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A b s t r a c t 

P o s i t i v e and n e g a t i v e i ns tances of a concept are 
assumed to be desc r i bed by a c o n j u n c t i o n o f l i t 
e r a l s i n the p r e d i c a t e c a l c u l u s , w i t h terms 
l i m i t e d t o cons tan ts and u n i v e r s a l l y q u a n t i f i e d 
v a r i a b l e s . A graph r e p r e s e n t a t i o n of a con junc 
t i o n o f l i t e r a l s , c a l l e d a "p roduc t g r a p h " , i s i n 
t r o d u c e d . I t i s d e s i r a b l e t o merge p o s i t i v e 
i ns tances by g e n e r a l i z a t i o n , w h i l e m a i n t a i n i n g 
d i s c r i m i n a t i o n aga ins t n e g a t i v e i n s t a n c e s . Th i s 
is accompl ished by an i n d u c t i o n procedure which 
opera tes on the p roduc t graph form of these pos
i t i v e and n e g a t i v e i n s t a n c e s . The c o r r e c t n e s s o f 
the procedure i s p r o v e n , t o g e t h e r w i t h seve ra l 
r e l a t e d r e s u l t s o f d i r e c t p r a c t i c a l s i g n i f i c a n c e . 
Th is work i s d i r e c t e d t o the goal o f p r o v i d i n g a 
fo rma l model f o r the i n d u c t i v e processes which 
are observed i n a r t i f i c i a l i n t e l l i g e n c e s t u d i e s 
i n s p e c i a l i z e d a reas . 

1 . I n t r o d u c t i o n 

Lnduct ion may be b r o a d l y d e f i n e d as " r e a s o n 
ing f rom a p a r t to a who le , f rom p a r t i c u l a r s to 
g e n e r a l s , o r f rom the i n d i v i d u a l t o the u n i v e r s a l " 
[ 1 0 ] . C o n s i s t e n t w i t h t h i s , w e view " i n d u c t i o n " 
as a compu ta t i ona l process, and a " g e n e r a l i z a t i o n " 
as a s tatement computed by t h a t p rocess . 

The p resen t work is guided by the b e l i e f t h a t 
genera l purpose i n d u c t i o n procedures can be f o r 
mulated which would be independent o f the a r t i 
f i c i a l i n t e l l i g e n c e prob lem domain. I t i s s p e c i 
f i c a l l y concerned w i t h the i n d u c t i o n o f concepts 
from p o s i t i v e and nega t i ve i ns tances desc r i bed in 
the p r e d i c a t e c a l c u l u s , w i t h terms l i m i t e d t o con
s t a n t s and u n i v e r s a l l y q u a n t i f i e d v a r i a b l e s . 

I n d u c t i v e processes i n a r t i f i c i a l i n t e l l i 
gence have been s t u d i e d from s e v e r a l aspec t s : 
v i s u a l ana log ies [ 3 ] , p r o p o s i t i o n a l l o g i c concept 
l e a r n i n g [ 4 , 9 ] , ana log ies i n p r e d i c a t e c a l c u l u s 
theorem p r o v i n g [ S ] , IQ t e s t comp le t i on problems 
[ 1 1 ] , t heo ry f o r m a t i o n f rom a data base [ 2 ] , 
v i s u a l concept l e a r n i n g f rom examples [ 1 2 ] , and 
i n d u c t i o n as a dual of deduc t i ve theorem p r o v i n g 
i n the p r e d i c a t e c a l c u l u s [ 1 , 6 , 8 ] , o r i n a gen
e r a l i z i t t i o n o f t he p r e d i c a t e c a l c u l u s [ 7 ] . The 
p resen t work may be regarded as a cont inuance of 
the concept l e a r n i n g research of Hunt and Tows te r , 
amongs o t h e r s , t o the p r e d i c a t e c a l c u l u s . I t s 
v i ewpo in t and many of the concepts are d e r i v e d 
from P l o t k i n . 

Throughou t , each p o s i t i v e and nega t i ve i n 
stance of a concept is assumed to be desc r i bed by 
a c o n j u n c t i o n o f l i t e r a l s i n the p r e d i c a t e c a l c u 
lus (no t n e c e s s a r i l y f i r s t o r d e r ) . Sec t i on 2 de
f i n e s t e r m i n o l o g y to be employed, o f which the 
most s i g n i f i c a n t i s t h e concept o f a "max ima l , 
c o n s i s t e n t , u n i f y i n g g e n e r a l i z a t i o n " , and con ta i ns 
some genera l o b s e r v a t i o n s on g e n e r a l i z a t i o n s . 
With t h i s background, a problem statement is then 

given in the def ined vocabulary. Section 3 i n t r o 
duces the "product graph", a graph representat ion 
of a conjunct ion of l i t e r a l s , which serves as a 
convenient medium fo r the d iscussion of the induc
t i o n process. This process is accomplished by 
s t ra igh t fo rward operat ions on these product 
graphs. Section 4 considers the application of 
product graphs to the quest ion of the "cons is 
tency" o f a genera l i za t ion in view of negat ive i n 
stances. Sect ion 5 contains concluding remarks. 

This work was p a r t i a l l y supported by DHEW Grant 
No. US-PHS-R01-MB-00114-01. 

281 



262 



Problem: Given a concept d e f i n i t i o n in e x t e n s i o n , 
as in ( 1 ) , how can c o n s i s t e n t , u n i f y i n g 
g e n e r a l i z a t i o n s o f the p o s i t i v e p roduc t s 
be computed in o r d e r to s i m p l i f y the de f 
i n i t i o n ? 

I t i s t o t h i s s p e c i f i c prob lem t h a t the f o l l o w i n g 
d i s c u s s i o n s are addressed. 

3. The Product Graph as an I n d u c t i o n Medium 

In t h i s s e c t i o n an i n d u c t i o n procedure i s f o r 
mulated w i t h respect to a graph r e p r e s e n t a t i o n o f 
p r o d u c t s , c a l l e d a "p roduc t g r a p h " . U n l i k e some 
e a r l i e r graph r e p r e s e n t a t i o n s o f r e l a t i o n a l i n f o r 
m a t i o n , the p roduc t graph i s not l i m i t e d t o b i n a r y 
r e l a t i o n s . I t r ep resen ts l i t e r a l s o f a r b i t r a r y 
d imension in a u n i f o r m manner. The o v e r a l l e f f e c t 
o f the i n d u c t i o n procedure i s t o merge p a i r s o f 
p o s i t i v e p r o d u c t s . I t may be i t e r a t i v e l y a p p l i e d 
tint i 1 a l l pos i t i ve p roduc ts have been merged, or 
u n t i l no maximal c o n s i s t e n t g e n e r a l i z a t i o n s e x i s t 
f o r any p a i r o f p r o d u c t s . This p rocedure i s p r e 
c i s e l y desc r i bed and i t s c o r r e c t n e s s i s p roven . 

The p roduc t graph r e p r e s e n t a t i o n has p r o p e r 
t i e s t h a t make i t u s e f u l as an i n d u c t i o n medium. 
I f a p roduc t p 1 i s a g e n e r a l i z a t i o n o f ano ther p r o 
duc t p 2 , the p roduc t graph of p 1 is i somorph ic to 
a subgraph of the p roduc t graph of p2. A " g r e a t 
es t common subgraph" of two product graphs is the 
graph o f a maximal u n i f y i n g g e n e r a l i z a t i o n o f those 
two p r o d u c t s . Thus the prob lem of comput ing max
ima l u n i f y i n g g e n e r a l i z a t i o n s i s t rans fo rmed t o 
the computa t ion o f maximal i somorph ic subgraphs. 

Each l i t e r a l i n a p roduc t w i l l be r ep resen ted 
by a un ique node in L. Each d i s t i n c t constant 
appear ing in a p roduc t w i l l be rep resen ted by a 
un ique element of C. V a r i a b l e s appear ing in a p ro 
duc t w i l l have n o e x p l i c i t r e p r e s e n t a t i o n . Reca l l 
t h a t the v a r i a b l e s are u n i v e r s a l l y q u a n t i f i e d and 
thus are dummy v a r i a b l e s : t h e i r names have no 
s i g n i f i c a n c e . The l i t e r a l d imension f u n c t i o n ? 
s p e c i f i e s the number o f terms i n each l i t e r a l . 
For example, i f λ1 = (a b c ) , 6(A) = 3. The l i t 
e r a l s i g n f u n c t i o n o serves t o d i s t i n g u i s h p o s i 
t i v e and n e g a t i v e l i t e r a l s . For example, w i t h A . 

These ad jacency r e l a t i o n s are the arcs be 
tween l i t e r a l nodes in the p roduc t g raph . In an 
obv ious way, these a rcs can p a r t i t i o n the l i t e r a l 
nodes i n t o d i s j o i n t b l o c k s , w i t h the nodes i n each 
b l ock fo rm ing a connected subgraph of the complete 
p roduc t g raph . These connected subgraphs w i l l be 
i m p o r t a n t i n the concept o f a "vacuous" g e n e r a l 
i z a t i o n , wh ich i s d i scussed i n subsec t i on 3 .4 . 

3.2 Product Graph Example 

As an example, F i g u r e 1 shows t h e p roduc t 
graph f o r the p roduc t 
w i t h the i n d i v i d u a l l i t e r a l s i d e n t i f i e d b y 
and r e s p e c t i v e l y . Constant nodes are shown as 
squa res ; l i t e r a l nodes are shown as c i r c l e s . T h i s 
example i n c i d e n t a l l y demonstrates t h a t an a d j a 
cency r e l a t i o n due to a common cons tan t in two l i t 
e r a l s i s redundant i n f o r m a t i o n , which cou ld be de 
r i v e d f rom the con ten t f u n c t i o n i n f o r m a t i o n . T h i s 
m i l d and occas iona l redundancy c o n t r i b u t e s to the 
d e s i r a b l e p r o p e r t i e s o f p roduc t graphs which a re 
nex t d i scussed . 
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In other words, consistency of a genera l iza t ion 
can be determined by v e r i f y i n g that i t s product 
graph is not isomorphic to a subgraph of any 
negative product. 

The fo l l ow ing lemma and theorem demonstrate 
the s ign i f i cance of maximal genera l izat ions in 
determining the existence of any consistent gener 

A precise yet mathematically parsimonious 
induct ion procedure has been described fo r con
cepts in the predicate ca lcu lus . The product 
graph representat ion accommodates l i t e r a l s having 
an a r b i t r a r y number of terms. The computation of 
genera l izat ions and the t es t i ng of t h e i r cons is 
tency has been achieved by comparison operat ions 
on these product graphs. The in format ion suppl ied 
by negative instances of a concept determines if a 
genera l i za t ion is cons is ten t , and may serve to 
select between a number of d i s t i n c t maximal gen
e r a l i z a t i o n s . I f a l l maximal genera l iza t ions are 
i ncons is ten t , it has been shown tha t no consis tent 
genera l i za t ion e x i s t s . I f a maximal genera l iza
t i o n is cons is ten t , i t may then be general ized 
f u r t h e r , ho ld ing short o f the po in t where i t would 
"cover" a negat ive product. A SN0B0L4 program has 
been w r i t t e n which implements and confirms the 
methods of t h i s paper. Explorat ion of i t s capa
b i l i t i e s i s i n progress. 

Because a genera l i za t ion replaces j us t two 
products , and a number of d i s t i n c t maximal gen
e r a l i z a t i o n s may e x i s t , there remains the quest ion 
of s t ra teg ies in the app l i ca t i on of the induct ion 
procedure in an i t e r a t i v e manner to a large number 
o f p o s i t i v e products. 
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Worthwhile departures from present theory 
would include concepts which are i t e r a t i v e o rpo ten 
t i a l l y i n f i n i t e , such as the sequence abbecedddd. . . , 
as we l l as h i e r a r c h i a l and recurs ive concepts, a l l 
of which seem essent ia l to human percept ion and 
thought . 
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