Furthermore,
consecutive vertices are separated by a distance of ny_1 — ni_o + 1, and so any two

vertices from {vy, va, v3, v4} must be separated by a distance of at least ng_1—nj_o+1.
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The only possible exception to this inequality occurs when there is a “wraparound”
between v; and vy, namely that |vy — v4]n, = nk — (v4g — v1). To prove that ny +
v —vs & Sk_1k, it suffices to show that ny + vi — vy > ng_1 — nk_9, ie., this
wraparound difference is greater than the maximum element in Sj_; ;. This will
justify the pairwise independence of these four vertices. We note that the following

inequalities are equivalent:

Ng+V1 — Vg > N1 — Ng_2
= (aknk_l — 1) +1-— 3<nk_1 — ’n,k_g) —4 > np_1—Ng_o

= nk_l(ak — 4) +4ng_o > 4.

If ar > 4, the inequality is trivial since ng_1(ay — 4) + 4ng_o > 4ng_o > 4ny =
4(a; — 1) > 4. So assume a; = 3. Having dealt with the exceptional case (k,ay) =
(3,3) in the first paragraph of the proof, we can assume that k£ > 4 if ay = 3. By the
non-decreasing condition 3 < a; < as < ... < ag, we have ay = as = ... = ap_1 = 3.
Thus, the inequality ng_1-(3—4)+4ng_o > 4 simplifies to —ax_1ng_o+1+4np_o > 4,
or ng_o > 3. Since k > 4, we have np_o > ng = aon; —1=3-2—1=5 > 3, as
required.

Therefore, the vertices {vy, v2, v3,v4} are independent in Gy_1 x, and so we include
them in I*. We then add additional vertices (via the greedy algorithm) so that [*

becomes maximal.

Earlier we proved that a maximum independent set I must contain exactly ng_o
elements of each T;. In other words, I intersects each T; in ms_s places. By our
deliberate selection of the v;’s, we will prove that in any extension of this initial 4-set
to a maximal independent set I*, this maximal set can intersect 75 in at most one
vertex. Since ng_o > ny > 1, this will prove that not every maximal independent set
is maximum, implying that Gj_; ; is not well-covered.

We claim that there are no vertices of I'* between v, and vy, other than v3. On the
contrary, suppose that there exists a vertex v* in I between vy and v,. First suppose

that vy < v* < v3.
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If vy < v* < w3, then v3 — vy = Ng_y — Ng—o + 1. Since Sk_1 1 = {Nk—2, k2 +
1,...,np_1 — ng_o}, neither v* — vy nor vz — v* can be an element of this generating
set. It follows that v* — vy < njp_o — 1 and v3 — v* < ny_y — 1, as otherwise we derive
an immediate contradiction.

Adding the two inequalities, we have ny_1 — ng_o + 1 = v3 — v9 < 2njp_9 — 2,
which is equivalent to ng_; < 3ng_s — 3. Since ni_1 = ar_1Nx—2 — 1, we have
(ar—1 — 3)ng_o < —2. Since a,_; > 3, we obtain our contradiction.

If v3 < v* < vy, then v4 —v3 = np_1 —np_o+ 1, and we proceed in the exact same
manner as in the previous case, to obtain our contradiction. Therefore, there are no
vertices of I* between v, and vy, other than vs. Now we go one step further and show
that neither vy or vy belong to the set To = {ng_1+ 1,751+ 2,...,2n,_1}. To do
this, we prove that vo < nj_; and vy > 2n4_1 + 1. Recall that vo = np_1 — ngp_s + 2
and vy = 3(ng_1 — np_2) + 4.

The inequality v < ny_; is equivalent to ng_o > 2, which is trivial since ng_o >
ny = a;—1 > 2. And the inequality vy > 2ny_1+1 is equivalent to 3ng_1—3n,_o+4 >
2ng_1+ 1, which simplifies to ng_1 > 3n,_o — 3. Since nyp_1 = ai_1np_o — 1, it suffices
to establish that nj_s(ax_1 —3) > —2. But this is trivial, since ny_o > 0 and ay_; > 3.

Consider I* NTy. From above, [I* N Ty| < 1, since the only vertex that can lie in
theset Ty = {np_1+1,mp_1+2,...,2n,_1} is v3. But this contradicts the requirement
that |I* NT;| = ng_o for all 1 < i < ay.

Hence, I* is a maximal independent set that is not a maximum independent set.

Thus, we conclude that Gj_; j is not well-covered. |

We now give a complete characterization of all graphs G i, that are well-covered.

Theorem 4.30 Let (aq,as,...,a;) be a k-tuple of positive integers, with each a; > 3.
Define G, for each k-tuple. Then Gy is well-covered iff j =k, or (j,k) = (1,2)
with (03} S 4.

Proof:  First consider the case j = k. By Proposition 3.5 (d), Skx = {nk—1, ng—1 +
L,..., %]} By definition, Gy = Ch, s, ,- If K =1, then Gy is complete, and thus

the circulant is (trivially) well-covered. Thus, let us assume that k& > 2.
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By Theorem 4.20, Gy, is well-covered iff ng, > 3(ng_1 —1) or ny = 2(ng—; — 1) +2.
We justify that the former inequality holds. The proof is immediate, since n, =
agng—1—1 > 3ng_1 —1 > 3(ng_1 —1). Thus, each Gy is well-covered, for any k-tuple
(a1, as,...,ax).

Now consider the case (j,k) = (1,2). By Proposition 3.5 (e), we have Gyo =
Chy (12,012}, Where ng = asny — 1 = as(ay — 1) — 1. By Theorem 4.19, G is
well-covered iff ny < 3(a; —2) +2 or ny = 4(a; — 2) + 3.

In the former case, the inequality as(a; —1) — 1 = ny < 3(a; —2) + 2 is equivalent
to ag < 3. And in the latter case, the equation as(a; — 1) — 1 =mny = 4(a; —2) + 3
is equivalent to as = 4. Since ay > 3, it follows that G o is well-covered iff ay = 3 or
as = 4. This clears the case (j,k) = (1, 2).

Consider the graph G, with 2 < j < k. By Lemma 4.29, the graph G ;41 is
not well-covered. By repeated applications of Lemma 4.28, G is not well-covered
(since none of G;jt2,Gjj+3,...,Gjr1 are either). From the above paragraph, the
graph G5 is not well-covered for a; > 5. By Lemma 4.28, 1, is not well-covered,
whenever a, > 5.

It remains to resolve the well-coveredness of G 3 when as = 3 or ay = 4. In both
cases, we will prove that G 3 is not well-covered. By another repeated application
of Lemma 4.28, we will conclude that G j is not well-covered for ay < 4 and k > 3.
This will establish our claim that G, is well-covered iff j = k, or (j,k) = (1,2) with
as < 4.

Case 1:  The graph G, 3 satisfies as = 3.

Let a; = a, a; =3, a3 =b. Thenny =a—1, ny =3a—4, and ng = b(3a — 4) — 1.

By the recursive definition of S 3 as described in Proposition 3.5 (a), we derive

G1,3 = Cb(3a—4)—1,{1,2,...,a—2,2a—2,2a—1 ..... 3a—5}-

AISO, G172 = C3a—4,{1,2,...,a—2}> and a(GLQ) = LMJ =2 by Theorem 2.3. By

a—1

Theorem 3.8, a(G13) = aza(Gi2) —1 = 2b— 1. We prove the existence of a maximal

independent set [ with |[I| = 2b —2 < a(G;3). Let D be the following difference
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sequence, where each of the differences a — 1 and 2a — 3 appear (b — 2) times each.

D:(4a—5,g—1,2a—3,a—1,2a—3, ...,a—1,2a—?3,2a—4).

b— 2€opies
This difference sequence D contains 1+ 2(b—2) +1 = 2b — 2 terms, and has sum
> D= (4a—5)+(b—2)(3a—4)+(2a—4) = b(3a—4) — 1 = ns. It is straightforward
to check that D is a valid difference sequence of G; 3. For notational convenience, we
now abbreviate nz by n.
Letting the initial vertex be v; = 0, D corresponds to the following independent

set of Gy 3, with 2b — 2 vertices.
I ={0,4a — 5,54 — 6,7a — 9,8a — 10,...,b(3a — 4) — 2a + 3}.

Let v1 =0, vy =4a —5, v3 = 5a— 6, and vo,_o = b(3a —4) —2a+3 =n —2a + 4.
Suppose that a vertex ¢ can be added to I so that I U {t} is independent. Let
1 <17 < 2b— 2 be the largest index for which v; < t.

If 2 <1 <2b— 3, then v;y; —v; < 2a — 3. Therefore, either t — v; < a — 2 or
vir1 —t < a — 2, which implies that ¢ must be adjacent to either v; or v;11. Thus,
we obtain a contradiction. If i = 2b — 2, then |vg — vop_a|n, = N — Vyp_o = 2a — 4,
which implies that either ¢t — vg,_o < a—2or |vg—t|, =n—t < a—2. So we have a
contradiction in this case as well.

It remains to check the case 1 = 1, i.e., 0 < t < 4a — 5. In all cases, we prove
the existence of a vertex v; such that |t — v;|, € Si3, i.e., v; and ¢ are adjacent in

Gi3 = Ch12,..,0-22a—2,2a—1,...,.3a—5}- Lhis will establish our desired contradiction.
(a) If 1 <t <a—2, then |t —vi|, =1t € Sp3.
(b) If t =a—1, then |t —vypa|, =t+ (2a—4) =3a—5 € Sy3.
(c) If a <t <2a-—3, then [t —vy|, = (4a —5) —t € Sy 3.
(d) If 2a —2 <t <3a—5, then [t —vy|, =t € S13.
(e) If t =3a — 4, then |t —v3], = (ba — 6) —t =2a — 2 € Sy 3.

(f) If 3a —3 <t <4a—6, then |t — v3],, = (da — 5) —t € Sy 3.
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This clears all of the cases, and so we conclude that there does not exist a vertex ¢
so that JU{t} is independent. Since [ is a maximal independent set with |/| < a(Gy3),

we conclude that G 3 is not well-covered.
Case 2:  The graph G, 3 satisfies ay = 4.

Let ay = a, ay =4, a3 =b. Then ny = a—1, ny = 4a—5, and ng = b(4a —5) — 1.

By the recursive definition of S 3 as described in Proposition 3.5 (a), we derive

Also, G12 = Cus 12, a-2y, and a(Gi2) = L%J = 3 by Theorem 2.3. By
Theorem 3.8, a(G13) = aza(G12) —1 = 3b— 1. We prove the existence of a maximal
independent set I with |I| = 3b — 2 < a(Gy3). Let D be the following difference
sequence, where the difference 2a — 3 appears (b — 2) times and the difference a — 1

appears 2(b — 2) times.

D=Ba—4,2a—3,a—1,a—1,...,2a—3,a—1,a—1,2a —3,a —1,2a — 3).

S

b— 2‘gopies

This difference sequence D contains 1+ 3(b—2) + 3 = 3b — 2 terms, and has sum
> D= Ba—4)+(b—2)(4a—5)+ (ba—"T7) = b(4a—5) — 1 = ng3. It is straightforward
to check that D is a valid difference sequence of GG1 3. For notational convenience, we
now abbreviate n3 by n.

Letting the initial vertex be v; = 0, D corresponds to the following independent

set of Gy 3.
I ={0,3a —4,5a —7,6a—8,7a —9,...,b(4a — 5) — 2a + 2}.

Let v =0, vy =3a—4, v3 =5a—7, and v3,_o = b(da —5) —2a+2 =n —2a+ 3.
Suppose that a vertex ¢ can be added to I so that I U {t} is independent. Let
1 <4 < 3b— 2 be the largest index for which v; < t.

If 2 <¢ < 3b— 3, then v;y1 —v; < 2a — 3. Therefore, either t —v; < a — 2 or
vir1 —t < a — 2, which implies that ¢ must be adjacent to either v; or v;11. Thus,

we obtain a contradiction. If ¢ = 3b — 2, then |vg — v3p_a|n = N — V3p_o = 2a — 3,
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which implies that either ¢t — vg,_o < a—2 or |vg —t|, =n —t < a—2. So we have a
contradiction in this case as well.

It remains to check the case © = 1, i.e., 0 <t < 3a — 4. In all cases, we prove
the existence of a vertex v; such that |t — v,|, € Si3, i.e., v; and t are adjacent in

Gi3=Ch12,.a-230-33a-2,. 406}
(a) f1<t<a—2, then |t —v|, =1t € Si3.
(b) If a —1 <t <2a—4, then [t —v3], = (ba —T7) —t € Sy 3.
(c) Ift =2a— 3, then |t —vgp2|, =t+ (2a —3) =4a — 6 € Sy 3.
(d) If 2a —2 <t <3a—5, then |t —vy|, = (3a—4) —t € S} 3.

This clears all of the cases, and so we conclude that there does not exist a vertex t
so that JU{t} is independent. Since [ is a maximal independent set with |/| < a(Gy3),

we conclude that GGy 3 is not well-covered.

Therefore, we have proven that G, is well-covered iff j = k, or (j,k) = (1,2)

Let us now study the well-coveredness of two other families of graphs. This analy-
sis is motivated by some theorems of Finbow, Hartnell, and Nowakowski [71, 72]. Our
results will follow immediately from these powerful classification theorems. First, we

require several definitions.

Definition 4.31 ([71, 72]) A basic 5-cycle of G is any C5 subgraph that does not

contain two adjacent vertices of degree 3 or more in G.

Definition 4.32 ([71, 72]) A graph G belongs to the family F if the vertices of G
can be partitioned into two subsets P and C' such that P contains all vertices incident
with pendant edges (i.e., edges incident to a vertex of degree 1), and C' contains all

vertices of basic b-cycles, where the basic 5-cycles form a partition of C.

In [71], the authors characterize all well-covered graphs of girth at least 5. They

define four special graphs Py, Pi3, P4, and ()13, which are well-covered graphs of
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girth 5. (For the definitions of these four graphs, we refer the reader to [71]). It is
straightforward to prove that none of these graphs are circulants: in fact, three of

these graphs are not even regular. Their main result is the following.

Theorem 4.33 ([71]) Let G be a connected well-covered graph of girth 5 or more.
Then G is in the family F, or G is isomorphic to one of K1, C7, Py, P13, (13, or
P14.

From this theorem, we can give a full characterization of all well-covered circulants
with girth at least 5. We prove that if G is a connected well-covered circulant graph
with girth g > 5, then G must be isomorphic to K, Ko, C5 or C5.

From Theorem 4.33, either GG is one of the six given “special graphs”, or G € F.
As discussed, only K7 and C'; are circulants, among these six special graphs. We now
classify the circulants in F. Let G be a circulant graph in the family F.

If G has a pendant edge, then G contains a vertex of degree 1. Since G is a
connected circulant, this implies that G = Ky = C5 ;1y. If G has no pendant edges,
then each vertex of G must belong to a basic 5-cycle. Clearly G = C5 € F. Suppose
G is not isomorphic to C's. Then G contains at least two basic 5-cycles, connected by
at least one edge. In other words, some vertex of G has degree at least 3. Since G is
a circulant, every vertex must have degree d > 3. But this contradicts the definition
of a basic 5-cycle. We have proven that K, and C5 are the only circulant graphs in

F, and this establishes our desired result.

We now examine well-covered graphs which contain neither 4-cycles nor 5-cycles.
In [72], the authors give a complete characterization of graphs in this family. We
determine which of these graphs are also circulants, giving us a complete characteri-

zation of all well-covered circulant graphs that contain no Cy or C5 subgraph.

Definition 4.34 A vertexv of G is simplicial if the subgraph induced by the vertices

in the closed neighbourhood N[v] is complete.

Definition 4.35 ([72]) S is the set of graphs G for which there exist a subset of
vertices {x1, o, ...,x} C V(G) such that the following conditions hold:
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1. x; 1s simplicial for each i.
2. |Nlz;]| < 3.

3. {Nl[z;] | 1 =1,2,...,k} is a partition of V(G).

In [72], the authors define the graph T}, a particular graph on 10 vertices. This
graph is irrelevant to our discussion, as Tq is not regular, and hence, not a circulant.

The following is the characterization theorem of Finbow, Hartnell, and Nowakowski.

Theorem 4.36 ([72]) Let G be a connected well-covered graph containing neither
Cy or Cy as a subgraph. Then, G € S, or G is isomorphic to C; or Tyg.

As a simple corollary of Theorem 4.36, we now prove that if G is a connected
well-covered circulant graph containing neither Cy or C5 as a subgraph, then G is
isomorphic to K, K5, K3, or C5.

Let G € S. G contains at least one simplicial vertex v. Since |N[v]| < 3, it follows
that deg(v) < 2. Since G is a connected circulant, G must be r-regular, for some
r <2 If r =0 or r =1, then this corresponds to the cases G = K; and G = K,.
If » = 2, then G must contain a triangle (since v is simplicial). This implies that
G = (3 = K3, as no other connected 2-regular circulant has a K3 subgraph.

We know that C7 is a circulant, while Tq is not (it is not regular). Thus, G must

be isomorphic to one of K7, Ky, K3, or C;. This establishes the claim.

We have now fully classified all well-covered circulants with girth ¢ > 5, as well
as all well-covered circulants containing no Cy or Cj5 subgraph. However, this anal-
ysis does not include many other families of graphs, most notably the set of graphs
containing a K3 (i.e., graphs of girth 3). This is the most difficult case, and there
is no known characterization of well-covered graphs of girth 3 or girth 4. Since it is
co-N P-complete to decide if an arbitrary graph G is well-covered [44, 157], at least

one of these problems is intractable.

To conclude this section, we prove that it is co-N P-complete to decide if an

arbitrary circulant graph is well-covered. We first require two lemmas and a definition.
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Lemma 4.37 ([46]) For all n € N, there are non-negative numbers ay,as, .. ., a,,
distinct mod 898271 < 8n3 . such that all sums a;+a; are distinct mod gloganl 1 gnd
all sums a;+aj+ay are distinct mod gllos2nl 1. Moreover, the sequence ay,as, . . ., a,
1s computable in time polynomial in n, and the distinctness claims remain true modulo

any integer m satisfying m > 3 - (8Mog2nl — 2,

Definition 4.38 Let G be an arbitrary graph, with V(G) = {vi,vq,...,v,}. Then

Ce,a is a circulant on N = 81°&271 — 1 wertices, with generating set
S =A{la; —a;|ln: vv; € E(G)},

where A = (aq,ag, . ..,a,) is an n-tuple (a1, as, ..., a,) of positive integers satisfying

the conditions of Lemma 4.537.

Note that Cg 4 is not well-defined; but for the purposes of the discussion that
follows, any C¢ 4 can be chosen.

Also note that by Lemma 4.37, there is a polynomial-time algorithm to determine
an n-tuple (aj, as, . .., a,) satisfying the conditions of this lemma.

As an example, let G be the graph with vertex set V(G) = {vq, vy, ..., v7} and edge
set E(G) = {vyvy, vaus, U304, V405, UsVg, U106, U1 V7, U3U7, V407 +. A T-tuple satisfying the

conditions of Lemma 4.37 is
A = (a1, a9, as, a4, as, ag, a7) = (54,113, 14,27, 85,92, 36),
from which we derive a circulant Cg a:

Ca,a = Cs11,{7,9,13,18,22,38,58,59,99} -

Remark that any vertex w of C¢ 4 adjacent to v = 0 satisfies w = a;—a; (mod N)
for some (4, j) with v;v; € E(G). As an example, w = 412 is a vertex of C 4 adjacent
tov =0, and w = a3 —ay (mod 511). In this context, we say that the edge v;v; of G
corresponds to the vertex w = a;—a; (mod N)in Cg 4. From now on, we will assume
that A is an arbitrarily chosen n-tuple satisfying the conditions of Lemma 4.37, and

so we will abbreviate C¢ 4 by Cg.
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Lemma 4.39 ([46]) Let wy,wy, ..., wg be a k-clique in Cg, with wy = 0. Then for
all 2 < i < k, the edge e; of G corresponding to w; in Cg 1s adjacent to a certain
vertex of G independent of i. Moreover, if w; = a, —a, (mod N) and w; = a, — a,

(mod N), then p=1r or q=s.

As shown in [46], this lemma follows quickly from Lemma 4.37. Let us use our
earlier example to illustrate Lemma 4.39. By inspection, {0, 13,22} is a 3-clique in
Ca = Cs11,{7,9,13,18,22,38,58,59,09} - Notice that wy = 13 = a4 — a3 and w3 = 22 = a7 — as,
i.e., e5 and ez share the common vertex vz in G.

Since wy and ws are also adjacent in Cgq, it follows that {vs,vs, vz} must be a
3-clique in G. In general, if C' has a k-clique, then this produces a k-clique in G
[46]. In the following lemma, we prove that a maximal k-clique of G corresponds to

a maximal k-clique of Cg, and vice-versa.

Lemma 4.40 There exists a maximal k-clique in G iff there exists a maximal k-clique

m Cg.

Proof: Let W = {wy,wy,ws,...,wg} be a maximal k-clique in Cg. By the
vertex-transitivity of Cg, we can assume that w; = 0 without loss of generality.
By Lemma 4.39, w; = a,, — ay; (mod N) for each 2 < j < k and some fixed index m.
This implies that T' = {vp,, Vi, Viy, - . ., Vi, } 1s & k-clique in G. Now suppose that this
k-clique is not maximal. Then we can add a new vertex v, that is adjacent to each
vertex in 7', producing a (k4 1)-clique in G. Let w1 = apm — ay (mod N). Clearly,
W41 1s distinet from the previous k vertices of W. Then {wy, wo, ..., wg, wrs1} is a
(k + 1)-clique in Cg, contradicting the maximality assumption.

Now we prove the converse. Let {vy,vs,...,vx} be a maximal k-clique in G. Let
w; = a; —a; (mod N) for each 1 < j < k. Then S = {wy,wq, ws,..., wi} is a
k-clique in Cg, with w; = 0. Suppose that this k-clique is not maximal. Then we
can add a new vertex w1 that is adjacent to each vertex in S, producing a (k + 1)-
clique in Cg. By Lemma 4.39, w4, must have the vertex label a, — a; (mod N),
for some v, € V(G), distinct from all of the other v;’s. Then {vq,vs,..., vk, v,} is &

(k + 1)-clique in G, contradicting the maximality assumption.
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Therefore, we have proven that there exists a maximal k-clique in G iff there exists

a maximal k-clique in Cy. [

Theorem 4.41 Let G = C, g be an arbitrary circulant graph. Then it is co-NP-

complete to determine whether G is well-covered.

Proof:  Say that a graph belongs to the family F” if it is isomorphic to some Cg 4,
where G is a graph on n vertices and A = (ay, aq, . .., a,) is an n-tuple satisfying the
conditions of Lemma 4.37. Now let F be the family of all circulant graphs. Since
each Cg 4 is a circulant, it follows that 7' C F.

It is N P-complete to decide if an arbitrary graph G is not well-covered [44, 157].
Thus, it is N P-complete to determine the existence of a maximal k-clique and max-
imal [-clique in an arbitrary graph G, for some k # [. By Lemma 4.40, it is N P-
complete to determine the existence of a maximal k-clique and maximal [-clique in
the corresponding graph Cyg, for some k # [.

Therefore, if we restrict our circulants to just the family F’, it is N P-complete to
determine if an arbitrary graph in this family is not well-covered. This implies that the
decision problem is co-N P-complete. Since F’' is a subset of the set of all circulants,
we conclude that it is co-N P-complete to determine if an arbitrary circulant graph

is well-covered. |

This proves the main theorem of this section.

4.4 Independence Complexes of Circulant Graphs

We begin by defining the independence complex of a graph G, which is a special type

of simplicial complex.

Definition 4.42 A simplicial complex consists of a set V' of vertices and a collec-

tion A of subsets of V' called faces with the following properties:
1. Ifv eV, then {v} € A.

2. If F €A and G C F, then G € A.
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Definition 4.43 The independence complex A(G) of a graph G is a finite sim-

plicial complex where the faces correspond to independent sets of G.

Note that A(G) must be a simplicial complex since any subset of an independent
set is also independent.
We require several more definitions. While we only study independence complexes

in this chapter, these terms are defined for all simplicial complexes.

Definition 4.44 Let A be a simplicial complex and F be a face of A. The dimen-

sions of F' and A are given by
dim(F) = |F|, dim(A)=max{dim(F) | F € A}.
Definition 4.45 For any face F of A, the simplex of I is
F={ocecA|oCF},
which is the set of all subsets of F'.

Definition 4.46 The faces of mazximal dimension are called facets. A complex A is

pure if all facets have the same dimension.

Note that for combinatorists, the dimension is defined as above, but for topologists,
dim(F") is defined as |F| — 1. To maintain consistency throughout this chapter, we
will use the combinatorial definition of dim(F’). A face with dimension dim(F') —1 is
called a ridge.

The geometric realization of A(G) illustrates all of the facets belonging to the
complex. Figures 4.14 and 4.15 present realizations of the independence complexes
of G = Cs = Cs 1y and G = 3Ky = Cp g3}

In A(Cy), the facets are {0,3}, {1,4}, {2,5}, {0,2,4}, and {1,3,5}. Hence, this
independence complex is not pure. On the other hand, A(3K5) is pure, since the facets
are {0,1,2}, {3,1,2}, {0,1,5}, {3,1,5}, {0,4,2}, {3,4,2}, {0,4,5}, and {3,4,5}.

An independent k-set contained in a maximal independent set is equivalent to a

k-dimensional face contained in a facet. Therefore, we make the following observation.
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Figure 4.14: The independence complex A(Cg).
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G A(G)

Figure 4.15: The independence complex A(3K5).

Observation 4.47 For any graph G, A(G) is pure iff G is well-covered.

In the previous section, we characterized several families of well-covered circulants.
Hence, these circulants correspond directly to pure independence complexes. Moti-
vated by these results, we study the properties of these pure complexes. While we
can investigate numerous properties of pure independence complexes (such as its ho-
motopy, topology, and Cohen-Macaulayness), the remainder of this section will focus
on the shellability of these pure independence complexes. We restrict our attention to
problems relating to shellability, as we can develop new results on shellability directly

from our previous work on independence polynomials.

Definition 4.48 ([27]) A pure simplicial complex A of dimension d is shellable if
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the facets of A can be ordered Fy, Fs, ..., F, such that

i—1

n(Un)

1s pure of dimension d — 1 for all 1 > 2.

In other words, a complex A is shellable if its facets can be ordered so that the
simplex of each one (other than the first) intersects the union of the simplices of its
predecessors in a nonempty union of maximal proper faces. The idea is to build A
stepwise by introducing the facets one at a time, and attaching each new facet F; to
the complex in the “nicest possible way”, i.e., along its ridges.

The 3-dimensional independence complex A(3K5) is shellable. A possible shelling
is [y, = {0,1,2}, F, = {0,4,2}, Fy = {0,1,5}, Fy = {0,4,5}, F5 = {3,1,2}, Fy =
{3,4,2}, F; = {3,1,5}, and Fg = {3,4,5}. On the other hand, we justify later in this
section that A(C) is not shellable.

Shellability is introduced by Bruggesser and Mani in [27], who establish the shella-
bility of boundary complexes of polytopes. Shellability has applications to combina-
torial and computational geometry: to cite two examples, shellability is employed for
efficient convex hull construction of polytopes [160], and for the proof of the upper
bound of the number of faces of polytopes [131]. There is a technical generalization
of shellability for non-pure complexes, and we refer the reader to [15, 16] for more
information. However, in this section, we will only consider the shellability of pure
complexes.

As mentioned by Hachimori in his Ph.D. thesis [89], the decision problems of
combinatorial decomposition properties such as shellability are so challenging that
almost no result is known currently. One of the few exceptions is a linear time
algorithm by Danaraj and Klee [53] that determines if a 3-dimensional pseudomanifold
is shellable. A d-dimensional complex is a pseudomanifold if any ridge (i.e., a face
of dimension d — 1) is included in at most two facets. For example, A(3K5) is a
3-dimensional pseudomanifold. Unfortunately in all of our non-trivial examples, our
complexes will not be pseudomanifolds. Hence, determining if these pure complexes

are shellable is a formidable task.



204

We mention the following lemma, which provides an equivalent definition of shella-

bility.

Lemma 4.49 ([15, 47]) An ordering Fy, Fs, ..., F} of the facets of A is a shelling
iff for every i and k with 1 < i < k <'t, there exists a j with 1 < 7 < k such that
F,NF, C F;NF, = F, —{x}, for some x € Fy,.

In [15], it is shown that the shellability of independence complexes is closed under
disjoint unions. Therefore, A(G) and A(H) are both shellable iff A(GUH) is shellable
as well. Hence, we will not look at disconnected graphs: for the rest of this section,
A(G) will always refer to the independence complex of a connected graph.

In the previous section, we gave a partial characterization of connected well-
covered circulants. By Observation 4.47, this gives us a partial characterization of
pure independence complexes. From Theorems 4.19, 4.20, 4.26, and 4.27, we have

the following.

Theorem 4.50 For each of the following circulants, A(G) is a pure independence

complex.

1. G=Cpp2,..4, wheren < 3d+2 orn =4d + 3.

2. G= Cn,{d+17d+2 2]} where n > 3d.

3. G is one of Cy 12y, Cs 1,3y, Co 2,3, Cs 14y, or Cioqo,5)-

4. G is the lexicographic product of any two graphs in the above list.

In this section, we attempt to determine the shellability (or non-shellability) of
each of these families of pure complexes. We will use a wide variety of techniques,
and apply results found earlier in the thesis. The shellability problem for these four
families will be determined in reverse order; starting with the lexicographic product
(the easiest case) and working backwards to the family G = C), 11,2 4y, which is the

most difficult. For one particular case in this family, we will explain why the analysis



205

is so challenging. Nevertheless, for every other family of well-covered circulants de-
scribed in Theorem 4.50, we will determine whether the corresponding independence
complex is shellable.

To develop our theorems, we require numerous lemmas and additional definitions.

From Theorem 4.27, G and H are well-covered iff G[H]| is well-covered. Therefore,
Observation 4.47 tells us that A(G) and A(H) are pure iff A(G[H]) is pure. A natural
conjecture is that A(G[H]) is shellable whenever A(G) and A(H) are both shellable

as well. However, the following lemma disproves this conjecture.

Lemma 4.51 Let G and H be well-covered graphs. If H is not complete, and A(G)
has at least two distinct facets, then A(G[H]) is not shellable.

Proof:  Let {vy,vq,...,v,} be the vertices of G, and let {wy,wy, ..., w,} be the
vertices of H. Every maximum independent set of G[H] has a(G)a(H) vertices,
where each vertex is of the form (v;,w;), for some 1 <7 <n and 1 < j <m. By the
definition of the lexicographic product, vertices (v,,w;) and (v, wy) are adjacent in
G[H]| iff (vy ~ v.) or (v, = v, and wp ~ wy).

For each maximum independent set I, define ¢(I) to be the set of vertices in G
that appear among the elements in I. In other words, ¢(/) is the projection of [
onto the first coordinate. Note that each ¢(I) must be a maximum independent set
of a(G) vertices in G.

Let {Fy, Fy, ..., Fi} be a shelling of A(G[H]). Then there exists a unique integer
2 < k <t such that ¢(F) = ... = ¢(Fj_1) and ¢(Fy) # ¢(F)). Such a k must exist,
as otherwise ¢(F7) is the only maximum independent set of G (i.e., ¢(F}) is the only
facet of A(G)), which contradicts our assumption that A(G) has at least two facets.

So consider this unique index k. Since H # K,, a(H) > 2. Also, we have
o(Fj) # ¢(Fy) for all 1 < j < k — 1. Therefore,

IF; 0 Fy < (a(G) — Da(H) < a(G)a(H) -1 = |Fy| - 1.

By Lemma 4.49, if A(G[H]) is shellable, then there must exist some index 1 <
J < k such that F; N F), = Fy — {z}, for some = € Fj. But this necessitates that
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|F; N Fy| = |F}| — 1, a contradiction. Therefore, we conclude that A(G[H]) is not
shellable whenever H is not complete, and A(G) has at least two distinct facets. |

Lemma 4.51 gives us the first main theorem in this section, which examines the
shellability of A(G[H]).

Theorem 4.52 Let G and H be connected well-covered circulants with G # K1 and
H # K,,. Then A(G[H]) is not shellable.

Proof:  Since G and H are both well-covered, so is G[H], implying that A(G[H]) is
pure. We claim that A(G) has at least two facets.

There are many graphs with a unique maximum independent set; for example,
consider any odd path. However, there are no connected circulants with this prop-
erty. To prove this, assume that [ = {vy,vs,...,v,} is a maximum independent set
of G = C, . Since G is a circulant, I’ = {v; +1,v9+1,...,v,+ 1} is also a maximum
independent set, where addition is taken mod n. If I = I’ then I = I’ = V(G), imply-
ing that G = K,,. This contradicts the assumption that G is connected. Therefore,
I # I, establishing that any connected circulant graph has at least two maximum
independent sets.

Since H is not complete, and A(G) has at least two facets, Lemma 4.51 implies
that A(G[H]) is not shellable. |}

This covers the shellablity decision problem for the final case of Theorem 4.50.

Now we consider the well-covered circulants of degree 3. These correspond to five
pure complexes, as described in Theorem 4.50. We now determine the shellability
of each complex. To do this, we require two results - the first is a characterization
of all shellable 2-dimensional complexes, and the second is a powerful theorem of
Stanley [164]. In order to establish our result, much work is required to introduce all
necessary definitions and theorems. This is done over the next several pages. The

following lemma holds for all graphs G' (not just circulants).

Lemma 4.53 If G is a connected graph with o(G) = 2, then A(G) is shellable iff G

18 connected.
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Proof: If a(G) = 2, the facets of A(G) are precisely the non-edges of G. Suppose
there are t non-edges of G. Then G contains ¢ edges and A(G) contains ¢ facets.

If G is connected, there exists an ordering of edges ei,es,...,e; so that for any
1 <1 <'t, the subgraph induced by the edges ey, es, ..., €; is connected. One possible
ordering is to select any spanning tree of G, and let the first |V (G)| — 1 edges be
the edges of this spanning tree, arranged so that connectedness is preserved at each
step. Then the remaining edges can be selected arbitrarily. Letting F; be the facet
consisting of the two vertices of e;, we see that Fy, Fy, ..., F; is a shelling of A(G).

However, if G is not connected, then there is no ordering of edges ey, es,..., e
with the aforementioned property. Therefore, no shelling F}, Fs, ..., F; can exist.

This completes the proof. |

As a corollary, we have a characterization of all shellable independence complexes

of dimension 2.

Corollary 4.54 Let G = C,, g be a connected circulant with o(G) = 2. Define G =
G, 35, where S = {t1,ta,...,tx}. Then, A(G) is shellable iff gcd(n, t1,ta, ..., 1) = 1.

Proof: By Proposition 2.45, G is connected iff d = ged(n, t,ts,...,t;) = 1. The

conclusion now follows immediately from Lemma 4.53. |

The case a(G) > 3 is significantly harder; in fact, even for dim(A) = a(G) = 3,
there is no known classification of the set of shellable complexes. When G is restricted
to circulants, virtually nothing is known about A(G). In fact, there is no known
example of even one connected circulant G = C,, g for which A(G) is a pure shellable
3-dimensional independence complex. At the end of this chapter, we provide the first

such example.

By a remarkable theorem of Stanley [164], there is a simple necessary and sufficient
condition to verify that a simplicial complex is shellable. Before stating the theorem,

we need to first define the f-vector, h-vector, and M-sequence of a complex A.

Definition 4.55 Let f;(A) be the number of faces of dimension i. The f-vector of
A is the sequence (fo(A), f1(A), ..., fa(A)), where dim(A) = d.
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Note that the f-vector represents the sequence of coefficients of the independence
polynomial I(G, ). In other words, fi, = [2*]I(G, z) for all 0 < k < d = a(G).

Definition 4.56 Let f = (fo, f1, f2, ..., fa) be the f-vector of A. The h — vector of
A (also known as the Hilbert-vector) is h = (hg, hy, ha, ..., hg), where

k
() =30 (471 @), o<k<a

J=0

Consider the polynomials F’ Z fiz" and H (x Z hiz'. Note that F(r) =

1=0
I(G, z). These two polynomials are related by the identity

H(z) = (1—x)dF<1 i )

— X

Later in this section, we introduce Stanley’s Theorem, from which it will follow
that the h-vector of a shellable complex has no negative terms (see Corollary 4.60).
Thus, in a shellable complex A(G), the real roots of H(z) must all be negative. For
such graphs G, this result implies a simple bound on the real roots of I(G, ).

Corollary 4.57 Let G be a graph for which A(G) is shellable. Then every real oot
of I(G,x) lies in the interval (—1,0).

Proof:  Let r < 0 be a root of H(z). From above, each root of I(G,z) = F(x) is of

the form ., for some 7 < 0. The desired conclusion follows. [

In the following chapter, we provide an extensive analysis of the roots of I(G, z),
where G = (), g is an arbitrary circulant graph. We will find that these independence
roots are not necessarily restricted to the interval (—1,0); in fact, the set of roots of

I(C,.s, ) is dense in the entire complex plane!

Definition 4.58 ([13, 163]) For each pair of positive integers (n,k), there is a

unique way of writing



209

so that ap, > ag_1 > ...>a; > 1> 1. Then define

& fap—1 ap_1 — 1 a; — 1
5(n)—(k_1)+< 9 )+...+<i_1).
Also, let 6*(0) = 0.

Then, a sequence of non-negative integers (ng,ni,na, ..., ng) is an M-sequence

if ng =1 and 5%(ng) < np_y for each 2 < k < d.
The following result is Stanley’s Theorem.

Theorem 4.59 ([164]) Let h = (hg, hq, ha, ..., hg) be a (d + 1)-tuple of integers.

Then, h s the h-vector of a shellable complex of dimension d iff h is an M -sequence.

Let us briefly explain Theorem 4.59. In any shelling F}, Fy, ..., F, of A(G), define
the restriction Res(F;) of facet F; to be the set of vertices v such that F; — {v} is
contained in one of the earlier facets. When we build A(G) according to this shelling,
the new faces at the j™ step are exactly the faces {T : Res(F;) C T C F;}. This
information corresponds to the h-vector of A(G); namely, if we count the number of
indices 1 < j <t for which |Res(F})| = i, then we will find exactly h; of them. Thus,
h; is non-negative if A(G) is shellable.

Any M-sequence must necessarily be a sequence of non-negative integers. Thus,
if the h-vector has a negative term, then h is not an M-sequence. By Theorem 4.59,
h cannot be the h-vector of a shellable complex. Therefore, we have the following

corollary:.

Corollary 4.60 If the h-vector of a simplicial complex has a negative term, then the

complex is not shellable.

We note that the converse to Corollary 4.60 does not hold. As a counterexam-
ple, consider the independence complex A(Ci2(1,356y). There are 16 facets, all of
dimension 3. Eight of these facets contain only even vertices (e.g. {0,2,4} and
{0,4,8}), while the other eight contain only odd vertices. Hence, the complex cannot
be shellable, since half the facets are completely disjoint from the other half. However,

the f-vector is f = (1,12,24,16), from which we derive h = (1,9, 3,3). Therefore,
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a non-shellable independence complex can have an h-vector with all positive terms.
By Stanley’s Theorem, h = (1,9,3,3) is the h-vector of some shellable simplicial
complex, not necessarily the independence complex!

Another counterexample is the independence complex of the lexicographic product
G[H| = C5[C5]. By Theorem 4.52, A(G[H]) is not shellable. On the other hand,
I(G[H],z) = 1 + 25z + 15022 + 25023 + 1252* by Theorem 2.33, which implies that
f=1(1,25,150,250,125) and h = (1,21,81,21,1).

We now present our shellability theorem for pure independence complexes of 3-
regular circulants. As shown in Theorem 4.26, there are only five pure complexes
A(G) for which G is a connected 3-regular circulant. We now determine which of

these complexes are shellable.

Proposition 4.61 The pure complex A(G) is shellable when G is Cy 1,9y or Cg 12,3},
but not when G iS Cﬁy{lyg}; ng{174}, or 0107{275}.

Proof: If G = Cyq19y = Ky, then A(G) is trivially shellable. If G = Cg 124}, the
desired result follows immediately from Lemma 4.53. Now consider the other three
cases.

If G = Cg 1,3, then the facets are {0,2,4} and {1, 3,5}, which are disjoint. This
implies that A(G) is not shellable. If G = Cy j1.43, then I(G,z) = 148z + 162> + 827,
which gives us f(A) = (1,8,16,8) and h(A) = (1,5,3,-1). If G = Cyg 2,5, then
I(G,z) = 1+ 10z + 30z% + 3023 + 10z*, which gives us f(A) = (1,10, 30,30, 10)
and h(A) = (1,6,6,—4,1). In both cases, the h-vector has a negative term. By
Corollary 4.60, we conclude that A(G) is not shellable. |

Corollary 4.60 is also the key technique required to prove our next result, on the
shellability of A(G) = A(B,,), where G = B,, = C,, {441,442, 12}

In Theorem 4.20, we proved that G = B,, is pure iff n > 3d. For each ordered
pair (n,d) with n > 3d, we now determine whether A(G) = A(B,,) is shellable.

We first show that A(G) is shellable for d < 1. If d = 0, then G = K,,, and so
the result is obvious. If d = 1, then G = C,,, and a(G) = 2. The facets of A(G) are



211

precisely the edges of G = (. Since G and G are connected and o(G) = 2, A(G) is
shellable by Lemma 4.53.
The interesting case occurs when d > 2. We now prove that A(B,) is never

shellable, for any (n,d) with d > 2. To establish this result, we require the following

lemma.

Lemma 4.62 Let1 <k <d-+1. Then

20 oo

Proof: We have

S (dr1-G\ [ d \ .,
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This concludes the proof. |

By substituting x = —1 into the above lemma, we have the following.
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Corollary 4.63 Let 1 <k <d+ 1. Then

(31 i _ ljg) (j ‘ 1) (-7 =0.

Now we prove that A(B,,) is not shellable, for any d > 2.

WE

J=1

AAAAA

18 not shellable.

Proof: By Corollary 4.60, it suffices to prove that the h-vector of A(B,) has a
negative term. By Proposition 2.9, I(B,,r) = 1+ nz(1 + x)?. Therefore, fo = 1 and
fi=n- (jfl), foreach 1 < j <d+1.

It is straightforward to verify that hg = fo = 1and hy = fi —(d+1)fo =n—d—1.
For 2 < k <d+ 1, we have

k d .
= 20 ()

J=0

- (L) e () ()

=1

)

j=1

d+1
= (—1)1“( —]L_ ) , by Corollary 4.63.

We have established an explicit formula for the h-vector of A(B,,). Since hg is
negative, we conclude that A(B,) is not shellable, for any ordered pair (n,d) with
d>2. |}

To conclude our analysis, we now attempt to determine the shellability of A(A,,),
where A, = (), 12,..ay- By Theorem 4.19, this complex is pure iff n < 3d + 2 or
n =4d + 3.

Proposition 4.65 Let d > 1 be fived, and set A, = C,, (12,..ay for alln > 2d. Then
A(A,) is not shellable for n = 2d + 2, but is shellable for n = 2d, n = 2d + 1, and all
2d+3<n<3d+2.
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Proof: If n =2d orn =2d+1, then A, = K,,, and so A(A4,) is trivially shellable. If
n = 2d+2, then A, = Cd12,{d+1}, Which consists of d+ 1 disjoint copies of K. Since
A, is not connected and «(A,) = 2, Lemma 4.53 shows that A(A,) is not shellable.

Finally, consider the case 2d +3 < n < 3d + 2. By Theorem 2.3, a(4,) =
a(Crpi2,..dp) = Ld—_’tlj = 2. By Lemma 4.53, it suffices to show that A, is connected.
If n = 2d + 3, then gcd(d,n) = 1. Hence, A, = Cod43 {d+1} 1s isomorphic to Cagps, by
Lemma 2.24. And clearly Cs4,3 is connected.

For n > 2d + 3, A, connects every pair of vertices that are distance d+ 1 or d + 2
apart (as well as possibly other pairs of vertices). To prove that A, is connected, it
suffices to prove that for each vertex v, there is a path from v to v + 1. But this is
trivial, since v + d + 2 (reduced modulo n if necessary) is adjacent to both of these

vertices. Therefore, A, must be connected. We conclude that A(A,,) is shellable for

all 2d < mn < 3d + 2 except in the one case n = 2d + 2. |

We now consider the most difficult case n = 4d + 3. For d = 1 and d = 2, the
h-vectors of A(A,,) are (1,4,3,—1) and (1,8, 14, —1). Thus, A(A,,) is not shellable for
either of these two cases, by Corollary 4.60. Unfortunately the h-vectors are positive
for all d > 3, and so we cannot apply Corollary 4.60.

A comprehensive study of the shellability of pure 3-dimensional complexes is found
in [89], and further work has been done to build upon these results [138, 139]. Unfor-
tunately, all of the known results are either small complexes (less than 7 vertices and
20 facets), pseudomanifolds (where each edge of A appears in at most two facets),
or complexes where the h-vector satisfies h3 = 0. In each of these three scenarios,
much is known, and important results are developed. However, outside of these three
scenarios, the analysis becomes extremely complicated, and virtually no techniques
have been developed to determine the shellability of these complexes. Unfortunately,
our complex A(G) = A(A4qy3) is not a pseudomanifold for any d > 2. Also, hy > 0
in each case. Finally, the number of facets is too large for us to employ a computer
search to find a shellable ordering. Even for the d = 3 case, A(G) consists of 50
facets.

Nevertheless, we provide a partial result to the shellability problem. While we
cannot verify if A(G) is shellable for d > 3, we now prove that A(G) is not extendably
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shellable. Before stating our result, we require the following definitions.

Definition 4.66 ([53]) A partial shelling of a complex A is an ordering of a subset
of facets of A so that it satisfies the conditions for shellability. The complex A is
extendably shellable if every partial shelling of A can be extended to a complete
shelling.

Hence, an extendably shellable complex has the property that a shelling can be
found using the greedy algorithm; this is analogous to the problem of finding a max-
imum independent set in a well-covered graph. Clearly, if a complex is extendably
shellable, then it is shellable. As shown in [89], the converse holds for particular
families of complexes (e.g. 3-dimensional pseudomanifolds), but does not hold in

general.

Theorem 4.67 Let G = Cugys1,2,...ay- Then, A(G) is not extendably shellable for
any d > 1.

Proof: By Theorem 2.3, a(G) = a(Cuats 1,2,..4)) = L‘leJrf’J = 3. Thus, every facet
has dimension 3. For each 1 < i < 4d + 3, define

T, ={(—-1)(d+1),i(d+1),(i+1)(d+ 1)},

where the elements are reduced modulo 4d + 3.

We now claim that each element 0 < x < 4d+2 appears exactly three times among
the T;’s. Note that i(d+ 1) = j(d+ 1) (mod 4d + 3) implies that (i — j)(d+ 1) =0
(mod 4d+3). Since ged(d+1,4d+3) = 1 by the Euclidean algorithm, this implies that
i =j (mod 4d + 3). By the above analysis, for each 0 < x < 4d + 2, the congruence
equation m(d + 1) = z (mod 4d + 3) must have a unique solution m. Furthermore,
for this choice of m and z, we have x € T},,_1, x € T,,, and z € T}, 1, and x & T; for
any other ¢ satisfying 1 < ¢ < 4d + 3. It follows that each = appears exactly three
times among the 7;’s. Each T; has a difference sequence of (d+1,d+1,2d+ 1), which
implies that 7; is a (maximum) independent set in GG. In other words, each T; is a
facet of A(G).

Let F; =T; for 1 <i<4d+ 1. Then {Fy, F5, ..., Fy4.1} is a partial shelling of
A(G), and satisfies Lemma 4.49. Note that the F}’s are defined only when 1 < i <
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4d+1, and not for i = 4d+2 or i = 4d+3. These extra two indices are what distinguish
the T;’s from the F;’s. We will show that our partial shelling {F|, F,, ..., Figs1}
cannot be extended by even one more facet Fy .. We will prove that this facet
Fyq10 cannot be Tygio, Tyqrs, or any other facet of A(G). All cases will lead to a
contradiction.

Since each x satisfying 0 < x < 4d + 2 appears in three of the T}’s (where
1 < i < 4d+ 3), it follows that each of these indices z appears in at least one of
the F;’s, where 1 <17 < 4d + 1.

We now prove that there does not exist a facet Fyy.o that can be added to this
ordering to preserve the conditions for shellability. Suppose on the contrary that such
a facet does exist. By Lemma 4.49, for every 1 < i < 4d + 1, there must exist an
index j with 1 < j < 4d + 1 such that F; N Fygpo € F; N Figro = Fiapo — {2}, for
some = € Fyqpo. Suppose that F; N Fygro = Fiaro — {z} = {y, 2}, for some vertices
y and z. For each 1 < j < 4d + 1, the facet I} has a difference sequence that is a
permutation of (d + 1,d + 1,2d + 1). Hence, the circular distance |y — z|444+3 must
equal d+1 or 2d+ 1. Thus, the difference sequence of our candidate facet Fq, o must
include d + 1, or 2d 4 1, or possibly both.

We consider two cases: either 2d + 1 appears as a difference sequence in our

candidate facet Fj4. 0, or it does not.
Case 1:  The difference sequence of Fj,io contains the element 2d + 1.

Since G connects every pair of vertices with distance at most d, every pair of
non-adjacent vertices has distance at least d + 1. In other words, every term of the
difference sequence must be at least d + 1, since G has 4d + 3 total vertices. Hence,
if the difference sequence of Fj4,o contains the element 2d + 1, then this difference
sequence must be a (cyclic) permutation of (d + 1,d + 1,2d + 1).

Note that all of the T;’s have the difference sequence (d+1,d+1,2d+1). Further-
more, the set of T;’s (where 1 < i < 4d+ 3) represent all of the independent sets with
this specific difference sequence. This can be seen by noting that an independent set
with this difference sequence must be of the form {v,v+d+ 1,v+ 2d + 2}, where the

elements are reduced modulo 4d + 3. There are 4d + 3 choices for this initial vertex
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v: this gives us the set of T}’s.

Thus, there are only two possibilities for this candidate facet Fjy i0: as it must
be chosen from the remaining two 7;’s not already in our partial shelling, either the
facet is Tygro = {0,2d + 1,3d + 2} or it is Ty4r3 = {0,d + 1,3d + 2}. Note that the
other 4d + 1 possibilities have already appeared in our partial shelling.

If Figro = Tyaro = {0,2d + 1,3d + 2}, let i = 1. Then F; = {0,d + 1,2d + 2},
and Fy N Fyg0 = {0}. Hence, there must be some index 1 < j < 4d + 1 satisfying
F;N Fygp9 = {0,2d+1} or {0,3d+2}. Note that the only 7;’s containing the element
0 are T3 = Fy = {0,d + 1,2d + 2}, as well as Ty41o and Tyy.3. Therefore, the only
possible candidate for j is j = 1, but then we have F; N Fyq,0 = {0}, a contradiction.

If Figro = Tharsz = {0,d+1,3d+2}, let i = 4d+1. Then Fyypq = {d, 2d+1, 3d+2},
and Fjgy1 N Figeo = {3d + 2}. Hence, there must be some index 1 < j < 4d + 1
satisfying F; N Fyapo = {0,3d + 2} or {d + 1,3d + 2}. Note that the only T’s
containing the element 3d+ 2 are Tyy11 = Fyqr1 = {d, 2d+1,3d + 2}, as well as Tyqo
and Tyqy3. Therefore, the only possible candidate for j is 7 = 4d + 1, but then we
have Fygi1 N Fugro = {3d 4 2}, a contradiction.

Case 2: The difference sequence of Fj,,9 contains the element d+ 1, but not 2d+ 1.

If Fy4yo contains a pair of vertices with distance d + 1, then it must be of the
form {x,z+d+1,y} for some pair of integers (x,y), where addition is taken modulo
4d + 3. Recall that every vertex of GG is included at least once in our partial shelling
Fi Fy, ... Figr1. Therefore, there exists at least one index ¢ for which y € F;. Pick
any such ¢ for which this is the case. Hence, there must be some index 1 < 57 < 4d—+1
satisfying F; N Fygpo = {x,y} or {z +d+1,y}, since y € F; N Fygr0 C F; N Fyq2 and
|Fy N Fagpa| = 2.

By definition, every facet F; (with 1 < j < 4d + 1) has a difference sequence of
(d+1,d+1,2d+ 1). So these two vertices of Fjq.12 must be separated by a distance
of d+ 1, since we are assuming that 2d+ 1 does not appear in the difference sequence.

If {z,y} C Fyqr2, then |y — x|4913 = d + 1, which implies that y =z +d+ 1 or
y = x —d — 1. The former case is impossible, as then Fj;.o would only have two

distinct elements. The latter case leads to a contradiction since {x,x 4+ d + 1,3} has
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a difference sequence of (d + 1,2d + 1,d + 1).

If {z +d+1,y} C Fiio, then |y — (z + d + 1)|4a+3 = d + 1, which implies that
y =z ory = x+2d+2. The former case is impossible, as then Fj;,5 would only have
two distinct elements. The latter case leads to a contradiction since {z,z +d + 1, y}

has a difference sequence of (d +1,d+ 1,2d + 1).

This clears all of the cases, and so the theorem has been proved. |

In summary, we have taken all of the families of well-covered circulants from
Section 4.4, and determined whether their independence complexes are shellable. We
have answered the shellability decision problem for every family of circulants except
for G = Cya43(1,2,....ay, which we showed was not extendably shellable. We make the

following conjecture.

Conjecture 4.68 Let G = Cyarsq12,..a3- Then, A(G) is not shellable, for anyd > 1.

In our results, we found that the majority of independence complexes are not
shellable. The only exceptions appeared to be some trivial cases, where A(G) =
A(C,,s) is a 2-dimensional complex. On the surface, it appears that A(G) = A(C), )
is not shellable for any G satisfying a(G) > 3. One may conjecture that there exists
no circulant for which A(C,, s) is a shellable complex of dimension d > 3. Such is not

the case.

Proposition 4.69 Let G = Cia136y. Then A(G) is pure, and is a shellable inde-
pendence complex of dimension 3. Moreover, there is no graph on less than 12 vertices

with this property.

Proof: Table 4.2 listed all connected non-isomorphic well-covered circulants on
at most 12 vertices. Table 4.3 lists all of the connected well-covered circulants (on
at most 12 vertices) with a(G) > 3. In each case, we compute its independence

polynomial, which enables us to compute the h-vector of A(G).
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By Corollary 4.60, we can immediately conclude that at most four of these com-
plexes are shellable. The only candidates are A(G), where G = Ci2,11,26}, Ci2,42,3,6}5
012,{1,3,6}7 or 012,{1,3,5,6}7

Using a C-program written by Hachimori [90] based on an algorithm given in
[138], A(G) is shown to be non-shellable for G = Cia (12,61, Ci2,12.3,6}, OF Ci2,{1,3,5,6}-
However, the Hachimori C-program shows that A(Ch2,1,36)) is indeed shellable.

While this C-program does not give an actual shelling, we know that at least one
shellable ordering of the 28 facets must exist. Table 4.4 presents such an ordering.
By inspection, we can verify that this ordering satisfies the conditions for shellability.

Thus, we conclude that G = C'3 41 36y is the only connected circulant on at most

12 vertices for which A(G) is a pure shellable complex with dimension d > 3. |

The shellability of pure independence complexes is a fascinating area of study.
In terms of studying the shellability of A(C), s), we have only scratched the surface.
Nevertheless, we did succeed in determining a 3-dimensional shellable independence
complex with 28 facets. It remains open to determine the existence of another such

independence complex.



Table 4.3: Connected well-covered circulants with |G| < 12 and a(G) > 3.

)ka

n | S h-vector Shellablity
6 | {1,3} (1,3,-3,1) No
7 {1} (1,4,3,-1) No
8 || {1,3} (1,4,-6,4,—1) No
8 | {1,4} (1,5,3,—1) No
9 || {1,3} (1,6,3,—1) No
0 || {1,2,4} (1,6,—6,2) No
10 || {1,4} (1,6,1,—4,1) No
10 || {2,5} (1,6,6,—4,1) No
10 || {1,2,5} (1,7,3,-1) No
10 || {1,3,5} (1,5,-10,10,—5,1) No
11 [ {1,2} (1,8, 14, -1) No
11 | {1,3} (1,7,6,—4,1) No
11 | {1,2,4} (1,8,3,—1) No
12 || {1,4} (1,8,12,—4,—2) No
12 || {3,4} (1,8,12,—4,1) No
12 || {1,2,6} (1,9,15,3) No
12 [ {1,3,5} (1,6,—15,20, —15,6, —1) No
12 [ {L,3,6} (1,9,15,3) YES
12 [ {2,3,4} (1,8,0,—4,1) No
12 [ {2,3,6} (1,9,15,3) No
12 || {1,4,6} (1,8,6,—4,—1) No
12 || {3,4,6} (1,9,15,—1) No
12 || {1,2,4,5} (1,8,-12,8,-2) No
12 [ {1,3,4,6F | (1,9,3,—1) No
12 || {1,3,5,6} (1,9,3,3) No
12 [ {1,2,3,5,6} | (1,9,-9,3) No

)5}

F82{07577}

{1,
{1,
{3,
{3,
{1,
{1,
{3,

3
3 8}
5,10}
8,10}
5,9}

Fg == {072,7}
F10 - {072,4}
Fi1, ={5,7,9}
Fio = {2,7,9}

F16 == {O, 5, 10}
F17 == {2, 4, 9}
Fis = {0,8,10}
F19 - {0 4 8}

9,11} Fi3=1{6,8,10} Fy = {4,6,8}
5 7} F14 - {7 9 11} Fgl - {1 3 11} Fgg - {2,4,6}

Fis = {3,7,11}  Fyp = {1,6,8}

F23 - {1,6,11}
F24 - {4,6,11}
Fys ={4,9,11}
Fye = {0,2,10}

Fy = {2,6,10}

Table 4.4: Shelling of the pure complex A(Ciz f1,3,6})-
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Chapter 5

Roots of Independence Polynomials

A great deal of information is represented by the roots of a graph polynomial. To
give one example stated in [120], the roots of the characteristic polynomial of a
molecular graph are interpreted as energies of the electronic levels of the corresponding
molecules. For other graph polynomials, there may not be a direct application to other
scientific fields; however, it is natural to investigate the nature and location of the
roots of these graph polynomials. As in the case with other graph polynomials, the
roots of independence polynomials have been studied extensively [22, 23, 25, 26, 42,
74, 97, 118, 119], and important theories have been developed. In this chapter, we
extend the known results and develop new theorems on the roots of I(G, z), when G

is a circulant.

We investigate the complete family of circulants on n vertices, i.e., all circulants
Cn,s where S is an arbitrary subset of {1,2,...,|5]}. For this general family of
graphs, we study the roots of I(C,, s, z). We provide conditions for when these roots
are real, and in the case when the roots are complex, we determine some requirements
for stability. We determine approximations and bounds for the roots of minimum and
maximum moduli, and find a new proof that the closure of independence roots is the
entire complex plane C. We then characterize circulants for which I(C,, s, x) has at
least one rational root, and find conditions for when a rational number r is a root of
some independence polynomial 1(C), s, z). We conclude the chapter by determining
the closure of the real roots of independence polynomials, answering an open problem
from [23]. This result will be applied to determine the closures of the roots of matching

polynomials and rook polynomials.

Before we begin our analysis, we briefly describe the special case G = C,,, since

the roots of I(C,,, z) can actually be determined explicitly.

In [81], Godsil applies Chebyshev polynomials to determine formulas for various

220



221

matching polynomials. While the exact identity for the roots of I(C,,z) do not
formally appear in [81], it can be inferred from his work on matching polynomials.
Here we provide the details.

Since L(C,,) ~ C,,, Proposition 1.9 tells us that

1 1
M(Cp,x)=2a"-1 (L(C’n), _ﬁ) — " T <Cm _ﬁ) '

Therefore, r is a root of M(C,, z) iff —=5 is a root of I(Cy, x). In [81], it is shown
that M(C,,x) = 2T, (%), where T,(x) is the n'* Chebyshev polynomial. The roots

of T,,(x) can be immediately derived from the following well-known formula.

Lemma 5.1 ([155]) T, (z) = 2"! ﬁ <x — cos (W))

k=1
As a direct consequence of these observations, we have our formula for the roots
of I(C,, z).

1
Theorem 5.2 For each 1 < k < [§], define rnp = — . Then

2
(2k—1)7
4 [cos (7271 )}

{rni:Tna: - .. >Tn,L%J} is the set of roots of I(Cy,, x).

By making a connection to Chebyshev polynomials, we are able to determine an
explicit formula for the roots of I(C,,x). Ignoring trivial families of circulants (e.g.
G = K,,), this is the only known family of circulants whose independence roots can
be computed explicitly. Since there is no apparent connection between Chebyshev
polynomials (or any other type of orthogonal polynomial) with other families of cir-
culants, it appears unlikely that an explicit formula can be determined for I(C,, g, z),
even for the generating sets S = {1,2,...,d} and S = {d+1,d+2,...,[5]}.

Let S be an arbitrary subset of {1,2,...,[%]|}. We know that there cannot exist
a simple formula for the roots of I(C), g, x), as otherwise we can immediately produce
the independence polynomial, contradicting the result that determining 1(C), 5, ) is
N P-hard [46]. For an arbitrary generating set S C {1,2,..., 5]}, it is very difficult
to investigate the roots of I(C) s, ), especially as we only know the formula for

I(Cy.s, ) in a handful of cases.
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Nevertheless, we make partial progress in answering some of the most important
questions on the roots of these polynomials. Specifically, we determine conditions for
when I(C,, s,x) has all real roots; we find (as a function of n) bounds for the roots
of maximum and minimum moduli; we calculate the closure of these roots for certain
generating sets S; we provide conditions for when I(C), s, z) has at least one rational
root; and finally, we show that the closure of independence roots of circulants is the
entire complex plane.

In our analysis, we carefully examine the two families of circulants that have fea-
tured prominently throughout the thesis; the families C), {1 5,... 4y and Cn,{d+1,d+2,m,L% 13-
In the following section, we determine conditions for when I(C,, s,x) has only real

roots.

5.1 The Real Roots of I(C, s, x)

We first mention the following result by Chudnovsky and Seymour [42].

Theorem 5.3 ([42]) Let G be a claw-free graph, i.e., a graph with no induced K 3

subgraph. Then the roots of I(G,x) are all negative real numbers.

For any pair (n,d) with n > 2d, the graph A,, = C,, (1,2....4) is claw-free. Thus, we

have the following corollary.

Corollary 5.4 Let d > 1 be a fived integer, and let A, = C,, 11,4y, where n > 2d.

Then the roots of 1(A,,x) are all negative real numbers.

Therefore, if I(C,, s, x) has a complex root, C,, ¢ must contain a claw. A natural
question would be to determine all necessary and sufficient conditions on n and S
so that I(C,s,x) has all real roots. It would be ideal if this claw-free condition
is also sufficient, i.e., I(C, s, z) has a complex root iff C), ¢ has a claw. However,
we can easily find counterexamples to this claw-free condition. For example, the
circulant G = Cy 14y ~ Cs 343 has a claw, yet I(G,z) = 1 + 8z + 162 + 8z° =
(1+ 2z)(1 4 62 + 42?) has all real roots.

Recall that I(B,,,z) = ](Cn,{d—i-l,d—&-?,mi%]}a x), since B,, is defined to be the comple-
ment of A,. When we plot the (complex) roots of I(B,,, ), it appears that in almost
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all cases, each root lies in the left-hand plane, i.e., Re(r) < 0 for all roots r. However,
in some cases, there exists a pair of roots r = x + yi for which Re(r) = x > 0. For
example, the 1(Css (16,17,18,19}, ©) includes the roots 0.0001743207895 + 1.732218466:.

This motivates the following well-known definition of polynomial stability.
Definition 5.5 ([8]) A polynomial is stable if every root has a negative real part.

An independence polynomial with all real roots is stable, since every real root
of I(G, x) is negative. But there are stable independence polynomials with complex
roots, such as I(Chg 45y, ) = 1+ 102(1 4 2)>. Also, some circulants yield non-stable
independence polynomials, such as (6’387{16,17718719}, x). We would like to determine a
precise necessary and sufficient condition on n and S so that I(C,, s, z) is stable, but
this problem also appears to be intractable. Nevertheless, we can prove polynomial

stability in some cases. First, we require a definition and a theorem.

Definition 5.6 ([62]) Letv > 2 be an integer. The complex symmetric Newton

polynomial of order v is
(v—1)2" —vzz" ' +1,
where zg € C.

Theorem 5.7 ([62]) For any value of zy, the complex symmetric Newton polynomial

(v —1)2" —vzpz"" ' + 1 has at least v — 1 roots inside the unit circle |z| = 1.
As an example, we establish the following result on the family of circulants {B,}.

Proposition 5.8 Fiz d > 1 and let n > 3d. Then the polynomial 1(B,,x) =

.....

Proof:  We prove a stronger result by establishing that all roots of I(B,, x) lie in the
disk |z + 1| < 1. This implies that every root x of I(B,, x) has real part in (—2,0),
thus establishing the stability of I(B,, ).

Since n > 3d, I(B,,r) = 1+nz(1+x)? by Theorem 2.10. Making the substitution
y =+ 1, we have f(y) = I(B,,y — 1) = 1 + ny(y — 1). We now prove that each
solution to the equation y*(y — 1) + £ = 0 lies in the disk |y| = |z + 1| < 1.
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By Theorem 5.7, (v — 1)2¥ — v202""! + 1 has at least v — 1 roots inside the unit
circle |z| = 1, regardless of the value of zy. Now make the substitutions v = d + 1,

z=cy, and zy = where ¢ is some positive constant to be determined. Then, our

dc
d+1°
equation becomes

d+1 — n. Since n > 3d, c is some positive

Now select the unique ¢ so that dc
constant satisfying ¢?*! > 3, which shows that ¢ > 1. By Theorem 5.7, our trans-
formed polynomial must have at least d roots inside the disk |cy| = 1, i.e., the disk
ly| = % < 1. This proves that, with at most one exception, every root of y%(y — 1) +%

must satisfy |y| < .

Consider this possible exception, y*, and suppose that |y*| > % We know that
y* must be real, since all complex roots occur as conjugate pairs. Therefore, we only
need to concern ourselves with the case when y* is real.

If y* > 1, then 0 = (y*)%(y* —1)+ 2 > 0+< > 0, which is a contradiction. And if
y* < =1, then |(y*)%(y* — 1)] > |[y* — 1] > 2, and so (y*)*(y* — 1) + L £ 0. Therefore,
y* must satisfy % < ly*| < 1,ie, |y < 1.

We conclude that all d + 1 roots of y*(y — 1) 4+ & satisfy |y| < 1. Hence, all d + 1

roots of I(B,,x) satisfy |x + 1| < 1, implying that the real part of each root lies in
(—2,0). This establishes the stability of I(B,,z). |}

As we see from Corollary 2.11, the simplified formula for I(B,,z) depends on
the value of 4. For & > 3, we just established the stability of I(B,,x). However,
in all other cases, there is at least one ordered pair (n,d) for which I(B,,x) =
I(C’nv{dﬂydﬂ,m&%“, x) is not stable. From some computations on Maple, it appears
that the polynomial I(Ciokts {5k+1,5k+2}, ¢) is not stable for any k& > 4. Table 5.1 lists

some ordered pairs (n,d) for which I(B,, x) is not stable.

Let f(z) =Y a;z" and g(z) = >_ bx’. Then the Hadamard product is defined to
be f-g(x) =3 a;bx’. In [80], it is shown that f - g(x) is stable whenever f(z) and
g(x) are both stable. Naturally, we may ask if stability is also preserved under other

products.
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Value of % | Example of Pair (n, d)
F<g<3 (48,19)

AT ES (38, 16)
e mm—h

d oA &5%%
ot (65,30)
Tt (75, 35)
i (55,40)
10 ’

A ol (95, 45)

Table 5.1: Examples of graphs for which I(B,, ) is not stable.

In Chapter 2, we examined the lexicographic product G[H|, and showed that G[H]
is a circulant whenever G and H are. Based on the result for Hadamard products, we
may conjecture that [(G[H],x) is stable whenever I(G,x) and I(H,z) are. However,

we find that there are infinitely many counterexamples to this conjecture.

Proposition 5.9 Let G = C,, and H = K3. Then I(G[H],x) is not stable for any
n > 18.

Proof:  Clearly, I(H,z) = (1 + x)? is stable. Also, by Theorem 5.2, the roots of
I(C,,x) are all negative real numbers, and so I(C,, ) is stable for all n. We now
prove that [(G[H],z) is not stable, for any n > 18. By Theorem 2.33, I(G[H],z) =
I(Cp, (1+2)*—1).

Let u be any root of I(C,,, z). Then three of the roots of I(G[H], x) are given by
the solutions to (1 +7)% — 1 =u. Let v = /—u — 1. If u < —1, these three roots of

I(G[H],z) are —1 + v -cis}, =1+ v - cis%”, and —1+ v - Cis%”. Specifically, two of

these three roots have a real part of —1 +wvcos 3 = —1+ 7.

In other words, if v > 2 (i.e., u < —9), then I(G[H], z) is not stable. To conclude
the proof, it suffices to show that [(C,,, z) has a root u with u < —9 for each n > 18.

1

(@2n—1)m\12 and T2nt1n =
4[cos(74n )]
L 5. Both sequences ry, ,, and rg,41, are decreasing.

Afeos( "))

Since 1105 < —9 and 799 < —9, this implies that ry,, < —9 for n > 5 and

Tont1n < —9 for n > 9. Therefore, it follows that I(G[H],z) = I(C,[K3],x) is not

This will complete the proof. By Theorem 5.2, rg,,, = —
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stable for any n > 18, as well as for n = 10,12, 14, and 16. |

Later in this chapter, we prove the surprising result that the roots of I(C,[K,,], )
are dense in the entire complex plane C. In other words, these roots don’t just
sporadically appear on the right-half of the plane, they actually fill out the entire

complex plane.

5.2 The Root of Minimum Modulus of I(C, g, x)

Now we examine the roots of maximum and minimum moduli in I(C, g, z), and
determine bounds for these roots as a function of n. We first establish our bound
for the root 7,;, of minimum modulus. In [22], it is shown that for every well-
covered graph G, the root of minimum modulus of I(G, z) satisfies |rp;,| > £, with

equality occurring iff G is the complete graph K,. In [119], it is shown that in a

_1

5— for an arbitrary graph G.

general independence polynomial I(G,x), |"min| >
While Levit and Mandrescu [119] mention that “it is pretty amusing that one cannot
improve this bound using only simple algebraic transformations”, we now show that
this bound indeed can be improved using a very simple pairing argument. We prove
that the optimal bound for well-covered graphs [22] is also the optimal bound for an

arbitrary graph G. First we cite an important result from Fisher [74].

Theorem 5.10 ([74]) Let D(G,z) be the dependence polynomial of G, as defined

in Chapter 1. For any polynomial D(G, x), the root of minimum modulus is real.
Since I(G,z) = D(G, z) for all graphs G, we have the following corollary.

Corollary 5.11 Let 7, be the root of minimum modulus of 1(G,x). Then, rpiy, is

real.

Theorem 5.12 Let G be any graph of order n. Then the root 1., of minimum
modulus of I(G,x) satisfies |Fmin| > =, with equality occurring iff G is the complete
graph K,.

Proof: Let I(G,z) = ig+ix+isx?+. .. +ipx”®, where k = a(G). By Corollary 5.11,

Tmin 18 always real, and so we only need to focus our attention on the real roots
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of I(G,z). We will show that for all integers 0 < | < g, the function g;(z) =

20+1

i 4 iy is non-negative at x = —%, and positive for all z > —%.

Consider the i1 independent sets of cardinality 2] + 1. Each of these sets is
formed by taking an independent set of cardinality 2/ and adding one of the other

(n — 21) vertices so that the resulting set remains independent. Thus, the number of

igl (TL—2l)
20+1

Sperner’s Lemma [47]). Note that we must divide this product by 21 4+ 1 since each

independent sets of cardinality 2/ 4+ 1 is at most

. (This bound is known as

of our independent sets will appear 2/ 4+ 1 times by our construction.

It follows that 19,11 < ’212(?“% which implies that m“ < T +§ll < n, with equality

iff [ = 0. Therefore, if g;(x) = 2% (iy + i 17), then gl(—g) > 0. Also, for z > —%,

gi(x) > 0 since iy + ig1T > g — MT“ > 0. Since I(G,z) = Zzzo g1(x), we have
I(G,z) > 0 for all > —%, with equality iff 2 = —% and a(G) = k = 1. In
other words, equality occurs iff [(G,z) = 1 + nz, i.e., G = K,. In all other cases,
I(G,z) > 0 for z > —%, implying that |r,:,| > % |

As an immediate corollary, we have answered the minimum modulus problem for

circulants.

Corollary 5.13 Let n be fived, and let S be an arbitrary subset of {1,2,...,[5]}.
Then the root 1y, of minimum modulus of I1(C,, s, x) satisfies |min| > %, with equality

iff S=1{1,2,..., 5]} (i.e., the circulant is the complete graph).

For some specific families of circulants G = (), g, we can improve this bound
considerably. As an example, consider the easiest case G = C,,. Since | cos(0)| < 1 for
any 0, Theorem 5.2 shows that the roots of I(Cl,, z) are bounded below by || > 1,
a constant independent of n.

We now generalize this bound by proving that for the family G = A,, = Cy 12,4
the roots of I(G, x) are bounded below by |7in| > W To prove this, we establish
To prove this, we state some analytical results on recursive families of graphs. This

a stronger result that the closure of roots of I(A,, ) is the interval (—oo, —

collection of definitions and theorems is taken from [23].

Definition 5.14 If {f,(x)} is a family of (complex) polynomials, a number z € C is
a limit of roots of {f,(x)} if either f.(z) = 0 for all sufficiently large n, or z is a
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limit point of the set R({fn(x)}), where R({f.(x)}) is the union of the roots of the
fo(x).

By Corollary 5.4, each root of f,(z) = I[(A,,x) is a negative real number. We will
show that z € C is a limit of roots of {f,(x)} iff z < W By definition, this

d? ]

will imply that the closure of roots of I(A,,z) is (—oo, — @)

Definition 5.15 A family {f.(z)} of polynomials is a recursive family of poly-

nomials if the polynomials satisfy a homogeneous linear recurrence relation

Zgz ) foi(

where the g;(x) are fived polynomials with gp(z) Z 0. The index k is the order of the

recurrence.

Specifically, if f,(z) = I(An,x) = I(Cy 12,43, %), then {f,(x)} is a recursive

family of polynomials of order d + 1 since

fo(@) = fao1(2) + 2 fr_g1(),

by Lemma 2.2.

We now form the characteristic equation of this recurrence relation, namely
)\d—i-l _ )\d —r=0

whose roots \;(x) are algebraic functions. There are (d + 1) such roots, counting
multiplicity.

If these roots are distinct, the general solution to this recurrence [8] is

d+1

= Z a;(z)hi(x)", ()

where the «;(x)’s are determined uniquely from the given initial conditions.
The following result of Beraha, Kahane, and Weiss is the key theorem we need to

prove our formula on the closure of the roots of I(A,, z).
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Theorem 5.16 ([23]) Consider the identity for f,(x) given in (*). Under the non-
degeneracy requirements that no «;(x) is identically zero and that for no pair i # j

is \i(x) = wAj(x) for some w € C of unit modulus, then z € C is a limit of roots of
{fn(x)} if and only if either

1. two or more of the N\;(z) are of equal modulus, and strictly greater (in modulus)

than the others; or

2. for some j, Aj(z) has modulus strictly greater than all the other X\;(z)’s, and
a;(z) =0.

To apply Theorem 5.16, we first need to verify the non-degeneracy requirements.

In the following proposition and two lemmas, we establish non-degeneracy.

Proposition 5.17 Let ri,7r9,...,1 € C be a set of distinct non-zero numbers, and
ai,as,...,a; € R satisfy Zle a; -1 =0 for each 1 <n < k. Then a; =0, for all
1<i<k.

Proof: =~ We have k equations and k unknowns. This system has a unique solution

(ay,aq,...,a) iff the matrix
/r’l 7”2 o« .. Tn
r? rl r2
M = .
n n n
T Tn

has a non-zero determinant.

By elementary operations, det(M) = riry- - -1, - det(M’), where

1 1 1
(& ) Tn
M =
n—1 n—1 n—1
T Ty Tn

Since all the r;’s are distinct, M’ is a Vandermonde matrix with det(M') # 0.
Therefore, det(M) # 0 and the system has a unique solution. Since a3 = ay = ... =

aj, = 0 satisfies the system, the proof is complete. |
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Lemma 5.18 Consider the identity for f,(z) given in (*), where f,(x) = I(A,,z).

Then a;(x) = 1 for all i. In other words, no o;(x) is identically zero, and we have
d+1

= Z ()", for all x.
i=1

Proof:  Fix x, and let g(\) = A — X\ — . First, we find all values of x for
which g(\) has a root  of multiplicity greater than 1. Clearly, such an r must satisfy
g(r) = ¢'(r) = 0. Since g'(\) = (d + 1)A — dX*"", r must be 0 or 2%, from which

g(r) = 0 implies that r = 0 or r = respectively. For now, let us assume

dd
(@D
that x does not take either of these values, and we will consider these two exceptional
cases at the end.

Since x # 0 and x # — W’ g(\) has d+ 1 distinct roots. The general solution

to fn(x) is given in (*). We know that

d+1

= Z (@) ()",

for some constants a;(x). We now prove that each a;(x) = 1. Since x is assumed to be

some fixed number, let us define o;(x) = ¢; and \;(x) = r;, for notational simplicity.

Let o, denote the k'™ elementary symmetric polynomial on {ry,re, ... ,r4.1}. For
example, gy = E rir; and o3 = E Tl ).
1<i<j<d+1 1<i<j<k<d+1
A symmetric polynomialis any polynomial that is invariant under any permutation
d+1 _n

of its variables. Each of the power sums S, = > .7, 7 is symmetric, and hence, can

be expressed as a polynomial function of the o}’s (c.f. [8]). For example,

S1 = o
Sy = Uf — 209
S; = ai’ — 30109 + 303
Sy = O’il — 40%02 + 40105 + 203 — 4oy
Since {ry, 79, ...,7q41} are the roots of the equation A — X4 —z = 0, the sequence

d+1 . . L .
Sp = Zﬁl ri must satisfy a recurrence relation, whose characteristic equation is

precisely A" — M\ — 2 = 0. This unique recurrence relation is S,(z) = S,_i(x) +
xSp_g-1(x), for all n > d + 1. Observe that this recurrence relation has the exact

same form as the recurrence for f(z) = I(A,, ).
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There is a well-known relationship between the roots of a given polynomial. Since
{ry,79,..., 7441} are the roots of X3t — X4 — x =0, we have 0y = 1, 0441 = (—1)%z,
and o; = 0 for all 2 < i <d. For each 1 <17 < d, when S; is written as a polynomial
function of the oy’s, the first term is (0y)%, and every other term must be 0 since it
contains at least one factor from the set {o9,03,...,0;}. Therefore, S; = (01)" = 1
for each 1 < i < d. The function S,, = Zf:ll rl' satisfies Sp = d+ 1 and S; = 1 for all
1<i<d.

In our proof to Theorem 2.3, we proved that f,(z) = I(A,,z) satisfies the re-
currence relation f,(z) = f,_1(x) + xf,_q_1(x), with initial values fo(z) = d + 1
and f;j(x) =1 for all 1 < ¢ < d. Since S,, and f,(x) are defined by the exact same
recurrence relation of order d + 1, it follows that S,, = f,,(z) since their initial d + 1
values are identical.

Therefore Zf:ll =5, = fulz) = Zf:ll c;r}' for some constants ci, ¢y, ..., Ci+1-
We can rewrite this as 3% (¢; — 1)r? = 0, and this identity holds for all n, but
specifically for 1 <n < d+ 1. By Proposition 5.17, we must have «;(z) = ¢; = 1 for
each 1.

To conclude the proof, we examine the exceptional cases © = 0 and x = —#,
and show that a;(x) = 1 for each of these cases too. For x = 0, the roots of g(\) are

0 and 1, with the root » = 0 having multiplicity d. Since each f,(0) = I(A,,0) =1,

we have
d+1
Fa(0) = X0 =1" 40" +0"+... 40" = L.
i=1
Finally, let us consider the case x = —#. Let ry = ry = #‘ll. Then in the

case of a double root, our function f,(x) must be of the form

d+1

fo(x) = (c1 + con)ry + Z Gy

i=3

This is a standard result (c.f. [8]). From the same analysis as before, f,(z) = 5,

for all n > 1, from which we quickly conclude that ¢; = 2, ¢ = 0, and ¢; = 1 for all
3 <1 <d+ 1. Therefore,

d+1 d+1

folz) =217 + ZTZ" = Zri",
i=3 i=1
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and the conclusion follows.
d+1

For all x, we have shown that f,(z) = Z Xi(2)", where {1 (z),..., Agr1(x)} are
i=1

the roots of A — \? — 2 = 0. Therefore, a;(z) =1 for all 1 <4 < d+ 1, and hence,

no «;(x) is identically zero. |}

Lemma 5.19 Consider the identity for f,(x) given in (*). There do not exist indices

i and j for which \;(z) = wA;j(x) for some |w| = 1.

Let = # 0 be a fixed real number, and let {\;(z), Aa(x), ..., Agr1(x)} be the

roots of the characteristic equation A\ — X4 — 2 = 0. Suppose there exist i and j

Proof:

so that \;(x) = wA;(x) for some |w| = 1. Then, \;(z) = a + bi for some a and b, and
|Xi(x)| = |Aj(x)] for some i # j.

We prove that \;(z) = a — bi. Earlier, we showed that g(\) = A — A\ — z can

_d_

only have a multiple root at r =0 or r = 5.

that (a,b) = (0,0) or (:%,0).

d+1’

In other words, A;(xz) = Aj(x) implies

Let A\j(z) = p+qi. Then by our assumption, a®+b* = p?+¢*. Since N4t -4 =z,
we have z = |z| = A4\ — 1)| = |A|?- |\ — 1|. Therefore,

(@) (@) = 1] = D@ \(@) -1
i) =1 = [Ai(z) =1
[(a=1)+bi] = [(p—1)+qi

(a—1)2+b0 = (p—1)72+¢

(a®> +b*) — 2a+ 1
—2a+1

p

P’ +d¢*) —2p+1
—2p+1

a.

We have shown that p = a. Since a® + b* = p? + ¢2, it follows that ¢ = &b. If
q = —b, then \j(x) = a — bi. If ¢ = b, then \;(x) = \j(x), implying that b = ¢ = 0.

Hence, \;(z) = a+ bi = a — bi in this case as well.

Therefore, if |\;(x)| = |A\;(z)|, then \;(x) and A;(z) must be complex conjugates,

with the exception of the cases when the roots are 0 or -%~. We now prove that

d+1
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there does not exist w with |w| = 1 such that \;(z) = wA;(z), i.e., we show that this
identity cannot hold for all z.
Suppose on the contrary that such a w does exist. Then for any constants ¢; and

Ca2,

)\i(cl) _ >\i(02) _
Aj(er)  Aj(e2)
Since this identity holds for all pairs of constants (c1, ¢2), let us assume that neither
(d+1)d+1’ and that ¢; # co. Thus, A\;(c¢;) and Aj(¢;) must be
distinct complex conjugates for ¢t = 1, 2.
So if Ai(c1) = a+ bi and \;(cp) = ¢ + di, then 2% = <4 implying that ad = bc,
or Ai(cz2) = £(a+ bi) = kAi(c1) for the real constant & = £. In other words, a + bi is

a root of Xt — X4 = ¢; and k(a + bi) is a root of A\4*! — \? = ¢,. Hence, we have

c1 nor ¢y equals 0 or

(a+bi) ((a+bi)—1) = ¢
Ea+ b)) (k(a+bi) —1) = co.

Matti)-1 _
(at+bi)—1 — 1 kd

(ab(i)fzb? =0, 1mply1ng that b(1 — k) = 0. Thus, we must have b =0 or k = 1. The

former implies that A;(c1) = A\j(¢1) = a, contradicting the fact that A;(c;) and X;(cq)

Therefore, Comparing the complex parts of both sides, we have

are distinct complex numbers that are pairwise conjugate. The latter implies that
c1 = ¢9, which contradicts the given assumption.

We conclude that no such w exists, and we are done. [

Now we prove our theorem on the closure of roots of I(A4,, ).

Theorem 5.20 Let d > 1 be fized, and set f,(z) = I(A,,x) = I(Ch 2, a5, %).
dd

Then, the roots of f.(x) are real, and the closure of roots is (—oo, eIk

Proof: By Lemmas 5.18 and 5.19, the family {f,(x)} satisfies the non-degeneracy
requirements that enables us to apply Theorem 5.16.

Since each root of f,(z) = I(A,,x) is real and negative by Corollary 5.4, the
closure of roots of { f,(z)} is some subset of (—o0,0]. In particular, if z € C is a limit
of roots of { f,,(x)}, then z is a non-positive real number. We consider three separate

cases.



234

dd
Case 1: —m <Z§0
The characteristic equation of f,,(2) = I(A,, 2) is g(A) = A4 =\ — 2 = 0, which

has d + 1 roots, namely {\1(z), Aa(2), ..., Aas1(2)}.

By Theorem 5.7, the equation (v —1)z¥ —vxez’~t +1 = 0 has at least v — 1 roots
inside the unit circle || = 1 regardless of the value of zq. Let ¢ be the unique positive

(real) constant satisfying —— = —z.

Substituting v =d+ 1, x = ¢\ and g = +1 into the above equation, we see that

)
the resulting equation A1 — X\ + Wﬂl = 0 must have at least d roots inside the disk
leA| =1, or |A] = =

d+1

. + d+1 . .

Since ﬁ = —z, we have (%) = —zd < #, implying that % < #‘ll.
Therefore, A* — A\? — 2 = 0 has at least d roots on or inside the disk [\| =1 < #‘ll.
We now show that there must exist a real root in (ﬁ, 1), i.e., there is exactly one
root outside of this disk.

We have g(d+1) = # — 2z < 0and g(1) = —z > 0. By the Intermediate

Value Theorem, there is a real root in (d+17 1]. Hence, if {\1(2), A2(2),..., Aa1(2)}

is the set of roots of g()\) arranged in order of increasing magnitude, then [Az1(2)] >

d+1, while |\;(2)| < 595 for all 1 <4 < d. By Theorem 5.16, z cannot be a limit of

roots since there is only one root of maximum modulus.

dd
Case 2: Z = —W
We apply Theorem 5.7 as in the previous case, and let Wﬂl = —z = #.
Then ¢ = dzl, and so g(A\) = A\t — X\ — 2 = 0 has at least d roots on or inside the
disk |A| = In other words, there is at most one root outside this disk. This

d+1
one root must be real, as complex roots occur as conjugate pairs.

However, g(A) = 0 has a double root at A = %= +1, and no other positive real roots.

It follows that g(A) = 0 has all of its roots inside |A\| = with the exception of the

d+1’

two roots on the boundary. Therefore, the roots Ag(z) = Agy1(2) = are the roots

_d_
d+1

4 s a limit of roots of {f,(z)}.

of maximum modulus. By Theorem 5.16, z = — @
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dd

Case 3: z < —W

If g(\) = X1 — X4 — 2 then ¢/(\) = 0 has solutions A = 0 and \ = d;-‘il-l‘ So

these are the only two critical points of g(A). Since g(0) = —z > 0 and g(%) =
—# — z > 0, the equation g(\) = 0 has at most one real root ¢, depending on
the parity of d.

If d is odd, then g(A) has no real roots and so all of its roots must occur as
conjugate pairs. Thus, if \;(z) = a + bi is a root of maximum modulus, then there
exists a root \j(z) = a —bi, so that two (or more) of the \;(z)’s are of equal modulus
and strictly greater than the others. By Theorem 5.16, z is a limit of roots.

If d is even, then g(\) has a real root ¢ < 0. We claim that ¢ must be the root of
minimum modulus, and that the other d roots occur as conjugate pairs. To prove this,
suppose there exists a root 7 € C such that |r| < |¢] = —¢. Then g(r) = g(c) = 0,
implying that 7¢(r — 1) = ¢?(c — 1), or |r|%(|r — 1]) = |c|%(Jc — 1]) = ¢?(1 — ¢). Hence,
|i:f| = (%)d < 19 = 1. It follows that 1 — ¢ < |r — 1| < |r| + 1, by the Triangle

Inequality. This simplifies to |r| > —¢, which establishes our desired contradiction.

Therefore, all complex roots A;(z) must satisfy |\;(z)| > —¢, proving that the root of
largest modulus cannot be real. Hence, the maximum roots are complex and appear

as conjugate pairs, establishing the desired conclusion that z is a limit of roots.

We conclude that z € C is a limit of roots iff z is a real number satisfying z <

—#. This completes the proof. |

We have shown that the closure of roots of f,(z) = I(A,,x) is (—oo, —#].

We proved this by considering limit points, and showing that z is a limit point iff 2z

lies in the aforementioned interval. Thus, we conclude that |r,;,| > #.

In Theorem 2.3, we proved that

& -k
I(An,z) = I(Chig,...a), ) = Z " _ dk:< Lk ):Ek

k=0

We have proven that this independence polynomial 1 (Cm{lygw.,d}, x) has all nega-

dd

tive real roots, and that the root 7,,;, of minimum modulus satisfies |7, | > @
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Furthermore, our analysis proves that this lower bound is optimal.

5.3 The Root of Maximum Modulus of I(C, g, x)

Having determined the optimal bound for the root r,,;,, of minimum modulus of
I(Cy.s,x), we now turn our attention to the root 7,4 of maximum modulus. We
derive an optimal bound on |r,,4,| when G is a circulant. In [25], it is shown that for
any graph G, the root 1., of I(G,z) satisfies
n a(G)—1
|7 maz| < <7a(G) — 1) + O (D=2,

In other words, |7,4z| is at most O(n®@~1) and in [25], Brown and Nowakowski
construct graphs for which this upper bound is attained. We now answer the equiv-
alent problem where G is restricted to circulants. We prove that |r,..| is bounded
above by ©(n®(©=2) i.e., the exponent reduces by 1. Furthermore, we prove the ex-
istence of infinitely many circulants achieving this upper bound. To prove our result,

we introduce the FEnestrom-Kakeya Theorem.

Theorem 5.21 ([22, 25]) Let f(x) = ig + i1x + ... + ixz® be a polynomial with
positive real coefficients. Then the roots of f(x) lie in the annulus

min{zt%l,tzl,...,k} < |2| Smax{lt%l,tzl,...,k:}.

1t 15

Using Theorem 5.21, we prove our bound for |r,,..|. Before we prove our bound,
we require several results. Our first result is a theorem of Newton, which produces

an important corollary.

Theorem 5.22 ([49]) Let P(x) = Y apz® be a polynomial with each ay > 0. If the
roots of P(x) are all (negative) real numbers, then P(x) is log-concave. In other

words,

a a a
2P <

aq Qo as Qp,

ap—1

The following corollary is an immediate consequence of Corollary 5.4.

Corollary 5.23 For a fivedd > 1, define A, = Cy, 12,4y, for eachn. Then I(A,,x)

15 log-concave.
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We present another key result. While this lemma appears contrived, this is a key

inequality that will enable us to prove our desired bound for |7,4z|-

Lemma 5.24 For any pair of integers (n, k) withn =0 (mod k) and n > k > 2,

define i, = 3, g1 = %+7llc—1(%:f1_l) = ﬁ(%ﬁz_z)’ and tg—z = %fk—z (%ij—kz_Z)'

Then, ’L%_l > 4pip_o.

Proof: Let d = 2 and f(d, k) = oy . Then the inequality if , > 4ipig_o is

k ipip—2

equivalent to f(d, k) > 4, where f(d, k) simplifies to

2\ k ((d+ k — 2)!)2
fw*”‘(d)'k-1kk—nuw+k—3y

—_ 2 . .
We have fﬁfl(;;)k) = (d+f)((22dc—li::l~)c(—d$’(§2d2k—2)‘ Then the condition f(d+ 1,k) > f(d, k)
is equivalent to d*(4k —4)+d(3k* —5k+4)+ (k* —k) > 0, which is true since d, k > 1.
Therefore, f(d+ 1,k) > f(d, k). Also, f(2,k) = %2 > 4 for all k > 2. Therefore,

k21
fdk)>4dforalldk>2 |

We are now ready to prove our bound on r,,4;.

Theorem 5.25 Let G = C,, g be a circulant graph with k = o(G). Consider the roots

of I(Cy.s,x). Then the 100t T'yar of mazimum modulus satisfies

k k—2
k-1

|Tmax‘ <

Furthermore, the optimal upper bound must be some ©(n*=2) function, as there are in-

finitely many independence polynomials 1(C, g12,. 4y, ) Satisfying |Fmaz| = O(n*72).

Proof: Let I(G,2) = 1 +nx + ix® + ... + ixp_12" ! + ix2*, where k = a(G) =
a(Cy.s). Consider the ratio “‘2—;1 By definition, i;_; < (kﬁl) Now consider 7.
Since 7, > 0, there exists at least one independent set I with k vertices. We prove
that in a circulant, i, > 1 implies that i, > 7. Letting D = (di,d,...,d;) be
the difference sequence corresponding to I, we can form n independent sets with a

difference sequence of D. Specifically, each set will be of the form

Vi={j,j+d,j+di+dy....j+d+do+...+dp},
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where 0 < 57 < n — 1, and the indices are reduced mod n, and arranged in increasing
order.

Note that each V; is an independent set of cardinality k£ in (), g. However, it is
possible that some of the k-sets overlap, i.e., V; = Vs for some j # j’. For any given

V;, we can have at most k overlaps, one for each cyclic permutation of V;. Therefore,

ir > 7. Equality occurs iff n =0 (mod k), and D = (k, T k) We have
lp—1 (k:) k n k k—2
— < < — < .
i — E n(k—l) T

Let 1 <t < k—1. Since n > k > t, the exact same analysis shows that
T— ( - ) -2

W\S

k
=] e—1)!
equivalent to n*~t > ((]z 11)) =+ -(k=1)(k—=2)---(k— (k—1t)). This latter

inequality is true, since t < k and the right side has k — t factors, all of which are less

than & < n. Therefore, by Theorem 5.21, we have

nt=? < n*=2 for t < k, note that this inequality is

= k
|7mac | Smax{tl.—l,tzl,...,k} < nh2.
t .

To conclude our proof, we now prove the existence of infinitely many circulants
for which |Fpmee| = ©(nF72) = O(n*@=2), for each possible value of o(G). This
establishes that the optimal upper bound is a polynomial function of order n®(¢)=2,

If a(G) =1, then G = K,,, and so I(K,,z) = 1 4+ nx, which implies that |7, =
L =0(n").

Consider the case a(G) > 2. For each (n, k) with a(G) = k and k|n (with n > 2k),
define H, ; = Cn7{172 ..... ng)e By Theorem 2.3, a(Gy) = L% =k, and

Hypo) :zﬁ<< ~)a

| E—

By Corollary 5.4, the roots of I(H,,x) are all real. Letting i; = [']I(H,x,x),

D = e (R p (5757).

. _n . o n
we have i, = T -1 = %Jrk_l(

= 5 ), and ip_o =

This enables us to apply Lemma 5.24.
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We now prove that for this polynomial,

Lk Ry ok (fHk—2)
k—1\ k—2 2k —1)\ k-2

which will imply that |r,,q.| is ©(nF~2) since

koo (24k—2\ 1 e s
(k—l)( k—2 ) = Gt ToeT)

Eoo(h+k-2\ 1 - -
2(k—1)< k—2 ) = ot o)

For each 0 < | < £ let gi(2) = ip_ua® + ijy_y_12" 7', Then, I(G,z) =

> 150 9i(x). By Corollary 5.23, I(G, x) is log-concave. Therefore,

l\D

Up—21— U '
2ol o Meen o S S

k—

~.
[\
~.

T2l Tp—204+1 k—

—_

Spe01ﬁcally, Z’“. fl L Zz—j By Lemma 5.24, z’;j < 2’1—;1 It follows that 7;_9_1 <

lg—1

in
For this 7, we have go(r) = 0, and for [ > 1, g;(r) = r*"2=1(i}_or +ij_o_1), which
has the same sign as (—1)"2~1. (—1) = (—1)*. Therefore, sign(I(H,x,7)) = (—1)*.

The same argument shows that sign(I(H,z, z)) = (=1)*, for all z < r = — %=

iy

T_of - T’ which is equivalent to i,_o7 + tp_o1_1 < 0, where r = —

Now we prove that for +' = %, sign(f(H,, 7)) = (—=1)*~'. This enables us to
apply the Intermediate Value Theorem, and conclude the existence of a root in (r,r’).

For each 1 <[ < %, let hy(z) = dp_g_12% 7271 4 4)_o_p2¥=272. Then,

I(Hyp,x) = ip® + i o 2+Zhl(1’)

>1

Let ' = 5 = —5=*. By Lemma 5.24,
U= Qipir—o  p_q — bkl
:_E_'_ik—l_ .kk2:k—1 . kk2>0‘
2 k-1 22k_1

Therefore, zk(r) +ip 1 (P o ()2 = ()L £22) has the
same sign as (—1)¥~1. Now we prove that sign(h;(r")) = (—1)*~! for each [ > 1.

Since hy (') = (7" )21 (g 1+M) it suffices to prove that ij,_q_ 1+—ik*2“2 >
0. By Corollary 5.23, %22 < %22 hich implies that =22 2 4y LSS R -

—21—-1 T k-1 —2l— — k-1
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=2 _ %=1 () by Lemma 5.24. It follows that £=2=2 4 ¢/ < 0, implying that

Th—1 2 le—21—1

ih_o1-1 + 222 > 0, as required. Thus, sign(I(H, ")) = (=1)*1.

,r./

Therefore, we have proven that sign(I(H,,r)) - sign({(Hnx, ') = —1, where

lg—1 R R ) |
in and ' = § = 2ix

a root 7* in the interval (r,7’). Furthermore, I(H, x,x) has the same sign as (—1)

. By the Intermediate Value Theorem, there must exist
k

r =

for all x < —i’“i—;l, and so it follows that this root r* is the root of maximum modulus.
Therefore, the root 7,4, of I(H, k, x) satisfies
|7 max| > Zgi_kl = 2(kk‘_ 1) (k Zf 9 2) T2k — 11)! . kk—?,nk_z +0(n"?).
We have proven that for any fixed £ > 1, the largest root of I(H, ,z) has a
modulus of order ©(nf~2), for all n = 0 (mod k). We have thus established the
desired optimal bound. |

Therefore, we have proven that among all circulant graphs with a(G) = k, the

root 7,4, of maximum modulus satisfies
1 —2
S S el < gmn

k-2
k—1 '
It would be interesting to find the optimal constant ¢ (as a function of k) for

which |7 < enf=2 + O(n*=3) for all independence polynomials I(C, s, z) with

a(Cy,s) = k. We leave this as an open problem.

5.4 The Rational Roots of I(C,, s, )

For certain circulant graphs, the roots of I(C, s,x) can take rational values. An
example of this is 1(Cg, x), since the independence polynomial I(Cg,z) = 1+ 6x +
92% 4 22° = (14 22)(1 + 42 + 2?) has the root r = —3.

Let us begin our analysis by considering the simplest case I(C,,, z). We determine
all values of n for which I(C,,, z) has a rational root . Let go =2, 91 = 1, go = 142z,
and g, = I(C,,, z) for all n > 3. So each g, is a polynomial in x. By Corollary 2.4,

5]

B n (n—Fk\ 4
gn_zn—k< k )x
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for all n > 2.
We obtain a simple recurrence relation for g,, and use this to derive properties of

the roots of g, = I(Ch, ).

Lemma 5.26 Let 0 <a < [5]|. Then,

In = YaGn-a + (_1)a+1$agn—2a-

Proof: ~ We proceed by strong induction on n. By inspection, the lemma is verified
for n < 2, so assume n > 3. By the induction hypothesis and two applications of

Lemma 2.2, we have

Gn = Gn-1+ TGn—2
= [ga—lgn—a + (_1)axa_lgn—2a+1] + x[ga—2gn—a + (_1>a_1$a_2gn—2a+2]
= gn—a[ga—l + xga—2] + (_1)axa—1 [gn—2a+1 - gn—2a+2]

a,.a—1

= OGn—-aYa + (_1) xz (_xgn—Qa)

= Ya9n—a + (_1)a+1$agn—2a-

This completes the induction, and we are done. |

Corollary 5.27 Let I(C,,,x) be the independence polynomial of C,,. Then,
(a) r=—3% is a root of I(Cy,x) iff n =2 (mod 4).

(b) 1= —3 is a root of I(Cy,x) iff n =3 (mod 6).

Proof: From Lemma 5.26, g, = ¢2gn—2 — °n_s = (1+22)g,_o — 2%gn_4. Therefore,

r= —% is a root of g, iff it is also a root of g,,_4. Since r = —% is a root of go = 142z,
but not gi, g3, or g4, the result follows. Similarly, r = —% is a root of g, iff it is also
a root of g,_g. One can quickly verify that r = —% is a root of g3 = 1 + 3, but not

a root of g1, g2, g4, g5, Or gg. This completes the proof. |

Lemma 5.26 also yields the following result.

Proposition 5.28 Let (m,n) be an ordered pair of positive integers. If ™ is an odd

number, then g, divides g,.
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Proof:  Let ™ = p. We proceed by induction on p, and prove that the result holds
for all pairs of positive integers (m,n) satisfying m = pn, where p is odd.

The claim is trivial for p = 1. Suppose the result is true for p = 2k — 1, where
k > 1. Then for p = 2k + 1, Lemma 5.26 gives us gornin = gnGorn + (—1)" 2" gopn_p.

By the induction hypothesis, g, divides gogn_n, and so
Im = Ypn = G2kn+n = 0 (mod g,).

This completes the induction, and so we conclude that g, divides g,, whenever

is odd. |

By the Rational Root Theorem, any rational root of (G, z) must be of the form

r = where d is a divisor of n. For the specific case G = C,,, we now prove that

d7
the only possible rational roots of I(G,z) are r = —% and r = —%.

Theorem 5.29 Let n > 2. Then v is a rational root of I1(C,,z) iff r = —% or
1

7’:—3.

Proof:  From Theorem 5.2, 1y, = —W is a root of I(C,, z) for each 1 <
COS T —

k < |%]. Moreover, this is the set of roots of I(Cy,x). Suppose r,,; = —5, for some
integers d, n, and k. Then by Theorem 5.2, u,, ; = :I:@, where u, , = COS(W).

If d = 4, then |u, x| = 1, which can only occur if 2n divides 2k — 1. Clearly this
is impossible If d > 4, then |u,,| > 1, which is also a contradiction. If d = 1,
then |u,x| = 3, which can only occur if 2kn1) = 2r + 3. But 2k Y has an odd
numerator, while the denominator is even. Thus, when this fractlon is reduced to
lowest terms, the denominator must remain even. Specifically, this fraction cannot
have a denominator of 3, and so this case also leads to a contradiction.

Therefore, we require d = 2 or d = 3. Now the conclusion follows immediately

from Corollary 5.27. |

From Corollary 5.27 and Theorem 5.29, we have determined our necessary and

sufficient condition for I(C),, x) to have a rational root.

Corollary 5.30 The polynomial I(C,,,x) has a rational root iff n is congruent to 2,
3,6,9, or 10 (mod 12).
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Proof: By Corollary 5.27, I(C,, z) has a rational root iff n = 2 (mod 4) or n = 3
(mod 6). Considering each equivalence class of Zj, separately, we obtain the desired

conclusion. |

We now examine the possible rational roots of I(C,, g, ), when S is an arbitrary
subset of {1,2,...,[5]}. The problem of determining rational roots of independence
polynomials is investigated in [119], where it is shown that for any rational number
r = —é, there exists a well-covered tree T so that r is a root of I(7T,x). Let us
investigate the equivalent problem for circulants.

By the Rational Root Theorem, every rational root of (G, x) must be of the form
r = —é, for some integer d > 1. If G is not required to be connected, then there
are infinitely many circulants for which r = —é is a root of its independence polyno-
mial. This is easily seen by taking the disjoint union of k isomorphic copies of Ky,
which corresponds to the circulant Cy; (k. 2k, 2 ]y and has independence polynomial
I(G,2) = (1 +dz)".

So we will phrase the problem as follows: for which integers d > 1 is r = —é
a root of infinitely many connected circulant graphs G? While this is a tantalizing
problem, we will only make partial progress in answering this question. Nevertheless,
we include our results in this section, and conclude by providing various conjectures

and ideas for further research. For notational convenience, we introduce the following

definition.

Definition 5.31 A rational number r is CC-infinite if there exist infinitely many

connected circulant graphs G = C,, s for which I(Cy,s,7) = 0.

1

5 are CC-infinite, since

For example, Corollary 5.27 shows that r = —% and r = —
every cycle is a connected circulant. To prove our partial result, we first require the
following lemma.

Lemma 5.32 Ifp is a positive integer such that r = —% is CC-infinite, thenr = — =

mp
is CC-infinite for all m > 1.
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Proof: Fix m > 1. Suppose that there exist graphs Gi,Gs, G3, ... for which
1(G;, —1—1)) = 0 for all i« > 1. Now define H; = G;[K,,] for each i. By Theorem 2.31,
each H; is a connected circulant. Then I(H;, z) = I(G;[Ky], x) = (G, (K, x) —
1) = I(Gi,mx), by Theorem 2.33. Therefore, ](H,-,—mip) = I(G;,—1) = 0, for all

p
7 > 1. We conclude that r = —mip is CC-infinite, for all m > 1. |
We state the following simple result.
Proposition 5.33 If gced(d,6) > 1, then r = —é is CC-infinite.

Proof: By Corollary 5.27, r = —% and r = —% appear as roots of infinitely many
circulants. By Lemma 5.32, the same is true for all rational numbers of the form

r=—-=orr=—> for any m > 1. The conclusion follows. |
2m 3m’

We conjecture that r = —1—1) is CC-infinite for every prime p. This will imply that
r= —é is CC-infinite for all d > 2. While we believe that each r = —% is CC-infinite,
we have only been able to find several instances where r = — % is a root of some
I(C,.s,x) for primes p > 5. Of course, the difficulty lies in not knowing a formula for

I(C, s, ), except for a handful of families.

Let us consider one of these known families. Set (n,d) = (p?, W), where
G =A,=Cy,q2,.. .4 By Theorem 2.3,
L]
n n —dk
I(G,z) = F
(G2) kzzon—dk< k )x
—2d—1 —3d—1)(n—3d—2
= 1+nx+—n(n 5 )x2+n(n g(n ):c3
3 (3 2 2 o2 —5 3 (2 -9 2 -3
_ e P p6+ P=5 2 PP +p 6)(19 +p—3) 3
2.2 2
+p—2)(P*+p—3
_ (1+pm)<1+(p3—p)x+p(p P 6)(p P ):L’2>
Therefore, r = —% is a root of this circulant on p* vertices. Naturally we may
conjecture that for some d > 1, r = —1—19 is also a root of I(An,z) = I(Cy 12,4}, %)

for n = p*. However, a Maple analysis shows that this is not the case. The same

appears to be true for any n = p?, with d > 4. Thus, if I(Cp g, —%) = 0, then S
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cannot be of the form {1,2,...,d}. In order to find such a set S, we will need to

develop new formulas for I(C,, g, ) for other families of generating sets.

Let p be a prime. If x = —% is a root of I(C, g, x), then what are all possible
values of n, expressed as a function of p? By answering this question, we can simplify
the task of determining circulants C,, ¢ for which z = —% is a root of its independence
polynomial. While the general problem is extremely difficult, we now give a complete

answer to this problem for the case a(G) < 2.

Proposition 5.34 Let G = C,, s be a connected circulant with o(G) < 2. Let p > 3
be prime. If r = —% is a root of I(G,x), then n equals p, p?, or 2p*.
Proof: Let G be a circulant with I(G, —%) = 0. Trivially, if «(G) = 1, then G = K.
So assume a(G) = 2.

Let C, s be k-regular. Then I(G,z) = 1+ nz + ma?, where m = (}) — & is
the number of non-edges in G. If r = —% is a root of I(G,x), then we require that
I(G,z) = (14 pz)(1+ (n—p)z), implying that m = p(n—p). From p(n—p) = () — =&

—nk,
we simplify and find that k =n—1—2p+ %.

Since p is prime, n must be one of: 1, 2, p, 2p, p?, or 2p?>. We can trivially reject
the first two cases, and note that the n = p case corresponds to G = K, above (i.e.,

a(G) = 1). Thus, we have three cases to consider.

Ifn=2p,thenk=n—-1-2p+p=p—1,and I(G,z) = 1 + 2pz + p*2? =
(1+ px)?. We require our S to be chosen so that Cy, s has degree p — 1, and satisfies
a(Cyp,s) = 2. Using the Pigeonhole Principle, a detailed case analysis shows that S
must be {2,4,...,p—1}, i.e., G is the disjoint union of two K,’s. Since G is required

to be connected, we may disregard this case.

Ifn =p? thenk =n—1-2p+2 = (p—1)?, and so I(G, z) = 1+p?z+p(p*—p)z* =
(1 4+ pz)(1 + (p* — p)x). There exist graphs G satisfying the required conditions,
depending on the value of p. For example, if G is of the form A, = C), {12,... 4y, then
(n,d) = (p? @) satisfies I(G,z) = (14 pz)(1 + (p* — p)x).

Ifn=2p% thenk =n—1-2p+1=2p?—2p, and so I(G,r) = 1+ 2p%x +p(2p* —
p)r? = (14+pz)(1+(2p*—p)z). There exist graphs G satisfying the required conditions,
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depending on the value of p. For example, if G is of the form A, = C), (12,4, then
(n,d) = (2p%, p* — p) satisfies I(G,z) = (1 + pz)(1+ (2p* — p)x).

Therefore, if 1(C,,s, —%) =0, then n must equal p, p?, or 2p%. |}

If a(C,s) = 2, then clearly I(C,, g, x) has either none or both of its roots being
rational. However, this is usually not the case when a(C,, s) > 3, as often only one
root is rational. A fascinating question is to classify the circulants C,, ¢ for which its
independence polynomial has all rational roots.

The proof of Proposition 5.34 describes infinitely many circulants satisfying this
property for a(C,, s) = 2. For a(C,, s) > 3, we have found two such circulants using

Maple. Both circulants have independence number 3.

[(01681,{1,2,...,464}7 LE‘) = (1 - 41I)(1 - 4925(7)(1 - 1148.%)
](06859,{1,2,...,2160}7x) = (1 - 19I)(1 - 16531’)(1 - 5187I)

Note that in our above examples for a(C, s) = 3, n is either a perfect square
(1681 = 412) or a perfect cube (6859 = 19%). If I(C,, 5, ) is a degree 3 polynomial
with all rational roots, must n be a perfect square or a perfect cube? Of course, we
can further the analysis for a(C), s) = 4 and beyond. Here is the broad formulation

of our general question.

Problem 5.35 Determine all necessary and sufficient conditions on n and S such

that every root of 1(C,, s, x) is rational.

When examining the roots of graph polynomials, it is often interesting to verify
whether » = —1 can be a root. For example, we defined the Alon-Tarsi polyno-
mial AT(EY), x) in Chapter 4. By Corollary 4.16, the number of even Eulerian sub-
graphs differs from the number of odd Eulerian subgraphs iff » = —1 is not a root
of AT(@, x). For independence polynomials, I(G,—1) = 0 iff the number of inde-
pendent sets with odd cardinality equals the number of independent sets with even

cardinality.
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We do not know whether » = —1 is a root of infinitely many circulants (G, z); in
fact, we could not even find one circulant for which I(C,, g, —1) = 0, despite extensive

computations on Maple. This leads us to conjecture the following theorem.
Conjecture 5.36 There does not exist a circulant G = C,, g for which I(G,—1) = 0.

Definition 5.37 The Euler characteristic of a simplicial complex A is the alter-

nating sum

ECA)=fi—fot+fos—...,

where fi, represents the number of faces of dimension k in A.

In Chapter 4, we introduced the f-vector of the independence complex A(G). By
definition, I(G,z) = > ;- frz®, and so the Euler characteristic of G is simply the

value of 1 — I(G, —1), since fo = 1. Therefore, we restate the conjecture as follows.

Conjecture 5.38 There does not exist a circulant G = C,, g for which the Euler

characteristic of its independence complex is 1.

If G is an arbitrary graph, then there are infinitely many instances where r = —1 is
a root of I(G,x), i.e., EFC(A(G)) = 1. For example, consider the complement of any
tree T of order n. Then I(T,z) = 1+nz+(n—1)a? = (1+xz)(14 (n—1)z). However,
when the graphs are restricted to being circulants, it appears that (G, —1) # 0.

If Conjecture 5.36 holds, then this implies that for every circulant graph G, the
total number of independent sets with odd cardinality differs from the total number

of independent sets with even cardinality. That would be a surprising result.

5.5 The Roots of Independence Polynomials and their Closures

Earlier in this chapter, we investigated the closure of the roots of a family of polyno-
mials. By applying Theorem 5.16, we proved that the closure of roots of I(A,, x) is
(—o0, —#]. To do this, we considered the set of limit points, and showed that
the roots are fully dense in this interval. Let us explore the concept of closure further

in this section.
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We first prove that the closure of roots of I(C), g, z) is the entire complex plane
C, even when G is restricted to one family of circulants. In other words, given any
z € C and € > 0, there is a circulant graph C,, s such that |r — z| < e, where r is a
root of I(C,, s, ).

In Corollary 2.32, we showed that C),[K,,] is a circulant for all ordered pairs (n, m).

We now determine an explicit formula for these roots.

Lemma 5.39 There are m|% | roots of I(C,[K,], ), where each root z satisfies the

equation (z + 1)™ = 14 1y, for some root vy, of I1(Cy,w), where 1 <k < [3].

Proof: By Theorem 5.2, the roots of I(C,,z) are r,; = —ﬁ, where u,; =
n,k

COS(W) for 1 < k < [2]. Since I(Kp,z) —1 = (14 )™ — 1, Theorem 2.33
implies that the roots of I(C,[K,,], z) = I(Cy, I(Ky,, z) — 1) are the m|%] values of

z for which z = %/1 + 7, — 1. This completes the proof. |

The roots of I(G, z) are known to be dense in C. Brown and Hickman [23] proved
this by showing that the independence roots are dense in C when G is restricted to the
family of well-covered graphs, or when G is restricted to the family of comparability
graphs. In the following theorem, we go even further and show that the closure of
independence roots is C, even when G is restricted to this one specific family of

circulant graphs.

Theorem 5.40 The closure of roots of I1(Cy,[Ky], x) is the entire complex plane C.

Proof:  Our analysis follows the same lines as a proof given in [23]. We select any
z € C, and show that for any € > 0, there exists a root r of some I(C,[K,,], z) such
that |z —r| < e.

We may assume that z # —1, so |z+1| > 0. Select an odd integer m large enough

so that some m™ root of —|z+1|™ lies within an £-ball of z41. In other words, select
(2k—1)mi

m (and the corresponding k) such that |w — (2 +1)| < §, where w = |z + 1]e™ =

Since (z 4+ 1)™ is continuous and the roots of I(C),,x) are dense in the interval
(—o0, —i], there must exist a positive integer n and a constant 0 < ¢ < 5 such that
r =

(—|z+1]+6)™—1, for some root r’ of I(C,,z). Let w’ be the corresponding m'™®



249

root of ' + 1, i.e., w' = (|]z + 1| — (5)6%. Then, w' — 1 is a root of I(C,[K,,], ),
from Lemma 5.39.
(2k—1)mi

Then |(w'—1) = 2| < Jw'—w|+|w—(z+1)] < |de™ = |[+5=0+5 <e. Letting

r =w' — 1, we have proven that |z — r| < e. |

In [23], Brown and Hickman examine the roots of I(L(G),z), where L(G) is
the line graph of G. They prove that the roots of I(L(G),z) are dense in at least
(—o0, —i], and it is left as an open problem to determine if the closure of these roots
is the entire negative real axis. In this section, we resolve the question by showing
that this is indeed the case. Our proof will involve an analysis of I(L(G), x), where
G is the family of complete bipartite graphs K .

There is a natural connection between I(L(G),x) and the matching polynomial
M(G,z), which was defined in Chapter 1. By Proposition 1.9, M(G,z) = 2™ -
I(L(G),—=%), and so r is aroot of M(G, z) iff — is a root of I(L(G), z). It is known
[96] that each root of M(G,z) must be a positive real number, hence each root of
I(L(G), x) must be a negative real number. Based on our proof that I(L(G),x) has
its roots being dense in (—oo, 0], it will immediately follow that the closure of roots
of M (G, z) is the entire positive real axis. This answers another open problem posed
n [23]. Also in this section, we study the roots of rook polynomials, and show that
the closure of its roots is (—oo, 0]. This generalizes some theorems given in [145].

We now prove that the closure of roots of I(L(K,,), ) is (—oo, 0], which imme-
diately implies that the closure of roots of I(L(G), x) is also (—o0, 0]. First, we quote
a result that relates I(L(K, ,),x) to Legendre polynomials.

Definition 5.41 For each integer k > 1, the k'" Legendre polynomial is

nio) =S ()%
Lemma 5.42 ([22]) I(L(K,y),z) = nla"P,(—2), for alln > 1.

By Lemma 5.42, r is a root of I(L(K,,),z) iff =1 is a root of P,(x). This

motivates us to look at the roots of P,(z). If we can prove that the roots of P,(z)
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are dense in [0, 00), then this will immediately imply that the roots of I(L(K, ), z)
n 2
are dense in (—oo,0]. Note that I(L(K,,),x) = Z k! (Z) 2*, by Theorem 4.4.
k=0
Like the Chebyshev polynomials earlier in this chapter, the Legendre polynomials

(Pn(7))n>0 are orthogonal. Much is known about the roots of orthogonal polynomials.

Here we quote two results by Chihara that establishes our closure result.

Theorem 5.43 ([39]) Consider a sequence of monic polynomials (P, ()),>0 defined

by a recurrence relation of the form
P,(x) = (x — ¢cy)Pr1(x) — Ny Pr_o(x),

where P_i(z) =0 and Py(x) = 1. Then (P,(x))n>0 is an orthogonal sequence iff each
cn 18 real and A1 > 0 for alln > 1.

Theorem 5.44 ([39]) In an orthogonal sequence (Py,(z))n>0 with
P,(z) = (x — ¢cy) Po—1(x) — M Po—a(x),
suppose that
¢, =an+0b (where a > 0)

and

Ay =dn*+ fn+g>0 foraln>Il.

Let X be the union of roots of (Pn(z))n>0. If 4d = a?, then X is dense in [0, 0),

where

vt
oc=b—+d Nh

As discussed earlier, (P,(x)),>0 is orthogonal, after we normalize each polynomial
so that it is monic. Thus, we know that there exist functions ¢, and A, satisfying
the conditions of the recurrence relation. The following lemma establishes these two

functions.

Lemma 5.45 For each n > 0, define Q,(z) = (—=1)"n!P,(x), which makes each

Qn(x) monic. Then, {Q,(x)} satisfies the recurrence relation

QN(I) = ($ - CN)Qn—l(x) - AnQn—Z(f)a

where ¢, =2n — 1 and )\, = (n — 1),



251

Proof: By the definition of P,(x), we have

Qulw) = S(-1y (j)m i

J=0

Now we compare the z* coefficients in our desired identity, and show that for all

k > 0, both sides are equal. This will prove that
Qu(z) = (z =20+ 1)Qn1 (2) — (n — 1)’ Qns().
Since [#%]Q, (z) = (—1)™(")*(n — k)!, we have
[2*)Qn(2)
= (—1)mth (Z)Q(n —k)!
_ (_1)n+k’;—z (Z B 1)2(71 R

= (=1)™+k (“ N 1)2(71 — k) {1 i kQ]

k-1 k2
B win (1 — 1\ @n—1)n—-k) m—knh-k-1)
= (-1 <k_1> (n—k)! [1+ ® - e

_ (—qynth (Z - 1)2(71 — k)
(20— 1)(—1)r- 1t (" . 1)2(n Y

— (n— 1)2(=1)"h2 (” B 2) (n—k—2)!
= [e" ) Pu(2) = [2¥](2n = 1) Pys(z) = [2¥)(n — 1)2P, (2)
= [2"](z —2n + 1)Py_1(z) — (n — 1)*P,_o(x).

Therefore, Q,(z) = (z — 2n + 1)Q,_1(z) — (n — 1)?°Q,_2(x), and our proof is
complete. |

We now have all of the necessary results to prove our theorem on the roots of
I(L(Ky ), x).

Theorem 5.46 The closure of roots of I(L(K ), x) is (—o0,0].
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Proof:  Let {P,(z)} be the sequence of Legendre polynomials. We defined the
normalized sequence {@,(z)}, which clearly has the same roots as {P,(z)}. By
Lemma 5.45, this sequence is orthogonal, and satisfies the recurrence relation Q,,(z) =
(2 —p)Qn_1(x) — A\Qpn_2(x), with ¢, =2n—1 and A\, = (n—1)2. By Theorem 5.44,
the roots of {Q,(z)} (equivalently the roots of {P,(z)}) are dense in [0, 00), where
o=—-1—+1+ % =0.

By Lemma 5.42, 7 is a root of I(L(K,,),z) iff —1 is a root of the Legendre
polynomial P, (z). Since the closure of roots of {P, ()} is [0,00), we conclude that

the closure of roots of I(L(K,,,),z) is (—o0,0]. |

Corollary 5.47 The closure of roots of I(L(G), ) is (—o0, 0].

As discussed earlier, r > 0 is a root of M(G, z) iff —=% is a root of I(L(G), z). As
a result, the next corollary follows immediately from the observation that every root

of M(G,x) is a positive real number.

Corollary 5.48 The closure of roots of the matching polynomial M (G, x) is [0, c0).

We now define the rook polynomial R, (z), and determine the closure of its roots.

Definition 5.49 Let B, denote the chessboard with n rows and n columns. Then,

the rook polynomial is R,(z) = Zrkxk, where 1y, is the number of ways that k
k=0

rooks can be placed on B, so that no two rooks lie on the same row or column.

The rook polynomial was first introduced in [106] with applications to card-
matching problems. Since then, various researchers have applied rook polynomials
to make important connections to Fibonacci theory [70], group theory [129], hyper-
geometric series summation [93], and the computation of the permanents of various
matrices [36, 91, 92]. A comprehensive analysis of rook polynomials can be found in
[154]. There are several papers [96, 142, 145] on the roots of rook polynomials. It
was shown in [142] that each root of R,(z) is a negative real number, but there has
been no result describing the closure of its roots. Based on the work in this section,

we can now answer this problem.



253

Theorem 5.50 The roots of the rook polynomial R, (x) are real and the closure of

its roots is (—o0, 0].

Proof: It is well-known [81, 154] and straightforward to show that in an n by n
chessboard, there are m; = k!(2)2 ways of placing k£ rooks so that they are non-
attacking, for each 1 < k < n. This can also be seen by observing the bijection
between the set of k-matchings of K, , and placements of k non-attacking rooks on

the n by n chessboard. In other words,
Ra(z) = i k! (")2:& = [(L(Ky.), 2).
k=0 k ’
Our result now follows immediately from Theorem 5.46. |

We summarize these results by displaying a table of the closures of the roots of
various graph polynomials. We separate our analysis into two categories: the closure
of the real roots, and the closure of the complex roots. In addition to our theorems
in this section, we also mention that the equivalent problem has been solved for
chromatic polynomials [101, 162, 166] and partially solved for reliability polynomials
[21]. Thus, we include these results as well. The results in bold highlight our results.

Polynomial Real Closure Complex Closure
Independence (—o0, 0] C
Matching [0, 00) [0, 00)
Rook (—o0,0] (—o0,0]
Chromatic [ {0} U{1} U[2£, o) C
Reliability {0} U (1,2] some unknown superset of |z — 1] <1

Table 5.2: The closures of the roots of graph polynomials.
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Conclusion

We conclude the thesis by providing a hodgepodge of interesting open problems.
Many of these problems ask for a full generalization of our results. For some of these
questions, we ask if a full characterization theorem can be found, knowing that a

simple characterization theorem will not exist if the decision problem is NP-complete.
Chapter 2:

1. We determined an explicit formula for 1(C), s, z), for an arbitrary circulant of
degree r < 3. Is it possible to determine a general formula for the independence

polynomials of circulants of degree r = 47

2. It is NP-hard to determine a(G) for an arbitrary graph G [79]. Even when
G is restricted to the family of K 4-free graphs, the problem is still N P-hard
[29]. Thus, it is NP-hard to compute (G, z) when G is restricted to K 4-free
graphs. It is known [135] that if G is restricted to claw-free graphs, there is
a polynomial-time algorithm to compute «(G). This motivates the following
question: determine the complexity of determining the independence polyno-

mial /(G, x), when G is restricted to the family of claw-free graphs.

3. In [3], the following (still open) conjecture is made: if F' is a forest, then I(F,x)
is unimodal. Motivated by this, let us ask the same question for circulants: if
G = (¢ is a circulant, prove or disprove that /(G, z) must be unimodal. Must

I(G, x) also be log-concave?

4. We gave a full characterization theorem of circulant graphs that are indepen-
dence unique. Generalize this theorem to all graphs: determine a simple char-

acterization theorem for the set of all independence unique graphs.

254
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Chapter 3:

. There are infinitely many star extremal graphs, and infinitely many non star
extremal graphs. For a given n, are there more star extremal circulant graphs

on n vertices than non star extremal circulant graphs?

Let ¢(n) be the number of non-isomorphic circulants on n vertices, and let s(n)

be the number of distinct circulants on n vertices that are star extremal. As an

example, iggi = %, with the lone exception being C'ig 1,345}
Define X = ﬁ : n € N 7. Determine the values of lim sup X and lim inf X.
c(n

. We determined a formula for the fractional Ramsey number and the circular
chromatic Ramsey number. However, these formulas are only defined in the
case where all the a;’s are positive integers. If each a; > 2 is an arbitrary real

number, determine a formula for r,, (a1, as, ..., ax) and ry, (a1, a9, ..., ax).

. We determined the optimal Nordhaus-Gaddum inequalities for the fractional
and circular chromatic numbers. To establish optimality, we constructed an
extremal graph for each of our four bounds. Characterize the set of all extremal

graphs for these Nordhaus-Gaddum inequalities.

Chapter 4:

. We introduced the Alon-Tarsi polynomial AP(G,z), and applied our formula
for I(C,, x) to provide a proof that x;(Csy f12;) = 3. Determine other families
of circulants for which y;(G) can be easily calculated by relating independence

polynomials to the Alon-Tarsi polynomial.

. We determined the existence of a connected circulant G = C,, g for which A(G)
is a pure 3-dimensional shellable complex. For each k > 3, determine whether
there exists a connected circulant G = C,, g so that A(G) is a pure k-dimensional

shellable complex.
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11.

12.

13.

14.

15.

16.
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Chapter 5:

Determine all necessary and sufficient conditions on n and S so that 1(C), s, x)

has all real roots.

Recall that a polynomial is stable if every root has a negative real part. De-
termine all necessary and sufficient conditions on n and S so that I(C,, g, x) is

stable.

Among all circulant graphs with o(G) = k, we proved that the root 7, of

maximum modulus satisfies

1 k

-2
< max <
ok — 1)1 k3" Pmas| < 5=

k—2

For each k, determine the optimal constant c¢(k) for which |r..| < c(k)nf=2 +

O(nk=3) for all independence polynomials I(C,, s, 7) with a(C, 5) = k.

We note that » = —1 is a root of infinitely many independence polynomials.
For example, consider the complement of any tree T" of order n. As discussed
in Chapter 5, we have I(T,z) = 1 +nz + (n — )22 = (1 + 2)(1 + (n — 1)z).
Motivated by this, we ask whether r = —1 can be a root of an independence
polynomial I(C,, s, ). Also, do there exist circulants for which » = —1 is the

only rational root of I(C,, g, x)?

Let 7 > 1 be a fixed integer. As a function of n, determine bounds for the roots
of I(Cy. s, ), where C,, g is an r-regular circulant. If r = 2, our analysis from

Chapter 5 proves that % <Irl < i. Determine bounds for each r > 3.

Additional Problems:

Determine all necessary and sufficient conditions on the i;’s so that >, _,iza*

is the independence polynomial of some circulant graph.

For each n, define ¢(n) to be the number of non-isomorphic circulants on n

vertices. Define d(n) to be the sum of the independence numbers of each of
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these ¢(n) circulants. Then, the ratio % is the average independence number
of a circulant on n vertices. To give some small examples, % = %, % = %,
and % = 32 Determine a formula for ¢(n) and d(n).

Define X = {% :neN } Determine the values of lim sup X and liminf X.
c(n
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