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INDEX ESTIMATES FOR FREE BOUNDARY MINIMAL
HYPERSURFACES

LUCAS AMBROZIO, ALESSANDRO CARLOTTO AND BEN SHARP

ABSTRACT. We show that the Morse index of a properly embedded free boundary minimal
hypersurface in a strictly mean convex domain of the Euclidean space grows linearly with
the dimension of its first relative homology group (which is at least as big as the number
of its boundary components, minus one). In ambient dimension three, this implies a lower
bound for the index of a free boundary minimal surface which is linear both with respect to
the genus and the number of boundary components. Thereby, the compactness theorem by
Fraser and Li implies a strong compactness theorem for the space of free boundary minimal
surfaces with uniformly bounded Morse index inside a convex domain. Our estimates also
imply that the examples constructed, in the unit ball, by Fraser-Schoen and Folha-Pacard-
Zolotareva have arbitrarily large index. Extensions of our results to more general settings
(including various classes of positively curved Riemannian manifolds and other convexity
assumptions) are discussed.

1. INTRODUCTION

Given (Q""! g) a smooth Riemannian manifold with boundary, we shall be concerned
here with certain global properties of free boundary minimal hypersurfaces M™ C Qn*!,
namely hypersurfaces that are critical points of the area functional when the boundary oM
is not fixed (like in Plateau’s problem) but subject to the sole constraint OM C 0. Due
to their self-evident geometric interest (which can be traced back at least to Courant [3]),
these variational objects have been widely studied and a number of existence results have
been obtained via surprisingly diverse methods (see, among others, [@, 911, I"2-20,28,30] and
references therein). Free boundary minimal hypersurfaces also naturally arise in partitioning
problems for convex bodies, in capillarity problems for fluids and, as has significantly emerged
in recent years, in connection to extremal metrics for Steklov eigenvalues for manifolds with
boundary (see primarily the works by Fraser-Schoen [[-9] and references therein). From an
analytic perspective, it should also be mentioned that their boundary regularity has been
the object of extensive investigations (let us mention, for instance, [12,14-186]).

The results we are about to present regard the comparison between the Morse index and
the topology of free boundary minimal hypersurfaces. Roughly speaking, the index is a
non-negative integer measuring the maximal number of distinct deformations that locally
decrease the area to second-order (subject to the aforementioned constraint OM C 02). On
the other hand, we shall describe the topology of a manifold with boundary by means of
its (real) homology groups. As is well-known, in the most basic case of orientable surfaces
with boundary the topological type can be completely described by means of two numbers,
namely the genus and the number of boundary components of the surface in question.

There are some general results about the geometry and topology of stable (= index zero)

and index one compact free boundary minimal surfaces in general three-manifolds whose
1
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boundary satisfies some convexity assumption. For example, it is known that stable compact
two-sided free boundary minimal surfaces in mean convex domains of three-manifolds with
non-negative scalar curvature must be topological disks or totally geodesic annuli (see for
example [2]). Moreover, Cheng, Fraser and Pang showed in the same article that there exists
an explicit upper bound on the genus and the number of boundary components of index
one compact two-sided free boundary minimal surfaces in such manifolds. Related results
about the topology of free boundary volume-preserving stable CMC surfaces in strictly mean
convex domains of the three-dimensional Euclidean space were obtained by Ros in [22].

On the other hand, Fraser and Schoen [9] have proven that if M™ C B"™! (the unit ball
in R"™!) then either M™ is a flat disk (whose index is one) or its Morse index is at least
n + 2. We also remark that some interesting results on the index of free boundary minimal
submanifolds of higher codimension have been proven in [6] and [d], Theorem 3.1. In this
paper, we apply the techniques developed in [1] (but see also [22]) to prove a general lower
bound for the index of free boundary minimal hypersurfaces in terms of topological data of
the hypersurface in question.

For the sake of simplicity, in this introduction we shall state our results in the special
case of domains of the Euclidean space, while the corresponding extensions to Riemannian
manifolds satisfying certian curvature conditions are postponed to the last section of this
paper (see Theorem 8, Theorem MM and related comments).

Our first main result is the following.

Theorem A. Let Q"™ be a strictly mean convex domain of the (n+1)-dimensional Euclidean

space, n > 2. Let M™ be a compact, orientable, properly embedded free boundary minimal
hypersurface in €. Then

2

index(M) > ———

(M) 2 n(n+1)

In the above inequality, H;(M,dM;R) denotes the first relative homology group with real

coefficients. The dimension of this homology group can be explicitly computed in terms of

the homology groups of M™ and OM (see Lemma @). In particular, we obtain an estimate

for the index in terms of the number of boundary components.

dimH, (M, 0M;R).

Corollary B. Let Q"' be a strictly mean convexr domain of the (n + 1)-dimensional Eu-
clidean space, n > 3. Let M™ be a compact, orientable, properly embedded free boundary
manimal hypersurface in Q with v > 1 boundary components. Then

index(M) >

—(r —1).
“n(n+1) ( )

In the case of free boundary minimal surfaces (n = 2), the estimate also involves the genus
of the surface (Lemma H) and can in fact be upgraded to the more general scenario when
the ambient domain is only weakly mean convex. This requires an ad hoc argument, and
exploits a result of Ros [21].

Theorem C. Let Q3 be a mean convexr domain of the three-dimensional Fuclidean space.
Let M? be a compact, orientable, properly embedded free boundary minimal surface in Q with
genus g and r > 1 boundary components. Then

1
index(M) > §(2g +7r—1).
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Let us remark that the conclusion of Theorem C coincides with the one obtained by Ros
and Vergasta [23] in the special case of index one free boundary minimal surfaces in strictly
convex domains of R? (notice that there are no stable free boundary minimal surfaces in
such domains). Furthermore, by following the computations of Savo [25] and in the sole case
of strictly convex bodies, the conclusion of Theorem C has been obtained independently by
Sargent in [24]. Again under a strict convexity condition, Sargent obtained the conclusion
of our Theorem F, stated below, when o = 0.

Remark D. The above theorem can be used to understand the behaviour of the index of
some known examples of free boundary minimal surfaces constructed in the unit ball in R3.
In particular, the examples constructed by Fraser and Schoen [], which have genus zero and
an arbitrary number of boundary components, and the examples constructed by Folha, Pacard
and Zolotareva [}/, which have genus one and an arbitrarily large number of boundary com-
ponents, have their Morse indices growing linearly with the number of boundary components.

Another corollary that can be deduced from the above estimate is a compactness theorem
for free boundary minimal surfaces with bounded index in strictly convex domains. In
fact, Fraser and Li proved that in those domains the set of compact, properly embedded
free boundary minimal surfaces with uniformly bounded genus and number of boundary
components is strongly compact (Theorem 1.2 in [6]). In particular, our index estimate
shows that the following statement is actually equivalent to their compactness result.

Corollary E. Let Q3 be a compact domain in R® whose boundary is strictly convex. Then
any sequence { M?} of compact, properly embedded free boundary minimal surfaces in ) that
has uniformly bounded index has a subsequence converging smoothly and graphically to a
compact properly embedded free boundary minimal surface M? in Q.

Lastly, we shall present here a variation on Theorem A which holds true for (strictly)
two-convex domains of the Fuclidean space. Let us recall that, if the second fundamental
form I7%¢ is defined with respect to the outward unit normal of 9 then two-convexity
is equivalent to the requirement that the sum of any two eigenvalues of 11 be strictly
positive. For this class of domains, we prove the following:

Theorem F. Let Q" be a strictly two-convex domain of the (n+1)-dimensional Euclidean
space. Let M™ be a compact properly embedded free boundary minimal hypersurface of 2.
Then, for any o € [0, 1] we have

index(M) > (adimH(M,0M;R) + (1 — a)dimH,,_(M,0M;R))

n(n+1)
hence, as a special case

1
: S : . : R)).
index(M) > Y P (dimH(M,0M;R) + dimH,,_(M,0M;R))

Remark G. All the main results in this paper (with the sole exception of Corollary E,
which relies on the compactness statement by Fraser and Li), including those in Section @,

actually hold for properly immersed free boundary minimal hypersurfaces. The mecessary
modifications to our proofs are of purely notational character.
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The paper is organised as follows: some preliminary facts are recalled in Section 2 (concern-
ing the Morse index for free boundary minimal hypersurfaces) and in Section B (concerning
some Hodge-theoretic aspects for manifolds with boundary), while the core of our approach
(following [0]) is presented in Section @ and Section B, the latter devoted to completing the
proofs of Theorem A, Theorem C and Theorem F. The case of general ambient manifolds
with special cases of particular interest is presented in Section B.

Acknowledgements: The authors would like to thank Ivaldo Nunes, Fernando Coda Marques
and André Neves for their interest in this work. L. A. is supported by the ERC Start
Grant PSC and LMCF 278940 and would like to thank the Scuola Normale Superiore where
part of this project was completed. This article was done while A. C. was an ETH-ITS
fellow: the outstanding support of Dr. Max Rossler, of the Walter Haefner Foundation and
of the ETH Ziirich Foundation are gratefully acknowledged. B.S. would like to thank the
ETH-FIM for their hospitality and excellent working environment during the completion of
this project. B.S. was partially supported by the Scuola Normale Superiore (Commissione
Ricerca, Progetto Giovani Ricercatori).

2. THE INDEX OF FREE BOUNDARY MINIMAL HYPERSURFACES

Let (2" g) be a smooth, orientable Riemannian manifold with boundary 952. We say
that a compact, connected, embedded hypersurface M™ in Q"*! is properly embedded if it
has no interior points touching 02, i.e., M N 92 = OM. Throughout this paper, we always
tacitly assume that M™ is itself orientable (hence, equivalently, two-sided) and choose a unit
vector field N normal to M™ (the one-sided case can be dealt with as in [1], Section 2). Let
us remark that this is always the case if Q"™ is simply-connected (e. g. for convex domains
in R"*1). We shall denote by v the outward pointing conormal of M, i.e., the unique unit
vector field on OM that is tangent to M™, normal to OM and points outside M™.

When considering the area functional restricted to this class of hypersurfaces, the allowed
variations are produced by flows 1, of vector fields X on Q"*! that are tangent to 9Q. The
first variation formula of area for such an admissible variation is given by

G O] = [ HgN Xdn+ [ g X)do
[t=0 M oM

It follows that critical points are minimal (H™ = 0) and intersect 92 orthogonally (v L
09). The last condition is known as the free boundary property of M™.

Given any smooth function ¢ on M™, there exists an admissible vector field X such that
X = ¢N on M™ (see for example [19], Section 2). The second variation of area at a free
boundary minimal hypersurface M™ along the flow of the vector fields considered above
defines the quadratic form

2
@"(6.0)i= 5z IOD| = [ VYO — (RN N) + [AP)6d ~ [ (D Ny
[t=0 M oM

In the above formula, Ric® denotes the Ricci tensor of Q, A denotes the second funda-
mental form of M™ and D the covariant derivative in (£2,g). Notice that, since M" is free
boundary, N is tangent to 92 and the term (Dyv, N) is precisely the second fundamental
form 119 of the boundary of the domain with respect to v applied to the vector field V.
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The quadratic form Q* is called the index form of the free boundary minimal surface
M™. The index of M™ is defined as the index of QM that is, the maximal dimension of a
linear subspace V' in C°°(M) such that Q™ (¢, ¢) < 0 for all ¢ in V' \ {0}. The index can be
computed analytically in terms of the spectrum of a second order differential operator with
Robin boundary conditions. More precisely, integration by parts gives

0
@"(6.0)= - [ otu@du+ [ o <_¢ 1w, W) io
M oM v
where Ly = Ay + Ric* (N, N) +|A|? is the Jacobi operator of M™. The boundary condition
0b _ ;o0
o = [N, N)g

is an elliptic boundary condition for £, therefore there exists a non-decreasing and diverging
sequence \; < Ay < ... < )\, 7 oo of eigenvalues associated to a L?(M,du)-orthonormal
basis {¢x }72, of solutions to the eigenvalue problem

{.cM(¢)+A¢—o on Mm

% _ [N, N)p=0 on OM. (*)

The index of the free boundary minimal hypersurface M" is then equal to the number of
negative eigenvalues of the system (x) above (see more details in [26], [2] and [1Y], Section
2).

The solutions of (%) have a standard variational characterization: If Vi denotes the sub-
space spanned by the first k£ eigenfunctions for the above problem, then the value of the next
eigenvalue A,y 1(Lys) equals the minimum of QM on the L?(M,du) orthogonal complement
of Vk i.e.,

QY (¢, ¢)

Moot (L) = min 27
k1 (L) ¢ervff{l{0} T odn

The minimum is attained precisely by eigenfunctions of £j; associated to Ay and satis-
fying the boundary conditions in (x).

3. HODGE THEORY AND BOCHNER FORMULA FOR MANIFOLDS WITH BOUNDARY

Let (M™, g) be a compact orientable manifold with non-empty boundary. The Hodge
Theorem asserting the existence of a unique harmonic representative in every de Rham
cohomology class can be extended to this setting when one assumes the appropriate boundary
condition for the harmonic forms. A detailed account on this generalization of Hodge’s
Theorem, including an overview of its historical developments, can be found in [27].

Let d denote the exterior differential on M™ and let d* : QP(M) — QP~1(M) denote the
codifferential defined in terms of the Hodge star operator on (M™,g) (so that, as a result,
d* = (—=1)"PtDF1 & dx). We define the sets

HY (M, g) ={w e QP(M); dw =0, d*'w =0 on M" and i,w =0 on OM}

and
HE(M, g) = {w e P(M); dv =0, d'w=0o0on M" and v Aw =0 on IM}.
In other words, HX, (M, g) is the set of harmonic p-forms that are tangential at OM and
HY.(M, g) is the set of harmonic p-forms that are normal at OM.
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Remark 1. On manifolds with boundary, it is no longer true that a solution to the equation
Ayw = (dd* + d*d)w = 0 is also a solution to both equations dw = 0 and d*w = 0. We use
the expression “harmonic form” to call any differential form that is simultaneously closed
and co-closed.

The following lemma will be needed in the proof of our main theorems.

Lemma 2 (Cf. [27], Theorem 3.4.4). Let (M™,g) be a complete, connected, orientable Rie-
mannian manifold with non-empty boundary OM . If a harmonic p-form vanishes identically
on UNIM™ # O for some open subset U C M, then it vanishes identically on M™.

Using the above terminology, the Hodge-de Rham theorem can be stated as follows.

Theorem 3. Let (M", g) be a compact orientable manifold with non-empty boundary. For
everyp =0,...,n, the set of harmonic p-forms on M™ that are tangential at OM is isomor-
phic to the p-th cohomology group of M™ with real coefficients, i.e.,

HY (M, g) ~ H?(M;R).
A proof of Theorem B can be found, for instance, in [29] (see Chapter 5, Section 9). An
elementary and elegant proof that HJ., (M, g) is isomorphic to H'(M;R) is also given in [22],
Lemma 1.

Observe that the Hodge star operator of (M™, g) gives an isomorphism between Hx. (M, g)
and Hy P(M,g). Hence, we have the isomorphisms

HE(M, g) ~ HP(M, g) ~ H"P(M;R) ~ H,(M,0M;R).

the last following by Poincaré-Lefschetz duality (see, for example, [[3], Theorem 3.43).
Once we know that H1.(M, g) is isomorphic to Hy(M,OM;R), it is interesting to compute
the dimension of this relative homology group in terms of homology groups of M and OM.

Lemma 4. Let M™ be a compact, orientable (connected) n-dimensional manifold with non-
empty boundary OM, n > 2. If OM has r > 1 boundary components, then

dimHy(M,0M;R) = (r — 1) + (dimH, (M;R) — dimIm(i,)),

where i, : H(OM;R) — H{(M;R) denotes the map between first homology groups induced
by the inclusion i : OM — M.

Proof. The definition of zero-th homology groups immediately yields dimHy(M;R) = 1,
dimHy(OM;R) = r and dimHy(M,0M;R) = 0. At that stage, a direct computation involv-
ing the last part of the long exact sequence for the pair (M, 0M),
H,(0M;R) Y H{(M;R) — H{(M,0M;R) — Ho(OM;R) — Ho(M;R) — Hy(M,0M;R)
proves the result. [l
The following lemma can be proven directly, in a standard fashion, by using the repre-

sentation of a compact surface with boundary as a polygon with identified edges and small
open balls removed.

Lemma 5. Let M? be a compact, orientable surface with non-empty boundary OM. If M
has genus g and r > 1 boundary components, then

dimH,(M,0M) =2g+1r — 1.
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We finish this section computing the boundary term that appears when performing inte-
gration by parts of the Bochner formula for one-forms in compact manifolds with boundary.

Lemma 6. Let (M™,g) be a compact, orientable Riemannian manifold with boundary.
(1) Let w € HL(M, g) be a harmonic one-form on M™ that is normal at the boundary.

Then
/ IVMul2 + Ric™ (w,w)dp = — HM |w|?do.
M oM
(2) Let w € Hi (M, g) be a harmonic one-form on M™ that is tangential at the boundary.
Then

/ VM2 + RicM (w, w)dp = —/ AM (W WY do.
M oM

Proof. Since w is harmonic, the Bochner formula for one-forms gives
0 = ((dd* + d*d)w,w) = —(Apyw,w) + Ric™ (w,w).
Integrating by parts, we have
/ IVMw|? + RicM (w, w)dp = / g(VMw, w)do
M oM

where v is the outward pointing unit conormal of OM.

In order to prove our first assertion (part (1)), let {T},...,7,_1} be a local orthonormal
frame on M, so that {T3,...,T,_1,v} is an orthonormal basis of the tangent space of M™
at the points p in M where the frame is defined. Since by assumption

n—1
0=d'w=—divyw = — Zg(V%w,Ti) —g(VMw,v),
i=1

and w = Av on OM for some smooth function A\ on OM, we have

g(VMw w) = \g(VMw, v) —)\Zg Vilw, T;) —)\QZg Vi, T;) = —HM|w|?.

=1 =1

Concerning part (2), we have
9(Vilw,w) = g(ViIwf, wf) = (V) w) (W) = (Vi) (v) = g(Viie,v)

where the third equality relies on the fact that dw = 0, hence assuming 7, w = 0 on OM we
get

g(Viwf v) = —g(f, Viiv) = =AM (WF, o)
so that in the end g(V¥w,w) = —A?M(w* w?) and the conclusion follows. O

4. THE TEST FUNCTIONS OBTAINED FROM HARMONIC ONE-FORMS

Let Q be a domain in R"*! with smooth boundary 9. Following the notations of [, let us
denote by {6, ...,0,.1} a fixed orthonormal basis of R"*!. Given a compact, free boundary
minimal hypersurface M"™ in €, we want to compute the index form on the functions (N A
Wt 0; A g;) for 1 < i < j < n+1, where N is the unit normal vector field along M"™ and
w € HY (M, g) is a harmonic one-form on M™ that is normal at M.
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Proposition 7. Let Q be a domain in R™' whose boundary has mean curvature H% and
second fundamental form I19? with respect to the outward normal v. Let M™ be a compact,
orientable free boundary minimal hypersurface in Q.

(1) Given a harmonic one-form w on M™ that is normal at the boundary OM, let
w; = (NAW O NG, i,j=1,....n+1,i<j,
denote the coordinates of N A w* with respect to some orthonormal basis {0:;}i<j of
A’R?. Then
Z Q(uij,uij) = — HBQ|W|2dO'.
1<i<j<n+1 oM

(2) Given a harmonic one-form w on M™ that is tangential at the boundary OM and
using the same notations, then

S Qluig ) = — / (ITPUN, N |wf? + T, u))do,
1<i<j<n41 oM

Proof. Since () is flat, the index form of M™ is given by

Q(6,6) = /M VMG — | ARy — /6 (N N

Following the computations in [I], section 3, we have

> Q(uij,uij):/ |D(NAM)]2—|A|2|N/\wﬂ|2du—/ IT%(N, N)|N A w*do.
M

1<i<j<nt1 oM
Clearly, |[N A w*| = |w|. Moreover, since the ambient curvature is identically zero,
ID(N Aw)* = [V = JAWF, ) + AP |w]?

and the Gauss equation for the minimal hypersurface M" reads RicM (w,w) = —|A(w?, ).
The resulting formula is

(4.1) > Qui,uy) :/

1<i<j<n+1 M

|VMw|2+RicM(w,w)d,u—/ IT%(N, N)|w|*do.

oM

By part (1) of Lemma B,

Z Q(uij, uiy) = —/ (H?M + IT°?(N, N)) |w|?do.

1<i<j>n+1 oM

The free boundary assumption implies that, at each point p in M, if we denote by
{T\,...T,,—1} an orthonormal basis of T,0M so that {Ti,...,7,_1, N} is an orthonormal
basis of T,,0€2, then

n—1 n—
HOM 4+ [1%U(N,N) =Y (Vilv,Ti) + II°*(N,N) = Y (Dp,v,T;) + IT°°(N, N)
1

—

i=1 [

n—1
=Y II"T,T;) + IT%*(N,N) = H*

i=1
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The first conclusion follows. Similarly, the proof of part (2) can be completed by combining
equation (A1) with Lemma B, part (2), and noting that A%M (w#, w¥) = IT9%(w#, w¥) by virtue
of the free boundary property of M". O

5. PROOF OF THE MAIN RESULTS

We are now ready to present the proof of our main results, starting with Theorem A.

Proof. Fix {01,...,0,41} an orthonormal basis of R"*. Let us assume that M™ has index
k, and denote by {¢q}o2, an L*(M,dp) orthonormal basis of eigenfunctions of the Jacobi

operator of M" satisfying the Robin boundary conditions (). Let ® denote the linear map
defined by

©: Hi(M.g) — Rl )82
w = [y (N AW 0 A 6;)edp]
where, 1 <i < j < n+1 and q varies from 1 to k. Clearly,
1
dimHL-(M, g) < dimKer(®) + %

Since HL(M, g) ~ H,(M,dM;R) (as a consequence of Theorem B), the result will follow
once we analyse the dimension of the kernel of the map .

Let w be an element of the kernel of the map ®. This means that all functions u;; = (N A
w?, 0; A0;) are orthogonal to the first k eigenfunctions, namely ¢y, ..., ¢. Since index(M) =
k, we must have

k

Q(uij,uij) > >\k+1 /]\;Ufjdu >0 forall 1<i< J<n+ 1,
by the variational characterization of the eigenvalues for problem (x). In particular, by
Proposition @, we have

0 S Z Q(uij,uij) = —/aM HaQ|W|2dO'.

1<i<j<n+1

Since H??! > 0, the above inequality happens only if |w| vanishes identically on M. But
then w = 0 on M, by Lemma B. Hence, if the domain is strictly mean convex, ® has trivial
kernel, and the conclusion follows.

O

We shall now comment on the proof of Theorem F for two-convex domains in R®™!. Under
this slightly stronger condition we work with test functions derived from forms w € HL (M, g).
The process of obtaining an index estimate on M™, given part (2) of Proposition [, is almost
identical to the proof of Theorem A so we leave the details to the reader. The direct result
is the following assertion:

Theorem 8. Let Q" be a strictly two-convex domain of the (n+ 1)-dimensional Euclidean
space, n > 2. Let M™ be a compact, orientable properly embedded free boundary minimal
hypersurface of ). Then

2

index(M) > Y P

dimH,_(M,OM;R).
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Clearly, since any strictly two-convex domain is also strictly mean convex, we can take
linear combinations of our estimates in Theorem A and Theorem B to obtain Theorem F.

The last part of this section is devoted to the proof of Theorem C. Let us remark that
while for strictly mean convex domains the conclusion would follow at once by combining
Theorem A with Lemma B, the study of the borderline case when H%? > 0 requires a more
delicate, specific analysis.

Proof. Let us assume, by contradiction, that there exists a compact free boundary minimal
surface M? in a mean convex domain € of R? such that the opposite inequality holds:

1
(5.1) index(M) < 5(29 +r—1).

Adopting the same notation as in the proof of Theorem A, we consider the balancing maps
Dy : Hy(M,g) — R¥* and O : HE(M, g) = R** given by w — [ [}, (N Aw?, 0; A 6;)¢dp],
where k denotes the index of M?2.

Clearly,

dimHy (M, g) < dimKer(®y) + 3k and dimHy(M, g) < dimKer(®r) + 3k.

Since dimHY (M, g) = dimHL(M, g) = 29+ — 1 (see Lemma H) and we are assuming by
contradiction that inequality (B) holds, Ker(®y) and Ker(®r) must be both non-trivial.
Let wy # 0 and wy # 0 be non-zero elements in Ker(®y) and Ker(®Pr), respectively.

As in the proof of Theorem A (invoking part (1) of Proposition @), we have

0< )\k-i-l/ Jwr|Pdp < Z Q(uij, uij) = —/ H|w P do.
M 1<i<j<3 oM

Since H%* > 0 and w; # 0 vanishes on a subset of 9M with no interior points (by virtue of
Lemma B), the above inequalities can only happen when H? vanishes along OM, \py1 = 0,
and each function u;; = (N Aw#, 0; A6;) is an eigenfunction of the Jacobi operator associated
to that eigenvalue, i.e., foralli < j=1,...,3,

(5.2) Ay (N AW O N0+ |AP(N AW 0, A0;) =0 on M

d ,
(5.3) 5 (VA Wi 0; NO) — IT?*N,N)(N Awh 6; A6;) =0 on M.

At this stage, a similar analysis can be carried out for we # 0 in Ker(®r) and leads to
conclude that any such one-form will necessarily satisfy equations (62) and (623) above.

Claim 1: M? is totally geodesic.

Indeed, equation (533) for w; and ws is equivalent to
0= D,N Aw!+ N A Dyt — II*N,N)N Ao’
= D,N Aw! + N A (V,wf — TN, N)w).

The first term is (dual to) a vector orthogonal to M?, whereas the second is (dual to) a
vector tangent to M?. By linear independence, we conclude that, for i = 1,2,

N A (Vywf = IIP%(N,N)wf) =0 and D,N Aw’ =0.
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The second equation means that, at boundary points where w; # 0, D,N is a vector
parallel to w?, or equivalently, tangent to M (because w; belongs to Hk (M, g)). Similarly,
at points where wy # 0, D, N is a vector parallel to wg, or equivalently, orthogonal to OM
(because wy belongs to HY(M,g)). As a consequence, D,N = 0 at points of 9M where
both w; and ws do not vanish. Exploiting again Lemma B, we observe that the subset of
OM where either w; or wy vanishes contains no open set, because none of these one-forms
vanishes identically. Therefore the complement of that set in OM is dense and, by continuity,
we conclude that D, N = 0 everywhere on dM.

Thus, ¥ must be a principal direction at every point of M and the principal curvature
associated to that direction is zero. Since M? is minimal, both principal curvatures actually
vanish along OM. The claim now follows because any two-dimensional minimal surface in
R3 is either totally geodesic or its second fundamental form vanishes on a discrete set of
points.

Claim 2: w%, wg are constant, non-zero vectors in R3.

This is a consequence of the previous claim and the equations (53), which are satisfied
by wy and wy as argued before. In fact, in view of Lemma 1 in [21], w; and ws belong to the
vector space

{w € QY(M); there exists a constant vector T € R? such that w = (T, —)}.

Since M?, being totally geodesic, is contained in a plane (necessarily orthogonal to the con-
stant vector V), this space has dimension two and is in fact equal to the set of one-forms
w € QY(M) that can be written as w = (T, —) for some T' € R? orthogonal to N. The claim
follows.

Using the above claims, we conclude in particular that 9M is a collection of closed planar
curves, each one tangent everywhere to the constant non-zero vector wg in R3, which is a
contradiction. Theorem C follows.

O

6. GENERAL AMBIENT MANIFOLDS

In this section we state the most general result one can obtain by using the approach
developed in [0] combined with the computations presented in this paper (in particular:
Lemma B and Proposition @). Given (Q""! g) a smooth, orientable Riemannian manifold
with boundary and an isometric embedding thereof into some Euclidean space R (of possibly
large dimension), and given a compact, properly embedded two-sided free boundary minimal
hypersurface M™ in (Q""! g), we use as test functions for the index form the coordinates of
NAw!, win Hi(M, g), with respect to a fixed orthonormal basis of A2R?. The index estimate
will follow as soon as a pinching condition involving the intrinsic and extrinsic geometry of
the manifold (2", g) can be verified.

Theorem 9. Let (O™ g) be a Riemannian manifold with boundary that is isometrically
embedded in some Euclidean space RY. Let M™ be a compact, orientable properly embedded
free boundary minimal hypersurface of (2" g).
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Assume that for every non-zero vector field X on M™,

/ [trar(Rm? (-, X, -, X)) + Ric* (N, N)| X! du+ |  H*|X|*do
M

oM

> /M (7120, X)[P = [T, N) )+ (TT2(, N2 = [TT*(N, N)?)) X P dp

where Rm® denotes the Riemann curvature tensor of Q"1 IT® denotes the second funda-
mental form of Q"' in RY and N is a local unit normal vector field on M™.
Then

(6.1) index(M) > dimH,(M,0M;R).

2

d(d—1)

The computations presented in [ll] show that the above pinching condition is verified in
any strictly mean convex domain inside the ambient manifolds considered there. In partic-
ular, the index estimate above holds true for all compact properly embedded free boundary
minimal hypersurfaces in strictly mean convex domains of the compact rank one symmetric
spaces (round spheres and projective spaces over R, C, H and the Cayley plane endowed with
their canonical metrics). Also, let us explicitly remark that our method allows to obtain an
effective index estimate for free boundary minimal hypersurfaces in strictly mean convex
domains of flat tori.

We can of course also consider the generalization of Theorem B (hence of Theorem F) to
two-convex domains in Riemannian manifolds. The corresponding statement is as follows:

Theorem 10. Let (2" g) be a Riemannian manifold with boundary that is isometrically
embedded in some Euclidean space RY. Let M™ be a compact, orientable properly embedded
free boundary minimal hypersurface of (2" g).

Assume that for every mnon-zero vector field X on M™,

/ [trar(Rm® (-, X, -, X)) 4+ Ric® (N, N)| X ?] du+/ IT%(N, N)|X|)? + I[T%(X, X) do
M

oM

> /M (119, X)P — 119X, N)?) + ([T1°(, N)J? — [1I%(N, N)?))|X|2] dp

where Rm® denotes the Riemann curvature tensor of Q"' IT® denotes the second funda-
mental form of Q"' in R, I1%? denotes the second fundamental form of OQ in Q, and N
1s a local unit normal vector field on M™.

Then for any « € [0, 1]

. 2 . :
(6.2) index(M) > qd=1 (adimHy(M,0M;R) + (1 — a)dimH,,—1(M,0M;R)).

Once again, the above theorem applies, as a special case, if Q"*! is a domain with strictly
two-convex boundary inside any of the Riemannian manifolds considered in [1].



[1]

23]
[24]
[25]

[26]

INDEX ESTIMATES FOR FREE BOUNDARY MINIMAL HYPERSURFACES 13

REFERENCES

L. Ambrozio, A. Carlotto and B. Sharp, Comparing the Morse index and the first Betti number of
minimal hypersurfaces, J. Differential Geom. (to appear).

J. Chen, A. Fraser and C. Pang, Minimal immersions of compact bordered Riemann surfaces with free
boundary, Trans. Amer. Math. Soc. 367 (2015), no. 4, 2487-2507.

R. Courant, The existence of minimal surfaces of given topological structure under prescribed boundary
conditions, Acta Math. 72 (1940), 51-98.

A. Folha, F. Pacard and T. Zolotareva, Free boundary minimal surfaces in the unit 3-ball, preprint
(arXiv:1502.06812).

A. Fraser, Index estimates for minimal surfaces and k-convexity, Proc. Amer. Math. Soc. 135 (2007),
no. 11, 3733-3744.

A. Fraser and M. Li, Compactness of the space of embedded minimal surfaces with free boundary in
three-manifolds with nonnegative Ricci curvature and convexr boundary, J. Differential Geom. 96 (2014),
no. 2, 183-200.

A. Fraser and R. Schoen, The first Steklov eigenvalue, conformal geometry, and minimal surfaces, Adv.
Math. 226 (2011), no. 5, 4011-4030.

A. Fraser and R. Schoen, Minimal surfaces and eigenvalue problems. Geometric analysis, mathematical
relativity, and nonlinear partial differential equations, 105121, Contemp. Math. 599, Amer. Math. Soc.,
Providence, RI, 2013.

A. Fraser and R. Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball, Invent. Math. 203
(2016), no. 3, 823-890.

B. Freidin, M. Gulian and P. McGrath, Free boundary minimal surfaces in the unit ball with low co-
homgeneity, Proc. Amer. Math. Soc. 145 (2017), no. 4, 1671-1683.

M. Griiter and J. Jost, On embedded minimal disks in convezx bodies, Ann. Inst. H. Poincaré Anal. Non
Linaire 3 (1986), no. 5, 345-390.

M. Griiter, J. Jost, Allard type reqularity results for varifolds with free boundaries, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 13 (1986), no. 1, 129-169.

A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.

S. Hildebrandt and J. C. C. Nitsche, Minimal surfaces with free boundaries, Acta Math. 143 (1979),
no. 3-4, 251-272.

S. Hildebrandt and J. C. C. Nitsche, Optimal boundary reqularity for minimal surfaces with a free
boundary, Manuscripta Math. 33 (1980/81), no. 3-4, 357-364.

J. Jost, On the regularity of minimal surfaces with free boundaries in Riemannian manifolds,
Manuscripta Math. 56 (1986), no. 3, 279-291.

J. Jost, On the existence of embedded minimal surfaces of higher genus with free boundaries in Rie-
mannian manifolds. Variational methods for free surface interfaces, 65-75, Springer, New York, 1987.
M. Li, A general existence theorem for embedded minimal surfaces with free boundary, Comm. Pure
Appl. Math. 68 (2015), no. 2, 286-331.

D. Maximo, I. Nunes and G. Smith, Free boundary minimal annuli in convex three-manifolds, J. Differ-
ential Geom. (to appear).

W. H. Meeks III, S.-T. Yau, Topology of three-dimensional manifolds and the embedding problems in
minimal surface theory, Ann. of Math. (2) 112 (1980), no. 3, 441-484.

A. Ros, One-sided complete stable minimal surfaces, J. Differential Geom. 74 (2006), no. 1, 69-92.

A. Ros, Stability of minimal and constant mean curvature surfaces with free boundary, Mat. Contemp.
35 (2008), 221-240.

A. Ros and E. Vergasta, Stability for hypersurfaces of constant mean curvature with free boundary,
Geom. Dedicata 56 (1995), no. 1, 19-33.

P. Sargent, Index bounds for free boundary minimal surfaces of convexr bodies, Proc. Amer. Math. Soc.
(to appear).

A. Savo, Index bounds for minimal hypersurfaces of the sphere, Indiana Univ. Math. J. 59 (2010), no.
3, 823-837.

R. Schoen, Minimal submanifolds in higher codimension, Mat. Contemp. 30 (2006), 169-199.



14 LUCAS AMBROZIO, ALESSANDRO CARLOTTO AND BEN SHARP

[27] G. Schwarz, Hodge decomposition - A method for solving boundary value problems, Lecture Notes in
Mathematics, 1607, Springer-Verlag, Berlin, 1995.

[28] M. Struwe, On a free boundary problem for minimal surfaces, Invent. Math. 75 (1984), no. 3, 547-560.

[29] M. Taylor, Partial differential equations, I - Basic theory. Texts in Applied Mathematics, 23, Springer-
Verlag, New York, 1996.

[30] R. Ye, On the existence of area-minimizing surfaces with free boundary, Math. Z. 206 (1991), no. 3,
321-331.

L. AMBROZIO: IMPERIAL COLLEGE LONDON, SOUTH KENSINGTON CAMPUS, LONDON SW7 2A7Z,
UNITED KINGDOM, E-mail address: [.ambrozio@imperial.ac.uk

A. CarLoTTO: ETH INST. FUR THEORETISCHE STUDIEN, CLAUSIUSSTRASSE 47, 8092 ZURICH,
SWITZERLAND FE-mail address: alessandro.carlotto@eth-its.ethz.ch

B. SHARP: SNS PisA, PiAzzA DEI CAVALIERI 7, 56126 PISA, ITALY, E-mail address: benjamin.sharp@sns.it



	1. Introduction
	2. The index of free boundary minimal hypersurfaces
	3. Hodge Theory and Bochner formula for manifolds with boundary
	4. The test functions obtained from harmonic one-forms
	5. Proof of the main results
	6. General ambient manifolds
	References

