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Recently, a unified integral operator has been introduced by Farid, 2020, which produces several kinds of known fractional and
conformable integral operators defined in recent decades (Kwun, 2019, Remarks 6 and 7). The aim of this paper is to establish
bounds of this unified integral operator by means of (a, m)-convex functions. The resulting inequalities provide the bounds of all
associated fractional and conformable integral operators in a compact form. Also, the results of this paper hold for different kinds

of convex functions connected with («,m)-convex functions.

1. Introduction

To prove the mathematical inequalities, fractional integral
operators play an important role in the field of different
branches of mathematics and engineering. Many mathe-
maticians have used fractional integrals and conformable
fractional integrals to develop integral inequalities [1-14].
We start from definitions of fractional integral operators
which are direct consequences of unified integral operators
given in (8) and (9).

Definition 1 (see [15]). Let #,: [a,b] — R be an integrable
function. Also, let 7, be an increasing and positive function
on (a,b], having a continuous derivative 7, on (a,b). The
left-sided and right-sided fractional integrals of a function 7,
with respect to another function #, on [a,b] of order y,
where R (¢) >0, are defined by

8 L (x) = %ﬂ) [ o - m@y mawm e, x>a
1 (° _

L (9= 5o [ (1 (D) = 1 () s Oy (D, x <b,

(1)

where T'(-) is the gamma function.
A k-analogue of the above definition is defined as
follows.

Definition 2 (see [16]). Let ,: [a,b] — R be an integrable
function. Also, let 7, be an increasing and positive function
on (a,b], having a continuous derivative 7, on (a,b). The
left-sided and right-sided fractional integrals of a function 7,
with respect to another function #, on [a,b] of order
u; R (u), k>0 are defined by

b Lo, (x) = ﬁ j (1, () =, (0) 7 (O, (Ddt,  x>a, (2)
b
1o (%) = @ j (1, (0 =1, (0) “O 7 ) (O, (e, x<b, (3)
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where I', (+) is defined by [17]
T (x) = J e (R g R (x) >0, (4)
0

A well-known function named Mittag-Leffler function is
defined by [18]

00 2"
E,(z) = V;m, (5)

where «,z € C and R (a) > 0.

One can see [19-22] to study the Mittag-Lefller function
and its generalizations. Also, (2) and (3) produce many types
of fractional integral operators (see [10], Remark 6).

A generalized fractional integral operator containing an
extended generalized Mittag-Leffler function is defined as
follows.

Definition 3 (see (1]). Let  w,u, a9, ceC,
R(p), R(a), R()>0, and R(c)>R(y)>0 with p>0,
6>0,and 0<k<86+ R (y). Let n, € L, [a,b] and x € [a,]].
Then, the generalized fractional integral operators ezallc:)m n
and eZilf;h, 1, are defined by

(elahem ) Gxip) = j (x =) "L (w(x = 15 )y (D,

(e840 m )i = [ =0 IS e phy (00
(6)

where

OBy tnke—y) ()

Ey,5,k,c t; _ X
pat (5P) ,;) Bly,c=y)  T(un+a) (s

(7)

is the extended generalized Mittag-Leftler function.

Recently, Farid defined a unified integral operator which
unifies several kinds of fractional and conformable integrals
in a compact formula which is defined as follows.

Definition 4 (see [23]). Let 7y, n,: [a,b] — R, 0<a<b, be
the functions such that #, be positive and 7, € L, [a,b] and
1, be differentiable and strictly increasing. Also, let ¢/x be an
increasing function on [a,00) and «, 1 y,c € C,
R(a), R(D>0, R(c)>R(y)>0, p,u,6>0, and 0<k<
& + u. Then, for x € [a,b], the left and right integral oper-
ators are defined by

c x ,0,k,c
(wFeasn, ) o) = | KBS i )y (A 02 (),
®)

b
(quﬁjz,’f’b’f’cm) (x, w; p) = L K§< RS ¢>171 ()d (1, (),
9)

where o K2 (Ez:i:’l‘sc) Ha; @) = (@ (1, (x) =1, ()1, (x) -
12 (OVELST (@ (g, () = 1, () ).
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For suitable settings of function ¢, #,, and certain values
of parameters included in Mittag-Leffler function (7), very
interesting consequences are obtained which are comprised
in Remarks 6 and 7 of [10].

The objective of this paper is to obtain bounds of unified
integral operators explicitly which are directly linked with
various fractional and conformable integrals. The
(a, m)-convexity has been used for establishing these
bounds. The notion of (a,m)-convexity is defined by
Mihesan in [24].

Definition 5. A function #,: [0,b] — R,b> 0, is said to be
(a, m)-convex, where (a, m) € [0,1]?, if

m(tx +m(1=1)y) <ty (x) +m(1 =ty (), (10)
holds for all x, y € [0,b] andt € [0, 1].
Remark 1

(i) If we put (a,m)= (1,m), then (10) gives the defi-
nition of m-convex function

(ii) If we put (a,m)=(1,1), then (10) gives the defi-
nition of convex function

(iii) If we put (a,m)=(1,0), then (10) gives the defi-
nition of star-shaped function

For some recent citations and utilizations of
(a,m)-convex functions, one can see [9, 25-28] and ref-
erences therein. In the upcoming section, bounds of unified
integral operators are established by using («, m)-convexity.
These bounds provide general formulas to obtain bounds of
fractional and conformable integral operators described in
Remarks 6 and 7 of [10]. Among the well-known inequalities
which are related to the integral mean of a convex function,
the Hadamard inequality is of great importance. Many
mathematicians worked on new types of Hadamard in-
equalities using convex functions, see [8, 29-31]. We also
established the general Hadamard-type inequality by ap-
plying Lemma 1 which further produces various inequalities
of Hadamard type for fractional and conformable integrals.
At the end, by using (a,m)-convexity of |n;|, a modulus
inequality is obtained.

2. Main Results

Bounds of unified integral operators (8) and (9) using
(ar, m)-convexity are studied in the following result:

Theorem 1. Let #,: [a,b] — R be a positive integrable
(ar, m)-convex function with m € (0, 1]. Let ,: [a,b] — R
be differentiable and strictly increasing function, and also, let
¢/x be an increasing function on [a,b]. If a,l,y,c€C,
R(a), R(D>0, R()>R(y)>0, p,u,6=0, and 0<k<
& + Y, then for x € (a,b), we have
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y,0,k.c

(rtzaen ) oo < K2 B2 s ) (oon ()00 = s @) = (L0 (oo () = @) L 0)

p,0,k.c

(L Eoren, ) (v, s p) < K (ELSH ¢)<(m 1 0) =ty (2 1209 ) 1k (o 0 =, ()1 (x)>,

and hence,
pipdkc : $iydkc )
<n2F‘u,oc,l,a+ rll) (x’ @3 p) +(’72F‘u,£x,l,b* l’]1> (.X', w; P)

y,8,k,c

<K3( B8 1059 ) (s (5 )0 = 1 (o @)
D o) i)
+ K;C(E/}Zj),ll(’c’ M2 ‘P)((”Il (b)n, (b) — my, <%>”Iz (x))

D (2 renco),

(12)

Proof. Under the assumptions of ¢ and 7,, one can write the
following inequality:
¢ (11, (x) — 1, (1)) < ¢ (1, (x) — 1, (a))
M (X) =, (8) 1y (x) =1, (a)

;. telax],xe€ (ab).

(13)

[ s (e )y 0 (o 00) <y i (B

By using (8) of Definition 4 and integrating by parts, the
following inequality is obtained:

$,y,0,k.¢ . a( py.0kc .
(ﬂsz,a,l,w G (x, w; P) SKx E,u,oc,l > 25

(11)

Multiplying with EZiI;C (w(n,(x) = 1, (D)5 Py, (1), we

can obtain
t [ ok,
KBS i 0 s )

¢ (1, (x) =1, (@) _yoke o
S ) (@) Feel (@1 () = (O)' P ()
(14)

By using Bl (@ (1 (x) = my ()5 p) <E,, o 1"%< (w0
(11, (x) = 1, (a))¥; p), the following inequality is obtained:
KZ(EZﬁZ'?C, s ¢)n2’ ()< Kz(E,Zjijf’c, y: ¢);72’ ®. (15

Using the definition of (a,m)-convexity for #,, the
following inequality is valid:

0= (s (). 09

Multiplying (15) with (16) and integrating over [a, x],
one can obtain

Zﬁ’f’c, M3 </>) r (:;%t)ad(qz (1))

X
o)

a
(17)

KZ(Eﬁji’f’C, s </>> Jx<1 —<;C__ ;)a)d(fh (t)).

8)((Ge=a)* (s (X ) (0 =y @ (@)

(18)

1D o 3)-nio) o)



Now, on the other side, for t € (x,b] and x € (a,b), the
following inequality holds true:

K, (EZ§7°> s ¢)n2’ (t) SK’g(Egi’;c, y: ¢);12’ ®. (19

Using (a, m)-convexity of #,, we have

(P20 ) (oo p) < K5 (ELS s ¢)<<111 (b1, (6) =, (2 )1y () -

By adding (18) and (21), (12) can be obtained. O

Remark 2
(i) If we consider (a, m)=(1,1) in (12), Theorem 8 in
[10] is obtained
(ii) If we consider ¢(t) = (F(y)t”/k/kfk (u)) for the
left-hand integral and ¢ (¢t) = (T (v)tV/k/kl"k (v)) for
the right-hand integral and p = w = 0 in (12), then
Theorem 1 in [9] can be obtained
(iii) If we consider y = in the result of (ii), then
Corollary 1 in [9] can be obtained
(iv) If we consider ¢(t) =T(u)t*, p=w =0, and
(a,m)=(1,1) in (12), Theorem 1 in [6] is obtained
(v) If we consider y = v in the result of (iv), Corollary 1
in [6] is obtained
(vi) If we consider ¢ (t) = (T (y)t”/k/krk (w)) for the left-
hand integral and ¢ (t) = (' (v)t”*/kT; (v))for the
right-hand integral, (a,m) =(1,1), #,(x) = x, and
p = w =0, then Theorem 1 in [4] can be obtained
(vii) If we consider y = in the result of (vi), then
Corollary 1 in [4] can be obtained
(viii) If we consider ¢(t) =T (u)t* for the left-hand
integral and ¢ (¢) = ['(»)t” for the right-hand in-
tegral, #, (x) = x, and p = w = 0 and (a, m) =(1,1)
in (12), then Theorem 1 in [5] is obtained
(ix) By setting ¢ = v in the result of (viii), Corollary 1 in
[5] can be obtained
(x) Bysettingy = v = 1and x = aor x = bin the result
of (ix), Corollary 2 in [5] can be obtained
(xi) By setting y = v = 1 and x = (a + b/2) in the result
of (ix), Corollary 3 in [5] can be obtained

To prove the next result, we need the following lemma [9].

Lemma 1. Let 7;: [0,00] — R be an (a,m)-convex
function with m e (0,1]. If n,(x) =#n,(a+b-x/m), 0<
a<b, then the following inequality holds:

b
(575 Gem@ -, @

2
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Yawren(-() ()

Adopting the same procedure as we did for (15) and (16),
the following inequality from (19) and (20) can be obtained:

HCH (=

£ D - () 0 )

(21)

for all x € [a,b] and m € (0,1].
The following result provides upper and lower bounds of
the sum of operators (8) and (9) in the form of a Hadamard

inequality.

Theorem 2. With the assumptions of Theorem 1 in addition,
if ,(x) = 4, (a+b-x/m), then we have

2%, (a +b/2) sk |
(T+m2*—1)) ((UZFMW 1) (a, w: p)

o, Skc .
(WzF#zla‘f >(b’w’p)>
<(uFSim )@ o+ (o FL ) G

<25 B85, 1059 (0 O ©) = o (£ @)

o e - (2)) @ ).

(23)
Proof. Under the assumptions of ¢ and #,, we have
¢ (11, (x) — 1, (a)) < ¢ (1, (b) -1, (‘1))‘ (24)
1, (x) =1, (a) 1, (b) — 1, (a)

Multiplying with E>% vl “(w (11, (%) =y (@) Iy, (%), we
can obtain from (24) the following inequality:

p,8,k.c

KBS i ) 0

b c !
—%Elif (@ (12 (x) = 15 (@) p)r3 ().

(25)

By using Eyal (w (1, (x) = 1, (@) P)<E,, [oke (g
(11, (b) = 11, (a))"; p), the following inequality is obtamed
p,0,k.c

K (waz ,1127</>>112 (x)sK;(Ezjff,%(p),h ®.  (26)

Using (a, m)-convexity of i, for x € (a,b), we have
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Pawen(- (2}

m= (5

[ K228 ) 91,0

com(2Je(i25ne0) [0

+q1(b)MEﬁilfc( (1 (b) = 1, (@))"; P)J (x

1, (b) - 1, (a)

By using Definition 4 and integrating by parts, the
following inequality is obtained:

Multiplying (26) and (27) and integrating the resulting

inequality over [a,b], one can obtain

__Z>“>d (1, (x)) (28)

) d (1, (x)).

() o 25 (00 2o

F(a+ 1)
(b-a)*

On the other hand, for x € (a,b), the following in-
equality holds true:

KZ‘(EZifi 1 ¢)f12’ (x) sKZ( M ¢);12’ (x).  (30)

Ok, 8k,
(ﬂzFﬁZlb C'71> (a; p) SKZ<EZ“’ s

F(oc+1)
(b-a)

By adding (29) and (31), the following inequality can be
obtained:

(th’fzf:_qu) (a, w; p) +< ZFM?;CY]l) (b, w; p)
< kg8 12 0) (O 0) = o () @)

f&ga +a;) ( M (b) - ’””1(%)>a1b— " (a)).
(32)

Multiplying both sides of (22) by K&(ENN,n,;

¢)d (11, (x)) and integrating over [a,b], we have

(29)

Y@= () @)

Adopting the same pattern of simplification as we did for

(26) and (27), the following inequality can be observed from
(27) and (30):

&) (1 ®n:® -, (£, @)

(31)
2 ® - (5)) 1m0
a+b\ (* af poke
m( 5 )LKX(ELI 125 )d (1, ()
< <2i> (1+ tmn (2%~ 1)) (33)

o [ R B 1 Y (9 (r (0)

From Definition 4, the following inequality is obtained:

a+b 2% 5kc
’71( 2 )(1+m(2(x_1))<fle‘u?;lh >(a P)

Ok,
= (ﬂzFﬁZlb 6771>(a;p)'

(34)



Sin%i%arly, multiplying both sides of (22) by
y,0,k.c

K3 (EMJ 1,5 9)d (11, (x)) and integrating over [a,b], we
have

a+b 2¢ b.p,0,k,c .
’71< 2 ) Grma ) (FE 1) e

SN
s <’72F;f,z,l,a+crll> (b7 P)

(35)

By adding (34) and (35), the following inequality is
obtained:

a+b 2¢
T2 ) A rm@—1)
,y:0.k.¢ p0.k.c
: ((ﬂzpﬁ,z,l,b* 1) (@ w; p) +<’12Fﬁ,£,l,a* 1) (b, w;p))

0.k, . 1,05k, )
< (W P, ) (@ws p) o+, FEI0n, ) (b, )
(36)

Using (32) and (36), inequality (23) can be achieved. [
Remark 3

(i) If we consider («,m) = (1,1) in (23), Theorem 22 in
[10] is obtained

(ii) If we consider ¢ (¢) =T (‘u)t(“/k)Jrl for the left-hand
integral and ¢ (t) = T(»)t”M*! and p=w =0 in
(23), then Theorem 3 in [9] can be obtained

(iii) If we consider y = in the result of (ii), then
Corollary 3 in [9] can be obtained

(iv) If we consider ¢ (t) =T (u)t**! for the left-hand
integral and ¢(t) = [ (»)t""'for the right-hand
integral in (23), p=w =0, and (a,m)=(1,1) in
(23), Theorem 3 in [6] is obtained

(v) If we consider y = v in the result of (iv), Corollary 3
in [6] is obtained

(vi) If we consider ¢ (¢) =T (‘u)t(“/k)Jrl for the left-hand
integral and ¢ (t) = T (»)t”’®*for the right-hand
integral, (a,m)=(L,1), #,(x)=x, and p=w =0
in (23), then Theorem 3 in [4] can be obtained

(vil) If we consider g = in the result of (vi), then
Corollary 6 in [4] can be obtained

(viii) By setting ¢ (t) = T (u)t**! for the left-hand integral
and ¢(t) =T (»)t"*! for the right-hand integral,
p=w=0, (o,m) =1, and g(t) =t in (23), The-
orem 3 in [5] can be obtained

(ix) By setting ¢ = v in the result of (viii), Corollary 6 in
[5] can be obtained

Theorem 3. Lety,: [a,b] — R be a differentiable function.
11 is (o, m)-convex withm € (0, 1], and let n,: [a,b] — R
be differentiable and strictly increasing function; also, let ¢/x
be an increasing function on [a,bl. If a,l,y,c€C,
R(a), R(D>0, R(c)>R(p)>0, p,u,6=0, and 0<k<
0 + u, then for x € (a,b), we have
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(x, w; p)

b,7,0,k,c . ¢,y,0,k,c
<ﬂ2 F‘u,oc,l,cfr M > (X, w; p) + <’72 Fy,oc,l,b’ m )

,0,k,c X
<K2(E ) (mni(5)

1) -} @, @)

- fi“fal)) (m m(%)l ~|m (a)l)aIMz (x))
+ K3 (B2 ) (i @ © = i (5 a0
- fb(oi-l—x;i (Im’(b)l -m %(%)D“%—ﬂz (x)>,
(37)
where

(nzFfjﬁjfffm *112) (x, 0; p) = J KL(%ﬁ’,’f’C) i ¢)f11’ ()d (1, (1)),

b
(Erbenem ) roas ) o= [ KE(ELS, il (0 1),

(38)
Proof. Let x¢€ (a,b) and t€ [a,x]. Then, using
(o, m)-convexity of |n,|, we have
, x—t\% , x—t\*\| ,/x
o= (=) @l em(-(C=2) )Gl
(39)

Inequality (39) can be written as follows:
x—t\% , x—t\*\| ,/x
- 1-— -
(=) me@lem(1-(Z=2) (3]
, x—t\% , x—t\*\| ,/x
< 1- — |
<niws (=) @l em(1-(Z=2) ()
(40)
Let us consider the second inequality of (40):

HOE (;__ ;)ulm’ (@) + m(l —C:__ ;)) ’71<%)‘

(41)
Multiplying (15) and (41) and integrating over [a, x], we
can obtain

[ (B2 ) s 0)
<@l (el o) [ (F22) 40.0)

el (Cfe(B mie) [ (1-(F22) Yot

(42)
By using (8) of Definition 4 and integrating by parts, the
following inequality is obtained:
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,7,0,k,c .
('lzl:i,uocla‘r ;11>(x,w,p)

,0.k,¢
<K <EZM , 2;¢>

(i)

1, (x) _|’71 (a)|112(a)>
B I'(ax+1) (

(x—a\" ﬂl’(%)’ =i (a)|>a1a+’72(x)).

If we consider the left-hand side from inequality (40) and
adopt the same pattern as we did for the right-hand side
inequality, then

p-0.k.¢
(quﬁ’Z)l’w (’11 *172)> (X, w; P)

(43)

> —K° <EV5, ,172,¢)

(i)

1, (x) _|’71 (a)l’h(fl)>
I'(ax+1) (

C(x-a)f ’71'( )’ Im(a)l) a+112(x)).

From (43) and (44), the following inequality is observed:

(nz #zf:f(”l*r]z))(x’w P)’
a \C X
SKx( zilf ”72’¢>X<(m ’71(;)

HaxD (m m(%)l _lﬂll(a)|>u1u*’72 (x))-

(x - a)*
Now, using (a,m)-convexity of |n;| on (x,b] for
x € (a,b), we have
X
i)

) t
|’71 (t)l S(
(46)

(44)

1y (%) =|n{ (@], (a))

(45)

b i em(1-(35))

On the same procedure as we did for (15) and (39), one
can obtain the following inequality from (19) and (46):

anFﬁ,’Zﬁk-’c (m *’12)) (x, w; p)‘

X ,0.k,c
SKb<EZal >’127¢)
(47)

<<|’71 (b)lﬂz (b) - up (x))

i)
T(a+1)

NCEES ("71'“’” - Wf(%) )alb*’h (x)).

By adding (45) and (47), inequality (37) can be
achieved. O

Remark 4
(i) If we consider (a,m) =(1,1) in (37), then Theorem
25 in [10] is obtained

(ii) If we consider ¢ (¢) =T (‘u)t(“/k)Jrl for the left-hand
integral and ¢ (t) = T' ()t /P*! for the right-hand
integral and p = w = 0 in (37), then Theorem 2 in
[9] can be obtained

(iii) If we consider y = in the result of (ii), then
Corollary 2 in [9] can be obtained

(iv) If we consider ¢ (¢) =T (u)t**! for the left-hand
integral and ¢ (t) = T (»)t"*! for the right-hand
integral, p = w = 0, and (a, m) =(1,1) in (37), then
Theorem 2 in [6] is obtained

(v) If we consider y = in the result of (iv), then
Corollary 2 in [6] is obtained

(vi) If we consider ¢ (¢) =T (‘u)t(f‘/k)Jrl for the left-hand
integral and ¢ (t) = T (»)t 0+1 for the right-hand
integral, (o, m) =(1,1), %, (x) = x,and p = w = 0in
(37), then Theorem 2 in [4] can be obtained

(vii) If we consider y =» in the result of (vi), then
Corollary 4 in [4] can be obtained

(viii) If we consider y =v=k =1 and x = (a+b/2) in
the result of (vii), then Corollary 5 in [4] can be
obtained

(ix) If we consider ¢ (¢) =T (u)t**! for the left-hand
integral and ¢ (t) = T (»)t"*! for the right-hand
integral, #, (x) = x, p = w = 0, and (a, m) =(1,1) in
(37), then Theorem 2 in [5] is obtained

(x) By setting ¢ = v in the result of (ix), then Corollary
5 in [5] can be obtained

3. Concluding Remarks

This research paper explores fractional and conformable
fractional integral inequalities in a unified form, which
provide the bounds of conformable fractional integral op-
erators and fractional integral operators containing Mittag-
Leftler functions in their kernels. The results of this paper
hold for fractional and conformable integral operators and
convex, m-convex, and star-shaped functions (see Remarks
6 and 7 of [10] and Remark 1) simultaneously.
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