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Abstract. We discuss the calculation of the 1-loop effective action on four dimensional,
canonically deformed Euclidean space. The theory under consideration is a scalar φ4 model with
an additional oscillator potential. This model is known to be re normalisable. Furthermore,
we couple an exterior gauge field to the scalar field and extract the dynamics for the gauge
field from the divergent terms of the 1-loop effective action using a matrix basis. This results in
proposing an action for noncommutative gauge theory, which is a candidate for a renormalisable
model.

PACS numbers: 11.10.Nx, 11.15.-q

1. Introduction

This talk is based on a joint work with H. Grosse. For more details see [1]. The two dimensional
case has been discussed in [2].

Feynman rules for Quantum Field Theory over noncommutative spaces reveal new structures.
They stem from the modification of space-time at small length scales. Planar contributions
show the standard singularities which can be handled by the usual renormalisation procedure.
The non-planar one loop contributions are finite for generic momenta. However, they become
logarithmically divergent at exceptional momenta. The usual UV divergences are then reflected
in new singularities in the infrared, which is called UV/IR mixing. This spoils the usual
renormalisation procedure: Inserting such loops to a higher order diagram generates singularities
of any inverse power. In [3], H. Grosse and R. Wulkenhaar were able to give a solution of this
problem for the special case of a scalar theory defined on the canonically deformed Euclidean
space R

4
θ with commutation relation for the coordinates:

[xµ ⋆, xν ] = iθµν ,

where θij = −θji ∈ R, and the ⋆-product is given by the Weyl-Moyal product

f ⋆ g (x) = e
i/2θµν ∂

∂xµ
∂

∂yν f(x)g(y)
∣

∣

y→x
. (1)

For simplicity, we use the the following parametrisation of θµν :
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The UV/IR mixing contributions were taken into account through a modification of the free
Lagrangian by adding an oscillator term with parameter Ω,

S0 =

∫

d4x
(

1
2φ ⋆ [x̃ν, [x̃ν, φ]⋆]⋆ + Ω2

2 φ ⋆ {x̃ν , {x̃ν, φ}⋆}⋆

+µ2

2 φ ⋆ φ + λ
4!φ ⋆ φ ⋆ φ ⋆ φ

)

(x) , (2)

where x̃ν = θ−1
να xα and i∂µf = [x̃µ, f ]⋆. The spectrum of the free Hamiltonian is modified. The

harmonic oscillator term was obtained as a result of the renormalisation proof. The model fulfills
the Langmann-Szabo duality [4] relating short distance and long distance behaviour. There are
indications that a constructive procedure might be possible and give a nontrivial φ4 model,
which is currently under investigation [5].

In a different interesting approach, the UV/IR singularities are interpreted in terms of an
induced gravity action [6].

In order to obtain the action for a gauge theory, which hopefully is renormalisable, we extract
the divergent terms of the heat kernel expansion. Such a procedure leads in the commutative
case to a renormalisable gauge field action. We introduce the local, unitary gauge group G under
which the scalar field φ transforms covariantly like

φ 7→ u∗ ⋆ φ ⋆ u, u ∈ G. (3)

The approach employed here makes use of two basic ideas. First, it is well known that the ⋆-
multiplication of a coordinate - and also of a function, of course - with a field is not a covariant
process. The product xµ ⋆ φ will not transform covariantly,

xµ ⋆ φ 9 u∗ ⋆ xµ ⋆ φ ⋆ u .

Functions of the coordinates are not effected by the gauge group. Fields are taken to be elements
of a module [7]. The introduction of covariant coordinates

X̃ν = x̃ν + Aν (4)

finds a remedy to this situation [8]. The gauge field Aµ transforms such that we have for the
covariant coordinates:

X̃µ 7→ u∗ ⋆ X̃µ ⋆ u ;

Aµ 7→ iu∗ ⋆ ∂µu + u∗ ⋆ Aµ ⋆ u . (5)

This leads to the definition of a gauge invariant model, which is the starting point of our
investigations. This model is given by the following action:

S =

∫

d4x

(

1

2
φ ⋆ [X̃ν, [X̃ν, φ]⋆]⋆ +

Ω2

2
φ ⋆ {X̃ν, {X̃ν, φ}⋆}⋆

+
µ2

2
φ ⋆ φ +

λ

4!
φ ⋆ φ ⋆ φ ⋆ φ

)

(x) . (6)

Secondly, we apply the heat kernel formalism. The gauge field Aµ is an external, classical
gauge field coupled to φ. In the following sections, we will explicitly calculate the divergent
terms of the one-loop effective action. In the classical case, the divergent terms determine the
dynamics of the gauge field [9–11]. There have already been attempts to generalise this approach
to the non-commutative realm; for non-commutative φ4 theory see [12, 13]. First steps towards



gauge kinetic models have been done in [14–16]. However, the results there are not completely
comparable. Our action contains an oscillator term

Ω2

2
φ ⋆ {X̃ν, {X̃ν, φ}⋆}⋆ .

This term is crucial, it alters the free theory. Therefore, we expand around the free action
−∆ + Ω2x̃2 rather than −∆. As a consequence, the Seeley-de Witt coefficients cannot be used.

In the following sections, we describe our model and the employed method of extracting the
singular contributions of the one-loop action in some detail. The results are summarised and
discussed in the final Section.

2. The Model

The regularised one loop effective action for the model defined by the classical action (6) is given
by

Γǫ
1l[φ] = −1

2

∫ ∞

ǫ

dt

t
Tr
(

e−tH − e−tH0
)

. (7)

For the effective potential H we have the expression

δ2S

δφ2
≡ H =

2

θ
H0 + V . (8)

The field independent contributions are contained in the potential H0, whereas V involves linear
and quadratic terms in the gauge and matter field. The method is not manifestly gauge invariant,
contributions from different orders need to add up to a gauge invariant result.

The effective action is calculated as a power series in the potential V . In order to do so we
employ the Duhamel expansion which is an iteration of the identity

e−tH − e−tH0

=

∫ t

0
dσ

d

dσ

(

e−σHe−(t−σ)H0
)

= −
∫ t

0
dσ e−σH θ

2
V e−(t−σ)H0

, (9)

yielding

e−tH = e−tH0 − θ

2

∫ t

0
dt1e

−t1H0

V e−(t−t1)H0

+
(θ

2

)2
∫ t

0
dt1

∫ t1

0
dt2e

−t2H0

V e−(t1−t2)H
0

V e−(t−t1)H0

+ . . . (10)

Therefore, we get for the 1-loop effective action the following formula:

Γǫ
1l = −1

2

∫ ∞

ǫ

dt

t
Tr

(

e−tH − e−tH0

)

=
θ

4

∫ ∞

ǫ
dt Tr V e−tH0 − θ2

8

∫ ∞

ǫ

dt

t

∫ t

0
dt′ t′ Tr V e−t′H0

V e−(t−t′)H0

(11)

+
θ3

16

∫ ∞

ǫ

dt

t

∫ t

0
dt′
∫ t′

0
dt′′ t′′ Tr V e−t′′H0

V e−(t′−t′′)H0

V e−(t−t′)H0

− θ4

32

∫ ∞

ǫ

dt

t

∫ t

0
dt′
∫ t′

0
dt′′
∫ t′′

0
dt′′′ t′′′ Tr V e−t′′′H0

V e−(t′′−t′′′)H0

V e−(t′−t′′)H0

V e−(t−t′)H0

+O(θ5) .



The calculations are performed in the matrix basis, where the star product is just a matrix
product:

Aν(x) =
∑

p,q∈N2

Aν
pqfpq(x) , φ(x) =

∑

p,q∈N2

φpqfpq(x)

and

fpq ⋆ fmn = δqmfpn, (12)

f0 ⋆ f0 = f0 . (13)

This choice of basis simplifies the calculations. In the end, we will again represent the results in
the x-basis. From the coordinates we can build two oscillators:

a(1) =
1√
2
(x1 + ix2), a(2) =

1√
2
(x3 + ix4). (14)

The ground state f0 is a idempotent under star multiplication and is given by a Gaußian,

f0(x) = 4 e−
1

θ

P

i x2
i .

All the other basis elements are obtained by acting with creation and annihilation operators
from the left and right, respectively:

f
m1

m2
n1

n2

= α(n, m, θ) ā(2)⋆m2

⋆ ā(1)⋆m1

⋆ f0 ⋆ a(1)⋆n1

⋆ a(2)⋆n2

, (15)

ā(1) ⋆ f
m1

m2
n1

n2

=
√

θ(m1 + 1)f
m1+1

m2
n1

n2

, (16)

a(1) ⋆ f
m1

m2
n1

n2

=
√

θm1f
m1

−1

m2
n1

n2

. (17)

In the next step, we have to apply the above method to the gauge invariant model (6). After a
suitable rescaling, all the operators depend, beside on θ, only on the following three parameters:

ρ =
1 − Ω2

1 + Ω2
, ǫ̃ = ǫ(1 + Ω2), µ̃2 =

µ2θ

1 + Ω2
. (18)

The part of the effective potential independent of the gauge field in the matrix basis is given by

H0
mn;kl

1 + Ω2
=

( µ̃2

2
+(n1+m1+1)+(n2+m2+1)

)

δn1k1δm1l1δn2k2δm2l2

−ρ
(

√
k1l1 δn1+1,k1δm1+1,l1 +

√
m1n1 δn1−1,k1δm1−1,l1

)

δn2k2δm2l2

−ρ
(

√
k2l2 δn2+1,k2δm2+1,l2 +

√
m2n2 δn2−1,k2δm2−1,l2

)

δn1k1δm1l1 . (19)



For the field dependent potential V we obtain

Vkl;mn(1 + Ω2) =
( λ

3!(1 + Ω2)
φ ⋆ φ +

(

X̃ν ⋆ X̃ν − x̃2
)

)

lm
δnk

+
( λ

3!(1 + Ω2)
φ ⋆ φ +

(

X̃ν ⋆ X̃ν − x̃2
)

)

nk
δlm

+
( λ

3!(1 + Ω2)
φlmφnk − 2ρAν,lmAν

nk

)

+ρi

√

2

θ

(√
n1A

(1+)

l1

l2
m1

m2

δ
n1

−1

n2
k1

k2

−
√

n1 + 1A
(1−)

l1

l2
m1

m2

δ
n1+1

n2
k1

k2

+
√

n2A
(2+)

l1

l2
m1

m2

δ
n1

n2−1
k1

k2

−
√

n2 + 1A
(2−)

l1

l2
m1

m2

δ
n1

n2+1
k1

k2

)

−ρi

√

2

θ

(

−
√

m1 + 1A
(1+)

n1

n2
k1

k2

δ
l1

l2
m1+1

m2

+
√

m1A
(1−)

n1

n2
k1

k2

δ
l1

l2
m1

−1

m2

−
√

m2 + 1A
(2+)

n1

n2
k1

k2

δ
l1

l2
m1

m2+1

+
√

m2A
(2−)

n1

n2
k1

k2

δ
l1

l2
m1

m2−1

)

(20)

with the definition
A(1±) = A1 ± iA2, A(2±) = A3 ± iA4 .

The heat kernel e−tH0

of the Schrödinger operator can be calculated from the propagator given
in [3]. In the matrix base of the Moyal plane, it has the following representation:

(

e−tH0
)

mn;kl
= e−t(µ2θ/2+ΩD)δm+k,n+l

D/2
∏

i=1

Kmini;kili(t) , (21)

Km,m+α;l+α,l(t) =

min(m,l)
∑

u=0

√

(

m

u

)(

l

u

)(

α + m

m − u

)(

α + l

l − u

)

(22)

× e2Ωt

(

1 − Ω2

2Ω
sinh(2Ωt)

)m+l−2u

XΩ(t)α+m+l+1 ,

where

XΩ(t) =
4Ω

(1 + Ω)2e2Ωt − (1 − Ω)2e−2Ωt
. (23)

The above expressions have to be inserted into the Duhamel expansion (11). Here, we are only
interested in gauge theory. Therefore, we concentrate on the divergent terms involving only the
gauge field and assume λ = 0.

3. Some Remarks on the Calculation

In order to extract the divergent contributions we employ the following method:

• First, expand the integrands of the Duhamel expansion (11) for small auxiliary parameters
t, t′, t′′, . . . .

• Expand the infinite sums over indices occuring in the heat kernel but not in the gauge field;
divergences stem from these infinite sums. The other contractions are finite assuming that
A is a traceclass operator.

• Integrate over the auxiliary parameters.



• Convert the results to x-space using

∑

m

Tmm =
1

(2πθ)2

∫

d4xT (x) . (24)

To first and second order in the potential V , the effective action contains both, logarithmic and
quadratic divergences. To third and fourth order, only logarithmic ones occur. Higher powers in
the potential are already finite. This can easily be seen from a power counting argument in the
auxiliary parameters. Let us consider the contribution to the effective action of order k. Due
to Eq. (11), there are k auxiliary parameters. They for themselves produce a factor tk−1. The
infinite sums over the integral kernels contribute inverse powers of t. For example, we have in
first order:

∞
∑

n=0

Kmn;nm(t) ∼
∑

n

XΩ(t)n ∼ 1

t
+ O(t0) (25)

∞
∑

n=0

√
n + 1Km+1,n+1;n,m(t) ∼

√
m + 1

t
+ O(t0) ; (26)

and in second order:
∞
∑

n=0

Knm;mn(t′)Kn+1,c;c,n+1(t − t′) ∼
∑

n

XΩ(t′)nXΩ(t − t′)n ∼ 1

t
+ O(t0, t′0)

∞
∑

n=0

√
n + 1Knm;m+1,n+1(t

′)Kn+1,c;c,n+1(t − t′) ∼
√

m + 1
t′

t2
+ O(t′0, t0) . (27)

The potential V may contribute in the worst case a factor
√

n
k

to the infinite sums of order k.
Therefore, these sums contribute a factor

∑

n

nk/2XΩ(t(k))nXΩ(t(k−1) − t(k))n . . .XΩ(t)n ∼
(

1

t

)⌊k/2⌋+2

, (28)

where ⌊l⌋ is the greatest integer function (see e.g. Mathematica for an exact definition). Hence,
the contribution to order k is given by

(

1

t

)⌊k/2⌋+3−k

. (29)

For k = 1, the exponent is 2, which means that quadratic divergences occur. In the case of
k = 5, the exponent is 0 and the integration yields a finite result.

Details of the calculations are provided in [1].

4. Results and Conclusions

Let us summarise the results. In the selfdual case, Ω = 1 the divergent contributions are of
an especially simple form. The matrix base expressions for the effective potential and the heat
kernel simplify a lot. The effective action describes a pure matrix model. The one-loop effective
action is given by

Γǫ
1l =

1

16π2

∫

d4x

(

1

ǫθ
(X̃ν ⋆ X̃ν − x̃2) (30)

+

(

µ2

2
(X̃ν ⋆ X̃ν − x̃2) +

1

2

(

(X̃µ ⋆ X̃µ) ⋆ (X̃ν ⋆ X̃ν) − (x̃2)2
)

)

ln ǫ

)

.



In this case, we propose the logarithmically divergent part as action for the gauge field:

S =
1

16π2

∫

d4x

(

µ2

2
(X̃ν ⋆ X̃ν − x̃2) +

1

2

(

(X̃µ ⋆ X̃µ) ⋆ (X̃ν ⋆ X̃ν) − (x̃2)2
)

)

. (31)

In the case Ω 6= 0, we obtain much more structure and a dynamics:

Γǫ
1l =

1

192π2

∫

d4x

{

24

ǫ̃ θ
(1− ρ2)(X̃ν ⋆ X̃ν − x̃2) (32)

+ ln ǫ

(

12

θ
(1 − ρ2)(µ̃2 − ρ2)(X̃ν ⋆ X̃ν − x̃2)

+6(1 − ρ2)2
(

(X̃µ ⋆ X̃µ)⋆2 − (x̃2)2
)

− ρ4FµνFµν

)

}

,

where Fµν = −i[x̃µ, Aν]⋆ + i[x̃ν, Aµ]⋆ − i[Aµ, Aν]⋆ . Again, we propose the logarithmically
divergent part as an action describing the dynamics of the gauge field,

S =
1

192π2

∫

d4x

{

12

θ
(1− ρ2)(µ̃2 − ρ2)(X̃ν ⋆ X̃ν − x̃2) (33)

+6(1 − ρ2)2
(

(X̃µ ⋆ X̃µ)⋆2 − (x̃2)2
)

− ρ4FµνFµν

}

.

Both, the linear in ǫ and the logarithmic in ǫ divergent term of the one-loop effective action turn
out to be gauge invariant. The logarithmically divergent part is an interesting candidate for a
renormalisable gauge interaction. The sign of the term quadratic in the covariant coordinates
may change depending on whether µ̃2 ≶ ρ2. This reflects the structure of a phase transition.
The case Ω = 1 (ρ = 0) is of course of particular interest. One obtains a pure matrix model.
In the limit Ω → 0, we obtain just the standard deformed Yang-Mills action. Furthermore, the
action (32) allows to study the limit θ → ∞.

In addition, we will attempt to study the perturbative quantisation. One of the problems
of quantising action (32) is connected to the tadpole contribution, which is non-vanishing and
hard to eliminate. The Paris group also considered the 1-loop effective action in the case Ω 6= 0.
They calculated the divergent contributions in x-space by evaluating Feynman diagrams and
arrived at the same result [17, 18].

Solutions of the equations of motion for similar models have already been considered in [19,20].

An appropriate rescaling of the covariant coordinates X̃α →
√

2
√

3√
θ

X̃α and the identification

τ ≡ −
√

3 1−ρ2

ρ2 leads to the equations of motion

DνF
σν = τX̃σ + τ2{X̃σ, X̃ν ⋆ X̃ν}⋆ , (34)

where we have assumed for simplicity µ̃ = 0 and used

DνF
σν = −i[X̃ν,−i[X̃σ, X̃ν]⋆ + θ−1 µν ]⋆ = −[X̃ν, [X̃

σ, X̃ν]⋆]⋆ .

In [20], the matter fields have been included in order to find some solutions. However, the gauge
part (34) alone also exhibits a number of solutions which are currently under investigation.

For noncommutative U(1) gauge theory a similar model has been discussed in [21]. This
model includes an oscillator potential for the gauge fields, x̃2A2. Other terms occuring here are
missing. Hence, the considered action is not gauge invariant, but a BRST invariance could be
established. These terms may nevertheless come into the game through one loop corrections.
In this approach the tadpole contribution does not vanish, but turns out to be finite which is
remarkable indeed.
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[7] B. Jurčo, P. Schupp, and J. Wess, “Noncommutative gauge theory for Poisson manifolds,” Nucl. Phys.

B584 (2000) 784–794, hep-th/0005005.
[8] J. Madore, S. Schraml, P. Schupp, and J. Wess, “Gauge theory on noncommutative spaces,” Eur. Phys. J.

C16 (2000) 161–167, hep-th/0001203.
[9] A. H. Chamseddine and A. Connes, “The spectral action principle,” Commun. Math. Phys. 186 (1997)

731–750, hep-th/9606001.
[10] E. Langmann, “Generalized Yang-Mills actions from Dirac operator determinants,” J. Math. Phys. 42

(2001) 5238–5256, math-ph/0104011.
[11] D. V. Vassilevich, “Heat kernel expansion: User’s manual,” Phys. Rept. 388 (2003) 279–360,

hep-th/0306138.
[12] V. Gayral, “Heat-kernel approach to UV/IR mixing on isospectral deformation manifolds,” Annales Henri

Poincare 6 (2005) 991–1023, hep-th/0412233.
[13] V. Gayral, J. M. Gracia-Bondia, and F. R. Ruiz, “Trouble with space-like noncommutative field theory,”

Phys. Lett. B610 (2005) 141–146, hep-th/0412235.
[14] D. V. Vassilevich, “Non-commutative heat kernel,” Lett. Math. Phys. 67 (2004) 185–194, hep-th/0310144.
[15] V. Gayral and B. Iochum, “The spectral action for Moyal planes,” J. Math. Phys. 46 (2005) 043503,

hep-th/0402147.
[16] D. V. Vassilevich, “Heat kernel, effective action and anomalies in noncommutative theories,” JHEP 08

(2005) 085, hep-th/0507123.
[17] A. de Goursac, J.-C. Wallet, and R. Wulkenhaar, “Noncommutative induced gauge theory,”

hep-th/0703075.
[18] A. de Goursac, “On the effective action of noncommutative yang-mills theory,” arXiv:0710.1162 [hep-th].
[19] A. de Goursac, A. Tanasa, and J. C. Wallet, “Vacuum configurations for renormalizable non-commutative

scalar models,” arXiv:0709.3950 [hep-th].
[20] H. Grosse and R. Wulkenhaar, “8d-spectral triple on 4d-moyal space and the vacuum of noncommutative

gauge theory,” arXiv:0709.0095 [hep-th].
[21] D. N. Blaschke, H. Grosse, and M. Schweda, “Non-commutative u(1) gauge theory on r**4 with oscillator

term,” arXiv:0705.4205 [hep-th].


