Treatments of contextual effects in the social science literature have traditionally

Sfocused on statistical phenomena more than on social processes. Typically, the
existence of contextual processes has been inferred on the basis of “group-level”
effects (as contrasted with “individual-level” effects). This article seeks to redress
that imbalance by focusing on underlying processes through which social structure
and social interaction may impinge upon individuals. Four alternative generating
mechanisms for contextual effects are discussed, along with their implications for
model specification and estimation; only one of these, however, is found 1o be
compatible with the notion of modeling individual outcomes as a result of group
processes (endogenous feedback). Methods for consistent parameter estimation
in endogenous feedback models are presented, based on maximum likelihood
estimators for models with lattice autoregressive structure and their extension
to models with latiice autocorrelated error structures. Moreover, since the
latter often arise by failure to specify contextual processes explicitly, conventional
statistical definitions of contextual effects are shown to be confounded with the
resulting specification bias.
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he impact of social structure on individual behavior has

been a recurrent theme of social theory and research, from
Durkheim’s discussion of “social facts” onward. The sociological
literature is rich in well-meaning exhortations to “bring society
back in” (Barton, 1968)—especially since the advent of the sample
survey. Coleman (1958) notes the pitfalls of survey research that
treats individuals as though existing outside any context of social
interaction. Blau (1960) points out the importance of structural
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effects that link the distribution of personal attributes within a
group to individual performance. Lazarsfeld and Menzel (1969),
Davis et al. (1961), and Boudon (1967) have provided typologies
of a variety of group-level effects on individual outcomes. Yet the
fundamental issue of how to model the process(es) underlying
social context effects has remained unresolved.

While most social scientists would probably endorse program-
matic declarations about the importance of social structure, the
issue becomes more difficult as soon as one presses for a specific
definition of what, exactly, is meant by “social structure.” Is it the
effects of social interaction on individuals’ beliefs, expectations,
and behaviors as in the study of conformity, contagion, diffusion,
or influence processes? Is it the particular pattern of social rela-
tionships that in turn constrains, channels, or otherwise deter-
mines the distribution of opportunities for such interactions? Is it
the specific content of transactions which take place among
interacting individuals that determines the effects of social struc-
ture? Must the operational concept of social structure itself be
made contingent on the particular types of social interaction that
are assumed to affect individual outcomes? Unfortunately even
those who advocate the theoretical importance of social context
tend to leave the meaning of their message somewhat ambiguous.

The case becomes doubly confounded in conjunction with the
empirical problems of separating the effects of individual attri-
butes from the effects of social context in the determination of
individual outcomes. Here the potentially rich notion of social
structure tends to become diluted into mere aggregations of indi-
vidual attributes or into group-level properties in a global sense.
Most assessments of “contextual effects” along these lines are
represented by alternative versions of linear models in which
measures of individual outcomes are regressed on combinations
of individual attributes and their group-level averages. In brief,
what is left of group “structure” is a simple measure of group
composition: a meanscore. Moreover, such studies fail to provide
a consistent rationale for substantive mechanisms that might
connect individual outcomes even with group composition, let
alone group structure.
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A number of lingering controversies have plagued this tradi-
tional formulation of “contextual effects.” Thus, Hauser (1970a,
1970b, 1974) rejects the use of group averages alongside indi-
vidual attributes as by-products of model underspecification at
the individual level and as statistical artifacts devoid of a corre-
sponding substantive process. Alwin (1976) has further clarified
the algebraic relationships between several alternative specifica-
tions of this type which have commonly been employed to esti-
mate contextual effects. Campbell and Alexander (1965) and
Alexander and McDill (1976) argue that the effects of group
structure on individual outcomes are mediated through inter-
action with “significant others” and thus should be represented
by the mean values of the attributes of relevant peers rather than
of the entire group. Finally, Hannan et al. (1976) demonstrate the
importance of the choice of level of analysis and of the inclusion
of all relevant independent variables in the analysis.

In this article we focus on the nature of intervening mechanisms
that mediate the effect of social structure on individual outcomes.
We attempt to show that this focus is helpful in making the neces-
sary transition from estimating contextual effects to providing
contextual explanations. We shall illustrate our argument with
alternative explanations that have been discussed in the study of
school effects, though our conclusions are applicable to a large
variety of substantive problems involving contextual effects.

A careful examination of alternative mechanisms through
which school context effects on individual aspirations or achieve-
ments might come about reveals that the specifications usually
employed to model these effects are inaccurate representations of
the manner in which group structure may affect individual out-
comes. We then propose a class of endogenous feedback models
that do provide an adequate formalization of contextual effects
and permit, indeed require, the inclusion of social structure as an
explicit part of model specification. We also discuss some special
estimation problems raised by this new model and present several
approaches for dealing with them.
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AN ANALYSIS OF CONTEXTUAL MECHANISMS

If social context is to affect individual behavior, such effects
must be mediated through processes that are somehow contingent
upon the social structure in which the individual is embedded.
Thus, a specification of group-level effects on individual out-
comes requires, first of all, a careful examination of possible link-
age mechanisms through which the hypothesized “contextual
effects” might operate. In particular, we shall argue that con-
textual effects must be conceptualized as a consequence of
processes of interaction among individuals in a social network.
Interaction may involve either actual face-to-face contact
between pairs of individuals or symbolic categorical relations
shared among all individuals in a given group. Face-to-face inter-
action would give rise to social processes of contagion (diffusion,
persuasion) underlying such group phenomena as assimilation
(conformity, consensus, “pull”) and contrast (polarization, differ-
entiation, “push”). Symbolic interaction would give rise to social-
psychological processes of comparison underlying such “refer-
ence group” phenomena as competition, emulation, identifica-
tion, facilitation and inhibition. Without reference to social
interaction in either form, the notion of contextual effects tends
to become theoretically vacuous.

The traditional treatment of contextual effects has proceeded
from a statistical formalization based on “individual-effect-plus-
group-effect” to the imputation of alternative contextual mech-
anisms purporting to explain or account for statistical results. In
this section we shall pursue a different strategy by examining the
relationship between formal specifications and substantive
mechanisms from two perspectives: (1) treating the conventional
statistical model of contextual effects as a structural specification,
what substantive mechanisms are implied? (2) treating alternative
conventional interpretations of contextual effects as substantive
mechanisms, what structural specifications are implied, and how
are they related to the traditional formulation?
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CONVENTIONAL FORMULATION: SOCIAL TELEPATHY

Stripped to its bare bones, the standard contextual effects
model can be represented by the following structural equation:

yy=a + blxu + bZXJ + €y [l]

where y; might represent the academic achievement of the i"
student in the j*" class, x;; might be a measure of intellectual ability
for the same student, and X would be the average value of student
ability in the j class; ¢; is an error term representing all unspeci-
fied causes of y;. The coefficients a, by, and b; can be estimated by
ordinary least squares regression if the usual OLS assumptions
about the error terms can be justified (i.e., the e; have zero ex-
pected value, are independent and homoskedastic across all
values of i and j, and are independent of x; and of X,).

In order to highlight the implications of the model specified in
equation 1, let us first write the average ability score, X ,, explicitly
as the mean of individual student scores, i.e.,

(2]

yiJ=a+b]XiJ +(bz/nl)[xli + ... +Xij+ +xn ] te
where n; is the number of students in the j'* class. By collecting
terms for the i student and for all other (i’") students in the j"
class, equation 2 becomes

> x.. te. 3
y; = +(b, bz/nj)xij +(b2/nj) S Xpi ey (31

or

_ X 4
_a+bTxij+b2xi,j+ei. (4]

y )

ij
where

bT = (bl + bz/“j) and )’(i’j = (l/nj) i'i Xirj

1

While the performance of a given student (i) is affected by all
other students (i’ # i) in the j*" class, we shall confine our graphical
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representations to a single peer (i") only, for the sake of simplicity;
thus, for any given student (i), the model implied by equation 1
can be diagrammed as shown in Figure 1. Equation 1 evidently
implies the direct flow of effects from (each) student (i")’s ability to
student (i)’s performance, and similarly from student (i)’s ability
to (each) student (i")’s performance without, in either case, letting
this impact on performance be mediated by the student’s own
ability.

Now, it is possible to conceive of perverse situations in which
one student’s ability directly causes another student’s per-
formance. Honor Code scandals at West Point (or the existence
of disciplinary sanctions against cheating in less prominent
citadels of learning) exemplify that possibility. Once universal
cheating is ruled out, however, the proponents of such a model of
contextual effects must, in fact, rely on social telepathy as an
intervening mechanism. Yet “action at a distance” is a well-known
principle of magic, not of science which, on the contrary, is
premised on the denial of that possibility and the search for inter-
vening links.

The elevation of social telepathy to the status of an explanatory
principle is by no means specific to the particular example above.
Thus, let y; be student aspirations rather than performance and
x; parental SES, with X; as the school mean of parents’ SES. To
justify the direct effects model of equation 1, we must again either
make rather implausible assumptions about the incidence and
impact of contact between each student and all other students’
parents, or invoke action at a distance. Or finally, let y; be student
performance as before, and x; student aspirations, with X; the
mean aspiration levels by class. Once again, we are left with the
need to postulate implausible linkage mechanisms such as
vicarious gratification in order to rationalize the impact of other
students’ aspirations on each student’s performance, or we must
insist on social telepathy as an explanatory principle.

Incidentally, the problem does not go away by stipulating that
it is not the characteristics of all other students in the group (class
or school, as the case may be) but only of those “relevant peers”
which exert direct influence on one’s own performance (see, e.g.,
Campbell and Alexander, 1965; Alexander and McDill, 1976). It



402 SOCIOLOGICAL METHODS & RESEARCH

3 ’.Y‘i‘_——-e;j
b&
b

2

Xoi > Yij—ey;
|

Figure 1: Social Telepathy Model of Direct Effects

is undoubtedly true that the indiscriminate inclusion of every
other student’s score in each student’s equation (as in the case of
class or school averages) is particularly unrealistic in many cases.
Yet the restriction to “relevant peers” (those students with whom
the individual interacts) does not eliminate the direct effects
assumption of equation 1 and hence the problem of postulating
implausible generating mechanisms to account for peer effects.

CONVENTIONAL INTERPRETATIONS

In considering alternative models, we direct our attention to
the more plausible types of contextual mechanisms which have in
fact been proposed, often in conjuction with the use of equation |
in practice. We shall refer to them as “common fate” and “group
norms,” respectively, and present the corresponding structural
specifications, in order to discuss their formal and statistical
properties in light of the formalization of equation 1.

Common fate. Let us first consider the possibility of inter-
vening mechanisms through which each student’s performance
might be at least indirectly affected by every other student’s
ability, as stipulated by the inclusion of group mean ability in
equation 1. Thus, the average ability of students in a class might
have a positive effect on the quality of instruction, e.g., by in-
creasing pace of coverage, teacher enthusiasm, and so on. These
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global effects are presumably experienced by all students alike, as
a common fate associated with membership in the same class-
room.

Consequently, equation 1 should properly be replaced by the
specification:

yy = a+bix, +cz + ¢ (5]

where y; and x, are achievement and ability as before, and z;is a
measure of instructional treatment; ejj is again an error term.
Note that no X; term appears in equation 5. For any given student
(i) and (each) peer (i), the model associated with equation 5 can
be diagrammed as shown in Figure 2. Of course, the common fate
variable may also be defined at the school level rather than the
classroom level; thus, if y; is academic performance but x; is
parent SES, then z; might represent the impact of institutional
resource endowments (assuming that dollars do make a differ-
ence as school administrators insist).

Clearly, if instruction quality or school resources are the
postulated intervening mechanisms, direct measures of those
variables should be used for z. Thus, quality of instruction could
be represented in the model by measures such as amount of
teacher time devoted to class preparation, amount of curricular
material covered, or the like; similarly, resource endowments
could be represented by a measure such as budget expenditures
per student.

The implication of this type of intervening mechanism is, of
course, that class average ability or school mean SES terms in
equation 1 act merely as proxies for an intervening global variable
such as instructional quality or school resources. Under these
circumstances, any apparent “group effect” in the form of b.X;’j in
equation 4 would be indirect at best and would in fact conceal the
nature of the intervening common-fate variable directly responsi-
ble for the outcome.' Moreover, the common fate model is not
necessarily consistent even with an interpretation in terms of
indirect effects of X/, on y; mediated by z;. For example, let y;; be
achievement and x; aspirations, but assume that z; represents
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Figure 2: Common Fate Model of Indirect Effects

“exogenous” teacher characteristics (e.g., personal charisma). In
that case, the common-fate variable would be a cause—rather
than a consequence—of individual aspirations (as shown in
Figure 3). To be sure, average aspiration level might still act as a
proxy for teacher characteristics, but now the apparent effects of
Xij on y; would be spurious rather than indirect (due to their joint
dependence on z).

Evidently, the common fate model does not represent a con-
textual process that involves the presence of others in any essen-
tial way. Rather, it remains strictly a case of individual effects, in a
situation in which many individuals happen to share identical
scores on a “contextual” variable, z, whose effects occur entirely
at the individual level.

Group norms. A rather different intervening mechanism
comes into view if we consider the possible role of “group norms”
which are often credited as a source of contextual effects. Thus,
suppose y; represents achievement and x;; represents aspirations
as before, such that the scores of all students taken together might
be interpreted as defining group “norms” or “climate” with re-
spect to educational values. Evidently, if this “climate” is to have
an effect on individual performance, such an effect must be
understood as the result of processes of social interaction among
students. By rejecting the possibility of a direct impact of one stu-
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Figure 3: Common Fate Model of Spurious Effects

dent’s aspirations on another’s achievements as “social telepathy”
we have not, of course, ruled out the possibility that such an effect
could occur indirectly, via the impact of peer aspirations on one’s
own aspirations. Indeed the manner in which attitude and value
consensus may emerge from the process of interaction among
individuals suggests that the underlying model is one of mutual
influence among peers, as diagrammed in Figure 4.

If the model in Figure 4 correctly represents the operation of
value climates in the process of student achievement, then the
corresponding specification is given by:

yi =a+bix;+ef (6]

Note that there is no direct effect of x;’; on yj; rather, the effect of
Xi’j on yj is mediated entirely through that of the individual deter-
minant x;. Consequently, no group average term X.; appears in
equation 6. In other words, one student’s aspirations are as-
sumed to influence another student’s achievements only insofar
as they modify the latter’s aspirations. In turn the latter’s aspira-
tions generally affect performance, at the individual level, no
matter what combination of background factors (including peer
aspirations) may have helped to shape them.

To be sure, equation 1 misrepresents the process of Figure 4,
which in reality implies a zero coefficient for the group mean
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Figure 4: Social Norms Model of Indirect Effects

variable (the term Xi’j in equation 4). In practice, the implications
of the structural model may easily be clouded by errors of
measurement if a researcher has used imperfect indicators of the
exogenous variable, x;. Suppose yj is achievement, while x¥repre-
sents the set of educational values and aspirations typically asso-
ciated with family background and measured by an imperfect in-
dicator, x;, such as parental SES. Now, while interaction among
students may affect student values—the “true” exogenous vari-
able—that process will obviously not alter their parents’ SES, as
shown in Figure 5. Therefore, the effects of interaction on the true
scores, x¥ will not be reflected by the measured scores, x;.

If student values, x¥ had been measured directly, their effect on
achievement would be estimated correctly by the coefficient b¥in
Figure 5, and the effects of exogenous feedback involving the x#
would remain outside the model, as in equation 6. The conse-
quences of using the indicator x;; instead are twofold. First, the
impact of student values is underestimated by the coefficient by;
second, and more importantly, the impact of other student values
x}4 (actually zero) will be overestimated. The result will be the
misleading appearance of a separate effect based on the group
average Xi’j of the indicator variable, as in equation 4, since the
indirect effect of other student values x4 on performance is not
mediated by the measured scores, x;.> Of course, the preferred
strategy again is the use of a direct measure of the relevant con-
struct, e.g., individual student values, not parent SES; alterna-
tively, an unbiased estimate of b, could be obtained (e.g., via
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Figure 5: Social Norms Model with Measurement Error

LISREL) by using both x;; and X;’j as fallible indicators of the un-
observed variable x*;.

Unlike the intervening mechanisms considered previously, the
present case—feedback among the “exogenous” variables—
involves a genuine contextual process: interaction among indi-
viduals within a particular social structure. However, the effects
of that process remain entirely hidden from view: the impact of
social context on individual outcomes is confined to variables
which are “exogenous” with respect to the outcome variable of
interest, i.e., the impact of xi’j on x; cannot be represented in a
model in which y; is the dependent variable.

SUMMARY

The result of our examination of alternative contextual mecha-
nisms thus far may be stated succinctly. On the one hand, we have
shown that as a structural model the traditional formulation of
“individual effect plus group effect” models implies rather im-
plausible generating mechanisms for contextual effects (“social
telepathy”). On the other hand, we have found that interpre-
trations which lead to more plausible alternative generating
mechanisms are incompatible with the traditional specification,
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since the group mean terms in the conventional model of equation
1 cannot be derived from the intervening mechanisms we have
considered (“common fate” or “group norms”). We do not deny
the possibility that under special circumstances (e.g., measure-
ment error or model underspecification) group averages may
appear in estimation. But on substantive and logical grounds,
they have no place in any of the models that result from the
intervening mechanisms we have discussed thus far.

ENDOGENOUS FEEDBACK

SOCIAL CONTAGION PROCESSES

We have argued earlier that the notion of contextual effects
requires explicit assumptions about, and models of, social inter-
action among individuals. Therefore, we now introduce an alter-
native intervening mechanism through which contextual effects
could arise as a result of social interaction among individuals.
This type of mechanism underlies such social processes as
contagion, facilitation, competition, or conformity, all of which
lend specific meaning to the notion of “contextual effects.” What
characterizes these and many other social phenomena is the idea
of reciprocal influence or mutual adjustment of individuals inter-
acting with each other. Individual behavior is assumed to be both
passively responsive to the contextual cues provided by the
behavior of significant others, and at the same time actively
impinging upon the behavior of others sharing the same social
environment.

We shall refer to the class of situations involving such processes
of contextual interaction as cases of endogenous feedback, since
the behavioral outcomes of interest represented by the endog-
enous variable are assumed to be interdependent, in addition to
incorporating the effects of one or more exogenous variables.
Thus suppose y; is achievement and x; is ability. This time, how-
ever, we assume that the performance of one student is affected
by the performance (rather than a background characteristic) of
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another, and vice versa. The resulting model can be diagrammed
as in Figure 6. Note that the same model would be appropriate
without regard to the particular exogenous variables involved;
thus in a model for student achievement, x; might represent
student ability, student aspirations, parent SES, or whatever.
Note also that the substantive process involved (social contagion)
is the same as that assumed above (“social norms™), and the model
would indeed have been appropriate there if student values had
been the dependent variable in the earlier case.

The formal specification corresponding to this model is
characterized by two essential features. First, it includes terms
in yij in the equation for y;, where (i") represents the relevant
peers with whom (i) interacts; this has important implications
for the error terms, uy, which are discussed more fully below.
Second, the model incorporates explicit assumptions for each (i)
about who the relevant peers (') are; thus the “social structure”
through which the particular effects are mediated becomes an
integral part of the specification of the model, as suggested by
the w;» terms (and their assocated coefficient, a). Since this
endogenous feedback model is new to the contextual effects
literature, we provide a more complete presentation of its specifi-
cation and estimation below.

SPECIFICATION OF THE MODEL

We begin by considering the specification of the endogenous
feedback model in Figure 6. Let us assume that the data consist
of observations for all students in m classrooms, with n; students
per class. Our contextual hypothesis states that the achievement
of the i'" student in the j** classroom, yj, is a function of his or her
own academic ability, x; and of the achievement, yi;, of those
other students (i’) with whom the i student interacts, with con-
nectivity w;yi%j). These assumptions imply the following specifi-
cation of the model:’
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and x;, respectively; a is a feedback coefficient representing the
effect of mutual interaction among students, and 8; is an impact
coefficient representing the effect of a student’s individual ability.
wiji’/’) 1s @ weight pertaining to the extent of interaction between
student i of class j and student i’ of class j’; for two students who
do not interact, wgi'i) = 0, and wgyij) = 0 by definition. u; is an
independently distributed error term.

The general form of the model in equation 7 (assuming for
convenience from here on thatn; = n,=...=n;=n, withmn=N)
is given by

y=aWy+ XB+u, (8]



Erbring, Young / INDIVIDUALS AND SOCIAL STRUCTURE 411
where:

y is an N by | vector of outcome scores, yi,

X is an N by P matrix of exogenous variables, which could include
a constant term;

« is the feedback coefficient;

B is a P by | vector of regression coefficients for the exogenous
variables;

W is an N by N matrix of fixed weights representing the structure of
interaction through which the N units of observation are con-
nected with each other, with zeros along the main diagonal;

u is an N by | vector of disturbances, u;j, with u ~, N(0, o*1). (I is the
identity matrix.)

The structure of the contiguity matrix, W, is an integral part
of the model. In general, W represents exogenous information
about physical or social contiguity among members of the col-
lectivity. Thus, it mirrors an essential aspect of the social structure
characterizing a particular population and it defines the conduit
for a variety of substantive processes which involve interaction
among individuals—persuasion, contagion, competition, co-
operation, emulation, and so on. Clearly, W has to be specified
a priori, either on the basis of data about the incidence of relevant
pairwise contacts among students or, in the absence of more
specific information, by resorting to simplifying assumptions
about patterns of social interaction.

The definition of contiguity may vary depending on the type
of process assumed to generate the contextual feedback effects.
Thus, in the case of communication or contagion processes,
contiguity may be based explicitly on amount of face-to-face
interaction specific to each pair of students; whereas in the case
of comparison or competition processes, contiguity may be
defined as fixed and equal for all pairs of students in a given class-
room and zero for all pairs of students from different classrooms.
Moreover, the latter case of equal within-class contiguity and
zero between-class contiguity may also be a plausible assumption
about the probability of face-to-face interaction in the absence
of further information.
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In conjunction with the appropriate contiguity matrix W, the
feedback rate a is of critical importance from a substantive point
of view. It provides a measure of the extent to which the outcome
variable for each individual, e.g., academic performance, is
affected by contiguous “spillover” from other members of the
group.® Specifically, if the rows of W are normalized to sum to
unity, e.g., by expressing each individual’s amount of contact
with others in terms of proportions, then the metric of the depend-
ent variable is preserved by the endogenous feedback term. As a
result, a can be interpreted as the share of individual outcomes y;;
determined by contextual as opposed to individual mechanisms.

In its general form, the endogenous feedback model defines
an entire class of processes characterized by *“social contagion”
phenomena. Formally, yi = ayi’ states that for @ > 0 the impact of
yi on y; will be directly proportional to the score of y;’, while for
a < 0 the impact of yi- will be inversely proportional to yi". Sub-
stantively the model specializes to distinct processes by virtue of
alternative definitions of the sensitivity parameter . Thus, con-
sensus processes (assimilation) take the form y; = A(y.” - yi) while
polarization processes (contrast) take the form y; = A(yi - yr), with
0 <A <1 in both cases. In the former case, the effect of y,”on yi is
positive for y; < yi’and negative for y; > yi’(yi moves closerto y;’);
in the latter case, the opposite holds: the effect of y," on y, is posi-
tive if y’ <'y; and negative if yi > yi (y, moves away from y/').
Simple algebraic manipulation then leads to the following results
for

(a) assimilation:

yi= My’ - )

(1 + M)y = Ay’
yi = M (A + Dy’
(b) contrast:

yi = A(yi — )
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(I =My = Ay
yi= A (A - Dy

Thus, both cases are readily subsumed under the general form of
the contagion model such that & = A/(A + 1) > 0 represents “con-
sensus” processes and a = A /(A - 1) <O represents “polarization”
processes.

In order to appreciate the role of the endogenous feedback
component of the model in the contextual determination of
individual outcomes, it is instructive to rearrange the terms in
equation § to give:

(I-aW)y=XB+u (9]

Equation 9 expresses the dependent variable, net of feedback
effects, as a function of the exogenous variables and the dis-
turbances. Now, the reduced form of equation 9 is

y=U-aWy'B+{U-aW)'u [10]

Note that the inverse matrix in equation 10 is the limit of a con-
vergent infinite series of the form

(U-aWy'=T+aW+@W)+ ...
provided that -1 < o < 1. Thus, equation 10 can be written as
y=XB+(@W)XB+ (@WPXB+...+U-aWy'u  [I1]

Formally, equation 11 represents the equilibrium of the feedback
structure of the model.” Substantively, equation 11 illustrates
that the final scores on the endogenous variables incorporate
the results of cumulative “filtering” of the effects of exogenous
variables, including their direct impact on each individual mem-
ber of the group; their indirect effects due to the impact of ex-
ogenous variables on those with whom s/ he interacts, on those
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with whom his/ her first-order interaction partners interact, and
$O on.

ESTIMATION OF THE MODEL

Ordinary least squares estimation of @ and 8 from equation 8
would produce inconsistent estimates of model parameters.
Since a linear combination of observations for the dependent
variable appears on the right hand side of equation 8, there is
feedback between the regressors and the error term in the model.
This violation of the standard OLS assumptions becomes evident
upon closer examination of Figure 6. The figure shows the feed-
back process involving the respective academic achievement
levels of students in a class j which consists of two individuals,
i and 1’, who interact with one another with relative frequencies,
wiv and wy; (and who have no significant contact outside their
class). It can be seen that the impact of the performance of (i")
on that of (i) is confounded with the disturbance u;, which be-
comes part of yi; by virtue of the latter’s dependence on yy; the
same holds true for the impact of the performance of (i) on that
of (i), with respect to the disturbance uyj. Thus, the model is a
simultaneous equation structure, and the endogenous variable
must be purged of feedback effects before consistent estimates
of a and of B can be obtained.

In order to address the estimation problem, it is useful to
proceed from the rearranged form of the basic model given by
equation 9 above, which expresses the dependent variable, net
of feedback effects, as a function of the exogenous variables
and disturbances. If an estimate of a could be secured separately
and if the existence of the inverse matrix (/- a W)™ was assured,
then the remaining parameters could be estimated (conditional
on a fixed value of &) from the reduced form in equation 10, by
applying the appropriate transformation to the exogenous
variables. But the resulting estimates would still not be con-
sistent, since the reduced-form transformation would necessarily
destroy the independence property for the transformed dis-
turbances, i.e.,
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E[(/-aW) Lwd'td o) V) =(—aw) TE[wd] J—aw) V
= (2N [(-aW) U a)] !

which is a nondiagonal matrix.

A maximum likelihood estimation procedure that avoids the
disturbance problems associated with reduced-form estimation
in this case has been proposed recently by Ord (1975). The ML
estimator can be derived directly from the rearranged form of
the structural model in equation 9 above, i.e.,

Ay=XB+u

where A = (I - aW).

Since this specification contains the structural disturbances,
the original assumption of independently and identically dis-
tributed errors is preserved. It follows that the likelihood of
ye = Ay is a function of the density of u, where u = Ay - X8.
Assuming f(u) . N[0, o’]], therefore,

L[y°] = L(4y) = (2ma”) " exp[-(1/20"X(Ay - XB)(4y - XB)]. [12]

The dependent variable y° is unobserved since it contains the
unknown parameter a, but the observed y, which do not contain
the unknown parameter a, are linear transforms of the y . Thus,
using the Jacobian of the transformation y° = Ay, the resulting
likelihood function of y is

0’ 3
L(v] =L[V°||(Det ;‘—)I=L[Ayl | Det()! [13]

A3
=(2m02) N exp| (172000 (Ar XB) (A~ XB)] 1 Det(4)]
yiclding the log-likelihood function
Lx[aB.0% ] = (-N/2)In (2m0%) - (1/207) [(Ay  XB)(Ay—XB)] [14]

+ Inl Det(4)].
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Maximizing L* with respect to 8 and o’ yields the maximum
likelihood estimators

B=(XXy'XAy [15]
and, using equation 15,
6’ = [yyA’MAy}/N [16]
where
M=(- X(XX)'X).

These estimators are conditional upon «, which must be esti-
mated by iterative grid search based on its concentrated likeli-
hood function. The concentrated log-likelihood function for
a, using equations 15 and 16, is given by

L*[o;,8,6°] = [N/2(1 + 1n(2m)] - (N/2) In[o’ | Det(4)| ] [17]
Thus the solution is equivalent to finding the smallest value of
y'A’MAy/ | Det(A) |*".

The procedure suggested by Ord (1975) is based on the eigen-
values of W. It avoids the need to evaluate the determinant of
A = (I - aW) afresh for each trial value of a, and thus makes

maximum likelihood estimation computationally feasible.
Briefly, the eigenvalues Ai of W are the roots of the polynomial

|\[- W] =0 [18]
which can be factored into

LA -A)=0 [19]
whence

| M7= W] =TI - N, [20]
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Since the eigenvalues A* of @ W are proportional by « to those of
W, such that

| A= aW| = TIA* - ah) [21]
it follows that the required determinant is given by
| I-a W] =TL(1 - a\), [22]

Consequently, the quantity which is to be maximized by & in
equation 17 is given by

Min[Q/R]
where
R = [I(1 - ah)]™,
while
Q= yA'MAy=yMy-20yMWy + o’y W Wy.

Note that Q is simply the error sum of squares resulting from
ﬁ in equation 15. The evaluation of the A, in turn, may be further
simplified, especially for large matrices, if W can be forced into
block-diagonal form such that eigenvalues can be obtained
separately for each block. Even where this is not possible, com-
putation may be simplified if W contains a large number of
zero cells as will often be the case in practice.

In sum, endogenous feedback models not only provide a
theoretical specification of contextual effects; they are now
also well within reach of practical estimation.

SPECIFICATION BIAS

Before concluding our discussion of estimation issues, it may
be useful to consider the implications of a particular case of
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specification error which appear to be at the heart of the sta-
tistical debate over “contextual effects” associated with the
traditional formulation of equation 1. This is the case where the
correct model is really the endogenous feedback model,

y=aWy+XB+u [u ~ 1ID] (23]
but estimation is based instead on the underspecified “model”
y=XB+v [24]

which implies that
v=aWy+u [25]

Now, substituting for y in equation 25 reveals that the error
process has the form

vaW(XB+Vv)+u [26]

with the result that estimates of 8 from equation 24 will be biased
and inconsistent since X enters into, and hence is necessarily
correlated with, v. Moreover, equation 24 can be written as

y=XB+[aWXB+aWv + u] [27]

with the consequence that, if (for whatever reason) a term in
WX were added to the underspecified “model” of equation 24,
then the resulting estimating equation

y=XB+aWXB+ v* [v* = aWv + u] [28]

would lead to a substantively meaningless (spurious) coefficient
estimate associated with W X (which in any case would be a biased
and inconsistent estimate of af since, from equation 26, WX is
correlated with the disturbance term v* in equation 28). Further
discussion of autocorrelated error structures in contextual
models is provided in the Appendix.®
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The relationship between the conventional “group mean”
formulations of “contextual effects” and the omission of under-
lying endogenous feedback from the model can be brought into
sharper focus by considering the bias effect of that specification
error in the context of OLS estimation. Obviously the effects
of the specification bias in equation 24 depend on the form of
W (recall that there are a number of different ways to specify W).
For purposes of exposition we only consider the special case in
which pairs of student interactions are equally weighted within
classrooms, while no significant interaction occurs across class-
rooms. This specification is most readily tractable and corre-
sponds to the typical design for conventional discussions of
contextual effects at the “group” level.

Thus, we assume that, for a given school, Wis a block-diagonal
matrix containing blocks of (£¢ ’/n) on the diagonal (where { is
a vector of unities).” For this definition of W, the basic model
of equation 23 becomes

y=ay+ XB+u [29]
where
y=10({{'/n)y= Wy

is a vector of group means and ® denotes the Kronecker product.
Accordingly, the expectation of the OLS estimator for the in-
correctly specified model in equation 24

E(B) = B + E[(X'X)"' X'a Wy] [30]

reduces to
E(B) = B + E((X' X)X Fla. [31]
Now, if the model without the endogenous feedback term were

to be estimated from a “partitioned” (within-group) design,
separately for each of the j classrooms, then the bias in equation
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31 would remain confined to an intercept shift (since ¥,; is con-
stant within a given group).® In fact even if the theoretically
appropriate feedback term «y were included, the vector of 7.,
would be indistinguishable from the constant term of the model
in each group, and an estimate of a could not be obtained (i.¢.,
the data matrix would be singular). Thus, while the omission of
endogenous feedback from the specification will result in group-
specific intercept biases, estimates of exogenous impact co-
efficients would remain unbiased under a “within” design.

If instead the model without the endogenous feedback term
were to be estimated from a “total” (all groups combined) design,
the bias in equation 31 would extend to the coefficient estimates
for the exogenous variables. The reason for the latter effect
becomes readily apparent by recognizing, first, that the term
(X’X)"' X"y, which controls the bias in equation 31 above, is
simply the regression of group means ¥y, on the exogenous
variables; and second, that this regression is necessarily nonzero
whenever the regression of individual scores, y,, on the same
exogenous variables (i.e., (X’X)"' X’y in general) is nonzero to
begin with.” Thus under a “total” analysis design the omission of
endogenous feedback from the specification will lead to biased
estimates of the impact of exogenous variables on individual
outcomes.

There are several estimation strategies which might serve to
purge coefficients for the exogenous variables of the bias re-
sulting from omission of the endogenous feedback component,
One of these would be to use a pooled design with a more com-
plex error structure which acknowledges the existence of un-
specified group-level effects, e.g., in the form of group-specific
dummy variables. While this removes the bias from the co-
efficient estimates for the exogenous variables, it does not
eliminate bias from the model altogether; it merely reallocates
it to the “group” intercept terms (thus paralleling the results
obtained from partitioned estimation). Furthermore, this ap-
proach precludes any possibility of distinguishing this particular
source of bias from the effects of other possible specification
errors, all of which are confounded by fitting group-specific
intercepts.
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A second strategy which might help compensate for the
omission of endogenous feedback would be to introduce the
group means of the exogenous variable(s) as additional re-
gressor(s) in the total design, as in equation 1. Recalling that
the omitted feedback term, i.e., the group mean of the endog-
enous variable, is necessarily correlated with the group means
of the exogenous variable(s) in the model, the latter in effect
become proxies of the former during estimation. This estimation
procedure extracts the bias from the estimated structural co-
efficients and converts it into coefficient estimates associated
with the group means (which yield, in effect, partial intercept
shifts for the groups).!® The result is essentially equivalent to
the addition of group dummy variables except that it avoids the
“over-fitting” of the former approach. Unlike the use of dummy
variables, however, it invites substantive interpretations in
terms of “group-level effects” of exogenous variables which,
under the circumstances, are evidently spurious. Yet it is just
this statistical relationship which appears to underlie the tradi-
tional formulation of “contextual effects” as in equation 1.

The third strategy, and obviously the one which we would
advocate, is to eliminate the bias at the outset by proper specifi-
cation of the model, i.e., by allowing for the possibility of en-
dogenous feedback. Unlike either of the other approaches, such
a strategy seeks to model a social process whose validity is based
on explicit substantive considerations rather than merely on
statistical adjustments for group-level errors. Of course, the
endogenous feedback model is not tied to the special limiting
case of equal within-“group” contiguity and zero between-
“group” contiguity—more specific assumptions about social
structure and interaction can and should be incorporated. Nor
does the model depend on the particular kinds of exogenous
variables involved—individual characteristics, group treatments,
social background, or whatever. In any event, the question of
whether a particular outcome such as student performance can
legitimately (or plausibly) be associated with a specifiable process
involving interaction among individuals and predicated on
physical or social contiguity must be resolved on theoretical
grounds.
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CONCLUSION

Our examination of possible generating mechanisms for
contextual effects has led to several interesting conclusions.
We find that explicit rationalizations of the conventional model
of contextual effects are either formally deficient or structually
misspecified. In the former case they imply the postulation of
highly implausible substantive mechanisms (e.g., “social tel-
epathy™), while in the latter case they represent the impact of
variables which are independent of social interaction altogether
(e.g., common fate). Moreover, among rationalizations which do
acknowledge social interaction effects, those assuming feedback
among exogenous variables (e.g., group norms) merely posit
contextual effects beyond the reach of estimation. Only the
model based on endogenous feedback effects of social inter-
action (i.e., social contagion) provides a specification which
is both substantively meaningful and empirically compatible
with contextual explanations of social phenomena.

A natural consequence of social interaction processes is
interdependence of individual outcomes. While this property is
theoretically attractive it is empirically troublesome since it
leads to inconsistent OLS estimators of model parameters.
Fortunately, recent developments of maximum likelihood esti-
mation in spatial lattices have provided consistent estimators
for endogenous feedback models. Moreover, since the same
estimation problems can be shown to arise, in the form of auto-
correlated errors, whenever the investigator has omitted the
relevant contextual mechanisms from the specification of the
model, analogous adjustments of estimation procedure are re-
quired even with underspecified models. In particular, failure
to incorporate the endogenous feedback effects of social inter-
action in a model of individual outcomes can be shown to entail
specification bias in the form of spurious estimates of conven-
tional “group mean” effects.

These conclusions cast serious doubt on the substantive
validity of contextual models based on “group mean” effects.
If the notion of contextual effects is to signify substantive
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rather than statistical phenomena, then the assumption that
behavior begets behavior (mediated through a given social
structure) has much to recommend itself. In particular, the
specification of endogenous feedback allows—indeed compels—
the investigator to make explicit the social interaction mecha-
nisms believed responsible for “contextual effects” and the
social contiguity structure which defines the relevant interaction
opportunities. Where processes based on contiguity and inter-
action are not involved, the explanation of “group-level” effects,
should they occur in estimation, must be sought elsewhere.
Conversely, the endogenous feedback model avoids the need to
postulate action at a distance through reified “group norms.”

NOTES

1. Actually, b, would simply be proportional to ciCov(x,z).

2. In this case, the implied coefficient would be proportional to p,pobl”f

3. Our model was inspired by Mitchell (1969), who uses a similar idea to treat the
effects of spatial contiguity in explaining the take-over of local municipalities by guerilla
insurgents in Southeast Asia. We would like to thank Howard Rosenthal for bringing
this model to our attention. The model has also been discussed in Doreian and Hummon
(1976: chs. 6-7).

4. The parameter a is analogous to the feedback rate in a dynamic model, but here
feedback is filtered (weighted) by a two-dimensional structure (“lattice”) of social
(“spatial”) contiguity rather than a one-dimensional structure of temporal contiguity.

5. Values of a greater than unity would imply that indirect (“filtered”) effects attrib-
utable to the impact of exogenous variables on other members of the group become
stronger rather than weaker with increasing “distance” (assuming that W is normalized
to row sums of unity). More generally, the conditions for stability or “spatial” equilib-
rium are that aRe(A) < 1, where Re(\,) is the real part of any eigenvalue A, of W; thus,
stability requires that @ < 1/Re(Amax) Where Ama is the largest eigenvalue of W (assuming
Amax > 0 as will be the case with most definitions of contiguity). For the special case of W
row-normalized considered above, the largest eigenvalue is 1.0, and hence the stability
condition is: @ < 1. Here, the endogenous feedback model is presented only in its equi-
librium form, i.e., after all social-spatial spillover effects have run their course completely
(the distribution of y as mediated by the structure of the social process based on W is
being mapped back onto itself and is hence stable).

6. Autocorrelation is here defined in terms of a two-dimensional lattice, sometimes
referred to as lattice autocorrelation or “spatial” autocorrelation.

7. Actually, W should be represented by blocks of (2L - I,)/(n~ 1) since the main
diagonal of W is zero by definition: for any given individual (i), interaction effects can
emanate only from (all) other members of the group (i’). Thus the conventional “group
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mean” formulation is misspecified to begin with, with the result that the parameter « is
replaced by the quantity af{n/(n-1+a)]. However, we shall ignore this distortion for

the purpose of the argument in this section.
8. This result can be derived as follows (for W block-diagonal, with blocks of W, =

L8/ n):
Let: X, = [£X1], where £ is an n by 1 vector of 1's, and Xiisthen by (p - 1) matrix of
observations on the regular regressors for classroom 1; and let y; be the n by 1
vector of observations on the dependent variable for classroom 1. -

Then the “within” OLS estimator bias is given by the expectation of:

P ~ P
KX K ey = X X)X Wy
o ¢ | e
1 Y
- ,
-~ ~r o~ , QQ
e XX b i I
L n
7,
n |

The last step uses the tormula for the inverse of a partitioned matriv given in Theil

(1971: 18).
9. To extend the analysis in note 8 to a group of m classrooms, we set W =

(I@QQ’/n). F-or this latter definition of W the “total” QLS estimator bias is equivalent
to the expectation ot

1

a0 Wawr = ax'x) Xy

m m -1 m

T e T X n X7

i=1 =1 j=1"1

=Q

m m m
YR XX X'y

Z A 25

j=1 j=1 j=1

(where 7 is the mean value on the dependent variable for the j*" classroom, and X, isan n
by (P-1) matrix of observations for the regular exogenous variables for the j'" class-
room).

Upon expanding the expression after the last “=" sign, it will be found that for W =
(/18 22’/ n) the terms for both the constant term and the slope coefficients of the regular
regressors are NONzero.

10. In effect, the inclusion of a “group mean” term when estimating an individual-
level model may serve as a practically useful device to reduce bias in the “individual
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effect” estimates under these circumstances, even though the resulting “group effect”
estimates would be meaningless or inappropriate.

APPENDIX

Contextual effects may also be embedded in the error structure of a
model. For example, autocorrelated errors may represent the effects
of common fate variables and/or feedback processes omitted from
the specification; in particular, they may arise as a result of failing to
include endogenous feedback terms in the model, as discussed in the
text. These implicit contextual effects can be summarized graphically,
as in Figure 7. Note that the correlations among the errors could be
due to common fate variables (a), feedback among “exogenous”
variables (b), or endogenous feedback (c) (as indicated in Figure 7).

In these situations, the resulting autocorrelation among the error
terms will require special adjustments in order to avoid inconsistent
estimators. Thus, the structural specification of the “model” of Figure 7
is given by

y=Xg+u [Al]
where
u=pWu+e [e ~ 1ID]. [A2]
The autocorrelated errors assumption in equation A2 can be written as
(I-pW)u = ¢ [A3]
hence
u= (I-pW)'e. [A4]
Substituting this result back into the model (equation Al)
y = XB+ (I-pW)'e [A5]
and multiplying through by (I-pW) yields

(I-pW)y = (I-pW)XB * €. [A6]
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x; —= Yij - :;"4 £y

* -

(a) : >zJ
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< Uy - £y (4

Figure 7: Implicit Context Model(s) of Correlated Errors

For p known, equation A6 could be estimated by OLS, using

Z=VB+e [A7]
where

Z = (I-pW)y [Ag]
and

V = (I-pW)X. [A9]

For p unknown, one might consider working with the formulation

y=pyL+ XB - Xvy*e [A10]
where
yu = Wy [All]
and
X, = WX [A12]
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subject to the nonlinear constraint
Y = pB. [A13]

However, it can be shown that, even with the constraint, OLS in
equation A10 will yield inconsistent estimators (analogous to the case
of the endogenous feedback model considered in the text). Hence
an alternative approach is needed. Ord (1975) suggests an iterative
procedure, using OLS in equation A6 conditional on a given estimate
of p and using the MLE from equation 14 in equation A3 above on
the residuals of equation Al, i.e., conditional on a given estimate of
B from equation A6. The two-step process is repeated until con-
vergence of parameter estimates is reached (Cochrane-Orcutt pro-
cedure), or until the residuals in equation A6 no longer reveal signifi-
cant autocorrelation (Prais-Winston procedure), using a test proposed
by Ord (1975). Optionally, iteration might be preceded by a simple
grid search based on OLS in equation A7 to determine an approximate
starting value for p.

The explicit or implicit specification of contextual feedback effects
and the methods for estimating the parameters of such models can be
extended to other, more complex situations. For example, the assump-
tion of endogenous feedback may be appropriate on theoretical
grounds (social contagion process), but in addition, similar feedback
processes, or common fate effects, may also be operating with respect
to unspecified exogenous factors (i.e., among the error terms of the
model). This situation implies an endogenous feedback model with
an autoregressive error structure, i.e.,

(I-aW)y = XB +u [A14]
with
(I-pW)u = ¢ [e ~ 1ID] [A15]
which leads to the second-order equation
(I-pW)(I-aW)y = (I-pW)XB + € [Al6]
or

(I-(a* )W — apW)y = (I-pW)XB + ¢. [A17]
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Estimation may again be accomplished by an iterative procedure,
using equation Al6 to estimate a and 8 conditional on p by the MLE
method detailed above, using equation AlS to estimate p conditional
on a and B, again by MLE, and repeating the process until convergent
parameter estimates or uncorrelated residuals are reached. Again, a
two-dimensional grid search might serve to supply starting values for
a and p.

Comparison of equations A5 and A6 points up a further problem
which will often complicate empirical analysis. Thus, equation A5 is
a structural model with an infinite “moving-average” disturbance
(which can be written as a first-order autoregressive error, as in equa-
tion Al), while equation A6 is merely an estimating equation which
appears to suggest endogenous feedback as well as “direct” contextual
effects (in the sense of social telepathy) when in fact neither assumption
is part of the underlying structural model. The reverse also holds, e.g.,
the endogenous feedback model of the previous section

(I-aW)y = XB8 +u [A18]
in its reduced form
y = (I-aW)'X8 + (I-aW) 'lu [A19]
similarly implies an infinite “moving-average” error
v=(I-aW)u [A20]

which, in turn, could again be written as a first-order autoregressive
disturbance

(I-aW)v = u. [A21]

Thus, except for the structure of the exogenous term, equation A6 and
A18 are empirically indistinguishable, even though they are making
quite different substantive assumptions about contextual processes.
Finally, equation Al6 would be indistinguishable from a “genuine”
second-order endogenous feedback model (to the extent that the latter
assumption makes sense in a spatial or social lattice). Ultimately, as
always, only prior specification on substantive grounds can guide
the decision between alternative forms.
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