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Induced polarization response of porous media with metallic particles —

Part 7: Detection and quantification of buried slag heaps

Youzheng Qi1, Abdellahi Soueid Ahmed1, André Revil1, Ahmad Ghorbani2, Feras Abdulsamad3,

Nicolas Florsch3, and Jeremy Bonnenfant4

ABSTRACT

With the progress of metallurgical activities, more and more
dumped slag heaps emerge as valuable deposits to feed the grow-
ing need for metal resources. Detecting, quantifying, and reextract-
ing metals from these slags may complement the prospection of
new ore deposits. However, the spatial delineation of the slag heap
cannot easily be obtained from the resistivity distribution alone
(determined either with galvanometric or with induction-based
methods). Although the magnetic method can detect slag heaps,
it fails to make an estimation of the quantity of metal present in the
slag. Alternatively, the induced polarization (IP) method can be

used to fulfill this goal. The complex conductivity responses of
slag samples from a slag heap in France are obtained in the labo-
ratory. These data are used to assess the grade of the slag, which is
close to 8%. Then, a least-squares 3D IP inversion is used to get
the subsurface chargeability distribution delimiting the slag heap
in the ground. From the linear relationship determined between the
chargeability and the volumetric metal content or the volumetric
slag content, the metallic volume of the slag heaps can be directly
determined. This approach is used at the site of Saint-Vincent sur
L'Isle, Dordogne (France), where it allows characterizing the shape
of a slag heap and quantifying the total cumulative metal content
of the investigated area.

INTRODUCTION

Metal resources helped build modern societies, and today they
remain an integral component of our development. With global
industrialization and population increases, there is a surging need
for metals to fulfill the growing demand. Except prospecting and
exploiting of new mineral deposits, which is commonly seen as the
main method to partially meet the demand, there are also some other
complementary methods, such as scrap metal recycling (Damgaard
and Christensen, 2011). During the history of metallurgical activities,
slag have been piled, dumped, and buried (Beck et al., 2008). With
the technological progress in metallurgy, previously dumped slag
heaps can become valuable deposits worth being reinvestigated
(Günther andMartin, 2016). Geophysical investigation of slag depos-
its is usually done because of the contamination problems they may

represent (Banks et al., 1997). Investigating ancient metallurgical slag
heaps from smithing may also have archeological implications re-
garding the past production of iron in these areas (Decombeix et al.,
1998). Finally, the type of investigation discussed below may have
application to the monitoring of bioleaching (Ogbonna et al., 2006).
In this paper, we are interested exclusively in the detection and

quantification of metallurgical slags from iron silicate smithing.
Such slag deposits cannot be easily detected using the electrical re-
sistivity distribution determined by the means of galvanometric or
electromagnetic (EM) methods. Although the magnetic method can
localize slag heaps due to the magnetic properties of the metallic
particles (essentially associated with the presence of magnetite), it
cannot quantify the metallic content of the slag because the mag-
netic field lines do not conserve the magnetic flux (Florsch et al.,
2011, 2012). Among the arsenal of geophysical methods that we
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have, the induced polarization (IP) method is probably the most
meaningful to fulfill our goals (Florsch et al., 2011, 2012, 2017).
IP is a nonintrusive method that works on the basis of the capaci-

tive characteristics of porous media. In other words, it can map a
property called chargeability, reflecting the ability of a material to
reversibly store electrical charges under the action of a primary elec-
trical field or electrical current. The iron slag can be considered it-
self as a porous medium with dispersed metallic grains and notable
polarization responses have been reported for such materials (Ull-
rich et al., 2008; Florsch et al., 2011, 2012; Günther and Martin,
2016). This phenomenon makes IP a suitable and appealing method
to detect buried slag heaps.
The underlying physical theory of dispersed metallic particles in

a porous matrix can be found in the previous papers of this series
(Revil et al., 2015a, 2015b). In the first paper in this series (Revil
et al., 2015a), using a physics-based model, we proposed a set of
simple relationships to model the complex conductivity of dispersed
ores based on the effective medium theory. This model was vali-
dated in the subsequent papers (Revil et al., 2015b, 2017b, 2017c).
More precisely, a simple linear relationship between the chargeability
and the volume fraction of metallic particles of the porous media was
developed based on theoretical arguments and tested on semiconduc-
tors, metals, and semimetals. This relationship will be further tested
and used in this paper in the context of slag heaps. This relationship
makes the quantification of the metallic content in the slag heaps a
reality provided that the chargeability distribution of the ground is
reliably inverted.
Although the IP method has been widely used in many disciplines

of earth sciences, applications of this method to slag heaps are still
relatively scarce. The quantitative determination of the metal content
is a task that has never been completed so far. Weller et al. (2000),
Ullrich et al. (2008), andMeyer et al. (2007) use the IP method on slag
heaps. Ullrich et al. (2007) describe an empirical procedure to evaluate
the volume of the slag heaps in Munigua (Spain). The contours of

the slag heap were identified based on a phase isovalue of 30 mrad.
Considering the total volume of the slag heaps (2800 − 3000 m3), the
average density of the slag, and the empirical ratio between the slag
and the metal (10:1), a total production of approximately 1000 tons of
metal was determined by the approach used. Their approach is how-
ever empirical, whereas we propose a more mechanistic approach sup-
ported by a high number of experimental data sets, as reported in our
previous papers. Florsch et al. (2011, 2012) show the potential of the
IP method for the detection and the quantification of the slag heaps;
they quantify the slag content rather than the metallic content of the
slag. That said, the metallic contents are far more meaningful than the
slag content in terms of determining the total quantity of metal still
present in the slag heap.
This paper can therefore be seen as an application of the previous

papers in this series (Revil et al., 2015a, 2015b, 2017b, 2017c; Mao
and Revil, 2016; Mao et al., 2016). We are interested in combining
petrophysics and field measurements to demonstrate that the metal
content of a slag heap can be determined quantitatively. The paper
is organized as follows. We first summarize the main findings of our
previous papers, and we apply them to slag heaps. Laboratory experi-
ments are then conducted on slag samples to check the relationship
between the chargeability and the metal content. 3D IP inversion is
used to obtain the chargeability distribution in the ground at a field
test site in France to determine the metal content at this site.

UNDERLYING THEORY

Cole-Cole representation of the complex conductivity

First, we summarize the findings obtained in the previous papers
of this series (Revil et al., 2015a, 2015b, 2017b, 2017c; Mao and
Revil, 2016; Mao et al., 2016). We consider the type of mixture
sketched in Figure 1 and described physically in Appendices A
and B. To account for electromigration and diffusion of the charge
carriers in their concentration fields, Ohm’s law can be written as
(Olhoeft, 1985)

J ¼ σ�E ¼ ðσ 0 þ iσ 0 0ÞE; (1)

where J (in Am−2) denotes the total current density, E denotes the
electrical field (Vm−1), i ¼

ffiffiffiffiffiffi

−1
p

is the pure imaginary number, and
σ� (in S m−1) denotes the complex conductivity. The real part σ 0

(in-phase component) of the complex conductivity σ� is related
to the electromigration processes affecting the charge carriers,
whereas the imaginary part σ 0 0 (quadrature component) denotes
their ability to be stored in the material (capacitive effect). The
phase φ (in rad) is defined as tan φ ¼ σ 0 0∕σ 0.
Buried metals are not easily observed by resistivity tomography

alone (Florsch et al., 2011, 2012) because metallic targets can behave
as insulators at low frequency (see Mao et al., 2016). However, dis-
persed metallic bodies have a strong ability to polarize in an electrical
field (Marshall and Madden, 1959; Wynn et al., 1985; Ostrander and
Zonge, 1978; Misra et al., 2016a, 2016b). To quantify slag heaps, an
appropriate mathematical model must be introduced based on the rep-
resentative elementary volume shown in Figure 1.
The Cole and Cole (1941) model is known to prevail over other

models by providing a simple yet accurate representation of IP spec-
tra of disseminated ore (Zonge and Wynn, 1975; Pelton et al., 1978;
Yuval and Oldenburg, 1997). With this parametric representation,
the complex conductivity entering equation 1 is written as

Figure 1. Representative elementary volume of a mixture of slag
and soil. The background material around the metallic particles
is formed by the combination of the slag and soil matrices, which
are porous and are characterized by a low polarizability by compari-
son with the polarization characteristics of the metallic grains (semi-
conductors, semimetals, and metals).
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σ � ðωÞ ¼ σ∞

�

1 −
M

1þ ðiωτ0Þc
�

; (2)

where ω denotes the angular frequency, 0 ≤ c ≤ 1 denotes the
Cole-Cole exponent (dimensionless), τ0 denotes the time constant
(in s), M ¼ ðσ∞ − σ0Þ∕σ∞ denotes the intrinsic total chargeability
(dimensionless but sometimes expressed in mVV−1) with
0 ≤ M ≤ 1, and σ0ð< σ∞Þ and σ∞ (both in S∕m) denote the DC
(ωτ0 ≪ 1) and high-frequency or “instantaneous” (ωτ0 ≫ 1) elec-
trical conductivities, respectively (see Figure 2). The Cole-Cole
model given by equation 2 corresponds to the low-frequency com-
ponent of the double Cole-Cole model described in Appendix C.
With the introduced Cole-Cole model, relationships can be found
between the Cole-Cole parameters and the
medium properties. As our previous theoretical
analyses and laboratory results revealed, the in-
trinsic total chargeability is the best parameter to
characterize metallic bodies in the porous
medium because there is a simple linear relation-
ship between the total chargeability and the met-
allic volumetric content (see Figure 3). This is
true as far as the volume fraction of metal is
<33%, which is normally satisfied for the slag
heaps. The chargeability M of the mixture of
the background material and the metallic particles
is related to the volume fraction of metallic par-
ticles φm as (Revil et al., 2015a, 2015b, 2017b,
2017c; see the discussion in Appendices A and B,
and see Figure 3)

M ¼ 1 − ð1 −MbÞð1 −MmÞ; (3)

M ¼ 9

2
φm þMb; (4)

where Mm ¼ ð9∕2Þφm denotes the chargeability
associated with the metallic particles themselves
and Mb ≪ 1 denotes the chargeability of the
background material alone. The chargeability of
the background material is roughly a constant (at
a given salinity) when plotted as a function of the
cation exchange capacity (CEC) of the material
(Figure 4). This CEC is used as a proxy of the
specific surface area of the material and, at a given
mineralogy, of the clay content. A model of the
chargeability of the background is discussed in
Appendix A. At low salinity, we haveMb ¼ R ¼
8 × 10−2 independent on saturation, temperature,
and salinity (in the low-salinity regime).
The chargeability of the material is related to

the grade of slag G (mass fraction of metal in the
slag) by a relationship derived in Appendix B:

M ¼ 9

2

�

Gρslag

ρm

�

φslag þMb; (5)

where φslag denotes the volume fraction of slag in
the representative elementary volume shown in
Figure 1, ρslag and ρm denote the mass density

of the slag and metallic particles, respectively. In the laboratory ex-
periment described below, the background material will be the sand
and the nonmetallic material around the metallic particles in the slag.
This means that with the subsurface distribution of the total charge-
abilities, we can directly estimate the metallic content from IP data.

Time-domain versus frequency-domain IP

Based on the difference between the transmitter waveforms, the
IP method can be operated either in the time domain (TDIP) or in
the frequency domain, the latter method is often called spectral IP
(SIP) when multiple frequencies are used. SIP prevails over TDIP
by its wider frequency range and the resulting richer information.
TDIP is usually used in the field because most resistivity meters can

a)

b)

Figure 2. Polarization of metallic particles. (a) Measured potential difference between
two voltage electrodes M and N for an alternating box current input (through current
electrodes A and B). The decaying secondary voltage is decomposed into windows (W1,
W2, etc.) separated by characteristic times (t0, t1, t2, etc.). (b) The difference between the
instantaneous conductivity and the DC conductivity is due to the polarization of the
metallic grains of a diameter a. The n and p charge carriers correspond to the electrons
and p-holes in the metallic particles, which are both mobile. The characteristic time for
the relaxation of the charge carriers is related to the size of the metallic grains and the
conductivity of the background.
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operate TDIP measurements. In TDIP, a bipolar periodic square cur-
rent waveform is used. The secondary voltage curve is measured
after the shutdown of the primary current (Figure 2a). Using these

voltage values, one can derive the partial apparent chargeability in
each window. During the secondary voltage decay ψðtÞ, considering
two times t1 and t2 > 0 (t ¼ 0 corresponds to the shutdown of the
primary current), the partial chargeability is defined as

Mt1;t2
¼ 1

ψ0

Z

t2

t1

ψðtÞdt; (6)

where ψ0 denotes the difference of potential between the electrodes
M and N just before the shutdown of the primary current and ψðtÞ
denotes the secondary voltage decaying curve between electrodes
M and N (Figure 2). The partial chargeability and the chargeability
are related to each other by

Mt1;t2
¼ Mðt2 − t1Þ (7)

as long as the two times t1 and t2 are chosen, such as t1 < t2 ≪ τ

(Florsch et al., 2011). Because the inverted partial chargeability in
the first window is the total chargeability times a time constant
Δt ¼ t2 − t1, as shown in equation 7, it must also obey a linear re-
lationship with the metallic particle content.

LABORATORY EXPERIMENTS

Our goal here is to look at a relationship between the slag content
and the chargeability in the laboratory and to demonstrate that these
measurements can be used to assess the grade of the slag. A sketch
of the experimental setup is shown in Figure 5a. The potential elec-
trodes are nonpolarizable Cu∕CuSO4 electrodes with a diameter of
6 mm (for details, see Florsch et al., 2011). The current electrodes
are tinfoil located on both end faces of the sandbox, which is filled
with the sand and slag. These current electrodes are used to inject a
uniform current through the sandbox. The complex conductivity ex-
periments reported in this section were made with the ZEL-SIP04-
V02 impedance meter (see Figure 5b and Zimmermann et al., 2008).
The spectra were obtained in the frequency range of 1 Hz to 45 kHz.
The slag samples used in this section are iron-rich slags (see the

composition in Table 1 for seven cores) from the test site discussed
below in this paper. There are dark-gray relatively dense and porous
materials. The bulk density of the water-saturated slag is approxi-
mately 2600� 100 kgm−3 (see Table 2). The grain density is approx-
imately 3480� 100 kgm−3, and the porosity is 0.32� 0.05. The
sand is a pure silica sand, with a mean grain diameter of 160 μm and
a porosity of 40%.
We used the following procedure to measure the mass and volu-

metric content of slag in mixed sand and slag tank. Sand was first
saturated with a NaCl electrolyte at a conductivity of 0.05 Sm−1 (at
25°C). We first filled the tank with this sand. The mass and volume
of saturated sand used in the sandbox were precisely measured. We
subsequently added pieces of slag (saturated at a pore-water con-
ductivity of 0.05 Sm−1, NaCl, 25°C) in the sandbox, step by step,
and we removed exactly the same volume of saturated sand from the
sandbox. Each time that we added a piece of slag, a conductivity
spectrum was performed. The final mass fraction of slag in the sand-
box was 0.27. The saturation of the slag with the brine was done in
vacuum conditions, 48 h before performing the sandbox experi-
ment. This allows the slag to be completely saturated.
Figure 6a–6c shows the in-phase conductivity, quadrature con-

ductivity, and phase spectra for different slag contents. The in-phase
conductivity decreases with the increase of the slag content. This
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Figure 3. Chargeability of metallic particlesM versus the volumetric
content of metallic particles in a material φm. The metallic particles
include semiconductors, semimetals, and metals (literature data cor-
respond to pyrite). At a low concentration of metallic particles, the
chargeability is dominated by the chargeability of the backgroundMb

(modified from Revil et al., 2017b, 2017c). The chargeability of the
background Mb is typically less than 0.05.
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Figure 4. Low-salinity chargeability of the background materialMb

versus the CEC of the material, which is generally a proxy for the
quantity of clay minerals present in the material. The chargeability of
the background material usually decreases with the conductivity of
the pore water (modified from Revil et al., 2017a; the sandstone data
are from Vinegar and Waxman, 1984). It is typically around 0.08
(80 mV∕V) at low salinities, as discussed in Appendix A. A thresh-
old atMb ¼ 0.08 allows us to remove the background chargeability.
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suggests that the conductivity of slag particles is
smaller than the conductivity of saturated sand.
The conductivity of the brine-saturated slag core
was measured, and we obtained 0.008 Sm−1 at
1 Hz (we used Ag/AgCl medical electrodes as
potential electrodes and self-adhesive carbon
film electrodes as current electrodes; see Co-
senza et al., 2007). The in-phase conductivity
of the saturated sand is 0.027 Sm−1 at 1 Hz,
so it is larger than the conductivity of the slag
(Figure 6a).
The quadrature conductivity of the mixture of

sand and slag increases when slag content in-
creases (Figure 6b and 6c). This is due to the
IP effect of metallic grains in the slag (Revil et al.,
2017b). We inverted the impedance amplitude
and phase spectra of laboratory measurements
using a double Cole-Cole parametric model (Pel-
ton et al., 1978; see Appendix C for details). The
inversion code was written in MATLAB and is
based on Bayesian inference (Ghorbani et al.,
2007). It searches the maximum of probability
function using a Markov chain Monte Carlo
(MCMC) sampler (Chen et al., 2008). Table 3 pro-
vides invertedCole-Cole parameters, andFigure 6d
shows the low-frequency Cole-Cole chargeability
versus the volumetric content of slag.
Equation 5 can be written as M ¼ aφslag þ b.

From Figure 6d, we have a ¼ ð9Gρslag∕2ρmÞ ¼
0.126 and b ¼ Mb ¼ 0.003 (background charge-
ability). From themodel discussed inAppendix A,
it is not surprising to find such a low background
chargeability (Mb ≪ R ¼ 8 × 10−2) for the
sand because it is characterized by a very low
surface conductivity. Taking ρm ¼ 7800 kgm−3,
ρslag ¼ 2600� 100 kgm−3 (see Table 2), the
grade of the slag isG ¼ 0.084; i.e., the mass frac-
tion of metal in the slag is 8.4% on average, which
is reported in Table 2.
The frequency effect (FE; dimensionless) is de-

fined by FE ¼ ðρ0 − ρ∞Þ∕ρ∞ (and M ¼ FE∕

ðFEþ 1Þ), where ρ0 ¼ 1∕σ0 and ρ∞ ¼ 1∕σ∞
denote the DC resistivity and the high-frequency
instantaneous resistivity, respectively. In our case,
we use FE ¼ ðρð1 HzÞ − ρð1 kHzÞÞ∕ρð1 kHzÞ.
Figure 7 shows the phase (determined at 10 Hz)
and the FE as a function of the volumetric content
of slag. We see that these two parameters can also
be related to the volumetric content of slag (or to
the mass content of slag), but the relationship
between these two IP parameters and φslag is
nonlinear.

INDUCED-POLARIZATION

TOMOGRAPHY

Algorithm

As widely described in the literature, the clas-
sic approach to invert time-domain IP data is to

Table 1. Composition of seven slag samples in weight % from the investigated
heap (using the ICP-AES technique, measurements done by “Service d’Analyses
des Roches et des Minéraux du Centre de Recherches Pétrographiques et
Géochimiques” from Nancy, France).

Samples Al2O3 Fe2O3 MnO MgO CaO Na2O K2O TiO2 P2O5

LGBSCOR001 5.16 61.67 0.61 0.44 1.54 0.05 1.16 0.29 0.14

LGBSCOR002 6.71 63.20 0.43 0.42 1.93 0.05 1.19 0.32 0.21

LGBSCOR003 4.77 64.27 0.44 0.41 1.97 0.03 0.90 0.24 0.27

LGBSCOR004 4.35 67.09 0.53 0.42 1.80 0.04 1.12 0.24 0.25

LGBSCOR005 4.82 61.26 0.60 0.40 2.33 0.03 1.31 0.27 0.25

LGBSCOR006 4.17 74.71 0.39 0.25 1.29 0.02 0.68 0.21 0.29

LGBSCOR007 3.77 70.91 0.54 0.44 2.38 0.03 1.03 0.20 0.40

Table 2. Properties of the sand and slag used in the sandbox experiments. The
slag samples have been extracted from the test site corresponding to the field
study discussed in the main text. The porosity and grain density were
determined by measuring the value of the core sample and its dry and water-
saturated weights. The grade was determined from the approach discussed in
the main text.

Property Symbol Value

Porosity of the sand ϕsd 0.40� 0.03

Porosity of the slag ϕslag 0.32� 0.05

Mass density of the sand ρsd 2000 kgm−3

Mass density of the water-saturated slag ρslag 2600� 100 kgm−3

Grain density of the slag ρ
g
slag 3480� 100 kgm−3

Grain density of the metallic grains ρm 7800 kgm−3

Grade G 0.084

Figure 5. Laboratory experiment. (a) Sketch of the sandbox, where A and B denote the
current electrodes (tinfoil) and M and N denote the voltage electrodes (Cu∕CuSO4 non-
polarizing electrodes). (b) ZEL-SIP04-V02 impedance meter (designed by Zimmer-
mann et al., 2007, 2008) used to perform SIP spectra. (c) Pieces of slag used in the
sandbox experiment (the scale corresponds to 3 cm).
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apply the method proposed by Seigel (1959). In this approach, the
polarization effect is treated as a perturbation of the ground conduc-
tivity. More precisely, the DC conductivity σ0 is related to the in-
stantaneous conductivity σ∞ by (Seigel, 1959; see also Figure 2b)

σ0 ¼ ð1 −MÞσ∞: (8)

The inversion of the secondary voltage decaying function can then be
treated with a two-step procedure (Oldenburg and Li, 1994). In the first
step, the inversion of the instantaneous conductivity σ∞ is performed
without a polarization effect. In the second step, an inversion of the

chargeability is carried out using the conductivity distribution obtained
in the first step.
Because the frequency of the bipolar periodic transmitter wave-

form is low enough, the quasistatic approximation of Maxwell’s
equations can be used by neglecting the magnetic induction and
the displacement current. The scalar potential ψσ∞

(in V) is intro-
duced to ease the calculation of the Maxwell’s equations in this sit-
uation. The governing equations are formed by the Poisson’s
equation as

∇ · ðσ∞∇ψσ∞
Þ ¼ −Iδðr − rsÞ; (9)

Figure 6. The SIP measurements in the laboratory on saturated sand and the slag particle mixture. (a) In-phase conductivity, (b) quadrature
conductivity, and (c) phase. In these three plots, the solid lines correspond to the fit of the data with a double Cole-Cole model. The optimized
values of the Cole-Cole parameters are reported in Table 3 (see the modeling in Appendix C). In the absence of slag (i.e., for a volume fraction
of φslag ¼ 0), the sandbox is fully filled with the saturated sand. (d) Chargeability versus volume fraction of slag.
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with the following boundary conditions at the earth’s surface:

∂ψσ∞

∂n
¼ 0; (10)

where σ∞ denotes the earth’s instantaneous conductivity; n denotes
the unit normal vector to ground surface; I is the injected current (in
A); and δðr − rsÞ (m−3) denotes the delta function, where r and rs
are the vector position and the position vector of the current source,
respectively. The potential is taken equal to zero at the other boun-
daries placed far away from the domain of interest to mimic infinity.
The objective function PðmÞ we want to minimize is given by

PðmÞ ¼ kWdðdðmÞ − dobsÞk2 þ λkWmmk2; (11)

wherem is the n-model vector corresponding to the logarithm of the
conductivity of each cell, dðmÞ and dobs are the
forward and measured apparent resistivity data
m-vectors, respectively, and λ is the regulariza-
tion parameter that balances the data misfit (first
term of the right side of equation 11) and the reg-
ularizer (last term of equation 11). Usually, we
have m ≪ n and the problem is underdeter-
mined. The matrix m ×m Wd is the data covari-
ance matrix that is generated from the measured
standard deviations on the measurements, and
matrix n × n Wm is considered to be the first-or-
der gradient matrix. Minimizing the objective
function with respect to the model vector, we ob-
tain the following iterative solution for the model
vector:

mkþ1 ¼ mk þ δm; (12)

where the perturbation of the model vector is

δm ¼ −½JTðWT
dWdÞJþ λWT

mWm�−1

× ½JTðWT
dWdÞðdðmiÞ − dobsÞ þ λWT

mWmmk�; (13)

and where AT denotes the transpose of matrix A (A being a general
matrix). Calculating sensitivity matrix J is the most time-intensive
part in the optimization. We use the reciprocity method to calculate
the first sensitivity matrix and then update the sensitivity matrix us-
ing Broyden's method at each iteration (Loke and Barker, 1996).
Convergence is reached when the perturbation model vector is
smaller than a threshold. We use the reciprocity method to calculate
the first sensitivity matrix, and then
Equation 13 can be used to rerun the forward modeling, and “the

chargeability potential” Ψσ0
will be obtained. The apparent charge-

ability Ma is defined as

Ma ¼
Ψσ∞

− Ψσ0

Ψσ∞

: (14)

During the inversion, Ma appearing in equation 14 is treated as the
measured chargeability. The chargeability sensitivity matrix can be
scaled from the conductivity sensitivity matrix that we have already
computed during the conductivity inversion. After some mathemati-
cal derivation, the relationship is

∂di

∂ log Mj

¼ −
Mj

1 −Mj

Ψσji
ðΨMjiÞ2

∂ΨMji
∂ log σ�j

: (15)

After building a new forward function for the chargeability parameter
and also some relevant changes, we can modify the program that we
invert the conductivity above to invert the chargeability here.

Benchmark test

First, we benchmark our inverse code on a synthetic test case that
is representative of real-field conditions. We used the geostatistical
software SGEMS (Deutsch and Journel, 1992) to generate the true
conductivity and chargeability fields based on an isotropic semivar-
iogram (the properties are reported in Table 4). We generated mod-
erately heterogeneous continuous fields that indeed are realistic and
quite illustrative of the real conductivity and chargeability distribu-

Table 3. Inverted parameters of the double Cole-Cole model used to fit the
laboratory complex conductivity spectra laboratory. The inversion is done with
the algorithm discussed in Appendix C. The quantity φslag denotes the volume
fraction of slag; the other parameters are described in Appendix C. The first
Cole-Cole model is used to represent the low-frequency dispersion associated
with the metallic particles, whereas the second mechanism represents either the
electromagnetic coupling or the Maxwell-Wagner polarization process.

φslag σ0 M1 M2 c1 (−) c2 (−) τ1 (s) τ2 (s) rms (%)

0.22 0.018 0.030 0.334 0.59 0.22 0.0085 1.07 × 10−09 0.151

0.19 0.020 0.026 0.404 0.57 0.20 0.0086 5.99 × 10−11 0.134

0.139 0.019 0.021 0.063 0.65 0.36 0.0076 2.13 × 10−06 0.262

0.096 0.020 0.016 0.108 0.61 0.28 0.0063 9.11 × 10−08 0.140

0.057 0.023 0.008 0.010 0.72 0.58 1.07E-05 0.0045 0.805

Figure 7. Phase lag (at 10 Hz) and FE (determined from the two
frequencies 1 and 103 Hz) versus the volume fraction of slag in the
tank, φslag, shown in Figure 6. The background material in the sandbox
corresponds to a clean pure silica sand (see the properties in Table 2).
The slag and the sand are saturated with the same electrolyte.
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tions that one may encounter in the nature (see Figure 8a and 8b)
Although being perfectly known, we assume during the inversion
process that those true fields are unknown and we estimate them
using our inverse code. This is an ideal means of testing the robust-
ness of our inversion procedure before applying it to the real field
data. For the sake of this test, we consider a simulation domain that
covers a volume of 18 × 14 × 6 m and we consider six parallel elec-
trodes profiles on top of this domain. The interspace between the
profiles is 2 m, and each profile contains 15 electrodes separated by
1 m. Using a dipole-dipole configuration, we collect 372 apparent
resistivity and 372 apparent chargeability data. To mimic the effect
of noise sources, we artificially corrupt the data with a 5% Gaussian
white noise. In reality, under field conditions, the higher levels n of
a dipole-dipole survey are more affected by noise than the lower
levels. The choice of a noise level with a constant voltage value
could be more appropriate. In addition, the chargeability (extracted
from the lower “off” signal) is more affected by noise than the re-
sistivity (extracted from the larger “on” signal) considering a fixed
noise level.
We set the initial conductivity and chargeability fields to be equal

to the geometric means of the apparent conductivity and apparent
chargeability, respectively. This is a reasonable choice for initial
models because, in real field conditions, we only have access to the
apparent parameters. Regardless, the inverse algorithm is not expected

Table 4. Relevant information about the synthetic and field
case studies. ERT and IP are the abbreviations of electrical
resistance tomography and induced polarization methods,
respectively; n and m denote the number of model
parameters and the number of data, respectively; k denotes
the number of iteration at which the inversion reached the
convergence; h and j denote the number of profiles and the
number of electrodes per profile; and R2 is the coefficient of
determination.

Property Synthetic case study Field case study

Dimension 3D 3D

Core domain 18 × 14 × 6 m 28 × 24 × 10 m

n 6154 41,876

m 372 (ERT), 372 (IP) 3150 (ERT) 3150 (IP)

k 6 (ERT), 6 (IP) 6 (ERT), 9 (IP)

h 6 21

j 15 24

R2 (ERT) 0.83 0.90

R2 (IP) 0.82 0.76

Figure 8. Benchmark test of the IP code with a synthetic model. (a) True conductivity distribution, (b) true chargeability distribution, (c) inverted
conductivity distribution, and (d) inverted chargeability distribution. Note that some anomalies at the edge of the model are not well-resolved due
to a lack of sensitivity in these regions.
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to be sensitive to the choice of the initial parameter models, and any
realistic initial model should lead to convergence of the inverse prob-
lem or at least not be a cause of its divergence. Also, it is worth men-
tioning that as the parameters may span several order magnitudes and
they have to be positive, it is better to recover the logarithms of these
parameters, to enforce their positiveness in the inversion.
As stated before, the inversion is a two-step process: First, we in-

vert the electrical conductivity, and then, we use this inverted conduc-
tivity as input for the inversion of the chargeability field. Although
being more computationally intensive, this strategy performs better
than the one in which the two fields are jointly inverted during each
iteration. In this example, the resistivity and chargeability inversions
converged after six iterations (see Figure 9). It can be seen from the
convergence curves that the data misfits decrease in each iteration and
finally reach the convergence criterion of an acceptable misfit value.

The reconstructed fields are shown in Figure 8c and 8d. The recon-
structed fields are shown as a function of the true fields in Figure 10,
and the convergence curves are shown in Figure 9. Figure 8c illus-
trates the reconstructed electrical conductivity field. We notice that the
major features of the true conductivity fields are well-recovered in
terms of shape and magnitude. Although we notice that a part of
the low-conductivity anomaly in the corner appears to be oversmooth,
this is due to the sensitivity of our electrodes configuration and is
certainly not related to the inverse algorithm. A denser electrode con-
figuration will improve the resolution of the tomography in this part
of the simulation domain. The scatterplot of the true conductivity
against the estimated one (see Figure 10) clearly exhibits a linear
trend, proving that the major features of the true fields are very
well-reconstructed. To quantify how close the inverted response is
to the modeled response, the coefficient of determination R2 is used.

Figure 9. Data misfit versus the iteration number, the electrical resistivity tomography, and the chargeability tomography.

Figure 10. Inverted versus true conductivity and chargeability distributions for the benchmark test.
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R2 measures howwell the fit is with respect to the variation of the data
as R2 ¼ 1 − SSres∕SStot, where SSres denotes the sum of the squares
of the difference between the modeled and the inverted responses
(i.e., the residual sum of squares) and SStot denotes the sum of
the squared deviation from the mean of the modeled data themselves
(i.e., the total sum of squares). The coefficient of determination R2

value (0.83, Table 4) is very high, confirming the good resolution of
the estimated tomogram. In Figure 8d, we represent the tomogram of
the inverted chargeability. As one can see through visual comparison,
the spatial heterogeneities of the chargeability are well-reconstructed.
In addition, the magnitudes of the principal anomalies are well-recov-
ered and their spatial locations are well-retrieved. The chargeability
R2 is high (0.82, Table 4) and the plot of the true chargeabilities
against the estimated ones also follows a linear trend (see Figure 10).
This benchmark test has demonstrated the ability of our inverse

code to correctly reconstruct the electrical conductivity as well as
the chargeability from noisy measured resistances and secondary
voltage decay curves. The code can now be used for reconstructing
the electrical conductivity and chargeability of our real field case
study. This is accomplished in the next section.

FIELD APPLICATION

The field site of Grand Bois is located in the commune of Saint-
Vincent sur L'Isle (France) 15 km away from the city of Périgueux.
This archeological site corresponds to an old iron mining area, ac-
tive from the 11th to the 15th century, but it is poorly mentioned in
the literature (see Bonnenfant, 2016). Its scale reveals a strategic
importance for local seigniorial power. At this site, the slag overlies
a siderolithic bedrock (Figure 11).
TDIP measurements were performed with a Syscal Pro from IRIS

Instruments on a nearly 500 m2 field area, in May 2015 (Figure 12).
A dipole-dipole survey comprising 21 profiles of 24 electrodes in
each profile was performed. Along each profile, the spacing be-
tween the electrodes is 1 m, which is also the distance between
the profiles (Figures 12 and 13). We used salty water to reduce
the contact resistance between the electrodes and the ground and
to get the same order of magnitude of contact resistance for all elec-
trodes (typically between 1 and 10 kohm). The injected current is of

the pseudocontinuous type in box mode (+ I, 0, −I, 0) with a period
T of 4 s. The 20 partial chargeabilities were measured during the
noninjection time (Toff ¼ 1 s). The field area has a relatively flat
topography (Figure 13a). The properties of the survey and inversion
results are reported in Table 4. Examples of the apparent chargeabil-
ity decaying curves are shown in Figure 14 displaying very good
data quality.
The geometry and the finite-element mesh of our model are shown

in Figure 13b, and topography is used in the modeling. Around the
domain of interest, we use a coarse mesh to prescribe a zero potential
to mimic infinity boundary conditions. The core domain is meshed
with free tetrahedral meshes, and the mesh on the ground surface is
denser to represent the topography characteristics and also to capture
the surface electrical sensitivity close to the electrodes. Free tetrahe-
dral elements are used in the domains surrounding the core domain
for computational efficiency. The outermost layers are set as the in-
finite element domain boundaries to alleviate the finite effect. Swept
meshes are constructed to the outermost layer domains for their better
performance in the stretching of the infinite element boundaries. Fi-
nally, our model consists of 51,878 elements.
Conductivity inversion of the field data converges at the sixth iter-

ation. R2 ¼ 0.90 is reached in our inversion, and the inverted conduc-
tivity slices and isosurface figures are shown in Figure 15a and 15c,
respectively. Note that the conductivity is in log10 scale. From the in-
verted conductivity tomography, the slag heap is not well-detected.
Indeed, the outcropping slags in the corner of the investigated field
can hardly be seen in the conductivity tomogram.
The chargeability inversion of the field data converges at the

ninth iteration. The data misfit is R2 ¼ 0.76, which is reached in
our inversion of the field data, and the inverted chargeability slices
and isosurface figures are shown in Figure 15b and 15d, respec-
tively. It is also noticeable that the slag heap is not just one block,
but it is relatively scattered, although it is spatially confined in dis-
tinct volumes.

Figure 12. The 3D IP survey. The figure shows the localization of
the 21 profiles (24 electrodes each). The color scale represents the
topography of the area (altitude above sea level). The present survey
comprises 3150 dipole-dipole measurements.

Slag

Bedrock

Figure 11. Structure of the slag heap with the slag overlying a side-
rolithic bedrock at a slag heap located at Saint-Vincent sur L'Isle test
site in Dordogne (France). The GPS coordinates of the test site are
longitude 0°53′17.9″ and latitude 45°13′56.4″. The ditch shown on
the picture is located slightly north from the geophysical survey.
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Assuming that the background chargeability is negligible, we can
derive the volumetric and the mass content of the slag heap as

φmðx; y; zÞ ¼
2

9
Mðx; y; zÞ; (16)

where Mðx; y; zÞ is the inverted chargeability distribution and
φmðx; y; zÞ is the metallic volume fraction. The distribution of
the metallic content is shown in Figure 16. The total metallic vol-
ume Vm can be then computed by numerical integration

Vm ¼
ZZZ

field

φmðx; y; zÞdxdydz: (17)

The total volume of metals is 86.3 m3. Because small chargeabil-
ities are mostly caused by the background sands and soils, it is bet-
ter to set a threshold for the chargeabilities when equations 16 and
17 are used (Florsch et al., 2012). Different than the sand that is

used as the background material in the laboratory experiment,
the background of the slag heaps in the field consists mainly of clay
that is more polarizable than the sand. From the slices of the in-
verted chargeabilities, as shown in Figure 15b, the background
represents the magnitude of chargeability at approximately 0.1.
Based on the isosurface patterns generated from different back-
ground chargeability threshold and the geologic information
obtained from the field, 0.1 is found to be the most reasonable
choice of background chargeability threshold. When 0.1 is chosen
as the threshold and all the chargeabilities below this value are
reset as zero, the total metallic volume is estimated to be 31.2 m3

(approximately 390 m3 of slag). The slags are shown to be iron rich.
With the iron density of 7800 kgm−3, the residual mass of iron in
this field is expected as 243.4 tons, which is not in itself an eco-
nomically usable quantity. That said, our work was to provide a case
study for the developed methodology and there are various heaps in
the investigated area.

Figure 13. Topography and mesh of the investigated area. (a) Topography and measured electrode array (504 electrodes). (b) The forward-
modeling geometry of the field. The refined mesh is used for the core domain. Outside are the surrounding domains and the layers for the
infinite element boundaries, where coarse meshes are used.

Figure 14. Partial chargeability (in mV∕V)
decaying curves (profile 1). The electrode num-
bers for the current electrodes A and B and the
voltage electrodes M and N are provided in the
figures. These curves indicate a clear polarization
effect of the ground.
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CONCLUSION

To quantify the grade of slag heap deposits and the total amount
of metal, we have proposed a method based on IP. The chargeability

is related to the metal content by an equation determined from the
effective medium theory. Laboratory experiments display a linear
relationship between the chargeability and the volumetric content
of slag in sandbox experiments. We derived a formula that can
be used to calculate the grade of the slag from these data. Then, we
applied our methodology on a field case study using a tomography
algorithm based on the least-squares technique. A volume of high
chargeability (above the background value of 0.10) indicates the
position of the slag heap. The linear relationship between the char-
geability and the metallic volumetric content is used to provide an
image of the distribution (and total quantity) of metal present at this
site. This study provides a field application of the theoretical rela-
tionships determined in the previous papers of this series.
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Figure 15. Tomography of the site of Saint-Vincent sur L’Isle (France). (a) Inverted conductivity. (b) Inverted chargeability. (c) Thresholded
conductivity. (d) Thresholded chargeability between 0.10 and 0.25 (100–250 mVV−1). The shallow anomalies are consistent with the out-
crops.

Figure 16. Volume fraction of metal in the heap using a threshold
0.1 for the background chargeability as validated by the theory.
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DATA AND MATERIALS AVAILABILITY

Data associated with this research are available and can be
obtained by contacting the corresponding author.

APPENDIX A

CHARGEABILITY OF THE BACKGROUND

We provide here a closed-form expression for the chargeability of
the background (soil and slag matrix) based on the dynamic Stern
layer proposed in our previous papers. The chargeability of the
backgroundMb is defined as the ratio between the normalized char-
geability (in Sm−1) of the background Mb

n and the instantaneous
conductivity of the background σb∞:

Mb ¼
Mb

n

σb∞
; (A-1)

Mb
n ¼ σb∞ − σb0 ¼ σ∞S − σ0S; (A-2)

where the quantities σ∞S and σ0S denote the instantaneous and DC
surface conductivity associated with electrical conduction in the
electrical double layer coating the surface of the grains. To go fur-
ther, we need a clear model for the polarization of the nonmetallic
grains shown in Figure 2. According to the dynamic Stern layer
model developed by Revil (2012, 2013a, 2013b), the normalized
chargeability and instantaneous conductivity of the background
material can be written as (Revil et al., 2017a)

Mb
n ¼

1

Fϕ
snwρgλCEC; (A-3)

σb∞ ¼ 1

F
snwσw þ 1

Fϕ
sn−1w ρgBCEC; (A-4)

where σw (in Sm−1) denotes the pore-water conductivity, ϕ is the
connected porosity (dimensionless), sw denotes the water saturation,
n is the second Archie’s exponent (or saturation exponent), F is
(dimensionless) the intrinsic formation factor, ρg is the grain density
(in kgm−3, typically ρg ¼ 2650 kgm−3 for sedimentary rocks), and
CEC denotes the cation exchange capacity (in Ckg−1) of the
material. The last term of equation A-4 corresponds to the so-called
surface conductivity, and B denotes the apparent mobility of the
counterions for surface conduction. This mobility is close to the
mobility B introduced by Waxman and Smits (1968) for the in-phase
conductivity. The term λ denotes the apparent mobility of the counter-
ions for the polarization associated with the quadrature conductivity
(for the quadrature conductivity, λ is close to the apparent mobility
introduced by Vinegar and Waxman, 1984). Note that the dimension-
less number R is also given by R ¼ λ∕B ¼ 8 × 10−2 (see Revil et al.,
2017a). The quantities σw, B, and λ have the same temperature
dependence. This dimensionless number can also be defined as
the ratio between the normalized chargeability and the surface con-
ductivity. Finally, an expression of the chargeability of the back-
ground material can be obtained using equations A-1–A-4

Mb ¼
ρgλCEC

ϕswσw þ ρgBCEC
: (A-5)

At low salinities, when surface conductivity dominates the pore-
water conductivity, we obtain the simplified result

lim
σw≪

ρgBCEC

ϕ

Mb ¼
λ

B
¼ R: (A-6)

This means that there is a universal value for the limit of the charge-
ability at low salinities, independent on saturation, salinity (in the
low-salinity limit), and temperature.

APPENDIX B

DETERMINATION OF THE GRADE

We consider that the grade G (dimensionless) of the slag is
defined as the mass fraction of metal in the slag; i.e.,

G ¼ mm

mslag

¼ ρmVm

ρslagVslag

; (B-1)

wheremm andmslag denote the mass of metal and the mass of slag in
a representative elementary volume shown in Figure 1, respectively,
Vm and Vslag denote the volume of metal and the volume of slag ρm
and ρslag denote the mass density of the metal and the slag, respec-
tively. According to Revil et al. (2015a, 2015b, 2017b, 2017c), the
chargeability associated with the metallic particles can be written as

Mm ¼ 9

2
φm ¼ 9

2

GρslagVslag

ρmðVsoil þ VslagÞ
; (B-2)

where Vsoil denotes the volume of soil in the representative volume.
The mass fraction of slag in the representative elementary volume

φm
slag ¼

mslag

mslag þmsoil

¼ ρslagVslag

ρslagVslag þ ρsoilVsoil

: (B-3)

Combining equations B-2 and B-3, we have

Mm ¼ 9

2

Gφm
slagðρslagVslag þ ρsoilVsoilÞ
ρmðVsoil þ VslagÞ

: (B-4)

Introduce the volume fraction of slag

φslag ¼
Vslag

Vslag þ Vsoil

; (B-5)

yields

Mm ¼ 9

2

�

Gφm
slag

ρm

�

½ρslagφslag þ ρsoilð1 − φslagÞ�: (B-6)

Introduce the volume fraction of slag. A relationship can be deter-
mined between the mass fraction and volume fraction of slag; see
equations B-3 and B-5:
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φm
slag ¼

ρslagφslag

ρslagφslag þ ρsoilð1 − φslagÞ
: (B-7)

Finally, combining equations B-6 and B-7, we obtain

Mm ¼ 9

2

�

Gρslag

ρm

�

φslag: (B-8)

APPENDIX C

DOUBLE COLE-COLE PARAMETERIZATION

Pelton et al. (1978) define the double Cole-Cole complex resis-
tivity model by

ρ � ðωÞ ¼ ρ0

�

1 −M1

�

1 −
1

1þ ðiωτ1Þc1

��

×

�

1 −M2

�

1 −
1

1þ ðiωτ2Þc2

��

; (C-1)

where ρ� ¼ 1∕σ� denotes the complex resistivity, ρ0 denotes the DC
resistivity (in Ωm), M1 and M2 are the chargeabilities, c1 and c2 are
the two Cole-Cole exponents (dimensionless), τ1 and τ2 are the time
constants (in s), and ω is the angular frequency. The indices 1 and 2
refer to lower and higher frequency dispersions, respectively. The
first Cole-Cole model was traditionally used to represent the low-fre-
quency dispersion and the other to represent either the EM coupling
or the Maxwell-Wagner polarization process.
The SIP spectra discussed in the main text were inverted using

this double Cole-Cole model and the nonlinear iterative method
proposed by Mosegaard and Tarantola (1995), which is based on
a MCMC sampling algorithm. The Bayesian approach describes
the a priori information we have on the model vector, using a prob-
ability density PðmÞ, where m denotes the model vector of un-
known parameters m ¼ ½logðρ0Þ;M1; c1; logðτ1Þ;M2; c2; logðτ2Þ�.
Then, the algorithm combines this information with the observed
data vector dobs and with the information provided by the double
Cole-Cole model LðmÞ as described in equation C-1. In Bayesian
theory, the posterior probability density σðmÞ equals the prior prob-
ability density PðmÞ times a likelihood function LðmÞ, which mea-
sures the fit between observed data and data predicted from the
model m; i.e.,

σðmÞ ¼ kPðmÞLðmÞ; (C-2)

where k is a normalization constant. We describe the complex con-
ductivity results by a vector of observed values dobs with Gaussian
experimental uncertainties. We consider the case of independent,
identically distributed Gaussian uncertainties. Then, the likelihood
function describing the experimental uncertainties is given by

LðmÞ ¼ k exp

�

−
SðmÞ
s2

�

; (C-3)

where s2 is the total noise variance and where

SðmÞ ¼ 1

2

X

n

i¼1

ðgiðmÞ − diobsÞ2 (C-4)

denotes the misfit function, d is the data vector, and gðmÞ ¼ ρ� is
the forward-modeling function. In this study, s2 is the same for
all data values. The acceptance probability for a perturbed model
becomes in this case

Paccept ¼
(

1 if SðmnewÞ ≤ SðmoldÞ;
exp

�

− ΔS
s2

�

if SðmnewÞ > SðmoldÞ;
(C-5)

where ΔS ¼ SðmnewÞ − SðmoldÞ. The observed data used in the in-
version process were the real and imaginary parts of the complex re-
sistivity ρ� calculated from the amplitude and phase values measured
at different frequencies. We assume that the standard deviation s is
equal to 10% of the measured complex resistivity values (i.e., corre-
sponding to the maximum of the experimental error). Locally, uniform
law (the probability distribution is constant over an interval [θ1, θ2]
and vanishes elsewhere) is used to describe the prior probability den-
sity on the model parameters. Interval ranges for the Cole-Cole model
parameters are ρ0 ¼ ½1; 1000� Ωm,M1,M2, c1, and c2 have the same
interval [0 1], τ1 ¼ ½10−5; 103� s and τ2 ¼ ½10−15; 101� s. At the end
of the inversion algorithm, we calculated the following root-mean-
square (rms) error as the criterion to quantify the quality of the fit

rms2 ¼ 1

n

X

n

i¼1

�

giðmÞ − diobs
diobs

�

2

; (C-6)

where n denotes the number of measurements.
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